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INTRODUCTION

1.1 Complexity

There are o _ g
P(n) = 5 —n=2""1_n-1 (1.1)
independent internal momenta in a n-particle scattering amplitude [1]. This grows much slower than the number
Fn)=2n-5"=(2n-5)-(2n—-T7)-...-3-1 (1.2)

of tree Feynman diagrams in vanilla ¢® (see table 1.1). There are no known corresponding expressions for
theories with more than one particle type. However, empirical evidence from numerical studies [1, 2] as well as
explicit counting results from O’Mega suggest

P*(n) oc 10™/2 (1.3)

while he factorial growth of the number of Feynman diagrams remains unchecked, of course.

The number of independent momenta in an amplitude is a better measure for the complexity of the amplitude
than the number of Feynman diagrams, since there can be substantial cancellations among the latter. Therefore
it should be possible to express the scattering amplitude more compactly than by a sum over Feynman diagrams.

1.2 Ancestors

Some of the ideas that O’Mega is based on can be traced back to HELAS [5]. HELAS builts Feynman amplitudes
by recursively forming off-shell ‘wave functions’ from joining external lines with other external lines or off-shell
‘wave functions’.

The program Madgraph [(] automatically generates Feynman diagrams and writes a Fortran program corre-
sponding to their sum. The amplitudes are calculated by calls to HELAS [5]. Madgraph uses one straightforward
optimization: no statement is written more than once. Since each statement corresponds to a collection of trees,
this optimization is very effective for up to four particles in the final state. However, since the amplitudes are

4 3 3
5 10 15
6 25 105
7 56 945
8 119 10395
9 246 135135
10 501 2027025
11 1012 34459425
12 2035 654729075
13 4082 13749310575
14 8177 316234143225
15 | 16368 7905853580625
16 | 32751 | 213458046676875

Table 1.1: The number of ¢3 Feynman diagrams F(n) and independent poles P(n).
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given as a sum of Feynman diagrams, this optimization can, by design, not remove the factorial growth and is
substantially weaker than the algorithms of [I, 2] and the algorithm of O’Mega for more particles in the final
state.

Then ALPHA [1] (see also the slightly modified variant [2]) provided a numerical algorithm for calculating
scattering amplitudes and it could be shown empirically, that the calculational costs are rising with a power
instead of factorially.

1.3  Architecture

1.3.1 General purpose libraries

Functions that are not specific to O’Mega and could be part of the O’Caml standard library

ThoList : (mostly) simple convenience functions for lists that are missing from the standard library
module List (section F, p. 586)

Product : effcient tensor products for lists and sets (section K, p. 626)

Compbinatorics : combinatorical formulae, sets of subsets, etc. (section N, p. 636)

1.3.2 O’Mega
The non-trivial algorithms that constitute O’Mega:

DAG : Directed Acyclical Graphs (section 4, p. 28)

Topology : unusual enumerations of unflavored tree diagrams (section 3, p. 15)
Momentum : finite sums of external momenta (section 5, p. 40)

Fusion : off shell wave functions (section 8, p. 102)

Omega : functor constructing an application from a model and a target (section 18, p. 560)

1.8.3 Abstract interfaces

The domains and co-domains of functors (section 9, p. 157)
Coupling : all possible couplings (not comprensive yet)
Model : physical models

Target : target programming languages

1.3.4 Models
(section 7?7, p. 77)
Modellibs M .QED : Quantum Electrodynamics
Modellibs M.QCD : Quantum Chromodynamics (not complete yet)
Modellibs M .SM : Minimal Standard Model (not complete yet)

etc.

1.3.5 Targets

Any programming language that supports arithmetic and a textual representation of programs can be targeted
by O’Caml. The implementations translate the abstract expressions derived by Fusion to expressions in the
target (section 15, p. 409).

Targets.Fortran : Fortran95 language implementation, calling subroutines

Other targets could come in the future: C, C++, O’Caml itself, symbolic manipulation languages, etc.






The Big To Do Lists

1.8.6  Applications
(section 18, p. 560)

1.4 The Big To Do Lists
1.4.1 Required

All features required for leading order physics applications are in place.

1.4.2  Useful
1. select allowed helicity combinations for massless fermions
2. Weyl-Van der Waerden spinors
3. speed up helicity sums by using discrete symmetries
4. general triple and quartic vector couplings
5. diagnostics: count corresponding Feynman diagrams more efficiently for more than ten external lines
6. recognize potential cascade decays (7, b, etc.)

e warn the user to add additional

e kill fusions (at runtime), that contribute to a cascade
7. complete standard model in R¢-gauge

8. groves (the simple method of cloned generations works)

1.4.3 Future Features

1. investigate if unpolarized squared matrix elements can be calculated faster as traces of densitiy matrices.
Unfortunately, the answer apears to be no for fermions and up to a constant factor for massive vectors.
Since the number of fusions in the amplitude grows like 10"/2, the number of fusions in the squared matrix
element grows like 10”. On the other hand, there are 2#fermionst#massless vectors | g#massive vectors oy
in the helicity sum, which grows slower than 10"/2. The constant factor is probably also not favorable.
However, there will certainly be asymptotic gains for sums over gauge (and other) multiplets, like color
sums.

2. compile Feynman rules from Lagrangians

3. evaluate amplitues in O’Caml by compiling it to three address code for a virtual machine

type mem = scalar array X spinor array X spinor array X vector array
type instr =

— VIS8 of int x int x int

— SVS of int x int x int

— AVA of int x int X int

this could be as fast as [1] or [2].

4. a virtual machine will be useful for for other target as well, because native code appears to become to large
for most compilers for more than ten external particles. Bytecode might even be faster due to improved
cache locality.

5. use the virtual machine in O’Giga

1.4.4 Science Fiction

1. numerical and symbolical loop calculations with O’TERA: O’MEGA TOOL FOR EVALUATING RENOR-
MALIZED AMPLITUDES
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TUPLES AND POLYTUPLES

2.1 Interface of Tuple

The Tuple. Poly interface abstracts the notion of tuples with variable arity. Simple cases are binary polytuples,
which are simply pairs and indefinite polytuples, which are nothing but lists. Another example is the union of
pairs and triples. The interface is very similar to List from the O’Caml standard library, but the Tuple.Poly
signature allows a more fine grained control of arities. The latter provides typesafe linking of models, targets
and topologies.

module type Mono =

sig
type a t

val arity : ot — int
val max_arity : unit — int

val compare : (¢ - a — int) - at = at — int
val for_all : (« — bool) — at — bool

valmap : (¢ - 8) —» at — Bt

val iter : (@ — wunit) —» at — unit

val fold_left : (a« - 8 = a) - a = 8t = «
val fold_right : (&« — 8 — ) = at - 8 —

We have applications, where no sensible intial value can be defined:

val fold_left_internal : (@ - a — a) - at = «
val fold_right_internal : (@ — a — a) > at — «

valmap2 @ (¢ - B = ) = at - St = vt
val split : (a0 x B)t - at x Bt

The distributive tensor product expands a tuple of lists into list of tuples, e. g. for binary tuples:

product ([z1; 2], [y1;y2]) = [(x1,y1); (T1,y2); (T2, y1); (T2, Y2)] (2.1)

NB: product_fold is usually much more memory efficient than the combination of product and List.fold_right
for large sets.

val product : o listt — « t list
val product_fold : (a«t — f — B) — alistt - f — f

For homogeneous tuples the power function could trivially be built from product, e. g.:
power [1; x2] = product ([z1; 2], [z1;22]) = (21, 21); (21, 22); (22, 21); (22, 22)] (2.2)
but it is also well defined for polytuples, e.g. for pairs and triples
power [x1; x2] = product ([z1; x2], [x1;x2]) U product ([x1; x2], [x1; 2], [x1; 22]) (2.3)

For tuples and polytuples with bounded arity, the power and power_fold functions terminate. In polytuples with
unbounded arity, the the power function always raises No_termination. power_fold also raises No_termination,
but could be changed to run until the argument function raises an exception. However, if we need this behaviour,
we should implemente power_iter instead.
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val power : « list - ot list
val power_fold : (ot — f — B) —» alist - f — 0§

We can also identify all (poly)tuples with permuted elements and return only one representative, e. g.:
sym_power [x1; x2] = [(z1,x1); (21, 22); (T2, 2)] (2.4)

NB: this function has not yet been implemented, because O’Mega only needs the more efficient special case
graded _sym_power.

If a set X is graded (i.e. there is a map ¢ : X — N, called rank below), the results of power or sym_power
can canonically be filtered by requiring that the sum of the ranks in each (poly)tuple has one chosen value.
Implementing such a function directly is much more efficient than constructing and subsequently disregarding
many (poly)tuples. The elements of rank n are at offset (n — 1) in the array. The array is assumed to be
immutable, even if O’Caml doesn’t support immutable arrays. NB: graded _power has not yet been implemented,
because O’Mega only needs graded_sym_power.

type a graded = « list array
val graded_sym_power : int — « graded — «a t list
val graded_sym_power_fold : int - (¢t — B — B) — « graded —

B =B

We hope to be able to avoid the next one in the long run, because it mildly breaks typesafety for arities.
Unfortunately, we're still working on it ...

val to_list : at — « list

The next one is only used for Fermi statistics in the obsolescent Fusion_vintage module below, but can not
be implemented if there are no binary tuples. It must be retired as soon as possible.

val of2_kludge : a« = a — «'t
end

module type Poly =
sig
include Mono
exception Mismatched -arity
exception No_termination
end

module type Binary =
sig
include Poly (* should become Mono! *)
val of2 : @ - a — at
end
module Binary : Binary

module type Ternary =
sig
include Mono
val of8 1 @ - a - a = at
end
module Ternary : Ternary

type « pair_or_triple = T2 of a x a | T3of @ X a X«

module type Mized23 =
sig
include Poly
valof2 : o - a — at
valof8 : @ - a - a = at
end
module Mized23 : Mixed23

module type Nary =
sig



include Poly

val of2 : o - a — at

val of3 : @ - o - a = at
val of _list : a list > «t

end

module Unbounded_Nary : Nary

module type Bound = sig val mazx_arity : wunit — int end
module Nary (B : Bound) : Nary

@ For compleneteness sake, we could add most of the List signature

val length : ot — 1int

val hd : at — «

val nth : at = int - «

val rev @ at — at

val rev_map : (o — B) — at — [t

val iter2 : (e —» B — unit) - at — Bt — unit

val rev_map2 : (« = f = v) = at — Bt = 1t

va

va

val ezists : (o — bool) — «at — bool

val for_all2 : (¢ — B8 — bool) - at — Bt — bool

val exists2 : (o« — B — bool) = at — Bt — bool
val mem : o — at — bool
val memq : a« — at — bool

val find : (@« — bool) = at = «

val find_all : (o« — bool) — at — «list

val assoc : @ = (a x B)t = B

val assq : a — (a x f)t —

val mem_assoc : a« — (a x )t — bool
val mem_assq : a« — (a x B)t — bool
val combine : at — Bt — (a x B)t

val sort © (@ = a — int) - at = at

val stable_sort : (¢ — a — int) - at — «at

but only if we ever have too much time on our hand ...

2.2 Implementation of Tuple

module type Mono =

sig

type a ¢

val arity : ot — int

val maz_arity : unit — int

val compare : (a« = a — int) - at — at — int
val for_all : (« — bool) — at — bool

valmap : (¢ —» B) - at — Bt

val iter : (@ — wunit) — at — unit

val fold_left : (a« - 8 = a) = a = 8t = «

val fold_right : (o — S
val fold_left_internal : («

at - 8 — f
a) > at > «

- B) —
- a —

val fold_right_internal : (@ — a — a) - at — «
valmap2 @ (¢ - B = ) = at - St = vt

fold_left2 : (@ - f = v =2 a) > a = ft >yt = «
fold_right2 : (¢ = B = v = 7v) = at - Bt = v = ~

Implementation of Tuple
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val split : (o X B)t = at x Bt
val product : o listt — « t list
val product_fold : (¢t — B — B) = alistt - f — f
val power : « list = « t list
val power_fold : (et — f — B) = «alist > 8 —
type a graded = « list array
val graded_sym_power : int — « graded — o« t list
val graded_sym_power_fold : int - (et — B — ) — « graded —
B =B
val to_list : at — « list
val of2 _kludge : @ = a — «a't
end

module type Poly =
sig
include Mono
exception Mismatched -arity
exception No_termination
end

2.2.1 Typesafe Combinatorics

Wrap the combinatorical functions with varying arities into typesafe functions with fixed arities. We could
provide specialized implementations, but since we know that Impossible is never raised, the present approach
is just as good (except for a tiny inefficiency).

exception Impossible of string
let émpossible name = raise (Impossible name)

let choose2 set =
List.map (function [z; y] — (z, y) | - — impossible "choose2")
(Combinatorics.choose 2 set)

let choosed set =

List.map (function [z; y; 2] — (z, y, z) | - — impossible "choose3")
(Combinatorics.choose 3 set)

2.2.2 Pairs

module type Binary =
sig
include Poly (* should become Mono! )
valof2 : o - a — at
end

module Binary =

struct
typeat = a X «
let arity - 2
let maz_arity () = 2

let of2 x y = (z, y)

let compare cmp (z1, y1) (22, y2) =
let cx = cmp z1 x2 in
if cx # 0 then
cx
else
cmp yl y2

let for_all p (z, y) = px A py
let map f (z, y) = (f =z, fy)
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et iter f (z, y) = f 2 f y

let fold_left f init (z, y) = f (f init z) y
let fold_right f (x, y) init = f z (f y init)
let fold_left_internal f (z, y) = fz vy

let fold_right_internal f (z, y) = fz vy

exception Mismatched -arity
let map2 f (z1, y1) (22, y2) = (f =1 22, [ yl y2)

let split ((z1, 22), (y1, y2)) = ((z1, y1), (22, y2))

let product (lz, ly) =
Product.list2 (funz y — (z, y)) lz ly
let product_fold f (lz, ly) init =
Product.fold2 (fun z y — f (z, y)) lx ly init

let power I = product (1, 1)
let power_fold f 1 = product_fold f (I, 1)

In the special case of binary fusions, the implementation is very concise.
type a graded = « list array

let fuse2 f set (i, j) acc =

if ¢ = 7 then
List.fold_right (fun (z, y) — f z y) (choose2 set.(pred 1)) acc
else

Product.fold2 f set.(pred i) set.(pred j) acc

let graded _sym_power_fold rank [ set acc =
let max_rank = Array.length set in
List.fold _right (fuse2 (fun z y — f (of2 x y)) set)
(Partition.pairs rank 1 mazx_rank) acc

let graded_sym_power rank set =
graded_sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = [z; y]
let of2_kludge = of?2

exception No_termination
end

2.2.3 Triples

module type Ternary =

sig
include Mono

valof8 : @ - a - a = at
end

module Ternary =
struct

typeat = a X a X «

let arity - = 3
let maz_arity () = 3

let of3 zy z = (z, y, 2)
let compare cmp (z1, y1, z1) (22, y2, 22) =

let cx = cmp z1 22 in
if cx # 0 then
cT
else
let cy = cmp y1 y2 in
if cy # 0 then
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cy
else
cmp z1 22

let for_all p (x, y, 2) = px A py AN p=z

let map f (z, y, z2) = (fz, fy, fz)

et iter f (z, g, 2) = fa: [y f

let fold_left f init (z, y, z) = f (f (f init ) y) 2
let fold_right f (x, y, 2) init = f a (f y (f z init))
let fold_left_internal f (z, y, z2) = f (f z y) 2

let fold_right_internal f (z, y, 2) = fz (f y 2)

exception Mismatched -arity
let map2 f (x1, yl, z1) (22, y2, 22) = (f «1 22, f yl y2, f z1 22)

let split ((z1, z2), (y1, y2), (21, 22)) = (=1, y1, 21), (22, y2, 22))

let product (lz,ly,lz) =
Product.list3 (funz y 2z — (z, y, 2)) Iz ly Iz
let product_fold f (lx, ly, lz) init =
Product.fold3 (funx y z — f (x, y, 2)) lz ly lz init

let power I = product (1, 1, 1)
let power_fold f I = product_fold f (I, 1, 1)

type a graded = « list array

let fuse3 f set (i, j, k) acc =
if ¢ = j then begin

if 7 = k then
List.fold _right (fun (z, y, z) — f z y z) (choose3 set.(pred 1)) acc
else

Product.fold2 (fun (z, y) z — fz vy z)
(choose2 set.(pred 1)) set.(pred k) acc
end else begin
if j = k then
Product.fold2 (fun z (y, z) — fzy z)
set.(pred i) (choose2 set.(pred j)) acc
else
Product.fold? (funzy z — fzy=z)
set.(pred i) set.(pred j) set.(pred k) acc
end

let graded _sym_power_fold rank [ set acc =
let maz_rank = Array.length set in
List.fold_right (fuse3 (funz y z — f (of3 x y z)) set)
(Partition.triples rank 1 max_rank) acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y, 2z) = [z; y; 2]
let of2_kludge - = failwith "Tuple.Ternary.of2_kludge"

end

2.2.4 Pairs and Triples

type « pair_or_triple = T2 of a x a | T3 of @ X a X«

module type Mized23 =
sig
include Poly
valof2 : o - a — at
val of8 : @ - a - a = at

10
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end
module Mized23 =
struct
type a t = « pair_or_triple
let arity = function
| T2 - — 2
| T8 - — 3
let maz_arity () = 3

let of2 zy = T2 (z, y)
let of3 zy z = T3 (z, y, 2)

let compare cmp m1 m2 =
match m1, m2 with
| T2 ., T8 - —» -1
| T8 ., T2 - — 1
| T2 (z1, y1), T2 (22, y2) —

let cx = cmp z1 x2 in
if cx # 0 then
cr
else
cmp yl y2
| T3 (z1, y1, 21), T3 (22, y2, 22) —
let cx = cmp z1 22 in
if cx # 0 then
cT
else
let cy = cmp yl y2 in
if cy # 0 then
cy
else
cmp z1 22

let for_all p = function
| T2 (z, y) = pz Apy
| T8 (z, y,2) > px Apy Apz

let map f = function

| T2 (z, y) — T2 (f =, fy)

| T3 (z, y, z) = T3 (f = [y, [2)
let iter f = function

| T2 (z, y) — fa; fy

| T8 (z, y, z) = fa; fy [
let fold_left f init = function

| T2 (z, y) — f (finitz)y

| T3 (z, y, 2) = [ (f (finit z) y) 2
let fold_right f m init =

match m with

| T2 (z, y) — [ (fy init)

| T3 (z, y, 2) — fx(fy(fzini))

let fold_left_internal f m =
match m with
| T2 (2, y) = fay
| T3 (%, y, 2) = [ (fzy)=
let fold_right_internal f m =
match m with
| T2 (z, y) = fay
| T8 (z, y, 2) = fa(fyz)

exception Mismatched -arity

11
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let map2 f m1 m2 =
match m1, m2 with
| T2 (z1, y1), T2 (22, y2) — T2 (f =1 22, f yl y2)
| T3 (z1, yl, 21), T3 (z2, y2, 22) — T8 (f «1 z2, [ yl y2, f z1 22)
| T2 ., T3 - | T3 _, T2 _ — raise Mismatched_arity

let split = function
| T2 ((«1, 22), (y1, y2)) — (T2 (21, yI), T2 (22, y2))
| T3 (21, 22), (y1, y2), (21, 22)) — (T3 (x1, yl, z1), T3 (22, y2, 22))

let product = function

| T2 (lz, ly) — Product.list?2 (funzy — T2 (z, y)) lz ly

| T8 (lz, ly, lz) — Product.list3 (funxyz — T3 (z, y, 2)) lz ly Iz
let product_fold f m init =

match m with

| T2 (lz, ly) — Product.fold2 (funzy — f (T2 (z, y))) lz ly init

| T3 (lz, ly, lz) —

Product.fold3 (funx y 2 — f (T8 (z, y, 2))) lz ly Iz init

exception No_termination
let power_fold f [ init =

product_fold f (T2 (I, 1)) (product_fold f (T3 (I, I, 1)) init)
let power | =

power_fold (fun m acc — m :: acc) l []

type a graded = « list array

let graded _sym_power_fold rank [ set acc =
let max_rank = Array.length set in
List.fold _right (Binary.fuse2 (funz y — f (of2 z y)) set)
(Partition.pairs rank 1 mazx_rank)
(List.fold_right (Ternary.fused3 (funz y z — f (of3 z y z)) set)
(Partition.triples rank 1 max_rank) acc)

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list = function
| T2 (z, y) — [z; ]
| T3 (z, y, z) — [v; y; 2]

let of2_kludge = of2

end

2.2.5 ... and All The Rest

module type Nary =

sig
include Poly
valof2 : o« - o — at
valof8 : @ - a - a = at
val of _list : « list > «t

end

module Nary (A : sig val maz_arity : unit — int end) =
struct

typeat = a X «list
let arity (-, y) = succ (List.length y)

let maz_arity () =
try Aomaz_arity () with - — —1
[

let of2 zy = (z, [y])
let of8 2y 2z = (z, [y; 2])

12



let of _list = function

|z 2y = (2, 9)
| [] — invalid_arg "Tuple.Nary.of_list: empty"

let compare cmp (z1, y1) (22, y2) =

let ¢ = cmp z1 22 in
if ¢ # 0 then

c
else

ThoList.compare ~cmp yl y2
let for_all p (z, y) = px A List.for_all py

let map f (z, y) = (f =, List.map f y)
let iter f (x, y) = f x; List.iter f y
let fold_left f init (z, y) = List.fold_left f (f init x) y
let fold_right f (z, y) init = f x (List.fold_right [ y init)
let fold_left_internal f (z, y) = List.fold_left f = y
let fold_right_internal f (z, y) =

match List.rev y with

| [] = =

| 40 :: y_sans_y0 —

| x (List.fold_right f (List.rev y_sans_y0) y0)

exception Mismatched -arity
let map2 f (z1, y1) (22, y2) =
try (f 1 22, List.map2 f y1 y2) with
| Invalid_argument - — raise Mismatched_arity

let split ((x1, 22), y12) =
let yI, y2 = List.split y12 in
((z1, y1), (22, y2))

let product (zl, yl) =
Product.list (function
|z oy = (2, 9)
| [] — failwith "Tuple.Nary.product") (2l :: yl)
let product_fold f (zl, yl) init =
Product.fold (function
|z 2y = f(z,y)
| [] — failwith "Tuple.Nary.product_fold") (zl :: yl) init

exception No_termination

let power_fold f [ init =
let ma = maz_arity () in
if ma > 0 then
List.fold_right
(fun n — product_fold f (I, ThoList.clone (pred n) 1))
(ThoList.range 2 ma) init
else
raise No_termination

let power | =
power_fold (fun t acc — t = acc) 1]

type a graded = « list array

let fuse_n f set partition acc =
let choose (n, 1) =
Printf.printf "chose: n=Y%d_r=%d_len=%d\n"
n r (List.length set.(pred r));
Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

let fuse_n f set partition acc =

13
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let choose (n, ) = Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

graded _sym_power _fold is well defined for unbounded arities as well: derive a reasonable replacement from
set. The length of the flattened set is an upper limit, of course, but too pessimistic in most cases.

let graded -sym_power_fold rank f set acc =
let maz_rank = Array.length set in
let degrees = ThoList.range 2 (maz_arity ()) in
let partitions =
ThoList.flatmap
(fun deg — Partition.tuples deg rank 1 mazx_rank) degrees in
List.fold _right (fuse_n (fun wfs — f (of _list wfs)) set) partitions acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = = =y
let of2_kludge = of2

end
module type Bound = sig val maz_arity : unit — int end
module Unbounded_Nary = Nary (struct let maz_arity () = —1 end)

14



—3—

TOPOLOGIES

3.1 Interface of Topology

module type T =
sig

partition is a collection of integers, with arity one larger than the arity of a children below. These arities can
one fixed number corresponding to homogeneous tuples or a collection of tupes or lists.

type partition

partitions n returns the union of all [n1;ng;...;ng] with 1 <n; <ny <...<nyg < [n/2] and
d
Z n;=n (3.1)
i=1

for d from 3 to dmax, Where dpax is a fixed number for each module implementating 7. In particular, if
type partition = int X int X int, then partitions n returns all (ny, ne, ng) with ny < ny < nz and ny+ng+ns =
n.

val partitions : int — partition list
A (poly)tuple as implemented by the modules in Tuple:
type a children
keystones externals returns all keystones for the amplitude with external states externals in the vanilla scalar

theory with a
Z e d” (3.2)

3<k<dmax

interaction. One factor of the products is factorized. In particular, if

type a children = o« Tuple.Binary.t = a X «

)

then keystones externals returns all keystones for the amplitude with external states externals in the vanilla
scalar \¢3-theory.

val keystones : « list — (« list X « list children list) list
The maximal depth of subtrees for a given number of external lines.
val maz_subtree : int — int
Only for diagnostics:

val inspect_partition : partition — int list
end

module Binary : T with type a children = o« Tuple.Binary.t
module Ternary : T with type a children = « Tuple.Ternary.t
module Mized23 : T with type o children = o Tuple. Mized23.t
module Nary : functor (B : Tuple.Bound) —

(T with type « children = « Tuple.Nary(B).t)
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3.1.1 Diagnostics: Counting Diagrams and Factorizations for Y A,¢"

The number of diagrams for many particles can easily exceed the range of native integers. Even if we can not
calculate the corresponding amplitudes, we want to check combinatorical factors. Therefore we code a functor
that can use arbitray implementations of integers.

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) :t = ¢t = ¢
val (=) 1t =t =t
val ( x )+t = ¢t = ¢
val (/) +t = t = ¢
val pred : t — t

val succ @ t — ¢

val (=) : t - t — bool
val ( # ) : t = ¢t — bool
val (< ) : t - t — bool
val ( <) : ¢t = t — bool
val ( > ) : t = t — bool
val (> ) :t - t — bool
val of _int : int — t

val to_int : t it

val compare :
val factorial :
end

: —
val to_string : t
t
t

Of course, native integers will provide the fastest implementation:
module Int : Integer

module type Count =

sig
type integer

diagrams f d n returns the number of tree diagrams contributing to the n-point amplitude in vanilla scalar
theory with
> et (3.3)
3<k<dnf(k)
interaction. The default value of f returns true for all arguments.

val diagrams : ?f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer

1 1 <n1+n2+...+nk> (3.4)
S(ng,n —ng) S(ni,na,...,ng) N1, Mo,y ..., N ’

val keystones : integer list — integer

diagrams_via_keystones d n must produce the same results as diagrams d n. This is shown explicitely in
tables 3.2, 3.3 and 3.4 for small values of d and n. The test program in appendix R can be used to verify this
relation for larger values.

val diagrams_per_keystone : integer — integer list — integer
end

module Count : functor (I : Integer) — Count with type integer = 1.t
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n | partitions n

4| (1,1,2)

51 (1,2,2)

6 | (1,2,3), (2,2,2)

71 (1,3,3), (2,2,3)

8 | (1,3,4), (2,24), (2,3,3)

9| (1,4,4), (2,3,4), (3,3,3)

10 | (1,4,5), (2,3,5), (2,4,4), (3,3,4)

11 | (1,5,5), (2,4,5), (3,3,5), (3,4,4)

12 | (1,5,6), (2,4,6), (2,5,5), (3,3,6), (3,4,5), (4,4,4)

13 | (1,6,6), (2,5,6), (3,4,6), (3,5,5), (4,4,5)

14 | (1,6,7), (2,5,7), (2,6,6), (3,4,7), (3,5,6), (4,4,6), (4,5,5)

15 | (1,7,7), (2,6,7), (3,5,7), (3,6,6), (4,4,7), (4,5,6), (5,5,5)
(1,7.8), (2,6,8), (2,7,7), (3,5,8), (3,6,7)

1,7,8), (2,6,8), (2,7,7), (3,5,8), (3,6,7), (4,4,8), (4,5,7), (4,6,6), (5,5,6)

Table 3.1:  partitions n for moderate values of n.

3.1.2  Emulating HELAC

We can also proceed 4 la [2].

module Helac : functor (B : Tuple.Bound) —
(T with type « children = « Tuple.Nary(B).t)

@ The following has never been tested, but it is no rocket science and should work anyway ...

module Helac_Binary : T with type « children = « Tuple.Binary.t

3.2 Implementation of Topology

module type T =

sig
type partition
val partitions : int — partition list
type a children
val keystones : « list — (« list x « list children list) list
val maz_subtree : int — int
val inspect_partition : partition — int list

end

3.2.1 Factorizing Diagrams for ¢*

module Binary =

struct
type partition = int X int X int
let inspect_partition (n1, n2, n8) = [nl; n2; n3]

One way [1] to lift the degeneracy is to select the vertex that is closest to the center (see table 3.1):
partitions : n — {(nl, ng,n3)|ny +ng+ng=nAn; <ng <ng < Ln/?J} (3.5)

Other, less symmetric, approaches are possible. The simplest of these is: choose the vertex adjacent to a fixed
external line [2]. They will be made available for comparison in the future.
An obvious consequence of ny + ng +ng =n and ny < ng < ng isny < [n/3]:

let rec partitions’ n nl =
if n > n /3 then

[]

else
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Ao A

Figure 3.1: Topologies with a blatant three-fold permutation symmetry, if the number of external lines is a
multiple of three

Figure 3.2: Topologies with a blatant two-fold symmetry.

List.map (fun (n2, n3) — (ni, n2, n3))
(Partition.pairs (n — n1) nl (n / 2)) @ partitions’ n (succ nl)

let partitions n = partitions’ n 1

type a children = « Tuple.Binary.t

There remains one peculiar case, when the number of external lines is even and n3 = n; + ng (cf. figure 3.3).
Unfortunately, this reflection symmetry is not respected by the equivalence classes. E. g.

{13{2,3}{4,5,6} — {{4}{5,6}{1,2,3}; {5}{4,6}{1,2,3}; {6}{4,5}{1,2,3} } (3.6)

However, these reflections will always exchange the two halves and a representative can be chosen by requiring
that one fixed momentum remains in one half. We choose to filter out the half of the partitions where the
element p appears in the second half, i.e. the list of length n3.

Finally, a closed expression for the number of Feynman diagrams in the equivalence class (ny,n2,n3) is

N(n17n27n3) =

(n1 + na + ng)! Ty (2n; — 3
S(n1,n2,n3) 1;[ n;! 3.7

=1

where the symmetry factor from the above arguments is

3! for n1 = no = ng

2.2 for ng = 2n; = 2ny

S(TLl,TLQ,TLg) = (38)

2 fornlzng\/ngzng

2 for n1 + ng = ng

Indeed, the sum of all Feynman diagrams

Z N(ny,n9,n3) = (2n — 5)!! (3.9)

ni+nz+nz=n
1<n1<na<nz<|n/2]

Figure 3.3: If ng = ni + ns, the apparently asymmetric topologies on the left hand side have a non obvious
two-fold symmetry, that exchanges the two halves. Therefore, the topologies on the right hand side have a four
fold symmetry.
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n| (2n -5 > N(ni,ne,ng)
1 303-(1,L2)
5 15 | 15-(1,2,2)
6 105 | 90-(1,2,3) +15-(2,2,2)
7 945 | 630 (1,3,3) + 315 - (2,2, 3)
8 10395 | 6300 - (1,3,4) + 1575 - (2,2,4) + 2520 - (2,3, 3)
9 135135 | 70875 - (1,4,4) + 56700 - (2,3,4) + 7560 - (3,3,3)
10 | 2027025 | 992250 - (1,4, 5) + 396900 - (2,3, 5)
+ 354375 - (2,4, 4) + 283500 - (3, 3 4)
11| 34459425 | 15280650 - (1,5, )+ 10914750 - (2,4, 5)
+ 4365900 - (3,3,5) + 3898125 - (3,4,4)
12 | 654729075 | 275051700 - (1,5,6) + 98232750 - (2,4, 6)
+ 91683900 - (2, 5 5) + 39293100 - (3, 3, 6)
+ 130977000 - (3,4, 5) + 19490625 - (4, 4, 4)

Table 3.2: Equation (3.9) for small values of n.

Figure 3.4: Degenerate (1,1,1,3) and (1,2, 3).

can be checked numerically for large values of n = nj + ng + ng, verifying the symmetry factor (see table 3.2).

P. M. claims to have seen similar formulae in the context of Young tableaux. That’s a good occasion to read
the new edition of Howard’s book ...

Return a list of all inequivalent partitions of the list [ in three lists of length n1, n2 and n3, respectively. Com-
mon first lists are factored. This is nothing more than a typedafe wrapper around Combinatorics.factorized _keystones.

exception Impossible of string
let tuple_of _list2 = function
| [z1; 22] — Tuple.Binary.of2 z1 z2
| - — raise (Impossible "Topology.tuple_of_list")

let keystone (n1, n2, nd) 1 =
List.map (fun (p1, p23) — (p1, List.rev_map tuple_of _list2 p23))
(Combinatorics.factorized _keystones [n1; n2; n3] 1)

let keystones | =
ThoList.flatmap (fun n123 — keystone n123 1) (partitions (List.length 1))

let maz_subtree n = n /2

end

3.2.2  Factorizing Diagrams for ), A,¢"

Mixed ¢" adds new degeneracies, as in figure 3.4. They appear if and only if one part takes exactly half of the
external lines and can relate central vertices of different arity.

module Nary (B : Tuple.Bound) =

struct
type partition = int list
let inspect_partition p = p

let partition d sum =
Partition.tuples d sum 1 (sum [ 2)
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n > >

4 4 1-(LL,,)+3-(1,1,2)

5 25 | 10-(1,1,1,2) + 15-(1,2,2)

6 220 | 40-(1,1,1,3) +45-(1,1,2,2) + 120 (1,2,3) + 15 (2,2,2)

7 2485 | 840 (1,1,2,3) + 105 - (1,2,2,2) + 1120 - (1,3,3) + 420 - (2,2,3)
8 34300 | 5250 - (1,1,2,4) + 4480 - (1,1,3,3) + 3360 - (1,2,2,3)

+105-(2,2,2,2) + 14000 - (1,3,4)
(

+ 2625 - 2,4)+4480 (2,3,3)

9 | 559405 | 126000 - (1,1,3,4) + 47250 - (1,2,2,4) + 40320 - (1,2, 3,3)
+ 5040 - (2,2,2,3) + 196875 - (1,4, 4)
+ 126000 - (2,3,4) + 17920 - (3,3,3)

10 | 10525900 | 1108800 - (1,1,3,5) + 984375 - (1,1,4,4) + 415800 - (1,2,2,5)
+ 1260000 - (1,2, 3, )+179200 (1,3,3,3) + 78750 - (2,2,2,4)
+ 100800 - (2,2,3,3) -+ 3465000 - (1,4,5) + 1108800 - (2, 3, 5)
+ 984375 - (2,4,4) + 840000 - (3,3,4)

Table 3.3: £ = A\3¢% + Ao

n >

1 4 1-(1,1,1,1)+3-(1,1,2)

5 26 | 1-(1,1,1,1,1)+10-(1,1,1,2) + 15- (1,2,2)

6| 236 |1-(1,1,1,1,1,1)+15-(1,1,1,1,2) +40- (1,1,1,3)
+45-(1,1,2,2) + 120 - (1,2,3) + 15 - (2,2,2)

7| 2751 | 21-(1,1,1,1,1,2) + 140 - (1,1,1,1,3) + 105 - (1,1,1,2,2)
+840-(1,1,2,3) + 105 - (1,2,2,2) + 1120 - (1,3,3) + 420 - (2,2, 3)

8 | 39179 | 224-(1,1,1,1,1,3) +210- (1,1,1,1,2,2) + 910 - (1,1,1,1,4)
+2240 - (1,1,1,2,3) +420 - (1,1,2,2,2) + 5460 - (1,1,2,4)
+ 4480 - (1,1,3,3) +3360 - (1,2,2,3) + 105 - (2,2,2,2)
+ 14560 - (1,3,4) + 2730 - (2,2,4) + 4480 - (2,3,3)

Table 3.4: £ = A\3¢° + )\4¢4 + )\5(;55 + )\6(]56

let rec partitions’ d sum =
if d < 3then

[]

else
partition d sum Q partitions’ (pred d) sum

let partitions sum = partitions’ (succ (B.max_arity ())) sum

module Tuple = Tuple.Nary(B)
type a children = « Tuple.t

let keystones’ | =
let n = List.length | in
ThoList.flatmap (fun p — Combinatorics.factorized _keystones p 1)
(partitions n)

let keystones | =
List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)

let max_subtree n = n /2
end

module Nary4 = Nary (struct let maz_arity () = 3 end)
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3.2.8 Factorizing Diagrams for ¢*

module Ternary =
struct
type partition = int X int X int X int
let inspect_partition (n1, n2, n8, nd) = [nl; n2; ns; n4]
type a children = o« Tuple.Ternary.t

let collect4 acc = function
| [z ys 25 u] — (2, 9, 2, u) == acc
| - — acc

let partitions n =
List.fold _left collectf [] (Nary/.partitions n)

let collectd acc = function
| [z; y; 2] — Tuple.Ternary.of3 x y z :: acc
| - — acc

let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect3 [] kets))
(Nary4 .keystones’ 1)
let max_subtree = Nary4.maz_subtree
end

3.2.4  Factorizing Diagrams for ¢ + ¢*

module Mized23 =
struct
type partition =
| P3 of int x int x int
| P4 of int x int X int X int
let inspect_partition = function
| P3 (nl, n2, n3) — [nl; n2; n3|
| P4 (n1, n2, n3, n4) — [nl; n2; n3; n4]
type a children = « Tuple.Mixed23.t
let collect3} acc = function
| [z; y; 2] = P3(z, y, 2) = acc
| 25 y5 25 u] — P (2, y, 2, u) = acc
| - — acc
let partitions n =
List.fold_left collect34 [] (Nary4.partitions n)
let collect23 acc = function
| [z; y] — Tuple.Mized23.0f2 vy :: acc
| [z; y; 2] = Tuple.Mized23.0f3 z y z :: acc
| - = acc
let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect23 [] kets))
(Nary4 .keystones’ 1)
let max_subtree = Nary4.maz_subtree
end

3.2.5  Diagnostics: Counting Diagrams and Factorizations for ) \,¢"

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) 1t =t = ¢
val (=) 1t >t >t
val (x )t t =t =t
val (/) +t =t = ¢
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val pred : t — t

val succ : t —

val (=) :t - t — bool
val (# ) : t — t — bool
val (( < ) : t = t — bool
val ( <) 1t = t — bool
val ( > ) : t = ¢t — bool
val (> ) : t - t — bool
val of _int : int — t

val to_int : t mnt

val to_string :

val compare :

val factorial :
end

~
~ - \L

O’Caml’s native integers suffice for all applications, but in appendix R, we want to use big integers for numeric
checks in high orders:

module Int : Integer =
struct

type t = nt

let zero = 0

let one = 1
et ( +) = (+)
let ( — ) = (—)
let ( x ) = ( x )
let (/) = (/)
let pred = pred
let succ = succ

+

—~
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—
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— — —

let of _int n

let to_int n =

let to_string = string_of _int

let compare = compare

let factorial = Combinatorics.factorial
end

module type Count =

sig
type integer
val diagrams : 7f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer
val keystones : integer list — integer
val diagrams_per_keystone : integer — integer list — integer

end

module Count (I : Integer) =
struct
let description = ["(still,inoperational) jphin topology"]
type integer = 1.t
open [
let two = of _int 2
let three = of —int 3

If 1.t is an abstract datatype, the polymorphic Pervasives.min can fail. Provide our own version using the
specific comparison “(<)”.

let min vy =
if z < y then
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else

Counting Diagrams for Y Ap¢™

Classes of diagrams are defined by the number of vertices and their degrees. We could use fixed size arrays, but
we will use a map instead. For efficiency, we also maintain the number of external lines and the total number
of propagators.

module IMap = Map.Make (struct type ¢t = integer let compare = compare end)
type diagram_class = { ext : integer; prop : integer; v : integer IMap.t }

The numbers of external lines, propagators and vertices are determined by the degrees and multiplicities of
vertices:

E({ng,na,...}) =2+ (d—2)ng (3.10a)
d=3
P({ng,ng,...}) = ind —1=V({ns,ng,...})—1 (3.10b)
d=3

V({ns,na,...}) = ind (3.10¢)
d=3

let num_ext v =
List.fold_left (fun sum (d, n) — sum + (d — two) X n) two v

let num_prop v =
List.fold _left (fun sum (-, n) — sum + n) (zero — one) v

The sum of all vertex degrees must be equal to the number of propagator end points. This can be verified easily:
o0

2P({ns,na,...}) + E({ns,na,...}) =Y _dng (3.11)
d=3

let add_degree map (d, n) =
if d < three then
invalid_arg "add_-degree: d ,<.,3"
else if n < zero then
invalid_arg "add_degree: n ,<=,0"
else if n = zero then
map
else
IMap.add d n map

let create_class v =
{ ext = num_ext v;
prop = num-_prop v;
v = List.fold_left add_degree IMap.empty v }
let multiplicity cl d =
if d > three then
try
IMap.find d cl.v
with
| Not_found — zero
else
invalid_arg "multiplicity: d, <. 3"

Remove one vertex of degree d, maintaining the invariants. Raises Zero if all vertices of degree d are exhausted.
exception Zero

let remove ¢l d =
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let n = pred (multiplicity cl d) in
if n < zero then
raise Zero
else
{ext = clext — (d — two);
prop = pred cl.prop;
v = if n = zero then
IMap.remove d cl.v
else
IMap.add d n cl.v }

Add one vertex of degree d, maintaining the invariants.

let add cl d =
{ext = cl.ext + (d — two);
prop = succ cl.prop;
v

IMap.add d (succ (multiplicity cl d)) cl.v }

Count the number of diagrams. Any diagram can be obtained recursively either from a diagram with one

ternary vertex less by insertion if a ternary vertex in an internal or external propagator or from a diagram with
a higher order vertex that has its degree reduced by one:

D({?’lg,?’l4, .. }) =
(P({n3 - 1,’[7,4, .. }) + E({n3 - 1,7’l4, .. })) D({n3 - 1, N4, .. })

+Y (na-1+1)D({nz, n4, ..., na—1 + Lina—1,...}) (3.12)
d=4

let rec class_size ¢l =

if cl.ext = two V cl.prop = zero then
one
else

IMap.fold (fun d - s — class_size_n cl d + s) cl.v (class_size_3 cl)
Purely ternary vertices recurse among themselves:

and class_size_3 ¢l =

try

let ' = remove cl three in

(d'.ext + d'.prop) x class_size d’
with

| Zero — zero

Vertices of higher degree recurse one step towards lower degrees:

and class_size_n cl d =
if d > three then begin
try
let d' = pred d in
let I’ = add (remove cl d) d’ in
multiplicity cl’ d' x class_size cl’
with
| Zero — zero
end else
zero

Find all {ng, ng4,...,nq} with

C

E({ns,na,...,na}) —2 =Y (i — 2)n; = sum (3.13)
=3

The implementation is a variant of tuples above.

let rec distribute_degrees’ d sum =
if d < three then
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invalid_arg "distribute_degrees"
else if d = three then

| [[(d, sum)]]

distribute_degrees” d sum (sum / (d — two))

and distribute_degrees” d sum n =
if n < zero then

[]

else
List.fold_left (fun lll — ((d, n) == 1) = )
(distribute_degrees” d sum (pred n))
(distribute_degrees’ (pred d) (sum — (d — two) x n))

Actually, we need to find all {ns,ng,...,nq} with
E({ns,n4,...,nq}) = sum (3.14)

let distribute_degrees d sum = distribute_degrees’ d (sum — two)

Finally we can count all diagrams by adding all possible ways of splitting the degrees of vertices. We can also
count diagrams where all degrees satisfy a predicate f:

let diagrams ?(f = fun _ — true) deg n =
List.fold _left (fun s d —
if List.for_all (fun (d', n') — fd" v n' = zero) d then
s + class_size (create_class d)
else

s)

zero (distribute_degrees deg n)

The next two are duplicated from ThoList and Combinatorics, in order to use the specific comparison functions.

let classify | =
let rec add_to_class a = function
| [] = [of-int 1, a
| (n, @) = rest —

if a = a then
(succ n, a) :: rest
else
(n, @) = add_to_class a rest
in
let rec classify’ ¢l = function
| [] =
| a : rest — classify’ (add_to_class a cl) rest
in

classify’ [] 1

let permutation_symmetry | =
List.fold _left (fun s (n, ) — factorial n x s) one (classify 1)

let symmetry | =
let sum = List.fold_left (+) zero [ in

if List.exists (fun z — two x z = sum) [ then
two X permutation_symmetry |
else

permutation_symmetry |

The number of Feynman diagrams built of vertices with maximum degree dyax in a partition Ny, = {n1,n2,...,n4}
withn=ny+ns+---+nyg and

N n! F(dmax,ni +1)
F(dmax, Nan) = 1
(dmax; Nt.n) |S(Na.)|o(na,n) 1;[1 ;! (3.15)

with |S(NV)| the size of the symmetric group of N, o(n,2n) =2 and o(n, m) = 1 otherwise.
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let keystones p =
let sum = List.fold_left (+) zero p in
List.fold_left (fun acc n — acc / (factorial n)) (factorial sum) p
/ symmetry p

let diagrams_per_keystone deg p

List.fold _left (fun acc n — acc X diagrams deg (succ n)) one p
We must find

dmax

F(dmaxan) = Z Z F(dmaxaN)
d=3 N:{nl,nz,“.,nd}

(3.16)
nitnz+--+ng=n

1<ni1<nz<--<ng<|n/2]
let diagrams_via_keystones deg n

let module N = Nary (struct let maz_arity ()
List.fold _left

to—int (pred deg) end) in

(fun acc p — acc + diagrams_per_keystone deg p x keystones p)
zero (List.map (List.map of _int) (N.partitions (to_int n)))
end

3.2.6 Emulating HELAC
In [2], one leg is singled out:
module Helac (B : Tuple.Bound) =
struct

module Tuple = Tuple.Nary(B)
type partition = int list

let inspect_partition p = p
let partition d sum

Partition.tuples d sum 1 (sum — d + 1)
let rec partitions’ d sum

let d’ = pred d in
if d < 2then

[]

else

List.map (fun p — 1:: p) (partition d’' (pred sum)) Q partitions’ d’ sum
let partitions sum = partitions’ (succ (B.max_arity ())) sum

type a children a Tuple.t

let keystones’ | =
match [ with
| [] =[]
| head :: tail —
[([head],

ThoList.flatmap (fun p — Combinatorics.partitions (List.tl p) tail)
(partitions (List.length 1)))]

let keystones [

List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)
let max_subtree n = pred n
end
@ The following is not tested, but it is no rocket science either ...

module Helac_Binary
struct

type partition =

nt X int X int
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Implementation of Topology

let inspect_partition (n1, n2, n8) = [nl; n2; n3]
let partitions sum =

List.map (fun (n2, n3) — (1, n2, n3))
(Partition.pairs (sum — 1) 1 (sum — 2))

type a children = o« Tuple.Binary.t

let keystones’ | =
match [ with
| ] = 1]
| head :: tail —
[([head],
ThoList.flatmap (fun (_, p2, _) — Combinatorics.split p2 tail)
(partitions (List.length 1)))]

let keystones | =
List.map (fun (bra, kets) —
(bra, List.map (fun (z, y) — Tuple.Binary.of2 = y) kets))
(keystones’ 1)

let max_subtree n = pred n

end
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4

DIRECTED ACYCLICAL (GRAPHS

4.1 Interface of DAG

This datastructure describes large collections of trees with many shared nodes. The sharing of nodes is seman-
tically irrelevant, but can turn a factorial complexity to exponential complexity. Note that DAG implements
only a very specialized subset of Directed Acyclical Graphs (DAGs).

If T'(n, D) denotes the set of all binary trees with root n encoded in D, while

O(n,D) = {(e1,n1,n}),..., (ex, nk,n%)} (4.1)

denotes the set of all offspring of n in D, and tree(e, t,t") denotes the binary tree formed by joining the binary
trees ¢ and ¢ with the label e, then

T(n,D) = {tree(e;, t;,t}) | (ei, ti, ;) € {e1} x T(n1, D) x T(n}, D) U...
...U{ex} x T(ng, D) x T(n}, D)} (4.2)

is the recursive definition of the binary trees encoded in D. It is obvious how this definitions translates to n-ary
trees (including trees with mixed arity).

4.1.1 Forests

We require edges and nodes to be members of ordered sets. The sematics of compare are compatible with
Pervasives.compare:
-1 forz<y
compare(x,y) =<0 forz =y (4.3)
1 forz >y
Note that this requirement does not exclude any trees. Even if we consider only topological equivalence classes

with anonymous nodes, we can always construct a canonical labeling and order from the children of the nodes.
However, if practical applications, we will often have more efficient labelings and orders at our disposal.

module type Ord =

sig
type ¢
val compare : t — t — int
end

A forest F over a set of nodes and a set of edges is a map from the set of nodes NV, to the direct product of the
set of edges E and the power set 2V of N augmented by a special element L (“bottom”).

F:N— (Ex2VM)yu{l}
(e,{n},n,...}) (4.4)
1

n+—r

The nodes are ordered so that cycles can be detected
VneN:F(n)=(ex)=Vn'€xz:n>n (4.5)

A suitable function that exists for all forests is the depth of the tree beneath a node.
Nodes that are mapped to L are called leaf nodes and nodes that do not appear in any F'(n) are called root
nodes. There are as many trees in the forest as there are root nodes.
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Interface of DAG

module type Forest =
sig

module Nodes : Ord
type node = Nodes.t
type edge

A subset X C 2V of the powerset of the set of nodes. The members of X can be be characterized by a fixed
number of members (e. g. two for binary trees, as in QED). We can also have mixed arities (e.g. two and three
for QCD) or even arbitrary arities. However, in most cases, the members of X will have at least two members.

type children
This type abbreviation and order allow to apply the Set.Make functor to F x X.

type t = edge X children
val compare : t — t — int

Test a predicate for all children.
val for_all : (node — bool) — t — bool

fold f (=, children) acc will calculate

f(z1, f(x2,- - f(2n, acc))) (4.6)

where the children are {x1,xa,...,x,}. There are slightly more efficient alternatives for fixed arity (in particular
binary), but we want to be general.

val fold : (node - a@ - a) > t - a = «
end

module Forest : functor (PT : Tuple.Poly) —
functor (N : Ord) — functor (E : Ord) —
Forest with module Nodes = N and type edge = FE.t
and type node = N.t and type children = N.t PT.t

4.1.2 DAGs
module type T =
sig

type node

type edge
In the description of the function we assume for definiteness DAGs of binary trees with type children = node x
node. However, we will also have implementations with type children = node list below.
Other possibilities include type children = V3 of node x node | V4 of node X node X node. There’s

probable never a need to use sets with logarithmic access, but it is easy to add.

type children
type ¢

The empty DAG.
val empty : t

add_node n dag returns the DAG dag with the node n. If the node n already exists in dag, it is returned
unchanged. Otherwise n is added without offspring.

val add_node : node — t — t

add_offspring n (e, (n1, n2)) dag returns the DAG dag with the node n and its offspring n! and n2 with
edge label e. Each node can have an arbitrary number of offspring, but identical offspring are added only once.
In order to prevent cycles, add_offspring requires both n > n1 and n > n2 in the given ordering. The nodes
nl and n2 are added as by add_node. NB: Adding all nodes n1 and n2, even if they are sterile, is not strictly
necessary for our applications. It even slows down the code by a few percent. But it is desirable for consistency
and allows much more efficient iter_nodes and fold_nodes below.

val add_offspring : node — edge x children — t — t
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Just

15_M

exception Cycle

like add_offspring, but does not check for potential cycles.

val add_offspring_unsafe : node — edge X children — t — t
ode n dag returns true iff n is a node in dag.

val is_node : node — t — bool

is_sterile n dag returns true iff n is a node in dag and boasts no offspring.

val is_sterile : node — t — bool

is_offspring n (e, (n1, n2)) dag returns true iff nI and n2 are offspring of n with label e in dag.

val is_offspring : mnode — edge X children — t — bool

Note that the following functions can run into infinite recursion if the DAG given as argument contains cycles.

The

usual functionals for processing all nodes (including sterile) . ..

val iter_nodes : (node — wunit) — t — unit
val map_nodes : (node — node) — t — t
val fold_nodes : (node - a — a) - t > a = «

. and all parent/offspring relations. Note that map requires two functions: one for the nodes and one for the
edges and children. This is so because a change in the definition of node is not propagated automatically to
where it is used as a child.

val iter : (node — edge X children — unit) — t — unit

val map : (node — node) —
(node — edge x children — edge x children) — t —
-t =

t
val fold : (node — edge X children — o — «) a = o«

Note that in it’s current incarnation, fold add_offspring dag empty copies only the fertile nodes, while
fold add_offspring dag (fold_nodes add_node dag empty) includes sterile ones, as does map (fun n —

n) (fun n ec — ec) dag.

Return the DAG as a list of lists.

val lists : t — (node x (edge x children) list) list

dependencies dag node returns a canonically sorted Tree2.t of all nodes reachable from node.

harv

harv

size

eval

val dependencies : t — node — (node, edge) Tree2.t

est dag n roots returns the DAG roots enlarged by all nodes in dag reachable from n.

val harvest : t — node — t — t

est_list dag nlist returns the part of the DAG dag that is reachable from the nodes in nlist.
val harvest_list : t — node list — t

dag returns the number of nodes in the DAG dag.

val size : t — int

f mul_edge mul_nodes add null unit root dag interprets the part of dag beneath root as an algebraic

expression:

each node is evaluated by f : node — «

each set of children is evaluated by iterating the binary mul_nodes : o« — v — -~ on the values of the
nodes, starting from wunit:

each offspring relation (node, (edge, children)) is evaluated by applying mul_edge : node — edge —
v — § to node, edge and the evaluation of children.

all offspring relations of a node are combined by iterating the binary add : § — a — « starting from
null : «
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In our applications, we will always have &« = ~ = 4, but the more general type is useful for documenting the
relationships. The memoizing variant eval_memoized f mul_edge mul_nodes add null unit root dag requires
some overhead, but can be more efficient for complex operations.

val eval : (node — «) — (node — edge — v — §) —

(o =y =279 =0 > a—>a > a—>79— nde >t — «
val eval_memoized : (node — «) — (node — edge — v — 0) —
(¢ =7y =179 -0 > a—a - a =75 — nde -t > «

forest root dag expands the dag beneath root into the equivalent list of trees Tree.t. children are represented
as list of nodes.

A sterile node n is represented as Tree.Leaf ((n, None), n), cf. page 656. There might be a better way,
but we need to change the interface and semantics of Tree for this.

val forest : node — t — (node x edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list

count_trees n dag returns the number of trees with root n encoded in the DAG dag, i.e. |T'(n, D)|. NB: the
current implementation is very naive and can take a very long time for moderately sized DAGs that encode a
large set of trees.

val count_trees : node — t — int
end

module Make (F : Forest) :
T with type node = F.node and type edge = F'.edge
and type children = F'.children

4.1.8  Graded Sets, Forests € DAGs

A graded ordered! set is an ordered set with a map into another ordered set (often the non-negative integers).
The grading does not necessarily respect the ordering.

module type Graded_Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

For all ordered sets, there are two canonical gradings: a Chaotic grading that assigns the same rank (e. g. unit)
to all elements and the Discrete grading that uses the identity map as grading.

module type Grader = functor (O : Ord) — Graded-Ord with type t = O.t
module Chaotic : Grader
module Discrete : Grader

A graded forest is just a forest in which the nodes form a graded ordered set.

@ There doesn’t appear to be a nice syntax for avoiding the repetition here. Fortunately, the signature is short

module type Graded_Forest =
sig
module Nodes : Graded_Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a@ - a) - t - a — «
end

1We don’t appear to have use for graded unordered sets.
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module type Forest-Grader = functor (G : Grader) — functor (F' : Forest) —
Graded _ Forest with type Nodes.t = F.node
and type node = F.node
and type edge = F.edge
and type children = F.children
and type t = F.t

module Grade_Forest : Forest_Grader

Finally, a graded DAG is a DAG in which the nodes form a graded ordered set and the subsets with a given
rank can be accessed cheaply.

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_maz_rank : t — rank X rank
val ranked : rank — t — node list
end

module Graded (F : Graded_Forest) :
Graded with type node = F.node and type edge = F'.edge
and type children = F.children and type rank = F.Nodes.G.t

4.2 Implementation of DAG

module type Ord =
sig
type ¢
val compare : t — t — int
end

module type Forest =
sig
module Nodes : Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a - a) = t - a — «
end

module type T =
sig

type node
type edge
type children
type ¢
val empty : t
val add_-node : node — t — t
val add_offspring : node — edge x children — t — t
exception Cycle
val add_offspring_unsafe : node — edge x children — t — t
val is_node : node — t — bool
val is_sterile : node — t — bool
val is_offspring : node — edge X children — t — bool
val iter_nodes : (node — wunit) — t — unit
val map_nodes : (node — node) — t — t
val fold_nodes : (node - a = a) - t - a = «
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val iter : (node — edge X children — unit) — t — unil
val map : (node — node) —

(node — edge X children — edge X children) —
val fold : (node — edge x children — a — a) —
val lists : t — (node x (edge x children) list) list
val dependencies : t — node — (node, edge) Tree2.t
val harvest : t — node — t — t
val harvest_list : t — mnode list —
val size : t — int
val eval : (node — «) — (node — edge — ~v — §) —

(a v =279 >0 > a—=a = a—7v = nde >t > «
val eval_memoized : (node — «) — (node — edge — v — 0) —

(a >y =279 =0 > a—>a > a—>79 = nde >t — «
val forest : node — t — (node x edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list
val count_trees : node — t — int
end

— t
- a — «

module type Graded_Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

module type Grader = functor (O : Ord) — Graded_Ord with type t = O.t

module type Graded_Forest =
sig
module Nodes : Graded-Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - o — a) > t - a — «
end

module type Forest_Grader = functor (G : Grader) — functor (F' : Forest) —
Graded _ Forest with type Nodes.t = F.node
and type node = F.node
and type edge = F'.edge
and type children = F.children
and type t = F.t

4.2.1 The Forest Functor

module Forest (PT : Tuple.Poly) (N : Ord) (E : Ord) :
Forest with module Nodes = N and type edge = E.t
and type node = N.t and type children = N.t PT.t =
struct
module Nodes = N
type edge = E.t
type node = N.t
type children = node PT.t
type t = edge X children

let compare (el, nl) (e2, n2) =

let ¢ = PT.compare N.compare nl n2 in
if ¢ # 0 then

c
else
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E.compare el e2

let for_all f (-, nodes) = PT.for_all f nodes
let fold f (-, nodes) acc = PT.fold_right f nodes acc

end

4.2.2  Gradings

module Chaotic (O : Ord) =

struct
include O
module G =
struct
type t = unit
let compare - - = 0
end
let rank - = ()
end
module Discrete (O : Ord) =
struct
include O
module G = O
let rank * = x
end
module Fake_Grading (O : Ord) =
struct
include O
exception Impossible of string
module G =
struct
type t = unit
let compare - - = raise (Impossible "G.compare")
end
let rank - = raise (Impossible "G.compare")
end
module Grade_Forest (G : Grader) (F : Forest) =
struct

module Nodes = G(F.Nodes)
type node = Nodes.t
type edge = F.edge
type children = F.children
typet = F.t
let compare = F.compare
let for_all = F.for_all
let fold = F.fold
end

@ The following can easily be extended to Map.S in its full glory, if we ever need it.

module type Graded_Map =
sig

type key
type rank
type a ¢
val empty : at
val add : key —- a — at —- at
val find : key — at — «
val mem : key — at — bool
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val iter : (key — o — wnit) - at — unit
val fold : (key - a = 8 — ) > at - 8 = 8
val ranks : ot — rank list
val min_maz_rank : at — rank X rank
val ranked : rank — ot — key list
end

module type Graded_-Map_Maker = functor (O : Graded-Ord) —
Graded_-Map with type key = O.t and type rank = O0.G.t

module Graded_Map (O : Graded_Ord) :
Graded_Map with type key = O.t and type rank = O0.G.t =
struct
module M1 = Map.Make(O.G)
module M2 = Map.Make(O)

type key = O.t
type rank = O.G.t

type (+a) t = o M2.t M1.t

let empty = MI1.empty
let add key data mapl =
let rank = O.rank key in
let map2 = try M1.find rank mapl with Not_found — M2.empty in
M1 .add rank (M2.add key data map2) mapl
let find key map = M2.find key (M1.find (O.rank key) map)
let mem key map =
M2.mem key (try M1.find (O.rank key) map with Not_found — M2.empty)
let iter f mapl = M1 .iter (fun rank — M2.iter f) mapl
let fold f mapl accl = MI.fold (fun rank — M2.fold f) mapl accl

@ The set of ranks and its minimum and maximum should be maintained explicitely!

module S1 = Set.Make(O.G)
let ranks map = MI.fold (fun key data acc — key :: acc) map []
let rank_set map = M1 .fold (fun key data — S1.add key) map S1.empty
let min_max_rank map =
let s = rank_set map in
(S1.min_elt s, S1.mazx_elt s)

module S2 = Set.Make(O)
let keys map = M2.fold (fun key data acc — key :: acc) map []
let sorted_keys map =
S2.elements (M2.fold (fun key data — S2.add key) map S2.empty)
let ranked rank map =
keys (try M1.find rank map with Not_found — M2.empty)
end

4.2.8 The DAG Functor

module Maybe-Graded (GMM : Graded_Map_Maker) (F : Graded_Forest) =
struct

module G = F.Nodes.G

type node = F.node

type rank = G.t

type edge = F.edge

type children = F.children
If we get tired of graded DAGs, we just have to replace Graded_Map by Map here and remove ranked below
and gain a tiny amount of simplicity and efficiency.

module Parents = GMM (F.Nodes)
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module Offspring = Set.Make(F)
type t = Offspring.t Parents.t
let rank = F.Nodes.rank

let ranks = Parents.ranks
let min_max_rank = Parents.min_max_rank
let ranked = Parents.ranked

let empty = Parents.empty

let add_node node dag =
if Parents.mem node dag then
dag
else
Parents.add node Offspring.empty dag

let add_offspring_unsafe node offspring dag =
let offsprings =
try Parents.find node dag with Not_found — Offspring.empty in
Parents.add node (Offspring.add offspring offsprings)
(F.fold add_node offspring dag)

exception Cycle

let add_offspring node offspring dag =
if F.for_all (funn — F.Nodes.compare n node < 0) offspring then
add - offspring_unsafe node offspring dag
else
raise Cycle

let is_node node dag =
Parents.mem node dag

let is_sterile node dag =
try
Offspring.is_empty (Parents.find node dag)
with
| Not_found — false

let is_offspring node offspring dag =
try
Offspring.mem offspring (Parents.find node dag)
with
| Not_found — false

let iter_nodes f dag =
Parents.iter (fun n - — f n) dag

let iter f dag =
Parents.iter (fun node — Offspring.iter (f node)) dag

let map_nodes f dag =
Parents.fold (fun n — Parents.add (f n)) dag Parents.empty

let map fn fo dag =
Parents.fold (fun node offspring —
Parents.add (fn node)
(Offspring.fold (fun o — Offspring.add (fo node o))
offspring Offspring.empty)) dag Parents.empty
let fold_nodes f dag acc =
Parents.fold (funn - — f n) dag acc

let fold f dag acc =
Parents.fold (fun node — Offspring.fold (f node)) dag acc

Implementation of DAG

Note that in it’s current incarnation, fold add-offspring dag empty copies only the fertile nodes, while
fold add_offspring dag (fold_nodes add_node dag empty) includes sterile ones, as does map (fun n —

n) (fun n ec — ec) dag.
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let dependencies dag node =
let rec dependencies’ node’ =
let offspring = Parents.find node’ dag in
if Offspring.is—_empty offspring then
Tree2.leaf node’
else
Tree2.cons
(Offspring.fold
(fun 0 acc —
(fst o,
node’,
F.fold (fun wf acc’ — dependencies’ wf :: acc’) o []) :: acc)
offspring [])
in
dependencies’ node
let lists dag =
List.sort (fun (nl, _) (n2, -) — F.Nodes.compare n1 n2)
(Parents.fold (fun node offspring | —
(node, Offspring.elements offspring) :: 1) dag [])
let size dag =
Parents.fold (fun - _ n — succ n) dag 0

let rec harvest dag node roots =
Offspring.fold
(fun offspring roots’ —
if 4s_offspring node offspring roots’ then
roots’
else
F.fold (harvest dag)
offspring (add - offspring_unsafe node offspring roots’))
(Parents.find node dag) (add_node node roots)
let harvest_list dag nodes =

List.fold_left (fun roots node — harvest dag node roots) empty nodes

Build a closure once, so that we can recurse faster:

let eval f mule muln add null unit node dag =
let rec eval’ n =
if is_sterile n dag then
fn
else
Offspring.fold
(fun (e, - as offspring) v0 —
add (mule n e (F.fold muln’ offspring unit)) v0)
(Parents.find n dag) null
and muln’ n = muln (eval’ n) in
eval’ node

let count_trees node dag =
eval (fun - — 1) (fun_-_p — p) ( x ) (+) 01 node dag
let build_forest evaluator node dag =
evaluator (fun n — [Tree.leaf (n, None) n])
(fun n e p — List.map (fun p’ — Tree.cons (n, Some e) p’) p)

(fun pI p2 — Product.fold2 (fun n nl pl — (n = nl) = pl) pl p2[])
(@) [J [[]] node dag

let forest = build_forest eval

Implementation of DAG

At least for count_trees, the memoizing variant eval_memoized is considerably slower than direct recursive

evaluation with eval.

let eval-offspring f mule muln add null unit dag values (node, offspring) =
let muln’ n = muln (Parents.find n values) in
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let v =
if is_sterile node dag then
f node
else
Offspring.fold
(fun (e, - as offspring) v0 —
add (mule node e (F.fold muln' offspring unit)) v0)
offspring null
in
(v, Parents.add node v values)
let eval_memoized' f mule muln add null unit dag =
let result, _ =
List.fold _left
(fun (v, values) — eval_offspring f mule muln add null unit dag values)
(null, Parents.empty)
(List.sort (fun (n1, -) (n2, -) — F.Nodes.compare nl n2)
(Parents.fold
(fun node offspring I — (node, offspring) :: 1) dag [])) in
result

let eval_memoized f mule muln add null unit node dag =
eval_memoized' f mule muln add null unit
(harvest dag node empty)

let forest_memoized = build_forest eval_memoized
end

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_maz_rank : t — rank X rank
val ranked : rank — t — node list
end

module Graded (F : Graded_Forest) = Maybe_Graded(Graded_-Map)(F)

The following is not a graded map, obviously. But it can pass as one by the typechecker for constructing
non-graded DAGs.

module Fake_Graded_Map (O : Graded_Ord) :
Graded_Map with type key = O.t and type rank = O0.G.t =
struct
module M = Map.Make(O)
type key = O.t
type (+a) t = a M.t
let empty = M.empty
let add = M.add
let find = M.find
let mem = M.mem
let iter = M.iter
let fold = M.fold

We make sure that the remaining three are never called inside DAG and are not visible outside.

type rank = O.G.t
exception Impossible of string

let ranks - = raise (Impossible "ranks")
let min_max_rank - = raise (Impossible "min_max_rank")
let ranked - - = raise (Impossible "ranked")

end
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We could also have used signature projection with a chaotic or discrete grading, but the Graded_-Map can cost
some efficiency. This is probably not the case for the current simple implementation, but future embellishment
can change this. Therefore, the ungraded DAG uses Map directly, without overhead.
module Make (F : Forest) =

Maybe - Graded (Fake- Graded-Map)(Grade_Forest( Fake_Grading)(F'))

If O’Caml had polymorphic recursion, we could think of even more elegant implementations unifying nodes
and offspring (cf. the generalized tries in [4]).
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— 5

MOMENTA

5.1 Interface of Momentum
Model the finite combinations .
p=_ cpn,  (withez €{0,1}) (5.1)
n=1
of ny, incoming and k — ny, outgoing momenta p,

B = —pp for1<n <ny
" Pn forngp, +1<n<k

where momentum is conserved

k
> Pu=0 (5.3)

7.

below, we need the notion of ‘rank’ and ‘dimension

dim(p) =k (5.4a)
k
rank(p) = Z Ck (5.4b)

where ‘dimension’ is not the dimension of the underlying space-time, of course.

module type T =

sig
type ¢

Constructor: (k,N) = p = > .y Pn and k = dim(p) is the overall number of independent momenta, while
rank(p) = |N| is the number of momenta in p. It would be possible to fix dim as a functor argument instead.
This might be slightly faster and allow a few more compile time checks, but would be much more tedious to
use, since the number of particles will be chosen at runtime.

val of —ints : int — int list — t

No two indices may be the same. Implementions of of _ints can either raise the exception Duplicate or ignore
the duplicate, but implementations of add are required to raise Duplicate.

exception Duplicate of int
Raise Range iff n > k:
exception Range of int

Binary oparations require that both momenta have the same dimension. Mismatch is raised if this condition is
violated.

exception Mismatch of string x t x t
Negative is raised if the result of sub is undefined.
exception Negative
The inverses of the constructor (we have rank p = List.length (to_ints p), but rank might be more efficient):

val to_ints : t — int list
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val dim : t — int
val rank : t — int

Shortcuts: singleton d p = of _ints d [p] and zero d = of _ints d []:

val singleton : int — int — t
val zero : int — t

An arbitrary total order, with the condition rank(p1) < rank(p2) = p1 < pa.
val compare : t — t — int

Use momentum conservation to construct the negative momentum with positive coeflicients:
valmeg : t — t

Return the momentum or its negative, whichever has the lower rank. NB: the present implementation does not
guarantee that
absp=absq <= p=pVp=—q (5.5)

for momenta with rank = dim/2.
val abs : t — t
Add and subtract momenta. This can fail, since the coefficients ¢; must me either 0 or 1.

valadd : t - t — t
val sub : t - ¢t — t

Once more, but not raising exceptions this time:

val try_add : t — t — t option
val try_sub : t — t — t option

Not the total order provided by compare, but set inclusion of non-zero coefficients instead:

val less : t — t — bool
val lesseq : t — t — bool

p1+ (£p2) + (£p3) = 0

val try_fusion : t — t — t — (bool x bool) option
A textual representation for debugging:

val to_string : t — string

split @ n p splits p; into n momenta p; — P; + Pit1 + ... + Ditn—1 and makes room via pj>; —+ Pj4n—1. Lhis is
used for implementating cascade decays, like combining

et (pr)e” (p2) =W (p3)ve(pa)e™ (ps) (5.6a)
W= (ps) — d(ps)a(py) (5.6b)

to
et (p1)e” (p2) = d(ps)u(pa)ve(ps)e™ (ps) (5.7)

in narrow width approximation for the W—.

val split : int — int — t — t

5.1.1 Scattering Kinematics

From here on, we assume scattering kinematics {1,2} — {3,4,...}, i.e. nj, = 2.

Since functions like timelike can be used for decays as well (in which case they must always return true, the
representation—and consequently the constructors—should be extended by a flag discriminating between
the two cases!

module Scattering :
sig

Test if the momentum is an incoming one: p = p; V p = P2
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val incoming : t — bool
P=p3Vp=psV...
val outgoing : t — bool

p? > 0. NB: par abus de langange, we report the incoming individual momenta as spacelike, instead as timelike.
This will be useful for phasespace constructions below.

val timelike : t — bool
p? < 0. NB: the simple algebraic criterion can be violated for heavy initial state particles.
val spacelike : t — bool
D = P1+ P2
val s_channel_in : t — bool
P=p3+pst...+DPn
val s_channel_out : t — bool
P=p1+p2Vp=p3+Ps+...+Pn
val s_channel : t — bool
P1+DP2—>P3+Ps+ ...+ Dn

val flip_s_channel_in : t — t
end

5.1.2 Decay Kinematics

module Decay :
sig

Test if the momentum is an incoming one: p = py
val incoming : t — bool
p=p2Vp=p3V...
val outgoing : t — bool
p? > 0. NB: here, we report the incoming individual momenta as timelike.
val timelike : t — bool
p* <0.
val spacelike : t — bool
end
end

module Lists : T
module Bits : T
module Default : T

Wolfgang’s funny tree codes:
(27, 2" = (1,2,4,...,2"?) (5.8)

module type Whizard =
sig
type ¢
val of _-momentum : t — int
val to_momentum : int — int — t
end

module ListsW : Whizard with type t = Lists.t
module BitsW : Whizard with type t = Bits.t
module DefaultW : Whizard with type t = Default.t
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5.2 Implementation of Momentum

module type T =
sig

type ¢
val of _ints : int — int list — 1
exception Duplicate of int
exception Range of int
exception Mismatch of string x t x t
exception Negative
val to_ints : t — int list
val dim : t — int
val rank : t — int
val singleton : int — int — t
val zero : int — t
val compare : t — t — int

val neg : t — ¢

val abs : t —
valadd : t — t — t

val sub : t — t = ¢

val try_add : t — t — t option
val try_sub : t — t — t option

val less : t — t — bool
val lesseq : t — t — bool
val try_fusion : t — t — t — (bool x bool) option
val to_string : t — string
val split : int — int > t — t
module Scattering :
sig
val incoming : t — bool
val outgoing : t — bool
val timelike : t — bool
val spacelike : t — bool
val s_channel_in : t — bool
val s_channel_out : t — bool
val s_channel : t — bool
val flip_s_channel_in : t — t
end
module Decay :
sig
val incoming : t — bool
val outgoing : t — bool
val timelike : t — bool
val spacelike : t — bool
end
end

5.2.1 Lusts of Integers

The first implementation (as part of Fusion) was based on sorted lists, because I did not want to preclude the
use of more general indices that integers. However, there’s probably not much use for this generality (the indices
are typically generated automatically and integer are the most natural choice) and it is no longer supported.
by the current signature. Thus one can also use the more efficient implementation based on bitvectors below.

module Lists =
struct

typet = {d : int;r : int; p : int list }

exception Range of int
exception Duplicate of int
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let rec check d = function
| pI = p2 = _when p2 < pl — raise (Duplicate pl)
| pl = (p2 = _asrest) — check d rest
| [p]whenp < 1V p > d — raise (Range p)
| [l = 0
=0
let of _ints d p =
let p’ = List.sort compare p in
check d p’;

{d = d; r = List.length p; p = p' }

let to_ints p = p.p

let dim p = p.d

let rank p = p.r

let zerod = {d = d; r = 0;, p =[]}

let singleton dp = {d = d; r = 1; p = [p] }

let to_string p =
n[" * String.concat "," (List.map string_of _int p.p) "
"/ string_of —int p.r ~ /" " string_of _int p.d ~ "1"

exception Mismatch of string x t x t
let mismatch s p1 p2 = raise (Mismatch (s, pl, p2))

let matching f s pl p2 =
if pl.d = p2.d then
[ pl p2
else
mismatch s pl p2

let compare p1 p2 =
if pl.d = p2.d then begin
let ¢ = compare pl.r p2.r in
if ¢ # 0 then
c
else
compare pl.p p2.p
end else
mismatch "compare" pl p2

let rec neg’ d i = function
] =
if 7 < d then
i = neg’ d (succ i) []
else
(]
i i restasp —
if i/ > d then
failwith "Integer_List.neg: internal error"

else if ¢/ = i then
neg’ d (succ i) rest
else

i neg’ d (suce i) p
let negp = {d = pd; r = pd — pr; p = neg’ p.d1pp}
let abs p =

if 2 X p.r > p.d then

neg p
else

p

let rec add’ pl1 p2 =
match p1, p2 with

[ {lp = p
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|, [ = p
| o1 = pl’, 22 = p2' —
if x1 < z2 then
zl :: add pl’ p2
else if 2 < 1 then
z2 :: add' pl p2’
else
raise (Duplicate z1)

let add p1 p2 =
if pl.d = p2.d then
{d =pld;r =plor + p2.r;p = add pl.pp2.p}
else
mismatch "add" pl p2

let rec try_add’ d v acc pl p2 =
match p1, p2 with
) p — Some ({d = d
| p, [] — Some ({d = d
| =1 = pl’, 22 = p2 —
if 1 < z2 then
try_add’ d r (z1 :: acc) pl’ p2
else if 22 < z1 then
try_add’ d r (z2 : acc) pl p2’
else
None

= List.rev_append acc p })

r
ir = List.rev_append acc p })

3

let try_add pl p2 =
if pl.d = p2.d then
try-add’ pl.d (pl.r + p2.r)[] pl.p p2.p
else
mismatch "try_add" pl p2

exception Negative

let rec sub’ pl p2 =
match p1, p2 with
‘ b, H - P
| [1, - — raise Negative
| =1 = pl', 22 = p2 —
if 1 < x2 then
zl : sub pl’ p2

else if x1 = x2 then
sub’ p1’ p2’
else

raise Negative

let rec sub pI p2 =
if p1.d = p2.d then begin
if pl.r > p2.r then
{d=pld;r =plor — p2.r; p = sub pl.p p2.p}
else
neg (sub p2 pl)
end else
mismatch "sub" pl p2

let rec try_sub’ d r acc pl p2 =
match p1, p2 with
| p, [] = Some ({d = d; r = r; p = List.rev_append acc p })
| [, - = None
| o1 = pl’, 22 = p2' —
if 1 < z2 then
try_sub’ d r (z1 :: acc) pl’ p2
else if z1 = 2 then
try_sub’ d r acc p1’ p2’
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else
None

let try_sub pl1 p2 =
if pI.d = p2.d then begin
if pI.r > p2.r then
try_sub’ pl.d (pl.r — p2.r)[] pl.p p2.p
else
match try_sub’ pl.d (p2.r — pl.r)[] p2.p pl.p with
| None — None
| Some p — Some (neg p)
end else
mismatch "try_sub" pl p2

let rec less’ equal pl1 p2 =
match p1, p2 with
[ 1] - — equal
[, - — true
zl = _, [] — false

zl = pl’, 22 = p2' — less’ false p1 p2’

\
\
| 1 = pl’, 22 = p2 when 21 = 22 — less’ equal p1’ p2’
\

let less p1 p2 =
if pI.d = p2.d then
less’ true p1.p p2.p
else
mismatch "sub" pl p2

let rec lesseq’ pl1 p2 =
match p1, p2 with
| [], - — true
| 1 =+ _, [] — false
| o1 = pl’, 22 = p2 when 21 = 22 — lesseq’ pl’ p2’
| «1 == pl’, 22 = p2' — lesseq’ pl p2’

let lesseq p1 p2 =
if pI.d = p2.d then
lesseq’ pl.p p2.p
else
mismatch "lesseq" pl p2

module Scattering =
struct

let incoming p =
if p.r = 1 then
match p.p with
| 1] | [2] — true
| - — false
else
false

let outgoing p =
if p.r = 1 then
match p.p with
| [1] | [2] — false
| - — true
else
false

let s_channel_in p =
match p.p with
| [1; 2] — true
| - — false

let rec s_channel_out’ d i = function
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| [] — @ = succd
| ' = pwheni = i — s_channel_out’ d (succ i) p
| - — false
let s_channel_out p =
match p.p with
| 3 = p) — s_channel_out’ p.d 4 p’
| - — false

let s_channel p = s_channel_in p V s_channel_out p

let timelike p =
match p.p with
| p1 == p2 == - = pl > 2V (pl =1 A p2 = 2)
| p1 == - — pl > 2
| [] — false

let spacelike p = — (timelike p)

let flip_s_channel_in p =
if s_channel_in p then
neg (of —ints p.d [1;2])
else
p

end

module Decay =
struct

let incoming p =
if p.r = 1 then
match p.p with
| [1] — true
| - — false
else
false

let outgoing p =
if p.r = 1 then
match p.p with
| [1] — false
| - — true
else
false

let timelike p =
match p.p with
| [1] — true
| pI = - = pl > 1
| [] — false

let spacelike p = — (timelike p)
end

let test_sum p invl pl inv2 p2 =
if p.d = pl.d then begin
if p.d = p2.d then begin
match (if invl then try_add else try_sub) p pl with
| None — false
| Some p’ —
begin match (if inv2 then try_add else try_sub) p’ p2 with
| None — false
| Some p” — p".r =0V p'ir = pd
end
end else
mismatch "test_sum" p p2
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end else
mismatch "test_sum" p pl

let try_fusion p pl p2 =

if test_sum p false pI false p2 then
Some (false, false)

else if test_sum p true p1 false p2 then
Some (true, false)

else if test_sum p false p1 true p2 then
Some (false, true)

else if test_sum p true pI true p2 then
Some (true, true)

else
None

let split i np =
let n” = n — 1in
let rec split’ head = function
| [] = (p.r, List.rev head)
| i1 = dlist —
if i1 < i then
split’ (i1 :: head) ilist
else if <1 > 4 then
(p.r, List.rev_append head (List.map ((+) n') (i1 :: ilist)))
else
(p.r + 0/,
List.rev_append head
((ThoList.range i1 (il + n')) @Q (List.map ((4+) n’) ilist))) in
let v/, p’ = split’ [] p.p in
{d=pd+nsr=71p=7p}

!

end

5.2.2  Bit Fiddlings

Bit vectors are popular in Fortran based implementations [1, 2, 11] and can be more efficient. In particular,
when all infomation is packed into a single integer, much of the memory overhead is reduced.

module Bits =
struct

type t = int

Bits 1...21 are used as a bitvector, indicating whether a particular momentum is included. Bits 22...26
represent the numbers of bits set in bits 1...21 and bits 27...31 denote the maximum number of momenta.

let mask n = (11sln) — 1
let mask2 = mask 2
let maskd = mask 5

let mask21 = mask 21

let maskd = masks Isl 26
let maskr = maskd Isl 21
let maskb = mask21

let dim0 p = p land maskd
let rank0 p = p land maskr
let bitsO p = p land maskb

let dim p = (dim0 p) lsr 26
let rank p = (rank0 p) Isr 21
let bits p = bitsO p

let drb0 d v b = d lor r lor b
let drb d 7 b = d Isl 26 lor r Isl 21 lor b
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For a 64-bit architecture, the corresponding sizes could be increased to 1...51, 52...57, and 58...63. However,
the combinatorical complexity will have killed us long before we can reach these values.

exception Range of int
exception Duplicate of int

exception Mismatch of string X t X t
let mismatch s p1 p2 = raise (Mismatch (s, pl, p2))

let of _ints d p =
let r = List.length p in
if d < 21 A r < 21 then begin
List.fold _left (fun b p' —
if p’ < d then
b lor (1 1sl (pred p"))
else

raise (Range p')) (drb d r 0) p
end else

raise (Range 1)
let zero d = drb d 00
let singleton d p = drb d 1 (11sl (pred p))

let rec to_ints’ acc p b =
if b = 0 then
List.rev acc
else if (b land 1) = 1 then

to_ints’ (p :: acc) (succ p) (blsr 1)
else

to_ints’ acc (succ p) (b lsr 1)
let to_ints p = to_ints’ [] 1 (bits p)

let to_string p =
"[" " String.concat "," (List.map string_of _int (to_ints p)) ~
n/m " string_of —int (rank p) © /" " string_of —int (dim p) " "1"
let compare p1 p2 =
if dim0 pl = dim0 p2 then begin
let ¢ = compare (rank0 p1) (rank0 p2) in
if ¢ # 0 then
c
else
compare (bits p1) (bits p2)
end else
mismatch "compare" pl p2

let neg p =
let d = dim pandr = rank p in
drb d (d — r) ((mask d) land (Inot p))

let abs p =
if 2 x (rank p) > dim p then
neg p
else

p

let add p1 p2 =
let dI = dim0O pl and d2
if dI = d2 then begin
let b1 = bits p1 and b2 = bits p2 in
if b1 land b2 = 0 then
drb0 di (rank0 pl + rank0 p2) (b1 lor b2)
else
raise (Duplicate 0)
end else

dim0 p2 in
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mismatch "add" pl p2
exception Negative

let rec sub p1 p2 =
let d1 = dim0 pl and d2 = dim0 p2 in
if dI = d2 then begin
let r1 = rank0 pl1 and 12 =
if r1 > 72 then begin
let b1 = bits pl and b2 = bits p2 in
if b1 lor b2 = b1 then

drb0 d1 (r1 — r2) (b1 Ixor b2)
else

raise Negative
end else

neg (sub p2 pl)
end else

mismatch "sub" pl p2

rank(0 p2 in

let try_add p1 p2 =

let dI = dim0O pl and d2 dim0 p2 in
if dI = d2 then begin
let b1 = bits pI and b2 bits p2 in

if b1 land b2 = O then
Some (drb0 d1 (rank0 pl + rank0 p2) (b1 lor b2))

else
None
end else

mismatch "try_add" pl p2

let rec try_sub p1 p2 =
let d1 = dim0 pl and d2 = dim0 p2 in
if dI = d2 then begin
let r1 = rank0 pl1 and 72 = rank0 p2 in
if 71 > 72 then begin
let b1 = bits pl and b2 = bits p2 in
if b1 lor b2 = b1 then
Some (drb0 d1 (r1 — r2) (b1 Ixor b2))
else
None
end else
begin match try_sub p2 p1 with
| Some p — Some (neg p)
| None — None
end
end else

mismatch "sub" pl p2

let lesseq p1 p2 =
let d1 = dim0 pl and d2
if dI = d2 then begin
let r1 = rank0 pl1 and 72 = rank0 p2 in
if r1 < 712 then begin

let b1 = bits pl and b2 = bits p2 in
b1 lor b2 = b2
end else
false
end else

mismatch "less" pl p2

dim0 p2 in

let less p1 p2 = pl # p2 A lesseq pl p2

let mask_inl = 1
let mask_in2 2

let mask_in = mask_inl lor mask_in2
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module Scattering =
struct

let incoming p
1

rank p = 1 A (mask_in land p # 0)

let outgoing p =
rank p = 1 A (mask_in land p = 0)

let timelike p =
(rank p > 0 A (mask_-in land p = 0)) V (bits p = mask_in)

let spacelike p =
(rank p > 0) A = (timelike p)

let s_channel_in p =
bits p = mask_in

let s_channel_out p =
rank p > 0 A (mask_in Ixor p = 0)

let s_channel p =
s_channel_in p V s_channel_out p

let flip_s_channel_in p =
if s_channel_in p then
neg p
else

p

end

module Decay =
struct

let incoming p =
rank p = 1 A (mask_inl land p = mask_inl)

let outgoing p =
rank p = 1 A (mask_inl land p = 0)

let timelike p =
incoming p V (rank p > 0 A mask_inl land p = 0)

let spacelike p =
- (timelike p)

end

let test_sum p vl pl w2 p2 =
let d = dim pin
if d = dim pl then begin
if d = dim p2 then begin
match (if invl then try_add else try_sub) p pl with
| None — false
| Some p’ —
begin match (if inv2 then try_add else try_sub) p’ p2 with
| None — false
| Some p” —
let 1 = rank p” in
r=0Vr=4d
end
end else
mismatch "test_sum" p p2
end else
mismatch "test_sum" p pl

let try_fusion p pl p2 =
if test_sum p false pI false p2 then
Some (false, false)
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else if test_sum p true p1 false p2 then
Some (true, false)

else if test_sum p false p1 true p2 then
Some (false, true)

else if test_sum p true pI true p2 then
Some (true, true)

else
None

First create a gap of size n — 1 and subsequently fill it if and only if the bit ¢ was set.

let split i np =
let delta-d = n — 1
and b = bits p in
let mask_low = mask (pred 1)
and mask_i = 11Isl (pred i)
and mask_high = Inot (mask i) in
let b_low = mask_low land b
and b_med, delta_-r =
if mask_7 land b # 0 then
((mask n) Isl (pred i), delta_d)

else
(0, 0)
and b_high =

if delta_d > 0 then
(mask_high land b) Isl delta_d
else if delta_d = 0 then
mask_high land b
else
(mask_high land b) Isr (—delta_d) in
drb (dim p + delta_d) (rank p + delta_r) (b_low lor b_med lor b_high)

end

5.2.3 Whizard

module type Whizard =
sig
type ¢
val of _.momentum : t — int
val to-momentum : int — int — t
end

module BitsW =
struct
type t = Dits.t
open Bits (x NB: this includes the internal functions not in 7' x)

let of -momentum p =
let d = dim pin
let bit_inl = 1land p
and bit_in2 = 1 land (p lsr 1)
and bits_out = ((mask d) land p) Isr 2 in
bits_out lor (bit_inl Isl (d — 1)) lor (bit_in2 Isl (d — 2))

let rec count_non_zero' acc i last b =
if © > last then
acc
else if (1 Isl (pred 4)) land b = 0 then
count_non_zero' acc (succ i) last b
else
count_non_zero’ (succ acc) (succ i) last b

let count_non_zero first last b =
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count_non_zero' 0 first last b

let to_momentum d w =
let bit_inl = 1 land (w lsr (d — 1))
and bit_in2 = 1 land (w lsr (d — 2))
and bits_out = (mask (d — 2)) land w in
let b = (bits—out Isl 2) lor bit_inl lor (bit_in2 Isl 1) in
drb d (count_non_zero 1 d b) b

end
The following would be a tad more efficient, if coded directly, but there’s no point in wasting effort on this.

module ListsW =
struct
type t = Lists.t
let of -momentum p =
BitsW .of —-momentum (Bits.of _ints p.Lists.d p.Lists.p)
let to_momentum d w =
Lists.of —ints d (Bits.to_ints (BitsW.to_momentum d w))
end

5.2.4  Suggesting a Default Implementation

Lists is better tested, but the more recent Bits appears to work as well and is much more efficient, resulting in
a relative factor of better than 2. This performance ratio is larger than I had expected and we are not likely to
reach its limit of 21 independent vectors anyway.

module Default = Bits
module DefaultW = BitsW

53



—0—

CASCADES

6.1 Interface of Cascade_syntax

type (’flavor, ’p, ’constant) t =
| True
| False
| Onc_shell of ’flavor list x p
| On_shell_not of ’flavor list x ’p
| Off _shell of flavor list x p
| Off _shell_not of flavor list x ’p
| Gauss of flavor list x 'p
| Gauss_not of ’flavor list x p
| Any_flavor of ’p

| And of (’flavor, ’p, ’constant) t list

| X _Flavor of flavor list

| X_Vertex of ’constant list x ’flavor list list

val mk_true : unit — (’flavor, ’p, ’constant) t
val mk_false : unit — (’flavor, ’p, ’constant) t
val mk_on_shell : ’flavor list — ’'p — (’flavor, ’p, ’constant) t
val mk_on_shell_not : ’flavor list — ’p — (’flavor, ’p, ’constant) t
val mk_off _shell : ’flavor list — ’p — (’flavor, ’p, ’constant) t
val mk_off _shell_not : ’flavor list - ’'p — (’flavor, ’p, ’constant) t
val mk_gauss : ’flavor list — ’p — (flavor, ’p, ’constant) t
val mk_gauss_not : ’flavor list = ’p — (’flavor, ’p, ’constant) t
val mk_any_flavor : ’»p — (’flavor, ’p, ’constant) t
val mk_and : (’flavor, ’p, ’constant) t —

(’flavor, ’p, ’constant) t — (’flavor, ’p, ’constant) t
val mk_z_flavor : ’flavor list — (’flavor, ’p, ’constant) t
val mk_z_vertex : ’constant list — ’flavor list list —

(flavor, ’p, ’‘constant) t

val to_string : ('flavor — string) — (’p — string) —
(constant — string) — (flavor, ’p, ’constant) t — string

exception Syntaz_Error of string x int x int

6.2 Implementation of Cascade_syntax

Concerning the Gaussian propagators, we admit the following: In principle, they would allow for flavor sums
like the off-shell lines, but for all practical purposes they are used only for determining the significance of a
specified intermediate state. So we select them in the same manner as on-shell states.

False is probably redundant.

type (flavor, ’p, ’constant) t =
| True
| False
| On_shell of ’flavor list x p
| On_shell_not of ’flavor list x ’p
| Off —shell of ’flavor list x ’p
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Off _shell_not of flavor list x ’p
Gauss of flavor list X ’p
Gauss_not of ’flavor list x ’p
Any_flavor of ’p
And of (’flavor, ’p, ’constant) t list
X _Flavor of ’flavor list
X _Vertex of ’constant list x ’flavor list list

Off —shell_not (f, p)

Any_flavor p

let mk_true () = True

let mk_false () = False

let mk_on_shell f p = Onc_shell (f, p)

let mk_on_shell_not f p = On_shell_not (f, p)
let mk_off _shell f p = Off _shell (f, p)

let mk_off —shell_not f p =

let mk_gauss f p = Gauss (f, p)

let mk_gauss_not f p = Gauss_not (f, p)

let mk_any_flavor p =

let mk_and cl c2 =

match c1, c¢2 with

¢, True

| True, ¢ — ¢

¢, False | False, ¢ — False

And cs,
And cs,

e, ¢ = And [¢; (]

let mk_x_flavor f = X_Flavor f
let mk_z_vertex ¢ fs = X_Vertex (c, fs)

And ¢s’ — And (¢s Q cs')
¢ | e, And ¢s — And (c:: cs)

let to_string flavor_to_string momentum_to_string coupling_to_string cascades
let flavors_to_string fs =
String.concat ":" (List.map flavor_to_string fs)

and couplings_to_string cs

in

String.concat " :" (List.map
let rec to_string’ = function

True — "true"
False — "false"
On_shell (fs, p) —
momentum_to_string p
On_shell_not (fs, p) —
momentum_to_string p
Off _shell (fs, p) —
momentum_to_string p
Off _shell_not (fs, p) —
momentum_to_string p
Gauss (fs, p) —
momentum_to_string p
Gauss_not (fs, p) —
momentum_to_string p
Any_flavor p —
momentum_to_string p
And c¢s —

String.concat " && " (List.map (fun ¢ — " ("

X _Flavor fs —

nwyn

X _Vertex (cs, fss) —

coupling_to_string c¢s) in

~n
(]

~ o~
[

~ o~ "
\_ILJ?

couplings_to_string cs ~

u" " flavors_to_string fs
"u=u!" " flavors_to_string fs
® flavors_to_string fs
"Wu!l" " flavors_to_string fs
"#u" T flavors_to_string fs

"#,!" T flavors_to_string fs

to_string’ ¢~ ")") cs)

String.concat ":" (List.map flavor_to_string fs)

w[" " (String.concat "," (List.map flavors_to_string fss)) =~ "1"

to_string’ cascades

let int_list_to_string p

String.concat "+" (List.map string_of _int (List.sort compare p))

exception Syntaz_Error of string x int X int
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6.3 Lexer

{

open Cascade_parser
let unquote s =
String.sub s 1 (String.length s — 2)

}
let digit = [70°—29°]
let upper = [PA’—’Z’]

let lower = [*a’—’z’]
let char = upper | lower
let white = [> * ’\t’ ’\n’]

We use a very liberal definition of strings for flavor names.

rule token = parse
white { token lexbuf } (x skip blanks %)
‘ 19 [A)\n)]* ’\n’
{ token lexbuf } (x skip comments x)
| digit™ { INT (int_of _string (Lexzing.lezeme lexbuf)) }
| >+ { PLUS }
| >:> { COLON }
| »~> { OFFSHELL }
| »=» { ONSHELL}
| *# { GAUSS }
| >v> { NOT }
| & ’&’?{ AND }
| > { LPAREN }
| *)’ { RPAREN }
| o~ { HAT }
| >, { COMMA }
| »[" { LBRACKET }
| °1° { RBRACKET }
‘ char [A > 0 N\g? \n? &’ () 22 2] 0 ’ 0 ]*
{ STRING (Lexing.lexzeme lexbuf) }
‘ o [A ;u;]* s
{ STRING (unquote (Lexing.lexeme lexbuf)) }
| eof { END }

6.4 Parser

Header

open Cascade_syntax
let parse_error msg =
raise (Syntaz_Error (msg, symbol_start (), symbol_end ()))

Token declarations

%token < string > STRING

%token < int > INT

%token LPAREN RPAREN LBRACKET RBRACKET
%token AND PLUS COLON COMMA NOT HAT
%token ONSHELL OFFSHELL GAUSS

%token END

%left AND
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%left PLUS COLON COMMA
%left NOT HAT

Y%start main
%type < (string, int list, string) Cascade_syntax.t > main

Grammar rules

main =
END { mk_true () }
| cascades END { $1 }

cascades =
exclusion { $1 }
| vertex { $1 }
| cascade { $1 }
| LPAREN cascades RPAREN { $2 }
| cascades AND cascades { mk_and $1 $3 }

exclusion ::=

NOT string_list { mk_z_flavor $2 }

verter 1=
HAT string_list { mk_z_verter $2 [] }
| HAT string_list LBRACKET RBRACKET
{ mk_z_vertex $2 [] }
| HAT LBRACKET string_lists RBRACKET
{ mk_z_vertex [] $3 }
| HAT string_list LBRACKET string_lists RBRACKET
{ mk_z_vertex $2 $4 }

cascade ::=
momentum_list { mk_any_flavor $1 }
| momentum_list ONSHELL string_list
{ mk_on_shell $3 $1 }
| momentum_list ONSHELL NOT string_list
{ mk_on_shell_not $4 $1 }
| momentum_list OFFSHELL string_list
{ mk_off _shell $3 $1 }
| momentum_list OFFSHELL NOT string_-list
{ mk_off _shell_not $4 $1 }
| momentum_list GAUSS string_list { mk_gauss $3 $1 }
| momentum_list GAUSS NOT string_list
{ mk_gauss_not $4 $1 }

momentum_list ::=
| momentum { [$1] }
| momentum_list PLUS momentum { $3 :: $1 }

momentum ::=
INT { $1 }

string _list ::=
STRING { [$1] }
| string_list COLON STRING { $3 :: $1 }
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string _lists ::=
string _list { [$1] }
| string_lists COMMA string_list { $3 :: $1 }

6.5 Interface of Cascade

module type T =
sig

type constant
type flavor
type p

type ¢
val of _string_list : int — string list —
val to_string : t — string

An opaque type that describes the set of all constraints on an amplitude and how to construct it from a cascade
description.

type selectors
val to_selectors : t — selectors

Don’t throw anything away:
val no_cascades : selectors

select_wf s is_timelike f p ps returns true iff either
e the flavor f and momentum p match the selection s or
e all combinations of the momenta in ps are compatible, i.e. £> p; < gq.

The latter test is only required in theories with quartic or higher vertices, where ps will be the list of all
incoming momenta in a fusion. is_timelike is required to determine, whether particles and anti-particles should
be distinct.

val select_wf : selectors — (p — bool) — flavor — p — p list — bool
select_p s p ps same as select_wf s f p ps, but ignores the flavor f

val select_p : selectors — p — p list — bool
on_shell s p

val on_shell : selectors — flavor — p — bool
15-gauss s p

val is_gauss : selectors — flavor — p — bool

val select_vtx : selectors — constant Coupling.t —
flavor —  flavor list — bool

partition s returns a partition of the external particles that can not be reordered without violating the cascade
constraints.

val partition : selectors — int list list
Diagnostics:
val description : selectors — string option
end

module Make (M : Model.T) (P : Momentum.T) :
T with type flavor = M.flavor
and type constant = M .constant
and typep = P.t
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6.6 Implementation of Cascade

module type T =
sig

type constant
type flavor
type p

type ¢
val of _string_list : int — string list — t
val to_string : t — string

type selectors
val to_selectors : t — selectors
val no_cascades : selectors

val select_wf : selectors — (p — bool) — flavor — p — p list — bool
val select_p : selectors — p — p list — bool

val on_shell : selectors — flavor — p — bool

val is_gauss : selectors — flavor — p — bool

val select_vtx : selectors — constant Coupling.t —
flavor — flavor list — bool

val partition : selectors — int list list
val description : selectors — string option

end

module Make (M : Model.T) (P : Momentum.T) :
(T with type flavor = M.flavor and type constant = M .constant and type p = P.t) =
struct

module CS = Cascade_syntax
type constant = M .constant
type flavor = M .flavor
type p = P.t

Since we have
p<qg+(—q) < (-p) (6.1)

also for < as set inclusion lesseq, only four of the eight combinations are independent

p<gq = (—q) < (-p)

q<p — (-p)<(—q)

p<(ca) =  a<(-p) (62)
(—q)<p <~ (-p)<q

let one_compatible p ¢ =
let neg-q = P.neg q in
P.lesseq p q V
P.lesseq q p V
P.lesseq p neg_q V
P.lesseq neg_q p

'tis wasteful ... (at least by a factor of two, because every momentum combination is generated, including the
negative ones.

let all_compatible p p_list ¢ =
let | = List.length p_list in
if I < 2then
one_compatible p q
else
let tuple_lengths = ThoList.range 2 (succ l / 2) in
let tuples = ThoList.flatmap (fun n — Combinatorics.choose n p_list) tuple_lengths in
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let momenta = List.map (List.fold_left P.add (P.zero (P.dim q))) tuples in
List.for_all (one_compatible q) momenta

The following assumes that the flavor list is always very short. Otherwise one should use an efficient set
implementation.

type wf =
| True
| False
| On_shell of flavor list x P.t
| On_shell_not of flavor list x P.t
| Off —shell of flavor list x P.t
| Off —shell_not of flavor list x P.t
| Gauss of flavor list x P.t
| Gauss_not of flavor list x P.t
| Any_flavor of P.t
| And of wf list

module Constant = Modeltools. Constant (M)

type viz =
{ couplings : M.constant list;
fields : flavor list }

type t =
{wf : wf;
* TODO: The following lists should be sets for efficiency. *)
flavors : flavor list;
vertices : vtz list }
let default =
{wf = True;
flavors = [];
vertices = [] }

let of _string s =
Cascade_parser.main Cascade_lezer.token (Lexzing.from_string s)

If we knew that we’re dealing with a scattering, we could apply P.flip_s_channel_in to all momenta, so
that 1+ 2 accepts the particle and not the antiparticle. Right now, we don’t have this information.

let only_wf wf = { default with wf = wf }

let cons_and_wf ¢ wfs =
match c.wf, wfs with
| True, wfs — wfs
| False, - — [False]
} wf, [] = [wf]

wf, wfs — wf = wfs

let and_cascades_wf ¢ =
match List.fold_right cons_and_wf c [] with
| [] = True
| [wf] = wf
| wfs — And wfs

let uniq I =
ThoList.uniq (List.sort compare 1)

let import dim cascades =
let rec smport’ = function
| CS.True —
only_wf True
| CS.False —
only_wf False
| CS.On_shell (f, p) —
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only _wf
(On_shell (List.map M .flavor_of _string f, P.of _ints dim p))
| CS.On_shell_not (f, p) —
only —wf
(On_shell_not (List.map M.flavor_of _string f, P.of —ints dim p))
| CS.Off _shell (fs, p) —
only _wf
(Off _shell (List.map M .flavor_of _string fs, P.of _ints dim p))
| CS.Off —shell_not (fs, p) —
only _wf
(Off —shell_not (List.map M.flavor_of _string fs, P.of _ints dim p))
| CS.Gauss (f, p) —
only _wf
(Gauss (List.map M .flavor_of _string f, P.of _ints dim p))
| CS.Gauss_not (f, p) —
only _wf
(Gauss (List.map M.flavor_of _string f, P.of _ints dim p))
| CS.Any_flavor p —
only_wf (Any_flavor (P.of _ints dim p))
| CS.And cs —
let cs = List.map import’ cs in
{ wf = and_cascades_wf cs;
flavors = wuniq (List.concat
(List.map (fun ¢ — c.flavors) cs));
vertices = uniq (List.concat
(List.map (fun ¢ — c.vertices) cs)) }
| CS.X_Flavor fs —
let fs = List.map M.flavor_of _string fs in
{ default with flavors = wuniq (fs @ List.map M .conjugate fs) }
| CS.X_Vertex (cs, fss) —
let ¢cs = List.map Constant.of _string cs
and fss = List.map (List.map M .flavor_of _string) fss in
let expanded =
List.map
(fun fs — { couplings = cs; fields = fs })
(match fss with
| [] = [[]] (* Subtle: not an empty list! *)
| fss — Product.list (fun fs — fs) fss) in
{ default with vertices = expanded }
in
mmport’ cascades
let of _string_list dim strings =
match List.map of _string strings with
| [] = default
| first @ next —
import dim (List.fold_right CS.mk_and next first)

let flavors_to_string fs =
(String.concat ":" (List.map M.flavor_to_string fs))

let momentum_to_string p =
String.concat "+" (List.map string_of _int (P.to_ints p))

let rec wf_to_string = function
| True —
"true"
| False —
"false"
| On_shell (fs, p) —
momentum_to_string p ~
| On_shell_not (fs, p) —
momentum_to_string p ~ "_=u!" " flavors_to_string fs

"=u" " flavors_to_string fs

61

Implementation of Cascade



| Off —shell (fs, p) —

momentum_to_string p ~ "L"u" ~ flavors_to_string fs
| Off _shell_not (fs, p) —

momentum_to_string p ~ ", u!" ~ flavors_to_string fs
| Gauss (fs, p) —

momentum_to_string p ~ " #." ~ flavors_to_string fs
| Gauss_not (fs, p) —

momentum_to_string p ~ "_#,!" ~ flavors_to_string fs
| Any_flavor p —

momentum_to_string p ~ ", 7"
| And ¢s —

String.concat " &&," (List.map (fun ¢ — "(" "~ wf_to_string ¢ = ")")

let vertex_to_string v =
nen ” String.concat ":" (List.map M.constant_symbol v.couplings)
"[" " String.concat "," (List.map M.flavor_to_string v.fields) =~ "1"

let vertices_to_string vs =
(String.concat " &&," (List.map vertex_to_string vs))

let to_string = function

| { wf = True; flavors = []; vertices = [] } —

| { wf = True; flavors = fs; vertices = [| } —
" flavors_to_string fs

| { wf = True; flavors = []; vertices = vs } —
vertices-to_string vs

| { wf = True; flavors = fs; vertices = vs } —
it flavors_to_string fs T " &&." "~ vertices_to_string vs

| { wf = wf; flavors = []; vertices = [] } —
wf _to_string wf

| { wf = wf; flavors = []; vertices = vs } —
vertices_to_string vs ~ " &&," ~ wf_to_string wf

| { wf = wf; flavors = fs; vertices = [| } —
it flavors_to_string fs T "L&&L" T wf _to_string wf

| { wf = wf; flavors = fs; vertices = vs } —

" flavors_to_string fs ©
"L&& " wvertices_to_string vs ~
"L&&L" T wf _to_string wf

type selectors =
{ select_p : p — p list > bool;
select_wf : (p — bool) — flavor — p — p list — bool;
on_shell : flavor — p — bool;
is-gauss : flavor — p — bool,;
select_uvtr : constant Coupling.t — flavor — flavor list — bool;
partition : int list list;
description : string option }

let no_cascades =

{ select_.p = (fun _ _ — true);
select_wf = (fun - _ _ _ — true);
on_shell = (fun _ _ — false);
is_gauss = (fun _ _ — false);
select_vtx = (fun - _ _ — true);
partition = [];
description = None }

let select_p s = s.select_p
let select_wf s = s.select_wf
let on_shell s = s.on_shell
let is_gauss s = s.is_gauss
let select_vtx s = s.select_vtz
let partition s = s.partition
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let description s = s.description

let to_select_p cascades p p_in =
let rec to_select_p’ = function

| True — true
| False — false
| On_shell (-, momentum) | On_shell_not (-, momentum)
| Off _shell (-, momentum) | Off _shell_not (-, momentum)
| Gauss (-, momentum) | Gauss_not (-, momentum)
| Any_flavor momentum — all_compatible p p_in momentum
| And [] — false
| And e¢s — List.for_all to_select_p’ cs in

to_select_p’ cascades

let to_select_wf cascades is_timelike f p p_in =
let /' = M.conjugate [ in
let rec to_select_wf’ = function
| True — true
| False — false
| Off _shell (flavors, momentum) —
if p = momentum then
List.mem [’ flavors \V (if is_timelike p then false else List.mem [ flavors)
else if p = P.neg momentum then
List.mem f flavors V (if is_timelike p then false else List.mem f’ flavors)
else
one_compatible p momentum A all_compatible p p_in momentum
| On_shell (flavors, momentum) | Gauss (flavors, momentum) —
if is_timelike p then begin

if p = momentum then
List.mem ' flavors
else if p = P.neg momentum then
List.mem f flavors
else
one_compatible p momentum A all_compatible p p_in momentum
end else
false
| Off —shell_not (flavors, momentum) —
if p = momentum then
= (List.mem [’ flavors V (if is_timelike p then false else List.mem f flavors))
else if p = P.neg momentum then
= (List.mem f flavors V (if is_timelike p then false else List.mem f’ flavors))

else
one_compatible p momentum A all_compatible p p_in momentum
| On_shell_not (flavors, momentum) | Gauss_not (flavors, momentum) —
if is_timelike p then begin
if p = momentum then
- (List.mem f' flavors)
else if p = P.neg momentum then
= (List.mem f flavors)
else
one_compatible p momentum A all_compatible p p_in momentum
end else
false
| Any_flavor momentum —
one_compatible p momentum A all_compatible p p_in momentum
| And [] — false
| And e¢s — List.for_all to_select_wf’ cs in
— (List.mem f cascades.flavors) A to_select_wf’ cascades.wf

In case you're wondering: to_on_shell f p and is_gauss f p only search for on shell conditions and are to be
used in a target, not in Fusion!

let to_on_shell cascades f p =
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let f/ = M.conjugate f in
let rec to_on_shell’ = function
| True | False | Any_flavor _
| Off —shell (=, =) | Off —shell_not (-, _)
| Gauss (-, =) | Gauss_not (-, -) — false
| On_shell (flavors, momentum) —

(p = momentum V p = P.neg momentum) A (List.mem f flavors V List.mem f’ flavors)
| On_shell_not (flavors, momentum) —
(p = momentum V p = P.neg momentum) N — (List.mem f flavors V List.mem f' flavors)

| And [] — false
| And ¢s — List.for_all to_on_shell’ cs in
to_on_shell’ cascades

let to_gauss cascades f p =
let /' = M.conjugate f in
let rec to_gauss’ = function
| True | False | Any_flavor _
| Off _shell (-, =) | Off-shell_not (-, -)
| On_shell (-, -) | On_shell_not (-, _) — false
| Gauss (flavors, momentum) —
(p = momentum V p = P.neg momentum) A
(List.mem f flavors V List.mem f" flavors)
| Gauss_not (flavors, momentum) —
(p = momentum V p = P.neg momentum) A
- (List.mem f flavors V List.mem [’ flavors)
| And [] — false
| And ¢s — List.for_all to_gauss’ cs in
to_gauss’ cascades

module Fields =
struct
type f = M.flavor
type ¢ = M.constant list

let compare = compare
let conjugate = M .conjugate
end
module Fusions = Modeltools. Fusions (Fields)

let dummy83 = Coupling.Scalar_Scalar_Scalar 1
let dummy4 = Coupling.Scalarj 1
let dummyn = Coupling. UFO (Algebra.QC .unit, "dummy", [], [], Color.Vertex.unit)

Translate the vertices in a pair of lists: the first is the list of always rejected couplings and the second the
remaining vertices suitable as input to Fusions.of _vertices.

let translate_vertices vertices =
List.fold_left
(fun (cs, (v3, v4, wvn) as acc) v —
match v.fields with
| [] = (v.couplings @ cs, (v3, v4, vn))
|01 5] = ace
| [f15 2 3] —
(es, (((f1, f2, 13), dummy3, v.couplings) :: v3, v4, vn))
| [f15 125 135 f4] —
(es, (v3, ((f1, f2, f3, f4), dummyj, v.couplings) :: v4, vn))
| fs — (cs, (v3, v4, (fs, dummyn, v.couplings) :: vn)))

([T, ([1, [1, D) vertices
let unpack-constant = function
| Coupling. V3 (-, -, ¢s) — cs
| Coupling. V4 (-, -, ¢s) — cs
| Coupling.Vn (-, —, ¢s) — cs

Sometimes, the empty list is a wildcard and matches any coupling;:
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let match_coupling ¢ cs =
List.mem c cs

let match_coupling_wildcard ¢ = function
| [] — true
| ¢s — match_coupling c cs

let to_select_vtr cascades =
match cascades.vertices with
[l =
(* No vertex constraints means that we always accept. *)
(fun ¢ f fs — true)
| vertices —
match translate_vertices vertices with
L ALILD =
(x If cascades.vertices is not empty, we mustn’t get here ... x)
failwith "Cascade.to_select_vtx: unexpected"
| couplings, ([],[1,[]) —
(* No constraints on the fields. Just make sure that the coupling ¢ doesn’t appear in the vetoed
couplings. *)
(funcffs —
let ¢ = wunpack_constant c in
= (match_coupling ¢ couplings))
| couplings, vertices —
(* Make sure that Fusions.of _vertices is only evaluated once for efficiency. x)
let fusions = Fusions.of _vertices vertices in
(funcffs —
let ¢ = wunpack_constant c in
(* Make sure that none of the vetoed couplings matches. Here an empty couplings list is not
a wildcard. *)
if match_coupling c couplings then
false
else
(* Also make sure that none of the vetoed vertices matches. Here an empty couplings list
is a wildcard. %)
— (List.exists
(fun (f', ¢s’) —
let cs’ = wunpack_constant cs’ in
f = f A match_coupling_wildcard c cs’)
(Fusions.fuse fusions fs)))

@ Not a working implementation yet, but it isn’t used either ...

module [PowSet =
PowSet.Make (struct type t = int let compare = compare let to_string = string_of _int end)

let rec coarsest_partition’ = function
| True | False — IPowSet.empty
| On_shell (-, momentum) | On_shell_not (-, momentum)
| Off _shell (-, momentum) | Off _shell_not (-, momentum)
| Gauss (-, momentum) | Gauss_not (-, momentum)
| Any_flavor momentum — IPowSet.of _lists [P.to_ints momentum]
| And [] — IPowSet.empty
| And c¢s — IPowSet.basis (IPowSet.union (List.map coarsest_partition’ cs))

let coarsest_partition cascades =
let p = coarsest_partition’ cascades in
if IPowSet.is_empty p then

[]

else
IPowSet.to_lists p

let part_to_string part =
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w{" " String.concat "," (List.map string_of _int part) ~ "}"

let partition_to_string = function
‘ H sy nn

| parts —

" ugrouping {" °

let to_selectors = function
| { wf = True; flavors = []; vertices = [] } — mno_cascades
| ¢ —
let partition = coarsest_partition c.wf in
{ select_p = to_select_p c.wf;
select_wf = to_select_wf c;
on_shell = to_on_shell c.wf;
is_gauss = to_gauss c.wf;
select_vtr = to_select_vtr c;
partition = partition;
description = Some (to_string ¢ = partition_to_string partition) }
end

66

String.concat " ," (List.map part_to_string parts) ~

Implementation of Cascade

u}u



—

COLOR

7.1 Interface of Color

module type Test =
sig
val suite : OUnit.test
end

7.1.1  Quantum Numbers

Color is not necessarily the SU(3) of QCD. Conceptually, it can be any unbroken symmetry (broken symmetries
correspond to Model.flavor). In order to keep the group theory simple, we confine ourselves to the fundamental
and adjoint representation of a single SU(N¢) for the moment. Therefore, particles are either color singlets
or live in the defining representation of SU(N¢): SUN(|N¢l), its conjugate SUN(—|N¢|) or in the adjoint

representation of SU(N¢): AdjSUN (N¢).
type t = Singlet | SUN of int | AdjSUN of int

val conjugate : t — t
val compare : t — t — int

7.1.2 Color Flows

module type Flow =
sig

type color
type t = color list x color list
val rank : t — int

val of _list : int list — color

val ghost : wunit — color

val to_lists : t — int list list

val in_to_lists : t — int list list

val out_to_lists : t — int list list
val ghost_flags : t — bool list

val in_ghost_flags : t — bool list
val out_ghost_flags : t — bool list

A factor is a list of powers

ower ;
num; P ¢
Z den;
1

type power = { num : int; den : int; power : int }
type factor = power list

val factor : t — t — factor
val zero : factor

module Test : Test
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end

module Flow : Flow

7.1.3 Vertex Color Flows

It might be beneficial, to use the color flow representation here. This will simplify the colorizer at the price
of some complexity in UFO or here.

module type Arrow =
sig
type endpoint
val position : endpoint — int
val relocate : (int — int) — endpoint — endpoint
type tip = endpoint
type tail = endpoint
type ghost = endpoint
type (tail, ’tip, ’ghost) t =
| Arrow of ’tail x ’tip
| Ghost of ’ghost
type free = (tail, tip, ghost) t
type factor
val free_to_string : free — string
val factor_to_string : factor — string
val map : (endpoint — endpoint) — free — free
val to_left_factor : (endpoint — bool) — free — factor
val to_right_factor : (endpoint — bool) — free — factor
val of _factor : factor — free
val negatives : free — endpoint list
val is_free : factor — bool
val is_ghost : free — bool
val single : endpoint — endpoint — free
val double : endpoint — endpoint — free list
val ghost : endpoint — free
val chain : int list — free list
val cycle : int list — free list
type merge =
| Match of factor
| Ghost_Match
| Loop_Match
| Mismatch
| No_Match
val merge : factor — factor — merge
module BinOps : sig
val (=>) : int — int — free

val (==>) : int — int — free list
val (<=>) : int — int — free list
val (>=>) : int x int — int — free
val (=>>) : int — int X int — free
val (>=>>) : int X int — int X int — free
val (77 int — free

end

module Test : Test

end

module Arrow : Arrow

module type Propagator =
sig
type c¢f_in = int
type c¢f —out = int
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typet = W | Tof ¢fuin | O of ¢f_out | IO of ¢f_in X cf_out | G

val to_string : t — string
end

module Propagator : Propagator

module type Birdtracks =
sig

type ¢
val to_string : t — string
val pp : Format.formatter — t — wunit
val trivial : t — bool
val is_null : t — bool
val unit : t
val null : ¢
val two : t
val half : t
val third : t
val minus : t
val nc : t
val imag : t
val ints : (int X int) list —
val const : Algebra.Laurent.t — t
val times : t — t —
val multiply : t list — t
val scale : Algebra.QC.t — t — t
val sum : t list — t
val diff : t - t — t

val f_of _rep : (int — int — int — t) — int — int — int — t
val d_of _rep : (int — int — int — t) — int = int — int — t

module BinOps : sig

val (+4+4+ ) 1t =t = ¢
val (——— ) 1t >t = ¢t
val (%% )t = t —
end

val map : (int — int) — ¢t — ¢

val fuse : int — t — Propagator.t list — (Algebra.QC.t x Propagator.t) list

module Test : Test
end

module Birdtracks : Birdtracks

module type SU3 =

sig
include Birdtracks
val delta3 : int — int — t
val delta8 : int — int — t
val delta8_loop : int — int — t
val gluon : int — int — ¢
val t : int — int — int — t
val f 1 int — int — int — t
val d : int — int — int — t
val epsilon : int — int — int — t
val epsilonbar : int — int — int — t
val t6 : int — int — int — t
val k6 : int — int — int — t
val k6bar : int — int — int — t

end

module SU38 : SU3
module U3 : SUS

module Vertexr : SU3
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7.2 Implementation of Color

Avoid refering to Pervasives.compare, because Pervasives will become Stdlib. Pervasives in O’Caml 4.07 and
Stdlib in O’Caml 4.08.

let pcompare = compare

module type Test =
sig
val suite : OUnit.test
end

7.2.1 Quantum Numbers

type t =
| Singlet
| SUN of int
| AdjSUN of int

let conjugate = function
| Singlet — Singlet
| SUNn — SUN (—n)
| AdjSUN n — AdjSUN n

let compare c1 c2 =
match c1, ¢2 with
| Singlet, Singlet — 0
| Singlet, - — —1
| -, Singlet — 1
| SUN n, SUN n' — compare n n’
| SUN _, AdjSUN _ — —1
| AdjSUN _, SUN _ — 1
| AdjSUN n, AdjSUN n’ — compare n n’

module type Line =
sig
type ¢
val conj : t t
val equal : t t — bool
val to_string : t — string
end

—
—

module type Cycles =
sig

type line
type t = (line x line) list

Contract the graph by connecting lines and return the number of cycles together with the contracted graph.

@ The semantics of the contracted graph is not yet 100%ly fixed.

val contract : t — int X ¢
The same as contract, but returns only the number of cycles and raises Open_line when not all lines are closed.

val count : t — int
exception Open_line

Mainly for debugging ...
val to_string : t — string
end

module Cycles (L : Line) : Cycles with type line = L.t =
struct
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type line = L.t
type t = (line x line) list

exception Open_line

NB: The following algorithm for counting the cycles is quadratic since it performs nested scans of the lists. If
this was a serious problem one could replace the lists of pairs by a Map and replace one power by a logarithm.

let rec find_fst c_final c1 disc seen = function
| [] = ((L.conj c_final, c1) :: disc, List.rev seen)
| (c1’, ¢2') as c12' :: rest —
if L.equal c1 c1’ then
find_snd c_final (L.conj c2') disc [] (List.rev_append seen rest)

else
find_fst c_final c1 disc (12’ :: seen) rest
and find_snd c_final c2 disc seen = function

| [] = ((L.conj c_final, L.conj c2) :: disc, List.rev seen)
| (c1’, ¢2’) as c12’ :: rest —
if L.equal c2’ c¢2 then begin
if L.equal c1’ c_final then
(disc, List.rev_append seen rest)

else
find_fst c_final (L.conj c1’) disc [] (List.rev_append seen rest)
end else
find_snd c_final c2 disc (c12' :: seen) rest
let consume = function
| {1 = (], [])
| (c1, ¢2) == rest — find_snd (L.conj c1) (L.conj c2) [] [] rest
let contract lines =
let rec contract’ acc disc = function
| [] = (ace, List.rev disc)
| rest —

begin match consume rest with
| [], rest’ — contract’ (succ acc) disc rest’

| disc’, rest’ — contract’ acc (List.rev_append disc’ disc) rest’
end in
contract’ 0 [] lines

let count lines =
match contract lines with
| n (] = n
| n, - — raise Open_line

let to_string lines =
String.concat ""
(List.map
(fun (c1, ¢2) — "[" " L.o_string ¢ = "," "~ L.to_string ¢2 "~ "1")
lines)

end

7.2.2 Color Flows

module type Flow =
sig

type color
type t = color list x color list
val rank : t — int
val of _list : int list — color
val ghost : wunit — color
val to_lists : t — int list list
val in_to_lists : t — int list list
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val out_to_lists : t — int list list
val ghost_flags : t — bool list

val in_ghost_flags : t — bool list
val out_ghost_flags : t — bool list

type power = { num : int; den : int; power :

type factor = power list
val factor : t — t — factor
val zero : factor
module Test : Test
end

module Flow : Flow =
struct

All ints are non-zero!

type color =
| N of int
| N_bar of int
| SUN of int x int
| Singlet
| Ghost

Incoming and outgoing, since we need to cross the incoming states.

type t = color list X color list

let rank cflow =
2

Constructors

let ghost () =
Ghost

let of _list = function

| [0; 0] — Singlet

e 0] = N e

| [0; ¢] = N_bar c

| [¢l; ¢2] — SUN (c1, c2)
|

_ — nwvalid_arg "Color.Flow.of _list: num_lines !=_2"

let to_list = function
| Nc¢ — [¢ 0]
| N_bar ¢ — [0; ]
| SUN (c1, c2) — [cl; 2]
| Singlet — [0; 0]
| Ghost — [0; 0]

let to_lists (cfin, cfout) =

int }

(List.map to_list cfin) @ (List.map to_list cfout)

let in_to_lists (cfin, -) =
List.map to_list cfin

let out_to_lists (-, cfout) =
List.map to_list cfout

let ghost_flag = function

| N_ | N_bar - | SUN (-, =) | Singlet — false

| Ghost — true
let ghost_flags (cfin, cfout) =

(List.map ghost_flag cfin) @ (List.map ghost_flag cfout)

let in_ghost_flags (cfin, ) =
List.map ghost_flag cfin

let out_ghost_flags (-, cfout) =
List.map ghost_flag cfout
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FEvaluation
type power = { num : int; den : int; power : int }
type factor = power list
let zero = []

let count_ghostsl colors =
List.fold _left
(fun acc — function Ghost — succ acc | - — acc)
0 colors

let count_ghosts (fin, fout) =
count_ghostsl fin + count_ghostsl fout

type o square =
| Square of «
| Mismatch

let conjugate = function
| N ¢ — N_bar (—c)
| N_bar ¢ — N (—c)
| SUN (c1, ¢2) — SUN (—c2, —cl)
| Singlet — Singlet
| Ghost — Ghost

let cross_in (cin, cout) =
cin @ (List.map conjugate cout)

let cross_out (cin, cout) =
(List.map conjugate cin) @ cout

module C = Cycles (struct
type t = int
let conj = (—)
let equal = (=)
let to_string = string-of —int
end)

let match_lines matchl match2 f1 f2 =
let rec match_lines’ acc f1' f2' =
match f1’, f2’ with

| 11, [] = Square (List.rev acc)
| == o [ [], - = - — Mismatch

Handle matching ...

| Ghost :: restl, Ghost :: rest2
| Singlet :: restl, Singlet :: rest?2 —
match_lines’ acc restl rest2

. and mismatched ghosts and singlet gluons:

| Ghost :: _, Singlet :: _
| Singlet :: _, Ghost :: _ —
Mismatch

Ghosts and singlet gluons can’t match anything else

| (Ghost | Singlet) == -, (N - | N_bar - | SUN (-, -)) =
| (N_ | N.bar - | SUN (-, -)) == -, (Ghost | Singlet) ::
Mismatch

Handle matching ...

| N_bar c1 :: restl, N_bar c2 :: rest2

73

Implementation of Color

Match lines in the color flows f1 and f2 after crossing the incoming states. This will be used to compute squared
diagrams in square and square2 below.

If we encounter an empty list, we’re done — unless the lengths don’t match (which should never happen!):
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| N cl = restl, N c2 : rest2 —
match_lines’ (matchl ¢l ¢2 acc) restl rest2

. and mismatched N or N states:

| N_ = _, N_bar - == _
| Nobar - =2 ., N _ = - —
Mismatch

The N and N don’t match non-singlet gluons:

| (N - | N_bar =) == -, SUN (-, =) = -
| SUN (-, =) = -, (N_- | NZbar -) = - —
Mismatch

Now we’re down to non-singlet gluons:

| SUN (c1, ¢1’) :: restl, SUN (c2, c¢2') :: rest2 —
match_lines’ (match2 c1 c1’ ¢2 c2' acc) restl rest2 in

match_lines' [] (cross-out f1) (cross_out f2)

NB: in WHIZARD versions before 3.0, the code for match_lines contained a bug in the pattern matching of
Singlet, N, N_bar and SUN states, because they all were represented as SUN (cI, ¢2), only distinguished
by the numeric conditions ¢ = 0 and/or ¢2 = 0. This prevented the use of exhaustiveness checking and
introduced a subtle dependence on the pattern order.

let square f1 f2 =
match_lines
(fun ¢1 ¢2 pairs — (cl, ¢2) == pairs)
(fun c1 c1’ ¢2 ¢2' pairs — (cl’, ¢2') = (cl, ¢2) = pairs)
1112

In addition to counting closed color loops, we also need to count closed gluon loops. Fortunately, we can use
the same algorithm on a different data type, provided it doesn’t require all lines to be closed.

module C2 = Clycles (struct

type t = wnt X int

let conj (c1, c2) = (— 2, — cl)

let equal (c1, ¢2) (c1’, ¢2') = ¢l = cl' N ¢2 = 2

let to_string (c1, ¢2) = "(" " string_of _int ¢1 " "," " string_of _int c¢2 ~ ")"
end)

let square2 f1 f2 =
match_lines
(fun ¢l ¢2 pairs — pairs)
(fun c1 c1’ ¢2 2’ pairs — ((cI, c1’), (c2, ¢2')) = pairs)
112

int_power : np — nP for integers is missing from Pervasives!

let int_power n p =
let rec int_power’ acc i =
if i < O then
invalid_arg "int_power"
else if ¢ = 0 then
acc
else
int_power’ (n X acc) (pred i) in
int_power’ 1 p

Instead of implementing a full fledged algebraic evaluator, let’s simply expand the binomial by hand:

=0

NB: Any result of square other than Mismatch guarantees count_ghosts f1 = count_ghosts f2.
let factor f1 f2 =
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match square f1 f2, square2 f1 f2 with

| Mismatch, - | -, Mismatch — []
| Square f12, Square f12' —
let num_cycles = C.count f12
and num_cycles2, disc = C2.contract f12’
and num_ghosts = count_ghosts f1 in
List.map
(fun i —
let parity = if num_ghosts mod 2 = 0 then 1 else -1
and power = num-—cycles — num_ghosts in
let coeff = int_power (—2) i x Combinatorics.binomial num_cycles? i
and power2 = — 2 X tin
{ num = parity x coeff;
den = 1,
power = power + power2 })

(ThoList.range 0 num_cycles?2)

module Test : Test =
struct

open OUnit

let suite_square =
"square" >::

[ "square, ([1,,[Du(],uD" >:
(fun () —
assert_equal (Square []) (square ([1, []) ([1, [1)));

"square,([3],,[3;.,01),([3],,03;,01)" >
(fun () —
assert_equal
(Square [(~1, —1); (1, 1))
(square
([N 1], [N 1; Singlet])
(IN 1], [V 1. Singlet)))):

"square.,([0],,[3;,-31)u([0],L[3;4,-310" >
(fun () —
assert_equal
(Square [(1, 1); (-1, —1)])
(square
([Singlet], [N 1; N_bar (—1)])
([Singlet], [N 15 N_bar (~1)])));

"squarey ([3],,[3;,01)L([0],,[3;,-3])" >
(fun () —
assert_equal
Mismatch
(square
([N 1], [N 1; Singlet])
([Singlet], [N 1; N_bar (—=1)])));

"square,, ([3;.81,,[31),([3;.8],,[3])" >
(fun () —
assert_equal
(Square [-1, —1; 1, 1; —2, —2; 2, 2])
(square
(IN 15 SUN (2, — 1), [N 2)
([N 1; SUN (2, = 1), [N 2]))) ]

let suite =
"Color.Flow" >::
[suite_square]

end
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end
later:

module General_Flow =
struct

type color =
| Lines of int list
| Ghost of int

type t = color list x color list
let rank_default = 2 (x Standard model )

let rank cflow =

try
begin match List.hd cflow with
| Lines lines — List.length lines
| Ghost n_lines — n_lines
end

with

| - — rank_default

end

7.2.3 Vertex Color Flows

module Q = Algebra.Q
module QC = Algebra.QC

module type Arrow =
sig
type endpoint
val position : endpoint — int
val relocate : (int — int) — endpoint — endpoint
type tip = endpoint
type tail = endpoint
type ghost = endpoint
type (’tail, ’tip, ‘ghost) t =
| Arrow of ’tail x ’tip
| Ghost of ’ghost
type free = (tail, tip, ghost) t
type factor
val free_to_string : free — string
val factor_to_string : factor — string
val map : (endpoint — endpoint) — free — free
val to_left_factor : (endpoint — bool) — free — factor
val to_right_factor : (endpoint — bool) — free — factor
val of _factor : factor — free
val negatives : free — endpoint list
val is_free : factor — bool
val is_ghost : free — bool
val single : endpoint — endpoint — free
val double : endpoint — endpoint — free list
val ghost : endpoint — free
val chain : int list — free list
val cycle : int list — free list
type merge =
| Match of factor
| Ghost_Match
| Loop-Match
| Mismatch
| No_Match
val merge : factor — factor — merge
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module BinOps : sig
val (=>) : int — int — free

val (==>) : int — int — free list
val (<=>) : int — int — free list
val (>=>) : int X int — int — free
val (=>>) : int — int X int — free
val (>=>>) : int X int — int X int — free
val (7?7) : int — free

end

module Test : Test

end

module Arrow : Arrow =
struct

type endpoint =
| I of int
| M of int x int

let position = function
| Ti — 4
| M (i, =) — i

let relocate f = function
| Ti — 1I(f1)
| M (i, n) = M (f i, n)

type tip = endpoint
type tail = endpoint
type ghost = endpoint

Note that the same index can appear multiple times on in each side. Thus, we must not combine the arrows in
the two factors. In fact, we cannot disambiguate them by distinguishing tips from tails alone.

type a index =
| Free of «
| SumL of a
| SumR of «

type (tail, ’tip, ’ghost) t =
| Arrow of ’tail x ’tip
Ghost of ’ghost

type free = (tail, tip, ghost) t
type factor = (tail index, tip index, ghost index) t

let endpoint_to_string = function
| 14 — string_of_int i
| M (i, n) — Printf.sprintf "%d.%d" i n

let index_to_string = function
| Free i — endpoint_to_string i
| SumL i — endpoint_to_string i ~ "L"
| SumR i — endpoint_to_string i = "R"

let to_string i2s = function
| Arrow (tail, tip) — Printf.sprintf "%hs>%s" (i2s tail) (i2s tip)
| Ghost ghost — Printf.sprintf "{%s}" (i2s ghost)

let free_to_string = to_string endpoint_to_string
let factor_to_string = to_string index_to_string

let index_matches il i2 =
match i1, i2 with
| SumL i1, SumR i2 | SumR il, SumL i2 — il = i2
| - — false

let map f = function
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| Arrow (tail, tip) — Arrow (f tail, f tip)
| Ghost ghost — Ghost (f ghost)

let free_index = function
| Free i — i
| SumL i — invalid_arg "Color.Arrow.free_index: leftover LHS summation"
| SumR i — invalid_arg "Color.Arrow.free_index: leftover RHS_ summation"

let to_left_index is_sum i =
if is_sum i then
SumlL i
else
Free i

let to_right_index is_sum i =
if is_sum 1 then

SumR i
else
Free i
let to_left_factor is_sum = map (to_left_index is_sum)
let to_right_factor is_sum = map (to_right_index is_sum)
let of _factor = map free_index
let negatives = function

| Arrow (tail, tip) —
if position tail < 0 then
if position tip < 0 then
[tail; tip]
else
[tadl]
else if position tip < 0 then
[tip]
else
(]
| Ghost ghost —
if position ghost < 0 then
[ghost]
else

(]

let is_free = function
| Arrow (Free -, Free _) | Ghost (Free ) — true
| - — false

let is_ghost = function
| Ghost - — true
| Arrow - — false

let single tail tip =
Arrow (tail, tip)

let double a b =

if @ = b then
[single a b]
else

[single a b; single b a]

let ghost g =
Ghost g

type merge =
| Match of factor
| Ghost_Match
| Loop-Match
| Mismatch
| No_Match
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let merge arrowl arrow?2 =
match arrowl, arrow2 with
| Ghost g1, Ghost g2 —
if index_matches g1 g2 then
Ghost_Match
else
No_Match
| Arrow (tail, tip), Ghost g
| Ghost g, Arrow (tail, tip) —
if index_matches g tail V index_matches g tip then
Mismatch
else
No_Match
| Arrow (tail, tip), Arrow (tail’, tip’) —
if index_matches tip tail’ then
if index_matches tip’ tail then
Loop_Match
else
Match (Arrow (tail, tip’))
else if index_matches tip’ tail then
Match (Arrow (tail’, tip))
else
No_Match

module BinOps =

struct
let (=>)ij = single (I i) (I j)

(==>)ij = [i => j]

let (<=>)ij = double (I i) (I37)
( >=> ) (4, n)j = single (M (i, n)) (I j)
(=>> )i (G, m) = single (I i) (M (j, m))

let ( >=>> ) (4, n) (j, m) = single (M (i, n)) (M (j, m))

(x I wanted to use ™~ instead of 7?7, but ocamlweb doesn’t like operators starting with ~ in the index.

let (?7) i = ghost (I i)
end
open BinOps
Composite Arrows.

let rec chain’ = function
| =1l

o] - [a => d

} [a; b] — [a => ]

a = (b _asrest) — (a => b) = chain' rest
let chain = function
Rkl
| a = _asa-list — chain’ a_list
let rec cycle’ a = function

| [l = [a => 4
| [o] = [b => 4

| b (¢ = —asrest) — (b => ¢) :: cycle’ a rest
let cycle = function

|1 =1

| a = _asa_list — cycle’ a a_list

module Test : Te