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INTRODUCTION

1.1 Complexity

There are ot _ g
P(n) = 2_ —n=2""1—n-1 (1.1)
independent internal momenta in a n-particle scattering amplitude [1]. This grows much slower than the number
Fn)=2n-5"=(2n-5)-(2n—-T7)-...-3-1 (1.2)

of tree Feynman diagrams in vanilla ¢® (see table 1.1). There are no known corresponding expressions for
theories with more than one particle type. However, empirical evidence from numerical studies [1, 2] as well as
explicit counting results from O’Mega suggest

P*(n) o< 10™/2 (1.3)

while he factorial growth of the number of Feynman diagrams remains unchecked, of course.

The number of independent momenta in an amplitude is a better measure for the complexity of the amplitude
than the number of Feynman diagrams, since there can be substantial cancellations among the latter. Therefore
it should be possible to express the scattering amplitude more compactly than by a sum over Feynman diagrams.

1.2 Ancestors

Some of the ideas that O’Mega is based on can be traced back to HELAS [5]. HELAS builts Feynman amplitudes
by recursively forming off-shell ‘wave functions’ from joining external lines with other external lines or off-shell
‘wave functions’.

The program Madgraph [6] automatically generates Feynman diagrams and writes a Fortran program corre-
sponding to their sum. The amplitudes are calculated by calls to HELAS [5]. Madgraph uses one straightforward
optimization: no statement is written more than once. Since each statement corresponds to a collection of trees,
this optimization is very effective for up to four particles in the final state. However, since the amplitudes are

4 3 3
5 10 15
6 25 105
7 56 945
8 119 10395
9 246 135135
10 501 2027025
11 1012 34459425
12 | 2035 654729075
13 | 4082 13749310575
14 8177 316234143225
15 | 16368 7905853580625
16 | 32751 | 213458046676875

Table 1.1: The number of ¢* Feynman diagrams F(n) and independent poles P(n).
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given as a sum of Feynman diagrams, this optimization can, by design, not remove the factorial growth and is
substantially weaker than the algorithms of |1, 2] and the algorithm of O’Mega for more particles in the final
state.

Then ALPHA [1] (see also the slightly modified variant [2]) provided a numerical algorithm for calculating
scattering amplitudes and it could be shown empirically, that the calculational costs are rising with a power
instead of factorially.

1.8 Architecture

1.3.1 General purpose libraries

Functions that are not specific to O’Mega and could be part of the O’Caml standard library

ThoList : (mostly) simple convenience functions for lists that are missing from the standard library
module List (section F, p. 682)

Product : effcient tensor products for lists and sets (section N, p. 730)

Compbinatorics : combinatorical formulae, sets of subsets, etc. (section Q, p. 740)

1.3.2 O’Mega
The non-trivial algorithms that constitute O’Mega:

DAG : Directed Acyclical Graphs (section 4, p. 29)

Topology : unusual enumerations of unflavored tree diagrams (section 3, p. 16)
Momentum : finite sums of external momenta (section 5, p. 43)

Fusion : off shell wave functions (section 15, p. 195)

Omega : functor constructing an application from a model and a target (section 24, p. 640)

1.8.3 Abstract interfaces

The domains and co-domains of functors (section 16, p. 251)
Coupling : all possible couplings (not comprensive yet)
Model : physical models

Target : target programming languages

1.3.4 Models
(section ??, p. 77)
Modellibs M .QED : Quantum Electrodynamics
Modellibs M.QCD : Quantum Chromodynamics (not complete yet)
Modellibs M.SM : Minimal Standard Model (not complete yet)

etc.

1.3.5 Targets

Any programming language that supports arithmetic and a textual representation of programs can be targeted
by O’Caml. The implementations translate the abstract expressions derived by Fusion to expressions in the
target (section 20, p. 427).

Targetportran : Fortran95 language implementation, calling subroutines

Other targets could come in the future: C, C++, O’Caml itself, symbolic manipulation languages, etc.






The Big To Do Lists

1.8.6  Applications
(section 24, p. 640)

1.4 The Big To Do Lists
1.4.1 Required

All features required for leading order physics applications are in place.

1.4.2  Useful

1. select allowed helicity combinations for massless fermions

2. Weyl-Van der Waerden spinors

3. speed up helicity sums by using discrete symmetries

4. general triple and quartic vector couplings

5. diagnostics: count corresponding Feynman diagrams more efficiently for more than ten external lines
6. recognize potential cascade decays (7, b, etc.)

e warn the user to add additional

e kill fusions (at runtime), that contribute to a cascade
7. complete standard model in R¢-gauge

8. groves (the simple method of cloned generations works)

1.4.3 Future Features

1. investigate if unpolarized squared matrix elements can be calculated faster as traces of densitiy matrices.
Unfortunately, the answer apears to be no for fermions and up to a constant factor for massive vectors.
Since the number of fusions in the amplitude grows like 10"/2, the number of fusions in the squared matrix
element grows like 10”. On the other hand, there are 2#fermionstfmassless vectors . g#massive vectors torpg
in the helicity sum, which grows slower than 10"/2. The constant factor is probably also not favorable.
However, there will certainly be asymptotic gains for sums over gauge (and other) multiplets, like color
sums.

2. compile Feynman rules from Lagrangians

3. evaluate amplitues in O’Caml by compiling it to three address code for a virtual machine

type mem = scalar array X spinor array X spinor array X vector array
type instr =

| VSS of int X int x int

| SVS of int x int x int

| AVA of int x int X int

this could be as fast as [1] or [2].

4. a virtual machine will be useful for for other target as well, because native code appears to become to large
for most compilers for more than ten external particles. Bytecode might even be faster due to improved
cache locality.

5. use the virtual machine in O’Giga

1.4.4 Science Fiction

1. numerical and symbolical loop calculations with O’'TERA: O’MEGA TOOL FOR EVALUATING RENOR-
MALIZED AMPLITUDES
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TUPLES AND POLYTUPLES

2.1 Interface of Tuple

The Tuple.Poly interface abstracts the notion of tuples with variable arity. Simple cases are binary polytuples,
which are simply pairs and indefinite polytuples, which are nothing but lists. Another example is the union of
pairs and triples. The interface is very similar to List from the O’Caml standard library, but the Tuple.Poly
signature allows a more fine grained control of arities. The latter provides typesafe linking of models, targets
and topologies.

module type Mono =

sig
type a t

The size of the tuple, i.e. arity (al,a2,a8) = 3.
val arity : at — int

The maximum size of tuples supported by the module. A negative value means that there is no limit. In this
case the functions power and power_fold may raise the exception No_termination.

val maz_arity : unit — int
val compare : (a = a — int) - at - at — int
val for_all : (o« — bool) = at — bool

valmap : (¢ = B) - at = ('t

val iter : (¢ — wunit) — at — unit

val fold_left : (¢ —» B8 — a) - a = ft = «
val fold_right : (&« — f — B) = at - 5 — 0

We have applications, where no sensible intial value can be defined:

val fold_left_internal : (o — a — «a) = at — «
val fold_right_internal : (@ = a — a) = at = «

val map2 : (o - 8 — v) = at = St = vt
val split : (o x B)t - at x Bt

The distributive tensor product expands a tuple of lists into list of tuples, e.g. for binary tuples:

product ([x1;x2], [y1;y2]) = [(x1,91): (1, ¥2); (T2, y1); (T2, y2)] (2.1)

NB: product_fold is usually much more memory efficient than the combination of product and List.fold_right
for large sets.

val product : o list t — o t list
val product_fold : (et — 8 — B) — alistt - 8 —

For homogeneous tuples the power function could trivially be built from product, e. g.:
power [x1; T3] = product ([x1; x2], [x1; 22]) = [(z1, 21); (21, 22); (22, 21); (T2, 22)] (2.2)
but it is also well defined for polytuples, e.g. for pairs and triples

power [x1; x2] = product ([x1; xa], [x1; x2]) U product ([x1; 2], [1; z2], [21; 22]) (2.3)
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For tuples and polytuples with bounded arity, the power and power_fold functions terminate. In polytuples with
unbounded arity, the the power function raises No_termination unless a limit is given by ?truncate. power_fold
also raises No_termination, but could be changed to run until the argument function raises an exception.
However, if we need this behaviour, we should probably implement power_iter instead.

val power : 7truncate :int — o« list — « t list
val power_fold : ?truncate :int - (et — 8 — B) — alist >  — f

We can also identify all (poly)tuples with permuted elements and return only one representative, e. g.:
sym_power [x1; x2] = [(x1,21); (21, 22); (X2, 2)] (2.4)

NB: this function has not yet been implemented, because O’Mega only needs the more efficient special case
graded _sym_power.

If a set X is graded (i.e. there is a map ¢ : X — N, called rank below), the results of power or sym_power
can canonically be filtered by requiring that the sum of the ranks in each (poly)tuple has one chosen value.
Implementing such a function directly is much more efficient than constructing and subsequently disregarding
many (poly)tuples. The elements of rank n are at offset (n — 1) in the array. The array is assumed to be
immutable, even if O’Caml doesn’t support immutable arrays. NB: graded -power has not yet been implemented,
because O’Mega only needs graded -sym_power.

type a graded = « list array
val graded_sym_power : int — « graded — « t list
val graded_sym_power_fold : int - (¢t — f — ) — « graded —

B =5

We hope to be able to avoid the next one in the long run, because it mildly breaks typesafety for arities.
Unfortunately, we're still working on it ...

val to_list : at — « list

The next one is only used for Fermi statistics in the obsolescent Fusion_vintage module below, but can not
be implemented if there are no binary tuples. It must be retired as soon as possible.

val of2_kludge : a« — a — «a't
end

module type Poly =
sig
include Mono
exception Mismatched -arity
exception No_termination
end

module type Binary =
sig
include Poly (x should become Mono! *)
valof2 : o - a — at
end
module Binary : Binary

module type Ternary =
sig
include Mono
valof8 : a > a > a = at
end
module Ternary : Ternary

type « pair_or_triple = T2 of a x a | TS of & X a X«

module type Mized23 =
sig
include Poly
valof2 : o - a — at
val of3 : a - o - a - a't



Implementation of Tuple

end
module Mized23 : Mized23

module type Nary =

sig
include Poly
valof2 : o - a — at
val of3 : a@ - o - a = a't
val of _list : « list —» «a't
end
module Unbounded_-Nary : Nary

It seemed like a good idea, but hardcoding maz_arity here prevents optimizations for processes with fewer
external particles than maz_arity. For maz_arity > 8 things become bad! Need to implement a truncating
version of power and power_fold.

module type Bound = sig val max_arity : unit — int end
module Nary (B : Bound) : Nary

@ For compleneteness sake, we could add most of the List signature

e val length : at — int

evalhd : at = «

evalnth : at — int - «

evalrev : at —» at

evalrev_map : (@ = B) = at — Bt

o val iter2 : (o« — f — unit) - at — [t — unit
evalrev_map2 : (a« - B = v) - at - Bt = vt
o val fold_left2 : (¢ - f - v > a) > a = ft > 7t = «
e val fold_right2 : (¢ = f = v = v) = at - ft = v = «
o val exists : (o« — bool) — at — bool

e val for_all2 : (¢ —» B — bool) - at — Bt — bool
o val exists?2 : (¢ — B — bool) - at — Bt — bool
e val mem : @ — at — bool

e valmemq : « — at — bool

e val find : (@« — bool) - at — «

e val find_all : (« — bool) = at — « list
evalassoc : a = (a x B)t = B
evalassg : a = (a x B)t —»

e val mem_assoc : @« — (a x B)t — bool

e val mem_assq : o — (a x )t — bool

e val combine : at - ft — (a x f)t

eval sort : (¢ - a — int) > at = at

e val stable_sort : (¢ - a — int) - at — at

but only if we ever have too much time on our hand ...

2.2 Implementation of Tuple

module type Mono =
sig
type a t
val arity : at — int
val maz_arity : unit — int
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val compare : (a - a — int) - at - at — int
val for_all : (o« — bool) = at — bool
valmap : (¢ = B) - at = (Bt
val iter : (@« — wunit) — at — unit
val fold_left : (¢ —» B8 — a) > a = ft = «
val fold_right : (&« — f — B) = at - 8 — 0
val fold_left_internal : (o — a — «a) - at = «
val fold_right_internal : (¢ - a = a) - at = «
valmap2 : (o - B8 = v) = at - Bt = vt
val split : (o X B)t = at x Bt
val product : « list t — « t list
val product_fold : (ot — 8 — B) — alistt - f —
val power : 7truncate :int — « list — « t list
val power_fold : ?truncate :int - (et — 8 — B) — alist >  — f
type a graded = « list array
val graded_sym_power : int — « graded — ot list
val graded_sym_power_fold : int - (¢t — f — ) — « graded —
g — B
val to_list : at — « list
val of2 _kludge : @ — a — «a't
end

module type Poly =
sig
include Mono
exception Mismatched —arity
exception No_termination
end

2.2.1 Typesafe Combinatorics

Wrap the combinatorical functions with varying arities into typesafe functions with fixed arities. We could
provide specialized implementations, but since we know that Impossible is never raised, the present approach
is just as good (except for a tiny inefficiency).

exception Impossible of string
let impossible name = raise (Impossible name)

let choose2 set =
List.map (function [z; y] — (z, y) | - — impossible "choose2")
(Combinatorics.choose 2 set)

let choose3 set =
List.map (function [z; y; 2] — (z, y, z) | - — impossible "choose3")
(Combinatorics.choose 3 set)

2.2.2 Pairs

module type Binary =
sig
include Poly (* should become Mono! *)
valof2 : o - a — at
end

module Binary =
struct

typeat = a X «

let arity - = 2
let max_arity () = 2
)

let of2 zy = (z, y



let compare cmp (z1, y1) (22, y2) =
let cx = cmp z1 22 in
if cx # 0 then
cx
else
cmp yl y2

let for_all p (z, y) = px A py

let map f (z, y) = (f =, fy)

let iter f (z, y) = fxz; fy

let fold_left f init (z, y) = f (f init z) y
let fold_right f (z, y) init = f z (f y init)
let fold_left_internal f (z, y) = fzy

let fold_right_internal f (z, y) = fzy

exception Mismatched -arity
let map2 f (z1, y1) (22, y2) = (f =1 22, [ yl y2)

let split ((x1, 22), (y1, y2)) = ((z1, y1), (22, y2))

let product (lz, ly) =
Product.list2 (funz y — (z, y)) lz ly
let product_fold f (lz, ly) init =
Product.fold2 (funz y — f (z, y)) lz ly init

let power ?truncate | =
match truncate with
| None — product (I, 1)
| Somen —
if n > 2 then
product (I, 1)
else

invalid_arg "Tuple.Binary.power: jtruncate < 2"

let power_fold Ttruncate f I =
match truncate with
| None — product_fold f (1, 1)
| Somen —
if n > 2 then
product_fold f (1, 1)
else

tnvalid_arg "Tuple.Binary.power_fold: truncate <. 2"

In the special case of binary fusions, the implementation is very concise.

type a graded = « list array

let fuse2 f set (i, j) acc =
if ¢ = j then

List.fold_right (fun (z, y) — f z y) (choose2 set.(pred i)) acc

else
Product.fold2 f set.(pred i) set.(pred j) acc

let graded _sym_power_fold rank [ set acc =
let maz_rank = Array.length set in
List.fold_right (fuse2 (funz y — f (of2 x y)) set)
(Partition.pairs rank 1 mazx_rank) acc

let graded _sym_power rank set =

graded_sym_power_fold rank (fun pair acc — pair ::

let to_list (z, y) = [z; Y]
let of2_kludge = of2

exception No_termination
end

acc) set []

Implementation of Tuple



2.2.8 Triples

module type Ternary =
sig
include Mono
val of3 : a - a - a = at
end

module Ternary =
struct

typeat = o X a X «

let arity - = 3
let maz_arity () = 3

let of3 xy z = (z, y, 2)

let compare cmp (z1, yl, z1) (22, y2, 22) =
let cx = cmp x1 22 in
if cx # 0 then
cx
else
let cy = emp yl y2 in
if cy # 0 then
cy
else
cmp z1 22

let for_all p (z, y, z2) = px A py AN pz

let map f (z, y, 2) = (f =, fy [2)

et iter f (s, g, 2) = f i [y f

let fold_left f init (z, y, z) = f (f (f init ) y) 2z
let fold_right f (x, y, 2) init = f a (f y (f z init))
let fold_left_internal f (z, y, z2) = f (f z y) 2

let fold_right_internal f (z, y, 2) = fz (f y 2)

exception Mismatched _arity

let map2 f (z1, y1, 21) (z2, y2, 22) = (f =1 22, f yl y2, [ 21 22)
let split ((z1, 22), (y1, y2), (21, 22)) = ((z1, yI, 21), (22, y2, 22))

let product (lz,ly,lz) =
Product.list8 (funz y z — (z, y, 2)) lz ly Iz
let product_fold f (lz, ly, lz) init =
Product.fold3 (funz y z — f (x, y, 2)) lz ly lz init

let power ?truncate | =
match truncate with
| None — product (I, 1, 1)
| Somen —
if n > 3 then
product (1, 1, 1)
else

tnvalid_arg "Tuple.Ternary.power: truncate ,<,3"

let power_fold Ttruncate f I =
match truncate with
| None — product_fold f (I, 1, 1)
| Somen —
if n > 3 then
product_fold f (I, 1, 1)
else

tnvalid_arg "Tuple.Ternary.power_fold: truncate <. 3"

type a graded = « list array

10
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let fuse3 f set (i, j, k) acc =
if ¢ = 4 then begin

if j = k then
List.fold_right (fun (z, y, 2) — f x y z) (choose3 set.(pred i)) acc
else

Product.fold2 (fun (z, y) z — fz y 2)
(choose2 set.(pred i)) set.(pred k) acc
end else begin
if j = k then
Product.fold2 (fun z (y, z) — fz y 2)
set.(pred i) (choose2 set.(pred j)) acc
else
Product.fold3 (funzyz — fxyz)
set.(pred i) set.(pred j) set.(pred k) acc
end

let graded _sym_power_fold rank [ set acc =
let maz_rank = Array.length set in
List.fold_right (fuse3 (funz y z — f (of3 z y 2)) set)
(Partition.triples rank 1 max_rank) acc

let graded - sym_power rank set =
graded_sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y, z) = [z; y; 2]
let of2_kludge - = failwith "Tuple.Ternary.of2_kludge"
end
2.2.4  Pairs and Triples
type « pair_or_triple = T2 of & x a | T3of @ X a X«

module type Mized23 =
sig
include Poly
valof2 : o - a — at
valof8 : o > a > a = at
end

module Mized23 =

struct
type a t = « pair_or_triple
let arity = function
| T2 - — 2
| T8 - — 3
let maz_arity () = 3

let of2 zy = T2 (z, y)
let of3 zy z = T3 (z, y, 2)

let compare cmp m1 m2 =
match m1, m2 with
| T2 ., T8 - —» -1
| T8 ., T2 - — 1
| T2 (z1, y1), T2 (22, y2) —

let cx = cmp x1 22 in
if cx # 0 then
cx
else
cmp yl y2
| T3 (z1, y1, 21), T3 (22, y2, 22) —
let cx = cmp x1 22 in

11
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if cx # 0 then
cx
else
let cy = cmp yl y2 in
if cy # 0 then
cy
else
cmp z1 22

let for_all p = function
| T2 (z,y) > px AN py
| T3 (z,y,2) = pa Apy Apz

let map f = function
| T2 (z, y) — T2 (f = fy)
| T3 (z, y, 2) = T3 (fx fy [2)

let iter f = function
| T2 (z, y) = fa; [y
| T3 (2, y,2) = [ fuy [
let fold_left f init = function
| T2 (z, y) — f (f initz)y
| T3 (z, y, z2) — [ (f (f init z) y) 2

let fold_right f m init =
match m with
| T2 (z, y) — fz (f yinit)
| T3 (2, y, z) = [z (fy(fzinit))

let fold_left_internal f m =
match m with
| T2 (z, y) = fay
| T3 (%, y, 2) = [ (fzy)=

let fold_right_internal f m =
match m with
| T2 (z, y) = fazy
| T3 (z, 9, 2) = fz(fy2)

exception Mismatched -arity
let map2 f m1 m2 =
match m1, m2 with
| T2 (x1, y1), T2 (22, y2) — T2 (f =1 22, f yl y2)
| T3 (z1, yl, z1), T8 (z2, y2, 22) — T8 (f «1 z2, f yl y2, [ 21 22)
| T2 ., T8 - | T3 -, T2 - — raise Mismatched_arity

let split = function
| T2 ((21, 22), (y1, y2)) — (12 (21, y1), T2 (22, y2))
| T3 (21, 22), (y1, y2), (21, 22)) — (T3 (a1, y1, z1), T3 (22, y2, 22))

let product = function

| T2 (lz, ly) — Product.list?2 funzy — T2 (z, y)) lz ly

| T8 (lx, ly, lz) — Product.list3 (funzxyz — T3 (z, y, 2)) lx ly Iz
let product_fold f m init =

match m with

| T2 (lz, ly) — Product.fold2 (funzy — f (T2 (z, y))) lx ly init

| T3 (lz, ly, lz) —

Product.fold3 (funz y z — [ (T3 (z, y, 2))) lx ly Iz init

exception No_termination

let power_fold23 f 1 init =
product_fold f (T2 (1, 1)) (product_fold f (T3 (I, I, 1)) init)

let power_fold2 f 1 init =
product_fold f (T2 (1, 1)) init

12
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let power_fold Ttruncate f [ init =
match truncate with
| None — power_fold23 f 1 init
| Somen —
if n > 3 then
power_fold23 f 1 init
else if n = 2 then
power_fold2 f I init
else
invalid_arg "Tuple.Mixed23.power_fold: truncate <. 2"

let power ?truncate | =
power_fold Ttruncate (fun m acc — m :: acc) l[]

type a graded = « list array

let graded _sym_power_fold rank f set acc =
let maz_rank = Array.length set in
List.fold_right (Binary.fuse2 (funz y — f (of2 z y)) set)
(Partition.pairs rank 1 mazx_rank)
(List.fold_right (Ternary.fuse3 (funz y z — f (of3 z y z)) set)
(Partition.triples rank 1 max_rank) acc)

let graded _sym_power rank set =
graded_sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list = function
| T2 (z, y) — [z; y]
| T3 (z, y, z) — [x; y; 2]

let of2_kludge = of2

end

2.2.5 ... and All The Rest

module type Nary =
sig
include Poly
valof2 : @ - a — at
valof8 1 a > o - a = at
val of _list : « list —» «a't
end

module Nary (A : sig val maz_arity : unit — int end) =
struct

typeat = a X «list
let arity (-, y) = succ (List.length y)

let maz_arity () =
try Aomaz_arity () with - — —1

let of2 2y = (z, [y])
let of3 2y 2 = (2, [y; 2])
let of _list = function

|z 2y = (2, 9)
| [] — invalid_arg "Tuple.Nary.of_list: empty"

let compare cmp (z1, y1) (22, y2) =

let ¢ = cmp x1 22 in
if ¢ # 0 then

c
else

ThoList.compare ~cmp y1 y2

13
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let for_all p (z, y) = pa A List.for_all py

let map f (z, y) = (f =, List.map f y)
let iter f (x, y) = f x; List.iter f y
let fold_left f init (z, y) = List.fold_left f (f init x) y
let fold_right f (z, y) init = f x (List.fold_right [ y init)
let fold_left_internal f (z, y) = List.fold_left f = y
let fold_right_internal f (z, y) =

match List.rev y with

[ [] ==

| y0 = y_sans_y0 —

|« (List.fold_right f (List.rev y_sans_y0) y0)

exception Mismatched -arity
let map2 f (z1, y1) (22, y2) =
try (f 1 22, List.map2 f y1 y2) with
| Invalid_argument - — raise Mismatched _arity

let split ((x1, x2), y12) =
let y1, y2 = List.split y12 in
((z1, y1), (22, y2))

let product (zl, yl) =
Product.list (function
| 2 =y = (z, vy)
| [] — failwith "Tuple.Nary.product") (al :: yl)
let product_fold f (zl, yl) init =
Product.fold (function
|2y = f (2, 9)
| [] — failwith "Tuple.Nary.product_fold") (zl :: yl) init

exception No_termination

let truncated _arity ?truncate () =
let ma = maz_arity () in
match truncate with
| None — ma
| Some n —
if n < 2 then
invalid_arg "Tuple.Nary.power: truncate < 2"
else if ma > 2 then
min n ma
else
n

let power_fold ?truncate f 1 init =
let ma = truncated_arity ?truncate () in
if ma > 0 then
List.fold_right
(fun n — product_fold f (I, ThoList.clone | (pred n)))
(ThoList.range 2 ma) init
else
raise No_termination

let power Ttruncate | =
power_fold ?truncate (fun t acc — t :: acc) l[]

type a graded = « list array

let fuse_n f set partition acc =
let choose (n, r) =
Printf .printf "chose: n=%d_r=%d_ len=%d\n"
n r (List.length set.(pred r));
Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

14



Implementation of Tuple

let fuse_n f set partition acc =
let choose (n, r) = Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

graded _sym_power _fold is well defined for unbounded arities as well: derive a reasonable replacement from
set. The length of the flattened set is an upper limit, of course, but too pessimistic in most cases.

let graded _sym_power_fold rank [ set acc =
let maz_rank = Array.length set in
let degrees = ThoList.range 2 (max_arity ()) in
let partitions =
ThoList.flatmap
(fun deg — Partition.tuples deg rank 1 maz_rank) degrees in
List.fold _right (fuse_n (fun wfs — [ (of _list wfs)) set) partitions acc

let graded _sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = = =y
let of2 _kludge = of2

end
module type Bound = sig val mazx_arity : unit — int end
module Unbounded_Nary = Nary (struct let maz_arity () = —1 end)
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3

TOPOLOGIES

3.1 Interface of Topology

module type T' =
sig

partition is a collection of integers, with arity one larger than the arity of a children below. These arities can
one fixed number corresponding to homogeneous tuples or a collection of tupes or lists.

type partition

partitions n returns the union of all [n1;ng;...;ng] with 1 <n; <ny <...<nyg < |n/2| and
d
i=1

for d from 3 to dmax, Where dpax is a fixed number for each module implementating 7. In particular, if
type partition = int X int X int, then partitions n returns all (nq, ne,n3) with ny < ns < mnz and ny+ns+nz =
n.

val partitions : int — partition list
A (poly)tuple as implemented by the modules in Tuple:
type a children
keystones externals returns all keystones for the amplitude with external states externals in the vanilla scalar

theory with a
> gt (3:2)

3<k<dmax

interaction. One factor of the products is factorized. In particular, if
type a children = «a Tuple.Binary.t = a X a,

then keystones externals returns all keystones for the amplitude with external states externals in the vanilla
scalar A\¢3-theory.

val keystones : « list — (« list x « list children list) list
The maximal depth of subtrees for a given number of external lines.
val maz_subtree : int — int
Only for diagnostics:

val inspect _partition : partition — int list
end

module Binary : T with type « children = « Tuple.Binary.t
module Ternary : T with type a children = « Tuple.Ternary.t
module Mized23 : T with type « children = « Tuple.Mized23.t
module Nary : functor (B : Tuple.Bound) —

(T with type « children = « Tuple.Nary(B).t)
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3.1.1 Diagnostics: Counting Diagrams and Factorizations for Y A,¢"

The number of diagrams for many particles can easily exceed the range of native integers. Even if we can not
calculate the corresponding amplitudes, we want to check combinatorical factors. Therefore we code a functor
that can use arbitray implementations of integers.

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) :t =t = ¢
val (=)t t =t = ¢
val ( x )+t =t = ¢
val (/) :t =t =t

val pred : t — t

val succ : t — t

val (=) : t - t — bool
val (# ) : t > t — bool
val ( < ) : t = ¢t — bool
val ( <) : ¢t - t — bool
val (> ) : t = ¢t — bool
val ( > ) : t = t — bool
val of _int : int — t

val to_int : t — int

val to_string : t — string
val compare : t — t — int
val factorial : t — t

end
Of course, native integers will provide the fastest implementation:
module Int : Integer

module type Count =

sig
type integer

diagrams f d n returns the number of tree diagrams contributing to the n-point amplitude in vanilla scalar

theory with
> et (3.3)
3<k<dAF(k)
interaction. The default value of f returns true for all arguments.

val diagrams : 7f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer

1 1 <n1+n2+...+nk) (3.4)
S(ng,n —mng) S(ni,no,...,ng) N1, Moy .. N '

val keystones : integer list — integer

diagrams_via_keystones d n must produce the same results as diagrams d n. This is shown explicitely in
tables 3.2, 3.3 and 3.4 for small values of d and n. The test program in appendix V can be used to verify this
relation for larger values.

val diagrams_per_keystone : integer — integer list — integer
end

module Count : functor (I : Integer) — Count with type integer = 1.t

3.1.2  Emulating HELAC

We can also proceed & la [2].

module Helac : functor (B : Tuple.Bound) —
(T with type « children = « Tuple.Nary(B).t)
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n | partitions n

41 (1,1,2)

51 (1,2,2)

6 | (1,2,3), (2,2,2)

71 (1,3,3), (2,2,3)

8 | (1,34), (2.24), (2,33)

9] (1,4,4), (2,3,4), (3,3,3)

10 | (1,4,5), (2,3,5), (2,4,4), (3,3,4)

11 | (1,5,5), (2,4,5), (3,3,5), (3,4,4)

12 | (1,5,6), (2,4,6), (2,5,5), (3,3,6), (3,4,5), (4,4,4)

13 | (1,6,6), (2,5.6), (3,4,6), (35,5), (4,4,5)

14 | (1,6,7), (25,7), (2,6,6), (34,7, (3,5,6), (4:4,6), (4,5.,5)
15 | (1,7,7), (2,6,7), (3,5,7), (3,6,6), (4,4,7), (4,5,6), (5,5,5)
16 | (1,7,8), (2,6,8), (2,7,7), (3,5,8), (3,6,7), (4,4,8), (4,5,7), (4,6,6), (5,5,6)

Table 3.1:  partitions n for moderate values of n.

@ The following has never been tested, but it is no rocket science and should work anyway ...

module Helac_Binary : T with type « children = « Tuple.Binary.t

3.2 Implementation of Topology

module type T' =

sig
type partition
val partitions : int — partition list
type a children
val keystones : « list — (« list x « list children list) list
val maz_subtree : int — int
val inspect _partition : partition — int list

end

3.2.1 Fuactorizing Diagrams for ¢°

module Binary =

struct
type partition = int X int X int
let inspect_partition (nl, n2, nd) = [nl; n2; ns|

One way [1] to lift the degeneracy is to select the vertex that is closest to the center (see table 3.1):
partitions : n — {(nl,ng,ng) [n14+na+n3=nAn; <ng <ng< Ln/?J} (3.5)

Other, less symmetric, approaches are possible. The simplest of these is: choose the vertex adjacent to a fixed
external line [2]. They will be made available for comparison in the future.
An obvious consequence of ny + ng +ng =n and n; < ng <ngisny < [n/3]:

let rec partitions’ n nl =
if n > n /3 then

[]

else
List.map (fun (n2, n3) — (ni, n2, n3))
(Partition.pairs (n — n1) nl (n / 2)) @Q partitions’ n (succ nl)

let partitions n = partitions’ n 1

type a children = o« Tuple.Binary.t
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Ao AN

Figure 3.1: Topologies with a blatant three-fold permutation symmetry, if the number of external lines is a
multiple of three

Figure 3.2: Topologies with a blatant two-fold symmetry.

There remains one peculiar case, when the number of external lines is even and n3 = ny + na (cf. figure 3.3).
Unfortunately, this reflection symmetry is not respected by the equivalence classes. E.g.

{11{2,3}{4,5,6} > {{4}{5,6}{1,2,3}; {5}{4,6}{1,2,3}; {6}{4,5}{1, 2,3} } (3.6)

However, these reflections will always exchange the two halves and a representative can be chosen by requiring
that one fixed momentum remains in one half. We choose to filter out the half of the partitions where the
element p appears in the second half, i.e. the list of length n3.

Finally, a closed expression for the number of Feynman diagrams in the equivalence class (n1,ng,ng) is

3
N(ny,nz,n3) = a?(ZfZInT))! Ul (Qnin:! M (3.7)
where the symmetry factor from the above arguments is
31 for ng =ng =mng
S(ny,ng,ng) = 2.2 for ng =2n; =2ny )

for n1 = n9 Vng = ns

2 for ny + ny = ng

Indeed, the sum of all Feynman diagrams

g N(ny,nz2,n3) = (2n — 5)!! (3.9)
ni+natnz=n
1<n1<na<nz<|n/2]

can be checked numerically for large values of n = ny + ng + ng, verifying the symmetry factor (see table 3.2).

P. M. claims to have seen similar formulae in the context of Young tableaux. That’s a good occasion to read
the new edition of Howard’s book ...

Figure 3.3: If ng = ni + ns, the apparently asymmetric topologies on the left hand side have a non obvious
two-fold symmetry, that exchanges the two halves. Therefore, the topologies on the right hand side have a four
fold symmetry.
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n| (2n -5 > N(ni,ne,ns)
4 303-(1,L2)
5 15 | 15 (1,2,2)
6 105 | 90-(1,2,3) +15-(2,2,2)
7 945 | 630 (1,3,3) + 315 - (2,2, 3)
8 10395 | 6300 - (1,3,4) + 1575 - (2,2,4) + 2520 - (2,3, 3)
9 135135 | 70875 - (1,4,4) + 56700 - (2,3,4) + 7560 - (3,3,3)
10 | 2027025 | 992250 - (1,4, 5) + 396900 - (2,3, 5)
+ 354375 - (2,4, 4) + 283500 - (3, 3,4)
11| 34459425 | 15280650 - (1,5, )+ 10914750 - (2,4, 5)
+ 4365900 - (3,3,5) 4+ 3898125 - (3,4,4)
12 | 654729075 | 275051700 - (1,5,6) + 98232750 - (2,4, 6)
+ 91683900 - (2, 5 5) + 39293100 - (3, 3, 6)
+ 130977000 - (3,4, 5) + 19490625 - (4, 4, 4)

Table 3.2: Equation (3.9) for small values of n.

Figure 3.4: Degenerate (1,1,1,3) and (1,2, 3).

Return a list of all inequivalent partitions of the list [ in three lists of length n1, n2 and n&, respectively. Com-
mon first lists are factored. This is nothing more than a typedafe wrapper around Combinatorics.factorized _keystones.

exception Impossible of string
let tuple_of _list2 = function
| [z1; 2] — Tuple.Binary.of2 z1 z2
| - — raise (Impossible "Topology.tuple_of _list")

let keystone (n1, n2, n3) 1l =
List.map (fun (p1, p23) — (pl1, List.rev_map tuple_of _list2 p23))
(Combinatorics.factorized _keystones [n1; n2; n3] )

let keystones | =
ThoList.flatmap (fun n123 — keystone n123 1) (partitions (List.length 1))

let max_subtree n = n /2

end

3.2.2  Factorizing Diagrams for Yy A,¢"

Mixed ¢" adds new degeneracies, as in figure 3.4. They appear if and only if one part takes exactly half of the
external lines and can relate central vertices of different arity.

module Nary (B : Tuple.Bound) =

struct
type partition = int list
let inspect_partition p = p

let partition d sum =
Partition.tuples d sum 1 (sum [ 2)

let rec partitions’ d sum =
if d < 3then

[]
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n > 12

1 411-(,1,1,1) +3-(1,1,2)

5 25 | 10-(1,1,1,2) +15-(1,2,2)

6 220 | 40-(1,1,1,3) +45-(1,1,2,2) + 120 - (1,2,3) + 15 - (2,2,2)

7 2485 | 840 - (1,1,2,3) + 105 (1,2,2,2) 4+ 1120 - (1,3,3) 4 420 - (2,2, 3)
8

34300 | 5250 - (1,1,2,4) + 4480 - (1,1,3,3) + 3360 - (1,2,2,3)
1105 (2,2,2,2) + 14000 - (1,3, 4)

+ 2625 - (2,2,4) + 4480 - (2,3,3)
9 | 559405 | 126000 - (1,1,3,4) + 47250 - (1,2, 2,
15040 - (2,2,2,3) + 196875 - (1,4,
+ 126000 - (2,3,4) + 17920 - (3,3,3

4) +40320 - (1,2,3,3)
10 | 10525900 | 1108800 - (1,1,3,5) + 984375 - (1,1,4
(1
(1,

4)

)

,4) + 415800 - (1,2,2,5)

+ 1260000 - (1,2,3,4) + 179200 - (1,3,3,3) + 78750 - (2,272,4)
+ 100800 - (2,2,3,3) + 3465000 - (1,4,5

+ 984375 - (2,4,4) + 840000 - (3,3,4)

,5) + 1108800 - (2,3,5)

Table 3.3: £ = A\3¢% + Ay’

n >

1 41 (1,1,1,1)+3-(1,1,2)

5 26 | 1-(1,1,1,1,1)+10-(1,1,1,2) + 15- (1,2,2)

6| 236 |1-(1,1,1,1,1,1)+15-(1,1,1,1,2) +40-(1,1,1,3)
+45-(1,1,2,2) + 120 - (1,2,3) + 15 - (2,2,2)

7| 2751 | 21-(1,1,1,1,1,2) + 140 - (1,1,1,1,3) + 105 - (1,1,1,2,2)
+840-(1,1,2,3) + 105 - (1,2,2,2) + 1120 - (1,3,3) + 420 - (2,2, 3)

8 | 39179 | 224-(1,1,1,1,1,3) +210- (1,1,1,1,2,2) + 910 - (1,1,1,1,4)
492240+ (1.1,1.2,3) 4+ 420 - (1,1,2,2,2) + 5460 - (1, 1,2, 4)
+ 4480 - (1.1,3.3) + 3360 - (1,2,2,3) + 105 - (2,2,2.2)
+ 14560 - (1,3,4) 4 2730 - (2,2,4) + 4480 - (2,3, 3)

Table 3.4: L = /\3&53 + )\4¢4 + )\5¢5 + )\6(256

else
partition d sum Q@ partitions’ (pred d) sum

let partitions sum = partitions’ (succ (B.max_arity ())) sum

module Tuple = Tuple.Nary(B)
type a children = o« Tuple.t

let keystones’ | =
let n = List.length [ in
ThoList.flatmap (fun p — Combinatorics.factorized _keystones p 1)
(partitions n)

let keystones | =
List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)

let maz_subtree n = n /2
end

module Nary4 = Nary (struct let maz_arity () = 3 end)

3.2.3 Factorizing Diagrams for ¢*

module Ternary =
struct
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type partition = int X int X int X int
let inspect_partition (nl, n2, n8, n4) = [nl; n2; nd; n4)
type a children = « Tuple.Ternary.t

let collect4 acc = function
| [x; y; z; u| = (z, 9, 2, u) = acc
| - — acc

let partitions n =
List.fold _left collectf [] (Nary4.partitions n)

let collectd acc = function
| [x; y; 2] — Tuple.Ternary.of8 x y z :: acc
| - — acc

let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect3 [] kets))
(Nary4 .keystones’ 1)
let maz_subtree = Naryj.maz_subtree
end

3.2.4 Factorizing Diagrams for ¢ + ¢*

module Mixed23 =
struct
type partition =
| P3 of int x int x int
| P4 of int x int X int X int
let inspect_partition = function
| P (n1, n2, n3) — [nl; n2; ns|
| P4 (n1, n2, n3, n4) — [nl; n2; n3; n4]
type a children = « Tuple.Mixed23.t
let collect34 acc = function
| [z; y; 2] — P3 (z, y, 2) = acc
| [z y; 23 ] = P4 (z, y, z, u) = acc
| - — acc
let partitions n =
List.fold _left collect34 [] (Nary4 .partitions n)
let collect23 acc = function
| [z; y] — Tuple.Mized23.0f2 © y :: acc
| [z; y; 2] — Tuple.Mized23.0f3 © y z :: acc
| - = acc
let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect23 [] kets))
(Nary4 .keystones’ 1)
let maz_subtree = Naryj.max_subtree
end

3.2.5 Diagnostics: Counting Diagrams and Factorizations for ) \,¢"

module type Integer =

sig
type ¢
val zero : t
val one : t
val (+ )t t =t = ¢
val (=) 1t =t >t
val ( x ) 1t = ¢t = ¢
val (/) 1t = ¢
val pred : t — t
val suce : t — t
val (=) : ¢t
val ( # ) : ¢t

22



Implementation of Topology

val ( < ) : t = ¢t — bool
val ( <) :t - t — bool
val (> ) : t = t — bool
val (> ) : ¢t — t — bool

val of _int : int — t
val to_int : t — in
val to_string : t — string
val compare : t — t — int
val factorial : t — t

end

~

O’Caml’s native integers suffice for all applications, but in appendix V, we want to use big integers for numeric
checks in high orders:

module Int : Integer =
struct

typet = nt

let zero = 0

let one = 1

et (+) = (+)

let (- ) =(—)

let (( x ) = ( x)
let (/) = (/)
let pred = pred
let succ = succ

= (

+

)
)
) =
)
)
)

— — —

IV VIA A

let (

let of _int n

let to_int n =

let to_string = string-of —int

let compare = compare

let factorial = Combinatorics.factorial
end

I~

S SIVVIAASNKI

module type Count =

sig
type integer
val diagrams : ?f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer
val keystones : integer list — integer
val diagrams_per_keystone : integer — integer list — integer

end

module Count (I : Integer) =
struct
let description = ["(still_inoperational) phi“n topology"]

type integer = 1.t
open [

let two = of _int 2
let three = of_int 3

If .t is an abstract datatype, the polymorphic Stdlib.min can fail. Provide our own version using the specific
comparison “(< ).

let min z y =
if z < y then
T
else
)
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Counting Diagrams for )", An¢"

Classes of diagrams are defined by the number of vertices and their degrees. We could use fixed size arrays, but
we will use a map instead. For efficiency, we also maintain the number of external lines and the total number
of propagators.

module IMap = Map.Make (struct type ¢ = integer let compare = I.compare end)
type diagram_class = { ext : integer; prop : integer; v : integer IMap.t }

The numbers of external lines, propagators and vertices are determined by the degrees and multiplicities of
vertices:

E({ng,na,...}) =2+ (d—2)ng (3.10a)
d=3
P({ng,ng,...}) = ind —1=V({ns,ng,...})—1 (3.10b)
d=3

V({ns,ng,...}) = ind (3.10¢)
d=3

let num_ext v =
List.fold _left (fun sum (d, n) — sum + (d — two) X n) two v

let num_prop v =
List.fold_left (fun sum (-, n) — sum —+ n) (zero — one) v

The sum of all vertex degrees must be equal to the number of propagator end points. This can be verified easily:

2P({n3,n4,...})+E({n3,n4,...}) :Zd’nd (3.11)
d=3

let add_degree map (d, n) =
if d < three then
invalid_arg "add_degree: d <,3"
else if n < zero then
tnvalid_arg "add_degree: n ,<=,0"
else if n = zero then
map
else
IMap.add d n map

let create_class v =
{ ext = num_ext v;
Prop = NUM_prop v;
v = List.fold_left add_degree IMap.empty v }

let multiplicity cl d =
if d > three then
try
IMap.find d cl.v
with
| Not_found — zero
else
invalid_arg "multiplicity:,d,<.,3"

Remove one vertex of degree d, maintaining the invariants. Raises Zero if all vertices of degree d are exhausted.
exception Zero

let remove cl d =
let n = pred (multiplicity cl d) in
if n < zero then
raise Zero
else
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{ exat cl.ext — (d — two);
prop = pred cl.prop;
v = if n = zero then

IMap.remove d cl.v
else

IMap.add d n clv }

Add one vertex of degree d, maintaining the invariants.

let add ¢l d =
{ext = cl.ext + (d — two);
prop = succ cl.prop;

v = IMap.add d (succ (multiplicity cl d)) cl.v }

Count the number of diagrams. Any diagram can be obtained recursively either from a diagram with one

ternary vertex less by insertion if a ternary vertex in an internal or external propagator or from a diagram with
a higher order vertex that has its degree reduced by one:

D({ns,n4,...})

(P({Tlg - 1,714, N }) + E({n3 - 1,7’L4, . })) D({’I’Lg, — 1, Ng, .. })

[ee]
+ ) (na—1+1)D({nz,na, ..., na—1 + Lna—1,...}) (3.12)
d=4

let rec class_size ¢l =

if cl.ext = two V cl.prop
one

else

= zero then

IMap.fold (fun d - s — class_size_n cl d + s) cl.v (class_size_3 cl)
Purely ternary vertices recurse among themselves:

and class_size_3 ¢l =

try

let ' = remove cl three in

(d'.ext + d'.prop) x class_size d’
with

| Zero — zero

Vertices of higher degree recurse one step towards lower degrees:
and class_size_n ¢l d =
if d > three then begin
try
let d = pred d in
let I’ = add (remove cl d) d’ in
multiplicity cl’ d' x class_size cl’
with
| Zero — zero
end else
zero

Find all {ng,n4,...,ngq} with

E({n3,n4,...,ngq}) —2:Zl(i—2)ni = sum (3.13)
i=3

The implementation is a variant of tuples above.

let rec distribute_degrees’ d sum
if d < three then
tnvalid_arg "distribute_degrees"
else if d = three then

[[(d, sum)]]

else

25



Implementation of Topology

distribute_degrees” d sum (sum / (d — two))

and distribute_degrees” d sum n =
if n < zero then

[]

else
List.fold_left (fun lll — ((d, n) == 1) = )
(distribute_degrees” d sum (pred n))
(distribute_degrees’ (pred d) (sum — (d — two) x n))

Actually, we need to find all {ngz,ny,...,nq} with

E({ng,n4,...,nq}) = sum (3.14)

let distribute_degrees d sum = distribute_degrees’ d (sum — two)

Finally we can count all diagrams by adding all possible ways of splitting the degrees of vertices. We can also
count diagrams where all degrees satisfy a predicate f:

let diagrams ?(f = fun _ — true) deg n =
List.fold _left (fun s d —
if List.for_all (fun (d', n') — f d" v n’ = zero) d then
s + class_size (create_class d)
else
s)

zero (distribute_degrees deg n)

The next two are duplicated from ThoList and Combinatorics, in order to use the specific comparison functions.

let classify | =
let rec add_to_class a = function
(] = [of_int 1,
| (n, o) == rest —

if a = a then
(succ n, a) :: rest
else
(n, @) == add_to_class a rest
in
let rec classify’ ¢l = function
[} = e
| a :: rest — classify’ (add_to_class a cl) rest
in

classify’ [] 1

let permutation_symmetry | =
List.fold _left (fun s (n, -) — factorial n x s) one (classify 1)

let symmetry | =
let sum = List.fold_left (+) zero I in

if List.exists (fun ¢ — two x z = sum) [ then
two X permutation_symmetry |
else

permutation_symmetry |

The number of Feynman diagrams built of vertices with maximum degree dyax in a partition Ng , = {n1,n2,...,nq}
withn=ny+ns+---+nyg and

F max> i 1
F(dmaX7Nd,n) = it ) (315)

E&

|S(Nd n ‘O’ ng,n

)i
with |S(N)| the size of the symmetric group of N, o(n,2n) = 2 and o(n,m) = 1 otherwise.

let keystones p =
let sum = List.fold_left (+) zero p in
List.fold _left (fun acc n — acc / (factorial n)) (factorial sum) p
/ symmetry p

26



let diagrams_per_keystone deg p =
List.fold _left (fun acc n — acc x diagrams deg (succ n)) one p

We must find
F(dmax,n) = Z Z F(dmava)

d=3 N={ni,n2,....,nq}

nit+nat-+ng=n
1<n1<ny<--<nq<[n/2]

let diagrams_via_keystones deg n =
let module N = Nary (struct let maz_arity () = to_int (pred deg) end) in
List.fold _left
(fun acc p — acc + diagrams_per_keystone deg p x keystones p)
zero (List.map (List.map of _int) (N.partitions (to-int n)))

end

3.2.6  Emulating HELAC
In [2], one leg is singled out:

module Helac (B : Tuple.Bound) =
struct
module Tuple = Tuple.Nary(B)

type partition = int list
let inspect_partition p = p

let partition d sum =
Partition.tuples d sum 1 (sum — d + 1)

let rec partitions’ d sum =
let d' = pred d in
if d < 2 then
(]
else
List.map (fun p — 1::p) (partition d' (pred sum)) Q partitions’ d’ sum

let partitions sum = partitions’ (succ (B.max_arity ())) sum
type a children = « Tuple.t

let keystones’ | =
match [ with
iRl
| head :: tail —
[([head],
ThoList.flatmap (fun p — Combinatorics.partitions (List.tl p) tail)
(partitions (List.length 1)))]

let keystones | =
List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)

let max_subtree n = pred n
end

@ The following is not tested, but it is no rocket science either ...

module Helac_Binary =
struct
type partition = int X int X int
let inspect_partition (n1, n2, n3) = [nl; n2; n3]

let partitions sum =
List.map (fun (n2, n3) — (1, n2, n3))
(Partition.pairs (sum — 1) 1 (sum — 2))
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type a children = o« Tuple.Binary.t

let keystones’ | =
match [ with
| ] = ]
| head :: tail —
[([head],
ThoList.flatmap (fun (-, p2, -) — Combinatorics.split p2 tail)
(partitions (List.length 1)))]

let keystones | =
List.map (fun (bra, kets) —
(bra, List.map (fun (z, y) — Tuple.Binary.of2 = y) kets))
(keystones’ 1)

let max_subtree n = pred n

end
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DIRECTED ACYCLICAL GRAPHS

4.1 Interface of DAG

This datastructure describes large collections of trees with many shared nodes. The sharing of nodes is seman-
tically irrelevant, but can turn a factorial complexity to exponential complexity. Note that DAG implements
only a very specialized subset of Directed Acyclical Graphs (DAGS).

4.1.1 Forests

A forest is a set of trees and we want to represent it efficiently by a DAG. However, we will not handle arbitrary
forests here, but only such forests, where all subtrees of trees in the forest are also members of the forest.

In this case, we can represent a forest F' over a set of nodes and a set of edges as a map from the set of
nodes N to the direct product of the set of edges E and the set

t(N)=|JN"=0UNUNXxNUNXxNxNU... (4.1)
n=0

of tuples of nodes augmented by a special element L (“bottom”).
F:N— (Ext(N))U{L}

. {(e, (n),nb,...)) (4.2)
1

Nodes that are mapped to L are called leaf nodes and nodes that do not appear in any F(n) are called root
nodes. There are as many trees in a given forest F' as there are nodes. Our trees are Feynman tree diagrams
and each forest F' consists of one diagram and its subdiagrams.

For convenience, we require edges and nodes to be members of ordered sets. If the nodes are ordered, cycles
can be detected easily

Vn e N : ((F(n)z(ew)) = (Vn’e:r:n>n’)). (4.3)

Note that this requirement does not exclude any trees. Even if we consider only topological equivalence classes
with anonymous nodes and edges, we can always construct a canonical labeling and order from the children of
the nodes. E.g. the depth of the tree beneath a node provides a suitable labeling for all forests. However, in
practical applications, we will often have more efficient labelings and orders at our disposal.
The sematics of compare is expected to be compatible with Pervasives.compare (i.e. Stdlib.compare on
O’Caml 4.08 and later):
-1 forx<y
compare(x,y) =<0 forz =y (4.4)

1 forz >y

module type Ord =
sig
type ¢
val compare : t — t — int
end

module type Forest =
sig
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module Nodes : Ord
type node = Nodes.t
type edge

A tuple of nodes. The most general realization is type children = mnode list, but we use a Tuple.Mono or
Tuple.Poly module for more specific implementations, where the number of nodes is bounded from below or
above. For example to two for binary trees, as in ¢ or QED. We can also have mixed arities (e.g. two and
three for QCD) or even arbitrary arities. However, in most cases, there will be at least two children.

type children
This type abbreviation and order allow to apply the Set.Make functor to E x t(N).
type t = edge X children
In our implementation, we order by children and if they agree, we disambiguate by edge.
val compare : t — t — int
Test a predicate for all children.
val for_all : (node — bool) — t — bool

fold f (_, children) acc will calculate
f(xl,f(afg,"'f(l’n,CLCC))) (45)

where the children are {x1,xa,...,x,}. There are slightly more efficient alternatives for fixed arity (in particular
binary), but we want to be general.

val fold : (node - a@ - a) - t - a = «
end
We will use modules from Tuple to implement arity constraints for Forest.children.

module Forest : functor (PT : Tuple.Poly) —
functor (N : Ord) — functor (E : Ord) —
Forest with module Nodes = N and type edge = E.t
and type node = N.t and type children = N.t PT.t

4.1.2 DAGs

A DAG will describe the recursive construction of one particle off-shell wave functions (1IPOW). The nodes are
therefore the 1IPOWSs and can be specified by a flavor and a momentum or a sum of external momenta. Just as
in Forest, the edges are couplings and the leaf nodes are external on-shell wave functions. However, each node
can now have more than one offspring, i.e. combination of edge and children or coupling and tuple of 1IPOWs.
This factorizes the forest and optimizes the code by common subexpression elimination.

If T'(n, D) denotes the set of all binary trees with root n encoded in the DAG D, while

O(n,D) = {(e1,n1,n}),..., (ex, nk,n))} (4.6)

denotes the set of all offspring of n in D, and tree(e, t,t") denotes the binary tree formed by joining the binary
trees t and ¢ with the label e, then

k
T(n, D) = {tree(ei,ti,t;) | (ei,ti,tg) (S U{ei} X T(’I’L“D) X T(n;,D)} (47)

i=1
is the recursive definition of the binary trees encoded by the DAG D. It is obvious how this definitions translates

to n-ary trees (including trees with mixed arity).

module type T =
sig

When implementing modules of type T', the type node will be a Ord.t that allows us use Map. Make and Set. Make
to construct maps. In a functor Forest — T, the order from Forest.Node will be used for ordering node in
T. In particular, the equality of nodes in add_node, add-offspring, harvest, etc. below will be determined by
Forest. Node.compare.

type node
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For edge, we need no additional structure.

type edge
In the description of the function we assume for definiteness DAGs of binary trees with type children = node x
node. However, we will also have implementations with type children = node list below.
Other possibilities include type children = V3 of node x node | V4 of node X node X node. There’s

probable never a need to use sets with logarithmic access, but it would be easy to add.

type children
type ¢

The empty DAG.
val empty : t

add_node n dag returns the DAG dag with the node n. If the node n already exists in dag, dag is returned
unchanged. Otherwise n is added without offspring.

val add_node : node — t — t

add _offspring n (e, (n1, n2)) dag returns the DAG dag with the node n and its offspring n1 and n2 with edge
label e. Each node can have an arbitrary number of offspring, but identical offspring are added only once. In
order to prevent cycles, add-offspring requires both n > n1 and n > n2 in the ordering of nodes in the Forest
that the DAG represents. The nodes n! and n2 are added as by add_node. NB: Adding the nodes n! and
n2 even if they are sterile is not necessary for our applications. But even though it slows down the code by
a few percent, it is desirable for consistency and allows much more concise implementations of iter_nodes and
fold_nodes below.

val add_offspring : node — edge x children — t — t
exception Cycle

Just like add_offspring, but does not check for potential cycles.
val add_offspring_unsafe : node — edge X children — t — t
is-node n dag returns true iff n is a node in dag.
val is_node : node — t — bool
1s_sterile n dag returns true iff n is a node in dag, but has no offspring.
val is_sterile : mode — t — bool
is_offspring n (e, (n1, n2)) dag returns true iff nI and n2 are offspring of n with label e in dag.
val is_offspring : node — edge X children — t — bool

There is no function val offspring : node — (edge x children) list to extract the structure of the DAG
explicitely. Instead, we export a functional interface that allows us to transform a DAG and to evaluate the
expression encoded by the DAG.

Note that the following functions can run into infinite recursion if the DAG given as argument contains cycles.
The usual functionals for processing all nodes (including sterile) ...

val iter_nodes : (node — wunit) — t — unit
val map_nodes : (node — node) — t — t
val fold_nodes : (node — a — «a) = t > a = «

. and all parent/offspring relations. Note that map requires two functions: one for the nodes and one for the
edges and children. This is so because a change in the definition of node is not propagated automatically to
where it is used as a child.

val iter : (node — edge X children — unit) — t — unit
val map : (node — node) —

(node — edge x children — edge X children) — t — t
val fold : (node — edge x children - o — a) > t - a — «
Note that in it’s current incarnation, fold add_offspring dag empty copies only the fertile nodes, while
fold add_offspring dag (fold_nodes add_node dag empty) includes sterile ones, as does map (fun n —

n) (fun n ec — ec) dag.
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Return the DAG as a list of lists.
val lists : t — (node x (edge x children) list) list

dependencies dag node returns a canonically sorted Tree2.t of all nodes reachable from node.
val dependencies : t — node — (node, edge) Tree2.t

harvest dag n roots returns the DAG roots enlarged by all nodes in dag reachable from n.
val harvest : t — node — t —

harvest_list dag nodes returns the part of the DAG dag that is reachable from the nodes.
val harvest_list : t — mnode list —

size dag returns the number of nodes in the DAG dag.
val size : t — int

eval f mul_edge mul_nodes add null unit root dag interprets the part of dag beneath root as an algebraic
expression:

e cach node is evaluated by f : node — «

e each set of children is evaluated by iterating the binary mul_nodes : «« — -~ — ~ on the values of the
nodes, starting from unit:

e cach offspring relation (node, (edge, children)) is evaluated by applying mul_edge : node — edge —
v — § to node, edge and the evaluation of children.

e all offspring relations of a node are combined by iterating the binary add : § — o — « starting from
null : «

In our applications, we will always have &« = ~ = 4§, but the more general type is useful for documenting the
relationships. The memoizing variant eval_memoized f mul_edge mul_nodes add null unit root dag requires
some overhead, but can be more efficient for complex operations.

val eval : (node — «) — (node — edge — v — §) —

(a >y —=>179) =0 > a—>a > a—>79 = nde >t — «
val eval_memoized : (node — o) — (node — edge — v — 0) —
(¢ =y =179 -0 > a—a - a =79 — nde >t > «

forest root dag expands the dag beneath root into the equivalent list of trees Tree.t. children are represented
as list of nodes.

A sterile node n is represented as Tree.Leaf ((n, None), n), cf. page 766. There might be a better way,
but we need to change the interface and semantics of Tree for this.

val forest : node — t — (node x edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list

count_trees n dag returns the number of trees with root n encoded in the DAG dag, i.e. |T'(n, D)|. NB: the
current implementation is very naive and can take a very long time for moderately sized DAGs that encode a
large set of trees.

val count_trees : mode — t — int
end

module Make (F : Forest) :
T with type node = F.node and type edge = F.edge
and type children = F.children

4.1.8  Graded Sets, Forests € DAGs

A graded ordered! set is an ordered set with a map rank into another ordered set (often the non-negative
integers). Note that it is not required that the grading respects the ordering, i.e. z < y & rank = < rank y.

1We don’t appear to have use for graded unordered sets.
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Conceptionally, there is some overlap with Bundle (cf. section O.1), if we interpret the set of ranks as the
base of the bundle and rank as the projection w. We might want to unify the structures. But note that in
the case of Bundle, the intuition is that the base is a subset of the bundle, i.e. each element of the base is
an element of a fiber. In the case of a grading, the set of ranks can be completely disjoint from the original
set.

module type Graded_Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

For all ordered sets, there are two canonical gradings: a Chaotic grading that assigns the same rank (e.g. unit)
to all elements and the Discrete grading that uses the identity map as grading.

module type Grader = functor (O : Ord) — Graded-Ord with type t = O.t
module Chaotic : Grader
module Discrete : Grader

A graded forest is just a forest in which the nodes form a graded ordered set.

Module type substitions for avoiding the repetition here will come with O’Caml 4.13. Until then, we’re
lucky that the signature is short ...

module type Graded_Forest =
sig
module Nodes : Graded_-Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a - a) - t - a — «
end

module type Forest_Grader = functor (G : Grader) — functor (F : Forest) —
Graded - Forest with type Nodes.t = F.node
and type node = F.node
and type edge = F.edge
and type children = F.children
and typet = F'.t

module Grade_Forest : Forest_Grader

Finally, a graded DAG is a DAG in which the nodes form a graded ordered set and the subsets with a given
rank can be accessed cheaply.

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_maz_rank : t — rank X rank
val ranked : rank — t — mnode list
end

module Graded (F : Graded_Forest) :
Graded with type node = F.node and type edge = F.edge
and type children = F.children and type rank = F.Nodes.G.t

module Test : sig val suite : OUnit.test end
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4.2 Implementation of DAG

module type Ord =
sig
type ¢
val compare : t — t — int
end

module type Forest =
sig
module Nodes : Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a - a) >t - a = «
end

module type T' =
sig

type node
type edge
type children
type ¢
val empty : t
val add_node : node — t — t
val add_offspring : node — edge x children — t — t
exception Cycle
val add_offspring_unsafe : node — edge x children — t — t
val is_node : node — t — bool
val is_sterile : mode — t — bool
val is_offspring : node — edge x children — t — bool
val iter_nodes : (node — wunit) — t — wunit
val map_nodes : (node — node) — t — t
val fold_nodes : (node — a — «a) = t > a = «
val iter : (node — edge X children — unit) — t — unit
val map : (node — node) —

(node — edge x children — edge x children) — t —
val fold : (node — edge x children — a — «a) — t —
val lists : t — (node x (edge x children) list) list
val dependencies : t — node — (node, edge) Tree2.t
val harvest : t — node — t — t
val harvest_list : t — node list — t
val size : t — int
val eval : (node — «) — (node — edge — ~v — §) —

(a v =279 > 0 > a—a = a— 7 — nde - t —
val eval_memoized : (node — o) — (node — edge — v — 0) —

(o =y =179 =0 > a—>a = a—>79— nde >t —
val forest : node — t — (node X edge option, node) Tree.t lis
val forest_memoized : node — t — (node X edge option, node) Tree.t list
val count_trees : node — t — int
end

«

t «
t

module type Graded_Ord =

sig
include Ord
module G : Ord
val rank : t — G.t
end

module type Grader = functor (O : Ord) — Graded_Ord with type t = O.t

34



Implementation of DAG

module type Graded_Forest =
sig
module Nodes : Graded_Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a — a) > t > a — «
end

module type Forest-Grader = functor (G : Grader) — functor (F' : Forest) —
Graded - Forest with type Nodes.t = F.node
and type node = F.node
and type edge = F.edge
and type children = F.children
and type t = F.t

4.2.1 The Forest Functor

module Forest (PT : Tuple.Poly) (N : Ord) (E : Ord) :
Forest with module Nodes = N and type edge = FE.t
and type node = N.t and type children = N.t PT.t =

struct

module Nodes = N
type edge = E.t
type node = N.t
type children = node PT.t
type t = edge X children

let compare (edgel, childrenl) (edge2, children2) =

let ¢ = PT.compare N.compare childrenl children2 in
if ¢ # 0 then

c
else

E.compare edgel edge2

let for_all f (-, nodes) = PT.for_all f nodes
let fold f (-, nodes) acc = PT.fold_right f nodes acc

end

4.2.2  Gradings

module Chaotic (O : Ord) =

struct
include O
module G =
struct
type t = unit
let compare _ - = 0
end
let rank - = ()
end
module Discrete (O : Ord) =
struct
include O
module G = O
let rank z = x
end
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module Fake_Grading (O : Ord) =

struct
include O
exception Impossible of string
module G =
struct
type t = wunit
let compare - _ = raise (Impossible "G.compare")
end
let rank - = raise (Impossible "G.compare")
end
module Grade_Forest (G : Grader) (F : Forest) =
struct

module Nodes = G(F.Nodes)
type node = Nodes.t
type edge = F'.edge
type children = F.children
typet = F.t
let compare = F.compare
let for_all = F.for_all
let fold = F.fold
end

A subset of Map.S, with graded keys. The map is implemented as a two level map with the outer map from
the rank of the key to a map from all key of this rank to the values. Thus we can find query the minimal and
maximal ranks and find all keys with a given rank without having to scan the entire map.

module type Graded_Map =
sig

We implement the subset of Map.S from the standard library that we need in our applications. The semantics
is identical to Map.S so we don’t need to duplicate the documentation. It would be trivial to implement the
rest, if we ever need it.

type key

type o t

val empty : at

val add : key - a —» at — at

val find : key — at — «

val mem : key — at — bool

val iter : (key — a — wunit) - at — unit

val fold : (key - a = f — ) > at - 8 = 3

Here come the additional functions dealing with the rank. All could be implemented by inspecting all keys in
a map, but the keeping track of the grading makes them much more efficient.

type rank
Return a list of all ranks in a map. The application should not rely on the fact that the list is sorted.
val ranks : ot — rank list
Return the minimal and maximal rank in the map, according to the order of rank.
val min_maz_rank : ot — rank X rank
Return all keys with the given rank.
val ranked : rank — at — key list

end

module type Graded_Map_Maker = functor (O : Graded_Ord) —
Graded-Map with type key = O.t and type rank = O.G.t

@ Nested o — 3 opt functions cry out for the monadic binding operators introduced by O’Caml 4.08.
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module Graded_-Map (O : Graded_-Ord) :
Graded_Map with type key = O.t and type rank = O.G.t =
struct
module M1 = Map.Make(O.G)
module M2 = Map.Make(O)

type key = O.t
type rank = O.G.t

type (+a) t = o M2.t M1.t
let empty = MI1.empty

let map2_of _rank rank mapl =
match M1.find_opt rank mapl with
| None — M2.empty
| Some map2 — map2

let add key data mapl =
let rank = O.rank key in
M1.add rank (M2.add key data (map2_of —rank rank mapl)) mapl

let find key mapl =
M2.find key (M1.find (O.rank key) mapl)

let mem key mapl =
M2.mem key (map2_of _rank (O.rank key) mapl)

let iter f mapl =
M1 .iter (fun rank — M2.iter f) mapl

let fold f mapl accl =
M1 .fold (fun rank — M2.fold ) mapl accl

@ The set of ranks and its minimum and maximum should be maintained explicitely!

module S1 = Set.Make(O.G)

let ranks map =
M1 .fold (fun key data acc — key :: acc) map []

let rank_set map =
M1 .fold (fun key data — S1.add key) map S1.empty

let min_mazx_rank map =
let s = rank_set map in
(S1.min_elt s, S1.max_elt s)

module S2 = Set.Make(O)

let keys map =
M2.fold (fun key data acc — key :: acc) map []

let sorted _keys map =
S2.elements (M2.fold (fun key data — S2.add key) map S2.empty)

let ranked rank mapl =
keys (map2_of _rank rank mapl)

end

4.2.8 The DAG Functor

Currently, we are not using the grading in O’Mega. It seemed to be an interesting idea for structuring DAGs,
but we have not yet come up with a real use case ...

module Maybe_Graded (GMM : Graded_Map_Maker) (F : Graded_Forest) =
struct

module G = F.Nodes.G
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type node = F.node

type rank = G.t

type edge = F.edge

type children = F.children

If we get tired of graded DAGs, we just have to replace Graded_Map by Map here and remove ranked below
and gain a tiny amount of simplicity and efficiency.

module Parents = GMM (F.Nodes)
module Offspring = Set.Make(F')

type t = Offspring.t Parents.t

let rank = F.Nodes.rank

let ranks = Parents.ranks
let min_max_rank = Parents.min_maz_rank
let ranked = Parents.ranked

let empty = Parents.empty

let add_node node dag =
if Parents.mem node dag then
dag
else
Parents.add node Offspring.empty dag

let add_offspring_unsafe node offspring dag =
let offsprings =
try Parents.find node dag with Not_found — Offspring.empty in
Parents.add node (Offspring.add offspring offsprings)
(F.fold add_node offspring dag)

exception Cycle

let add_offspring node offspring dag =
if F.for_all (funn — F.Nodes.compare n node < 0) offspring then
add - offspring _unsafe node offspring dag
else
raise Cycle

let is_node node dag =
Parents.mem node dag

let is_sterile node dag =
try
Offspring.is_empty (Parents.find node dag)
with
| Not_found — false

let is_offspring node offspring dag =
try
Offspring.mem offspring (Parents.find node dag)
with
| Not_found — false

let iter_nodes f dag =
Parents.iter (funn - — f n) dag

let iter f dag =
Parents.iter (fun node — Offspring.iter (f node)) dag

let map_nodes [ dag =
Parents.fold (fun n — Parents.add (f n)) dag Parents.empty

let map fn fo dag =
Parents.fold (fun node offspring —
Parents.add (fn node)
(Offspring.fold (fun o — Offspring.add (fo node o))
offspring Offspring.empty)) dag Parents.empty
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let fold_nodes f dag acc =
Parents.fold (fun n - — f n) dag acc
let fold f dag acc =
Parents.fold (fun node — Offspring.fold (f node)) dag acc

Implementation of DAG

Note that in it’s current incarnation, fold add-offspring dag empty copies only the fertile nodes, while
fold add_offspring dag (fold_nodes add_node dag empty) includes sterile ones, as does map (fun n —

n) (fun n ec — ec) dag.

let dependencies dag node =
let rec dependencies’ node’ =
let offspring = Parents.find node’ dag in
if Offspring.is_empty offspring then
Tree2.leaf node’
else
Tree2.cons
(Offspring.fold
(fun 0 acc —
(fst o,
node’,
F.fold (fun wf acc’ — dependencies’ wf :: acc’) o []) :: acc)
offspring [])
in
dependencies’ node

let lists dag =
List.sort (fun (nl, _) (n2, -) — F.Nodes.compare nl n2)
(Parents.fold (fun node offspring | —
(node, Offspring.elements offspring) :: 1) dag [])
let size dag =
Parents.fold (fun - _ n — succ n) dag 0

let rec harvest dag node roots =
Offspring.fold
(fun offspring roots’ —
if is_offspring node offspring roots’ then
roots’
else
F.fold (harvest dag)
offspring (add - offspring —unsafe node offspring roots’))
(Parents.find node dag) (add_node node roots)
let harvest_list dag nodes =

List.fold_left (fun roots node — harvest dag node roots) empty nodes

Build a closure once, so that we can recurse faster:

let eval f mule muln add null unit node dag =
let rec eval’ n =
if is_sterile n dag then
fn
else
Offspring.fold
(fun (e, - as offspring) v0 —
add (mule n e (F.fold muln’ offspring unit)) v0)
(Parents.find n dag) null
and muln’ n = muln (eval’ n) in
eval’ node

let count_trees node dag =
eval (fun = — 1) (fun - _p — p) ( x ) (4+) 0 1 node dag

let build_forest evaluator node dag =
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evaluator (fun n — [Tree.leaf (n, None) n])
(funn ep — List.map (fun p’ — Tree.cons (n, Some e) p’) p)
(fun pI p2 — Product.fold2 (fun n nl pl — (n = nl) = pl) pl p2[])
(@) [J[[]] node dag

let forest = build_forest eval

At least for count_trees, the memoizing variant eval_memoized is considerably slower than direct recursive
evaluation with eval.

let eval_offspring f mule muln add null unit dag values (node, offspring) =
let muln’ n = muln (Parents.find n values) in
let v =
if is_sterile node dag then
f node
else
Offspring.fold
(fun (e, - as offspring) v0 —
add (mule node e (F.fold muln' offspring unit)) v0)
offspring null
in
(v, Parents.add node v values)
let eval_memoized' f mule muln add null unit dag =
let result, - =
List.fold_left
(fun (v, values) — eval_offspring f mule muln add null unit dag values)
(null, Parents.empty)
(List.sort (fun (n1, -) (n2, -) — F.Nodes.compare nl n2)
(Parents.fold
(fun node offspring I — (node, offspring) :: 1) dag [])) in
result

let eval_memoized f mule muln add null unit node dag =
eval_memoized' [ mule muln add null unit
(harvest dag node empty)

let forest_memoized = build_forest eval_memoized
end

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_max_rank : t — rank x rank
val ranked : rank — t — node list
end

module Graded (F' : Graded_Forest) = Maybe_Graded(Graded_-Map)(F)

The following is not a graded map, obviously. But it can pass as one by the typechecker for constructing
non-graded DAGs.

module Fake_Graded_Map (O : Graded_Ord) :
Graded_Map with type key = O.t and type rank = O.G.t =
struct
module M = Map.Make(O)
type key = O.t
type (+a) t = a M.t
let empty = M.empty
let add = M.add
let find = M.find
let mem = M.mem
let iter = M .iter
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let fold = M.fold
We make sure that the remaining three are never called inside DAG and are not visible outside.

type rank = O0.G.t
exception Impossible of string
let ranks - = raise (Impossible "ranks")
let min_max_rank _ raise (Impossible "min_max_rank")
let ranked - - = raise (Impossible "ranked")
end

We could also have used signature projection with a chaotic or discrete grading, but the Graded_Map can cost
some efficiency. This is probably not the case for the current simple implementation, but future embellishment
can change this. Therefore, the ungraded DAG uses Map directly, without overhead.

module Make (F' : Forest) =
Maybe - Graded (Fake_ Graded_-Map)(Grade_ Forest(Fake_Grading)(F'))

If O’Caml had polymorphic recursion, we could think of even more elegant implementations unifying nodes
and offspring (cf. the generalized tries in [4]).

@ GADTs to the rescue?

4.2.4  Unit Tests

module Test =
struct

let random_int_list imax n =
let tmaz_plus = succ imazx in
Array.to_list (Array.init n (fun = — Random.int imaxz _plus))

module Olnts =
struct
type t = int
let compare = compare
end

module GOInts =
struct
typet = nt
let compare = compare
module G =
struct
type t = nt
let compare = compare
end
let rank 7 = i mod 100
end

module GM = Graded_Map(GOlInts)

let int_list_to_string | =
ThoList.to_string string_of —int 1

let int_list2 _to_string | =
ThoList.to_string int_list_to_string [

let int_pair_to_string (i1, i2) =
int_list_to_string [il; i2]

let uniq | =
ThoList.uniq (List.sort compare 1)

open OUnit

let assert_equal_int_pair pl p2 =
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assert_equal ~printer : int_pair_to_string p1 p2

let assert_equal_unsorted_int_list 11 12 =

assert_equal ~printer : int_list_to_string
(List.sort compare 11)
(List.sort compare 12)

let assert_equal _unsorted_int_list _ignore_duplicates 11 12 =
assert_equal ~printer : int_list_to_string (uniq 11) (uniq 12)

let squares n =

let data =

List.map (fun i — (i, i x 1)) (random_int_list 10000 n) in
let map =

List.fold _left (fun acc (i, s) — GM.add i s acc) GM.empty data in
(data, map)

let suite_graded_map =

"Graded_Map" >::
[ "ranks" >:
(fun () —
let data, graded_map = squares 100 in
assert_equal —unsorted _int _list
(uniq (List.map (fun (i, -) — GOlInts.rank i) data))
(GM .ranks graded_map));

"min_max_rank" >::
(fun () —
match squares 100 with
| [], - — failwith "empty test_ data"
| (r0, ) :: data, graded_map —
assert_equal _int _pair
(List.fold _left
(fun (r-min, r_maz) (i, =) —
let r = GOlInts.rank i in
(min r r_min, maz r r_mazx))
(GOInts.rank r0, GOlInts.rank r0) data)
(GM .min_max_rank graded_map)) |

@ We should add more unit tests, time permitting.
let suite =

"DAG" >:::
[suite_graded -map]

end
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— 5

MOMENTA

5.1 Interface of Momentum
Model the finite combinations

k
P=_ ckPn, (with ¢ € {0,1}) (5.1)
n=1

of ny, incoming and k — ny, outgoing momenta p,

by = —pnp for 1 <n<ny
" Pn forng, +1<n<k

where momentum is conserved i
> Pu=0 (5.3)
n=1

below, we need the notion of ‘rank’ and ‘dimension’:

dim(p) = k (5.4a)
k
rank(p) = Z Ck (5.4b)
n=1

where ‘dimension’ is not the dimension of the underlying space-time, of course.

module type T' =

sig
type t

Constructor: (k,N) — p = > -y Pn and k = dim(p) is the overall number of independent momenta, while
rank(p) = |N| is the number of momenta in p. It would be possible to fix dim as a functor argument instead.
This might be slightly faster and allow a few more compile time checks, but would be much more tedious to
use, since the number of particles will be chosen at runtime.

val of _ints : int — int list — ¢

No two indices may be the same. Implementions of of _ints can either raise the exception Duplicate or ignore
the duplicate, but implementations of add are required to raise Duplicate.

exception Duplicate of int
Raise Range iff n > k:
exception Range of int

Binary oparations require that both momenta have the same dimension. Mismatch is raised if this condition is
violated.

exception Mismatch of string x t x t
Negative is raised if the result of sub is undefined.
exception Negative
The inverses of the constructor (we have rank p = List.length (to_ints p), but rank might be more efficient):

val to_ints : t — int list
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val dim : t — int
val rank : t — int

Shortcuts: singleton d p = of _ints d [p] and zero d = of _ints d []:

val singleton : int — int — t
val zero : int — ¢

An arbitrary total order, with the condition rank(p1) < rank(p2) = p1 < pa.
val compare : t — t — int

Use momentum conservation to construct the negative momentum with positive coeflicients:
val neg : t — ¢

Return the momentum or its negative, whichever has the lower rank. NB: the present implementation does not
guarantee that
absp=absq <= p=pVp=—q (5.5)

for momenta with rank = dim/2.
val abs : t — ¢
Add and subtract momenta. This can fail, since the coefficients ¢, must me either 0 or 1.

valadd : t — t — ¢
valsub : t — t — ¢

Once more, but not raising exceptions this time:

val try_add : t — t — t option
val try_sub : t — t — t option

Not the total order provided by compare, but set inclusion of non-zero coefficients instead:

val less : t — t — bool
val lesseq : t — t — bool

p1+ (£p2) + (£p3) = 0

val try_fusion : t — t — t — (bool x bool) option
A textual representation for debugging:

val to_string : t — string

split @ n p splits p; into n momenta p; — P; + Pit1 + ... + Pitn—1 and makes room via pj>; —+ Pj4n—1. Lhis is
used for implementating cascade decays, like combining

et (pr)e” (p2) =W (p3)ve(pa)e™ (ps) (5.6a)
W7 (ps) — d(ps)a(p}y) (5.6b)

to
et (p1)e” (p2) = d(ps)u(pa)ve(ps)e™ (ps) (5.7)

in narrow width approximation for the W—.

val split : int — int > t —

5.1.1 Scattering Kinematics

From here on, we assume scattering kinematics {1,2} — {3,4,...}, i.e. nj, = 2.

Since functions like timelike can be used for decays as well (in which case they must always return true, the
representation—and consequently the constructors—should be extended by a flag discriminating between
the two cases!

module Scattering :
sig

Test if the momentum is an incoming one: p =p; Vp = p2
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val incoming : t — bool
P=p3Vp=psV...
val outgoing : t — bool

p? > 0. NB: par abus de langange, we report the incoming individual momenta as spacelike, instead as timelike.
This will be useful for phasespace constructions below.

val timelike : t — bool
p? < 0. NB: the simple algebraic criterion can be violated for heavy initial state particles.
val spacelike : t — bool
D = P1+ P2
val s_channel_in : t — bool
P=p3+pst+...+DPn
val s_channel_out : t — bool
P=p1+p2Vp=p3+ps+...+Dn
val s_channel : t — bool
P1+DP2—=>P3+Ps+ ...+ Dn

val flip_s_channel_in : t — t
end

5.1.2 Decay Kinematics

module Decay :
sig

Test if the momentum is an incoming one: p = p
val incoming : t — bool
p=p2Vp=p3V...
val outgoing : t — bool
p2 > 0. NB: here, we report the incoming individual momenta as timelike.
val timelike : t — bool
p* <0.
val spacelike : t — bool
end
end

module Lists : T
module Bits : T
module Default : T

Wolfgang’s funny tree codes:
(27, 2" = (1,2,4,...,2"7?) (5.8)

module type Whizard =
sig
type ¢
val of _.momentum : t — int
val to_momentum : int — int — t
end

module ListsW : Whizard with type t = Lists.t
module BitsW : Whizard with type t = Bits.t
module DefaultW : Whizard with type t = Default.t
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5.2 Implementation of Momentum

module type T' =
sig

type ¢
val of _ints : int — int list — t
exception Duplicate of int
exception Range of int
exception Mismatch of string x t X t
exception Negative
val to_ints : t — int list
val dim : t — int
val rank : t — int
val singleton : int — int — t
val zero : int — t
val compare : t — t — int

val neg : t — ¢

val abs : t — t
valadd : t — t — ¢

val sub : t — t — ¢t

val try_add : t — t — t option
val try_sub : t — t — t option

val less : t — t — bool
val lesseq : t — t — bool
val try_fusion : t — t — t — (bool x bool) option
val to_string : t — string
val split : int — int > t — t
module Scattering :
sig
val incoming : t — bool
val outgoing : t — bool
val timelike : t — bool
val spacelike : t — bool
val s_channel_in : t — bool
val s_channel_out : t — bool
val s_channel : t — bool
val flip_s_channel_in : t — t
end
module Decay :
sig
val incoming : t — bool
val outgoing : t — bool
val timelike : t — bool
val spacelike : t — bool
end
end

5.2.1 Lists of Integers

The first implementation (as part of Fusion) was based on sorted lists, because I did not want to preclude the
use of more general indices that integers. However, there’s probably not much use for this generality (the indices
are typically generated automatically and integer are the most natural choice) and it is no longer supported.
by the current signature. Thus one can also use the more efficient implementation based on bitvectors below.

module Lists =
struct

typet = {d : int;r : int; p : int list }

exception Range of int
exception Duplicate of int
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let rec check d = function
| pI = p2 = _when p2 < plI — raise (Duplicate pl)
| pl = (p2 = _asrest) — check d rest
| [p]whenp < 1V p > d — raise (Range p)
| [l = 0
=0
let of _ints d p =
let p’ = List.sort compare p in
check d p’;

{d = d; r = Listlength p; p = p'}

let to_ints p = p.p

let dim p = p.d

let rank p = p.r

let zerod = {d = d; r = 0;, p =[]}

let singleton dp = {d = d; r = 1; p = [p] }

let to_string p =
"[" " String.concat " ," (List.map string_of _int p.p)
m/" " string_of —int p.r ~ /" string_of _int p.d ~ "1"

exception Mismatch of string X t x t
let mismatch s p1 p2 = raise (Mismatch (s, pl, p2))

let matching f s pl p2 =
if pI.d = p2.d then
[ pl p2
else
mismatch s pl p2

let compare p1 p2 =
if pI.d = p2.d then begin
let ¢ = compare pl.r p2.rin
if ¢ # 0 then
c
else
compare pl.p p2.p
end else
mismatch "compare" pl p2

let rec neg’ d i = function
=
if ¢ < d then
i = neg’ d (succ i) []
else
[]
i i restasp —
if ¢/ > d then
failwith "Integer_List.neg: internal error"

else if ¢/ = i then
neg' d (succ i) rest
else

i = neg’ d (succ i) p
let negp = {d = pd; r = pd — pr; p = neg’ p.d1pyp}
let abs p =

if 2 x p.r > p.d then

neg p
else

p

let rec add’ pl1 p2 =
match p1, p2 with

[ {lp = p
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|, [ = p
| =1 = pl’, 22 = p2' —
if z1 < z2 then
zl :: add' pl’ p2
else if z2 < z1 then
22 :: add' pl p2’
else
raise (Duplicate z1)

let add p1 p2 =
if p/.d = p2.d then
{d = pld;r =plor + p2.r;p = add pl.pp2.p}
else
mismatch "add" pl p2

let rec try_add’ d r acc pl p2 =
match pI, p2 with

| [, p = Some ({d = d; r = r; p = List.rev_append acc p })
| p, [] = Some ({d = d; r = r; p = List.rev_append acc p })
| =1 = pl’, 22 = p2' —

if 21 < 2 then

try_add’ d r (x1 :: acc) pl’ p2
else if 2 < z1 then

try_add’ d r (22 :: acc) pl p2’
else

None

let try_add pl p2 =
if pI.d = p2.d then
try—add’ pl.d (pl.r + p2.r)[] pl.p p2.p
else
mismatch "try_add" pl p2

exception Negative

let rec sub’ pl p2 =
match pI, p2 with
‘ b, H - P
| [], - — raise Negative
| =1 = pl’, 22 = p2' —
if 21 < 2 then
zl : sub pl’ p2

else if z1 = z2 then
sub’ p1’ p2’
else

raise Negative

let rec sub p1 p2 =
if pI.d = p2.d then begin
if pt.r > p2.r then
{d =pld;r = plor — p2.r; p = sub pl.pp2.p}
else
neg (sub p2 pl)
end else
mismatch "sub" pl p2

let rec try_sub’ d r acc pl p2 =
match p1, p2 with
| p, [] = Some ({d = d; r = r; p = List.rev_append acc p })
| [, - = None
| o1 = pl’, 22 = p2' —
if 21 < 2 then
try_sub’ d r (z1 :: acc) pl’ p2
else if z1 = z2 then
try_sub’ d r acc p1’ p2’
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else
None

let try_sub p1 p2 =
if pI.d = p2.d then begin
if pI.r > p2.r then
try_sub’ p1.d (pl.r — p2.r)[] pl.p p2.p
else
match try_sub’ pl.d (p2.r — pl.r)[] p2.p pl.p with
| None — None
| Some p — Some (neg p)
end else
mismatch "try_sub" pl p2

let rec less’ equal pl1 p2 =
match p1, p2 with
0, 1] = - equal
| [], - — true
| 1 = _, [] — false
| 1 = pl’, 22 = p2 when 21 = 22 — less’ equal p1’ p2’
|

zl = pl’, 22 = p2' — less’ false p1 p2’

let less p1 p2 =
if p1.d = p2.d then
less’ true pl1.p p2.p
else
mismatch "sub" pl p2

let rec lesseq’ pl1 p2 =
match p1, p2 with
| [], - — true
| 1 = _, [] — false
| o1 = pl’, 22 = p2' when 21 = 22 — lesseq’ pl’ p2’
| «1 = pl’, 22 = p2' — lesseq’ pl p2’

let lesseq p1 p2 =
if pI.d = p2.d then
lesseq’ pl.p p2.p
else
mismatch "lesseq" pl p2

module Scattering =
struct

let incoming p =
if p.r = 1 then
match p.p with
| 1] | [2] — true
| - — false
else
false

let outgoing p =
if p.r = 1 then
match p.p with
| 1] | [2] — false
| - — true
else
false

let s_channel_in p =
match p.p with
| [1; 2] — true
| - — false

let rec s_channel_out’ d i = function
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|

— 4 = succ d
: pwhend = i — s_channel_out’ d (succ i) p
— false

let s_channel_out p =
match p.p with

| 3 = p' — s_channel_out’ p.d 4 p’
| - — false
let s_channel p = s_channel_in p V s_channel_out p

let timelike p =
match p.p with

| p1
| pl
| ]

Dp2 - — pl > 2V (pl =1ADp2 =2)
o = pl > 2
— false

let spacelike p = — (timelike p)

let flip_s_channel_in p =

end

if s_

channel_in p then

neg (of —ints p.d [1;2])

else
p

module Decay =
struct

let incoming p =
if p.r = 1 then
match p.p with

[1] — true

| - — false

else

false

let outgoing p =
if p.r = 1 then
match p.p with

[1] — false

| - — true

else

false

let timelike p =
match p.p with

| 1]
| p1

| ]

— true
oo = pl > 1
— false

let spacelike p = — (timelike p)

end

let test_sum p invl pl inv2 p2 =
if p.d = pl1.d then begin
if p.d = p2.d then begin
match (if invl then try_add else try_sub) p pl with
| None — false
| Some p’ —

begin match (if inv2 then try_add else try_sub) p’ p2 with
| None — false

| Some p” — p".r =0V p'ir = pd

end

end else
mismatch "test_sum" p p2
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end else
mismatch "test_sum" p pl

let try_fusion p pl p2 =

if test_sum p false p1 false p2 then
Some (false, false)

else if test_sum p true p1 false p2 then
Some (true, false)

else if test_sum p false p1 true p2 then
Some (false, true)

else if test_sum p true p1 true p2 then
Some (true, true)

else
None

let split i np =
letn” = n — 1in
let rec split’ head = function
| [] = (p.r, List.rev head)
| i1 = dlist —
if i1 < 4 then
split’ (i1 :: head) ilist
else if i1 > i then
(p.r, List.rev_append head (List.map ((+) n') (i1 :: ilist)))
else
(p.r + 0/,
List.rev_append head
((ThoList.range i1 (il + n')) @ (List.map ((4+) n’) ilist))) in
let v/, p’ = split’ [] p.p in
{d=pd+nsr=1p=7p}

!/

end

5.2.2  Bit Fiddlings

Bit vectors are popular in Fortran based implementations [1, 2, 11] and can be more efficient. In particular,
when all infomation is packed into a single integer, much of the memory overhead is reduced.

module Bits =
struct

typet = nt

Bits 1...21 are used as a bitvector, indicating whether a particular momentum is included. Bits 22...26
represent the numbers of bits set in bits 1...21 and bits 27...31 denote the maximum number of momenta.

let mask n = (1lsln) — 1
let mask2 = mask 2
let maskd = mask 5

let mask21 = mask 21

let maskd = mask5 lsl 26
let maskr = mask5 sl 21
let maskb = mask21

let dim0 p = p land maskd
let rank0 p = p land maskr
let bitsO p = p land maskb

let dim p = (dim0 p) lsr 26
let rank p = (rank0 p) Isr 21
let bits p = bits0 p

let drb0 d r b = d lor r lor b
let drb d 7 b = dIsl 26 lor 7 Isl 21 lor b
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For a 64-bit architecture, the corresponding sizes could be increased to 1...51, 52...57, and 58...63. However,
the combinatorical complexity will have killed us long before we can reach these values.

exception Range of int
exception Duplicate of int

exception Mismatch of string x t X t
let mismatch s p1 p2 = raise (Mismatch (s, pl, p2))

let of _ints d p =
let » = List.length p in
if d < 21 A r < 21 then begin
List.fold _left (fun b p' —
if p’ < d then
b lor (1 1sl (pred p"))
else
raise (Range p')) (drb d r 0) p
end else
raise (Range 1)

let zero d = drb d 00
let singleton d p = drb d 1 (11sl (pred p))

let rec to_ints’ acc p b
if b = 0 then
List.rev acc
else if (b land 1) = 1 then
to_ints’ (p :: acc) (succ p) (b lsr 1)
else
to_ints’ acc (succ p) (b lsr 1)

let to_ints p = to_ints’ [] 1 (bits p)

let to_string p =
"[" "~ String.concat "," (List.map string-of _int (to-ints p)) "
v/ string_of —int (rank p) © /" " string_of —int (dim p) " "1"
let compare pl1 p2 =
if dim0 pl = dim0 p2 then begin
let ¢ = compare (rank0 p1) (rank0 p2) in
if ¢ # 0 then
c
else
compare (bits p1) (bits p2)
end else
mismatch "compare" pl p2

let neg p =
let d = dim p and r = rank pin
drb d (d — r) ((mask d) land (Inot p))

let abs p =
if 2 x (rank p) > dim p then

neg p
else

p

let add p1 p2 =
let dI = dim0 pl and d2 = dim0 p2 in
if d1 = d2 then begin
let b1 = bits p1 and b2 = bits p2 in
if b1 land b2 = 0 then
drb0 di (rank0 pl + rank0 p2) (b1 lor b2)

else
raise (Duplicate 0)
end else
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mismatch "add" pl p2
exception Negative

let rec sub p1 p2 =

let dI = dim0 pl and d2 = dim0 p2 in
if d1 = d2 then begin
let 1 = rank0 pl and r2 = rank0 p2 in

if 71 > r2 then begin
let b1 = bits pI and b2 = bits p2 in
if b1 lor b2 = b1 then

drb0 d1 (r1 — r2) (b1 Ixor b2)

else
raise Negative
end else
neg (sub p2 pl)
end else
mismatch "sub" pl p2

let try_add pl p2 =

let dI = dim0 p! and d2 dim0 p2 in
if d1 = d2 then begin
let b1 = bits p! and b2 = bits p2 in

if b1 land b2 = 0 then
Some (drb0 d1 (rank0 pl + rank0 p2) (b1 lor b2))
else
None
end else

mismatch "try_add" pl p2
let rec try_sub pl p2 =

let dI = dim0 pl and d2 = dim0 p2 in
if d1 = d2 then begin
let 1 = rank0 pl and r2 = rank0 p2 in
if 71 > r2 then begin
let b1 = bits pI and b2 = bits p2 in
if b1 lor b2 = b1 then
Some (drb0 d1 (r1 — r2) (bl Ixor b2))
else
None
end else

begin match try_sub p2 p1 with
| Some p — Some (neg p)
| None — None
end
end else

mismatch "sub" pl p2

let lesseq pl1 p2 =
let dI = dim0 p! and d2

dim0 p2 in
if d1 = d2 then begin
let r1 = rank0 pl and r2 rank0 p2 in
if 71 < r2 then begin
let b1 = bits pI and b2 = bits p2 in

b1 lor b2 = b2
end else
false
end else

mismatch "less" pl p2

let less p1 p2 = pl # p2 A lesseq pl p2

let mask_inl = 1
let mask_in2 2

let mask_in = mask_inl lor mask_in2
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module Scattering =
struct

let incoming p
1

rank p = 1 A (mask_in land p # 0)

let outgoing p =
rank p = 1 A (mask_in land p = 0)

let timelike p =
(rank p > 0 A (mask-in land p = 0)) VvV (bits p = mask_in)

let spacelike p =
(rank p > 0) A = (timelike p)

let s_channel_in p =
bits p = mask_in

let s_channel_out p =
rank p > 0 A (mask_in Ixor p = 0)

let s_channel p =
s_channel_in p V s_channel_out p

let flip_s_channel_in p =
if s_channel_in p then
neg p
else

p

end

module Decay =
struct

let incoming p =
rank p = 1 A (mask_inl land p = mask_inl)

let outgoing p =
rank p = 1 A (mask_inl land p = 0)

let timelike p =
incoming p V (rank p > 0 A mask_inl land p = 0)

let spacelike p =
- (timelike p)

end

let test_sum p invl pl inv2 p2 =
let d = dim p in
if d = dim pl then begin
if d = dim p2 then begin
match (if inv1 then try_add else try_sub) p pl with
| None — false
| Some p’ —
begin match (if inv2 then try_add else try_sub) p’ p2 with
| None — false
| Some p" —
let r = rank p” in
r=0Vr=4d
end
end else
mismatch "test_sum" p p2
end else
mismatch "test_sum" p pl

let try_fusion p pl p2 =
if test_sum p false p1 false p2 then
Some (false, false)
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else if test_sum p true p1 false p2 then
Some (true, false)

else if test_sum p false p1 true p2 then
Some (false, true)

else if test_sum p true p1 true p2 then
Some (true, true)

else
None

First create a gap of size n — 1 and subsequently fill it if and only if the bit ¢ was set.

let split i np =
let delta_d = n — 1
and b = bits p in
let mask_low = mask (pred 1)
and mask_i = 11lsl (pred i)
and mask_high = Inot (mask i) in
let b_low = mask_low land b
and b_med, delta_r =
if mask_i land b # 0 then
((mask n) Isl (pred i), delta_d)

else
(0, 0)
and b_high =

if delta_d > 0 then
(mask_high land b) Is| delta_d
else if delta_d = 0 then
mask_high land b
else
(mask_high land b) Isr (—delta_d) in
drb (dim p + delta_d) (rank p + delta_r) (b_low lor b_med lor b_high)

end

5.2.3 Whizard

module type Whizard =
sig
type ¢
val of _momentum : t — int
val to_momentum : int — int — t
end

module BitsW =
struct
type t = Bits.t
open Bits (x NB: this includes the internal functions not in 7' x)

let of _-momentum p =
let d = dim p in
let bit_in1 = 1 land p
and bit_in2 = 1 land (p Isr 1)
and bits_out = ((mask d) land p) Isr 2 in
bits_out lor (bit_ini Isl (d — 1)) lor (bit_in2 Isl (d — 2))

let rec count_non_zero’ acc i last b =
if i > last then
acc
else if (1 Isl (pred 4)) land b = 0 then
count_non_zero’ acc (succ i) last b
else
count_non_zero’ (succ acc) (succ i) last b

let count_non_zero first last b =
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count_non_zero' 0 first last b

let to_momentum d w =
let bit_inl = 1 land (w lsr (d — 1))
and bit_in2 = 1 land (w lsr (d — 2))
and bits_out = (mask (d — 2)) land w in
let b = (bits—out Isl 2) lor bit_in1 lor (bit_in2 Isl 1) in
drb d (count_non_zero 1 d b) b

end
The following would be a tad more efficient, if coded directly, but there’s no point in wasting effort on this.

module ListsW =
struct
type t = Lists.t
let of _-momentum p =
BitsW .of _-momentum (Bits.of _ints p.Lists.d p.Lists.p)
let to_momentum d w =
Lists.of —ints d (Bits.to_ints (BitsW .to_momentum d w))
end

5.2.4  Suggesting a Default Implementation

Lists is better tested, but the more recent Bits appears to work as well and is much more efficient, resulting in
a relative factor of better than 2. This performance ratio is larger than I had expected and we are not likely to
reach its limit of 21 independent vectors anyway.

module Default = Bits
module DefaultW = BitsW
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CASCADES

6.1 Interface of Cascade_syntax

type (’flavor, ’p, ’constant) t =
| True
| False
| On_shell of ’flavor list x ’p
| On_shell_not of ’flavor list x ’p
| Off _shell of ’flavor list x p
| Off _shell_not of flavor list x ’p
| Gauss of flavor list x ’p
| Gauss_not of ’flavor list x ’p
| Any_flavor of ’p

| And of (flavor, ’p, ’constant) t list

| X _Flavor of flavor list

| X_Vertex of ’constant list x ’flavor list list

val mk_true : unit — (’flavor, ’p, ’constant) t
val mk_false : unit — (’flavor, ’p, ’constant) t
val mk_on_shell : ‘flavor list — ’p — (flavor, ’p, ’constant) t
val mk_on_shell_not : ’flavor list — 'p — (’flavor, ’p, ’constant) t
val mk_off _shell : ’flavor list — ’p — (’flavor, ’p, ’constant) t
val mk_off _shell_not : ’flavor list — ’'p — (’flavor, ’p, ’constant) t
val mk_gauss : ’flavor list — ’p — (’flavor, ’p, ’constant) t
val mk_gauss_not : ’flavor list = ’p — (’flavor, ’p, ’constant) t
val mk_any_flavor : ’»p — (’flavor, ’p, ’constant) t
val mk_and : (’flavor, ’p, ’constant) t —

(’flavor, ’p, ’constant) t — (’flavor, ’p, ’constant) t
val mk_z_flavor : ’flavor list — (’flavor, ’p, ’constant) t
val mk_z_vertex : ’constant list — ’flavor list list —

(flavor, ’p, ’constant) t

val to_string : ('flavor — string) — (’p — string) —
(constant — string) — (flavor, ’p, ’constant) t — string

exception Syntazx_Error of string X int X int

6.2 Implementation of Cascade_syntax

Concerning the Gaussian propagators, we admit the following: In principle, they would allow for flavor sums
like the off-shell lines, but for all practical purposes they are used only for determining the significance of a
specified intermediate state. So we select them in the same manner as on-shell states.

False is probably redundant.

type (flavor, ’p, ’constant) t =
| True
| False
| On_shell of ’flavor list x ’p
| On_shell_not of ’flavor list x ’p
| Off —shell of ’flavor list x ’p
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| Off —shell_not of ’flavor list x ’p

| Gauss of flavor list x ’p

| Gauss_not of flavor list x ’p

| Any_flavor of ’p

| And of (flavor, ’p, ’constant) t list

| X _Flavor of ’flavor list

| X _Vertex of ’constant list x ’flavor list list

let mk_true () = True

let mk_false () = False

let mk_on_shell f p = On_shell (f, p)

let mk_on_shell_not f p = On_shell_not (f, p)
let mk_off _shell f p = Off _shell (f, p)

let mk_off _shell_not f p = Off _shell_not (f, p)
let mk_gauss f p = Gauss (f, p)

let mk_gauss_not f p = Gauss_not (f, p)

let mk_any_flavor p = Any_flavor p

let mk_and c1 c2 =
match c1, ¢2 with
¢, True | True, ¢ — ¢
| ¢, False | False, ¢ — Fulse
| And cs, And ¢s’ — And (¢s Q cs’)
| And cs, ¢ | ¢, And ¢s — And (¢ :: cs)
| ¢, ¢/ = And [c; ]
let mk_z_flavor f = X _Flavor f
let mk_z_vertex ¢ fs = X_Vertex (c, fs)

let to_string flavor_to_string momentum_to_string coupling_to_string cascades =
let flavors_to_string fs =

String.concat ":" (List.map flavor_to_string fs)
and couplings_to_string cs =

String.concat " :" (List.map coupling_to_string cs) in
let rec to_string’ = function

| True — "true"
| False — "false"
| On_shell (fs, p) —
momentum_to_string p
| On_shell_not (fs, p) —
momentum_to_string p
| Off —shell (fs, p) —
momentum_to_string p
| Off _shell_not (fs, p) —
momentum_to_string p
| Gauss (fs, p) —
momentum_to_string p
| Gauss_not (fs, p) —
momentum_to_string p
| Any_flavor p —
momentum_to_string p ~ ", u?"
| And ¢s —
String.concat " &&," (List.map (fun ¢ — "(" * to_string’ ¢ ~ ")") cs)
| X_Flavor fs —
"~ String.concat " " (List.map flavor_to_string fs)
X _Vertex (cs, fss) —
"t couplings_to_string cs ©
v~ (String.concat ", " (List.map flavors_to_string fss)) ~ "1"

"u=u" " flavors_to_string fs
"=t Y flavors_to_string fs
"uTu" " flavors_to_string fs
"WTu" ” flavors_to_string fs
"y flavors_to_string fs

"L Y flavors_to_string fs

in
to_string’ cascades

let int_list_to_string p =
String.concat "+" (List.map string_of _int (List.sort compare p))

exception Syntax_Error of string X int X int
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{

open Cascade_parser
let unquote s =
String.sub s 1 (String.length s — 2)

}
let digit = [70°—297]
let upper = [PA°—Z°]

let lower = [*a’—’z’|
let char = upper | lower
let white = [> ? >\t’ ’\n’]

We use a very liberal definition of strings for flavor names.

rule token = parse
white { token lexbuf } (x skip blanks %)
‘ 29 [A’\n’]* ’\n’
{ token lexbuf } (x skip comments x)
| digit™ { INT (int_of _string (Lezing.lezeme lexbuf)) }
| >+ { PLUS }
| >:> { COLON }
| »~> { OFFSHELL }
| »=> { ONSHELL }
| *#° { GAUSS }
| >t { NOT }
| 7&” &7 { AND }
| > { LPAREN }
| *)2 { RPAREN }
| o~ { HAT }
| >, { COMMA }
| »[* { LBRACKET }
| °1° { RBRACKET }
‘ char [A ) 0 N\ \n? &2 (2 2) 22 2] 00 ’ 0 ]*
{ STRING (Lezing.lexeme lexbuf) }
‘ s [A un]* s
{ STRING (unquote (Lexing.lexeme lexbuf)) }
| eof { END }

6.4 Parser

Header

open Cascade_syntax
let parse_error msg =
raise (Syntaz_Error (msg, symbol_start (), symbol_end ()))

Token declarations

%token < string > STRING

%token < int > INT

%token LPAREN RPAREN LBRACKET RBRACKET
%token AND PLUS COLON COMMA NOT HAT
%token ONSHELL OFFSHELL GAUSS

%token END

%left AND
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%left PLUS COLON COMMA
%left NOT HAT

Y%start main
Y%type < (string, int list, string) Cascade_syntax.t > main

Grammar rules

main =
END { mk_true () }
| cascades END { $1 }

cascades =
exclusion { $1 }
| vertex { $1 }
| cascade { $1 }
| LPAREN cascades RPAREN { $2 }
| cascades AND cascades { mk_and $1 $3 }

exclusion ::=

NOT string_list { mk_z_flavor $2 }

verter 1=
HAT string_list { mk_z_verter $2 [] }
| HAT string-list LBRACKET RBRACKET
{ mk_z_vertex $2 [] }
| HAT LBRACKET string_lists RBRACKET
{ mk_z_vertez [] $3 }
| HAT string_list LBRACKET string_lists RBRACKET
{ mk_z_vertex $2 $4 }

cascade ::=
momentum_list { mk_any_flavor $1 }
| momentum_list ONSHELL string_list
{ mk_on_shell $3 $1 }
| momentum_list ONSHELL NOT string_list
{ mk_on_shell_not $4 $1 }
| momentum_list OFFSHELL string_list
{ mk_off _shell $3 $1 }
| momentum_list OFFSHELL NOT string_list
{ mk_off _shell_not $4 $1 }
| momentum_list GAUSS string_list { mk_gauss $3 $1 }
| momentum_list GAUSS NOT string_list
{ mk_gauss_not $4 $1 }

momentum_list ::=
| momentum { [$1] }
| momentum_list PLUS momentum { $3 :: $1 }

momentum ::=
INT { $1}

string _list ::=
STRING { [$1] }
| string_list COLON STRING { $3 :: $1 }
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string _lists ::=
string _list { [$1] }
| string_lists COMMA string_list { $3 :: $1 }

6.5 Interface of Cascade

module type T' =
sig

type constant
type flavor
type p

type ¢
val of _string_list : int — string list — t
val to_string : t — string

An opaque type that describes the set of all constraints on an amplitude and how to construct it from a cascade
description.

type selectors
val to_selectors : t — selectors

Don’t throw anything away:
val no_cascades : selectors

select_wf s is_timelike f p ps returns true iff either
e the flavor f and momentum p match the selection s or
e all combinations of the momenta in ps are compatible, i.e. £> p; <gq.

The latter test is only required in theories with quartic or higher vertices, where ps will be the list of all
incoming momenta in a fusion. is_timelike is required to determine, whether particles and anti-particles should
be distinct.

val select_wf : selectors — (p — bool) — flavor — p — p list — bool
select_p s p ps same as select_wf s f p ps, but ignores the flavor f

val select_p : selectors — p — p list — bool
on_shell s p

val on_shell : selectors — flavor — p — bool
15-gauss s p

val is_gauss : selectors — flavor — p — bool

val select_vtx : selectors — constant Coupling.t —
flavor —  flavor list — bool

partition s returns a partition of the external particles that can not be reordered without violating the cascade
constraints.

val partition : selectors — int list list
Diagnostics:
val description : selectors — string option
end

module Make (M : Model.T) (P : Momentum.T) :
T with type flavor = M .flavor
and type constant = M .constant
and type p = P.t
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6.6 Implementation of Cascade

module type T' =
sig

type constant
type flavor
type p

type ¢
val of _string_list : int — string list — t
val to_string : t — string

type selectors
val to_selectors : t — selectors
val no_cascades : selectors

val select_wf : selectors — (p — bool) — flavor — p — p list — bool
val select_p : selectors — p — p list — bool

val on_shell : selectors — flavor — p — bool

val is_gauss : selectors — flavor — p — bool

val select_vtx : selectors — constant Coupling.t —
flavor —  flavor list — bool

val partition : selectors — int list list
val description : selectors — string option

end

module Make (M : Model.T) (P : Momentum.T) :
(T with type flavor = M.flavor and type constant = M .constant and type p = P.t)
struct

module CS = Cascade_syntax
type constant = M .constant
type flavor = M .flavor
typep = P.t

Since we have
p<q<=(-q) < (-p) (6.1)

also for < as set inclusion [lesseq, only four of the eight combinations are independent

p<gq = (—q) <(-p)

¢<p — (-p) < (—q)

p<(ca) =  a<(-p) 65
(—q)<p <« (-p)<q

let one_compatible p ¢ =
let neg_q = P.neg q in
P.lesseq p q V
P.lesseq q p V
P.lesseq p neg_q V
P.lesseq neg-q p

'tis wasteful ... (at least by a factor of two, because every momentum combination is generated, including the
negative ones.

let all_compatible p p_list ¢ =
let [ = List.length p_list in
if I < 2 then
one_compatible p q
else
let tuple_lengths = ThoList.range 2 (succ l / 2) in
let tuples = ThoList.flatmap (fun n — Combinatorics.choose n p_list) tuple_lengths in
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let momenta = List.map (List.fold_left P.add (P.zero (P.dim q))) tuples in
List.for_all (one_compatible q) momenta

The following assumes that the flavor list is always very short. Otherwise one should use an efficient set
implementation.

type wf =
| True
| False
| On_shell of flavor list x P.t
| On_shell_not of flavor list x P.t
| Off —shell of flavor list x P.t
| Off —shell_not of flavor list x P.t
| Gauss of flavor list x P.t
| Gauss_not of flavor list x P.t
| Any_flavor of P.t
| And of wf list

module Constant = Modeltools. Constant (M)

type viz =
{ couplings : M.constant list;
fields : flavor list }

type t =
{wf : wf;
* TODO: The following lists should be sets for efficiency. *)
flavors : flavor list;
vertices : vtz list }
let default =
{wf = True;
flavors = [];
vertices = [] }

let of _string s =
Cascade_parser.main Cascade_lexer.token (Lexzing.from_string s)

If we knew that we’re dealing with a scattering, we could apply P.flip_s_channel_in to all momenta, so
that 1 + 2 accepts the particle and not the antiparticle. Right now, we don’t have this information.

let only_wf wf = { default with wf = wf }

let cons_and_wf ¢ wfs =
match c.wf, wfs with
| True, wfs — wfs
| False, - — [False]
} wf, [] = [wf]

wf, wfs — wf = wfs

let and_cascades_wf ¢ =
match List.fold_right cons_and_wf c [] with
| [] = True
| [wf] = wf
| wfs — And wfs

let uniq I =
ThoList.uniq (List.sort compare 1)

let import dim cascades =
let rec smport’ = function
| CS.True —
only_wf True
| CS.False —
only_wf False
| CS.On_shell (f, p) —
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in

only _wf
(On_shell (List.map M .flavor_of _string f, P.of _ints dim p))
CS.On_shell_not (f, p) —
only —wf
(On_shell_not (List.map M.flavor_of _string f, P.of —ints dim p))
CS.Off _shell (fs, p) —
only _wf
(Off _shell (List.map M .flavor_of _string fs, P.of _ints dim p))
CS.Off —shell_not (fs, p) —
only _wf
(Off shell_not (List.map M.flavor_of _string fs, P.of _ints dim p))
CS.Gauss (f, p) —
only _wf
(Gauss (List.map M .flavor_of _string f, P.of _ints dim p))
CS.Gauss_not (f, p) —
only _wf
(Gauss (List.map M.flavor_of _string f, P.of _ints dim p))
CS. Any_flavor p —
only_wf (Any_flavor (P.of _ints dim p))
CS.And cs —
let cs = List.map import’ cs in
{ wf = and_cascades_wf cs;
flavors = wuniq (List.concat
(List.map (fun ¢ — c.flavors) cs));
vertices = uniq (List.concat
(List.map (fun ¢ — c.vertices) cs)) }
CS. X _Flavor fs —
let fs = List.map M .flavor_of _string fs in
{ default with flavors = wuniq (fs @ List.map M.conjugate fs) }
CS.X _Vertex (cs, fss) —
let ¢cs = List.map Constant.of _string cs
and fss = List.map (List.map M .flavor_of _string) fss in
let expanded =
List.map
(fun fs — { couplings = cs; fields = fs })
(match fss with
| [] = [[]] (* Subtle: not an empty list! *)
| fss — Product.list (fun fs — fs) fss) in
{ default with vertices = expanded }

mmport’ cascades

let of _string_list dim strings =
match List.map of _string strings with
| [] = default
| first @ next —

import dim (List.fold_right CS.mk_and next first)

let flavors_to_string fs =
(String.concat ":" (List.map M.flavor_to_string fs))

let momentum_to_string p =
String.concat "+" (List.map string_of _int (P.to_ints p))

let rec wf_to_string = function
| True —

n true n

| False —

"false"

| On_shell (fs, p) —

n n o~

momentum_to_string p ~ "L=u" " flavors_to_string fs

On_shell_not (fs, p) —

momentum_to_string p ~ "=u!" " flavors_to_string fs
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| Off —shell (fs, p) —

momentum_to_string p ~ "L"u" " flavors_to_string fs
| Off _shell_not (fs, p) —

momentum_to_string p ~ ","u!" " flavors_to_string fs
| Gauss (fs, p) —

momentum_to_string p ~ " #." "~ flavors_to_string fs
| Gauss_not (fs, p) —

momentum_to_string p ~ "_#,!" " flavors_to_string fs
| Any_flavor p —

momentum—_to_string p = ","u7"
| And ¢s —

String.concat ", &&," (List.map (fun ¢ — " (" "~ wf_to_string ¢ ~ ")")

let vertex_to_string v =
nen  String.concat ":" (List.map M .constant_symbol v.couplings)
"[" " String.concat "," (List.map M.flavor_to_string v.fields) ~ "]1"

~

let vertices_to_string vs =
(String.concat " &&," (List.map vertex_to_string vs))

let to_string = function
| { wf = True; flavors = []; vertices = [] } —

| { wf = True; flavors = fs; vertices = [| } —
" flavors_to_string fs

| { wf = True; flavors = []; vertices = vs } —
vertices-to_string vs

| { wf = True; flavors = fs; vertices = vs } —
it flavors_to_string fs " &&." © vertices_to_string vs

| { wf = wf; flavors = []; vertices = [] } —
wf _to_string wf

| { wf = wf; flavors = []; vertices = vs } —
vertices_to_string vs "~ " &&_" " wf_to_string wf

| { wf = wf; flavors = fs; vertices = [| } —

it flavors_to_string fs © " L&&L" © wf _to_string wf
| { wf = wf; flavors = fs; vertices = vs } —

" flavors_to_string fs *

"L&&," T vertices—to_string vs ©

"L&&L" " wf _to_string wf

type selectors =
{ select_p : p — p list = bool;
select_wf : (p — bool) — flavor — p — p list — bool;
on_shell : flavor — p — bool;
is-gauss : flavor — p — bool,
select_uvtr : constant Coupling.t — flavor — flavor list — bool;
partition : int list list;
description : string option }

let no_cascades =

{ select_.p = (fun _ _ — true);
select_wf = (fun - _ _ _ — true);
on_shell = (fun _ _ — false);
is_gauss = (fun _ _ — false);
select_vtx = (fun - - _ — true);
partition = [];
description = None }

let select_p s = s.select_p
let select_wf s = s.select_wf
let on_shell s = s.on_shell
let is_gauss s = s.is_gauss
let select_vtx s = s.select_vtz
let partition s = s.partition
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let description s = s.description

let to_select_p cascades p p_in =

let rec to_select_p’ = function
True — true
False — false
On_shell (-, momentum) | On_shell_not (-, momentum)
Off _shell (-, momentum) | Off _shell_not (-, momentum)
Gauss (-, momentum) | Gauss_not (-, momentum)
Any_flavor momentum — all_compatible p p_in momentum
And [] — false
And cs — List.for_all to_select_p’ cs in
to_select_p’ cascades

let to_select_wf cascades is_timelike f p p_in =
let /' = M.conjugate f in
let rec to_select_wf’ = function
| True — true
| False — false
| Off _shell (flavors, momentum) —
if p = momentum then
List.mem [’ flavors V (if is_timelike p then false else List.mem [ flavors)
else if p = P.neg momentum then
List.mem f flavors V (if is_timelike p then false else List.mem f’ flavors)
else
one_compatible p momentum A all_compatible p p_in momentum
| On_shell (flavors, momentum) | Gauss (flavors, momentum) —
if is_timelike p then begin

if p = momentum then
List.mem [’ flavors
else if p = P.neg momentum then
List.mem f flavors
else
one_compatible p momentum A all_compatible p p_in momentum
end else
false
| Off —shell_not (flavors, momentum) —
if p = momentum then
= (List.mem [’ flavors V (if is_timelike p then false else List.mem [ flavors))
else if p = P.neg momentum then
- (List.mem f flavors V (if is_timelike p then false else List.mem f’ flavors))
else

one_compatible p momentum A all_compatible p p_in momentum
| On_shell_not (flavors, momentum) | Gauss_not (flavors, momentum) —
if is_timelike p then begin
if p = momentum then
- (List.mem f' flavors)
else if p = P.neg momentum then
= (List.mem f flavors)
else
one_compatible p momentum A all_compatible p p_in momentum
end else
false
| Any_flavor momentum —
one_compatible p momentum A all_compatible p p_in momentum
| And [] — false
| And e¢s — List.for_all to_select_wf’ cs in
- (List.mem f cascades.flavors) A to_select_wf’ cascades.wf

In case you're wondering: to_on_shell f p and is_gauss f p only search for on shell conditions and are to be
used in a target, not in Fusion!

let to_on_shell cascades [ p =
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let f' = M.conjugate f in
let rec to_on_shell’ = function
| True | False | Any_flavor _
| Off —shell (-, ) | Off —shell_not (-, _)
| Gauss (-, =) | Gauss_not (-, -) — false
| On_shell (flavors, momentum) —

(p = momentum V p = P.neg momentum) A (List.mem f flavors V List.mem f’ flavors)
| On_shell_not (flavors, momentum) —
(p = momentum V p = P.neg momentum) N — (List.mem f flavors V List.mem f' flavors)

| And [] — false
| And ¢s — List.for_all to_on_shell’ cs in
to_on_shell’ cascades

let to_gauss cascades f p =
let /' = M.conjugate f in
let rec to_gauss’ = function
| True | False | Any-_flavor _
| Off _shell (-, =) | Off—shell_not (-, -)
| On_shell (-, -) | On_shell_not (-, _) — false
| Gauss (flavors, momentum) —
(p = momentum V p = P.neg momentum) A
(List.mem f flavors V List.mem [’ flavors)
| Gauss-not (flavors, momentum) —
(p = momentum V p = P.neg momentum) A
- (List.mem f flavors V List.mem f' flavors)
| And [] — false
| And ¢s — List.for_all to_gauss’ cs in
to_gauss’ cascades

module Fields =
struct
type f = M.flavor
type ¢ = M.constant list

let compare = compare
let conjugate = M .conjugate
end
module Fusions = Modeltools. Fusions (Fields)

let dummy83 = Coupling.Scalar_Scalar_Scalar 1
let dummy4 = Coupling.Scalarj 1
let dummyn = Coupling. UFO (Algebra.QC .unit, "dummy", [], [], Birdtracks.one)

Translate the vertices in a pair of lists: the first is the list of always rejected couplings and the second the
remaining vertices suitable as input to Fusions.of _vertices.

let translate_vertices vertices =
List.fold _left
(fun (cs, (v3, v4, wvn) as acc) v —
match v.fields with
| [] = (v.couplings @ cs, (v3, v4, vn))
[ | 5~ ace
| [f15 £2; 3] —
(es, (((f1, f2, 13), dummy3, v.couplings) :: v3, v4, vn))
| [f15 125 135 f4] —
(es, (v3, ((f1, f2, f3, f4), dummyj, v.couplings) :: v4, vn))
| fs — (cs, (03, v4, (fs, dummyn, v.couplings) :: vn)))

([, ([1, {1, [1)) vertices
let unpack_constant = function
| Coupling. V3 (-, -, ¢s) — cs
| Coupling. V4 (-, -, ¢s) — cs
| Coupling.Vn (-, -, ¢s) — c¢s

Sometimes, the empty list is a wildcard and matches any coupling;:
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let match_coupling ¢ cs =
List.mem c cs

let match_coupling _wildcard ¢ = function
| [] — true
| ¢s — match_coupling c cs

let to_select_vtx cascades =
match cascades.vertices with
[l =
(* No vertex constraints means that we always accept. *)
(fun ¢ f fs — true)
| vertices —
match translate_vertices vertices with
L (LI —
(x If cascades.vertices is not empty, we mustn’t get here ... x)
failwith "Cascade.to_select_vtx: unexpected"
| couplings, ([],[],[]) —
(* No constraints on the fields. Just make sure that the coupling ¢ doesn’t appear in the vetoed
couplings. *)
(func f fs —
let ¢ = wunpack_constant ¢ in
= (match_coupling ¢ couplings))
| couplings, vertices —
(* Make sure that Fusions.of _vertices is only evaluated once for efficiency. *)
let fusions = Fusions.of _vertices vertices in
(funcffs —
let ¢ = wunpack_constant c in
(* Make sure that none of the vetoed couplings matches. Here an empty couplings list is not
a wildcard. *)
if match_coupling ¢ couplings then
false
else
(* Also make sure that none of the vetoed vertices matches. Here an empty couplings list
is a wildcard. *)
— (List.exists
(fun (f', ¢s') —
let cs’ = wunpack_constant cs’ in
f = f" N match_coupling _wildcard ¢ cs')
(Fusions.fuse fusions fs)))

@ Not a working implementation yet, but it isn’t used either ...

module IPowSet = PowSet.Make (Int)

let rec coarsest_partition’ = function
| True | False — IPowSet.empty
| On_shell (-, momentum) | On_shell_not (-, momentum)
| Off _shell (-, momentum) | Off _shell_not (-, momentum)
| Gauss (-, momentum) | Gauss_not (-, momentum)
| Any_flavor momentum — IPowSet.of _lists [P.to_ints momentum]
| And [] — IPowSet.empty
| And ¢s — IPowSet.basis (IPowSet.union (List.map coarsest_partition’ cs))

let coarsest_partition cascades =
let p = coarsest_partition’ cascades in
if IPowSet.is_empty p then
[]
else
IPowSet.to_lists p

let part_to_string part =
n{" " String.concat "," (List.map string_of _int part) ~ "}"
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let partition_to_string = function
‘ [] sy nn
| parts —

" ugrouping {" ~ String.concat "," (List.map part_to_string parts) ~ "}"

let to_selectors = function
| { wf = True; flavors = []; vertices = [] } — no_cascades
| ¢ —
let partition = coarsest_partition c.wf in
{ select_p = to_select_p c.uf;
select_wf = to_select_wf c;
on_shell = to_on_shell c.wf;
is—gauss = to_gauss c.wf;
select_vtxr = to_select_vtz c;
partition = partition;
description = Some (to_string ¢ ~ partition_to_string partition) }
end
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ARROWS AND EPSILON TENSORS

7.1 Interface of Arrow

The datatypes Arrow.free and Arrow.factor will be used as building blocks for Birdtracks.t below.

For fundamental and adjoint representations, the endpoints of arrows are uniquely specified by a vertex (which
will be represented by a number). For representations with more than one outgoing or incoming arrow, we need
an additional index. This is abstracted in the endpoint type.

type endpoint = private
| T of int
| M of int x int

Endpoints can be the the tip or tail of an arrow or a ghost. Using incompatible types for each forces us to
export three identical copies of some functions, but should help to avoid some simple mistakes, in which tips
and tails are confused.

type tip = private endpoint
type tail = private endpoint
type ghost = private endpoint

The position of the endpoint is encoded as an integer, which can be mapped, if necessary.

val position_tip : tip — int

val position_tail : tail — int

val position_ghost : ghost — int

val relocate_tip : (int — int) — tip — tip
val relocate_tail : (int — int) — tail — tail
val relocate_ghost : (int — int) — tail — tail

An Arrow.t is either a genuine arrow or a ghost. The rationale for the polymorphic definition is explained
below.

type (’tail, ’tip, ‘ghost) t =
| Arrow of ’tail x ’tip
Ghost of ’ghost

€iyio--i, and €127 are represented by lists [i1;42;. .. ;4n].

type ’tip eps = ’tip list
type ’tail eps_bar = ’tail list

We distuish free arrows, es and és that must not contain summation indices from factors that may. Indices are
opaque. (’tail, tip, ’ghost) t has been defined polymorphic above so that we can use richer tail, ’tip and ’ghost
in factor to identify summation indices. Not that it is not enough to identify summation indices by negative
integers alone. Due to the presence of double arrows representing gluons, we must distinguish summation indices
in the left factor of a product from those in the right factor.

type free = (tail, tip, ghost) t
type free_eps = tip eps

type free_eps_bar = tail eps_bar
type factor

type factor_eps

type factor_eps_bar

val relocate : (int — int) — free — free
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val rev : free — free
val rev_eps : free_eps — free_eps_bar
val rev_eps_bar : free_eps_bar — free_eps

Useful for testing compatibility when adding terms.

val tips : free — tip list

val tips_eps : free_eps — tip list

val tails : free — tail list

val tails_eps_bar : free_eps_bar — tail list

For debugging, logging, etc.

val free_to_string : free — string

val free_eps_to_string : free_eps — string

val free_eps_bar_to_string : free_eps_bar — string

val factor_to_string : factor — string

val factor_eps_to_string : factor_eps — string

val factor_eps_bar_to_string : factor_eps_bar — string

Turn the endpoints satisfying the predicate into a left or right hand side summation index. Left and right refer
to the two factors in a product and we must only match arrows with endpoints in both factors, not double lines
on either side. Typically, the predicate will be set up to select only the summation indices that appear on both
sides.

val to_left_factor : (endpoint — bool) — free — factor

val to_left_factor_eps : (endpoint — bool) — free_eps — factor_eps

val to_left_factor_eps_bar : (endpoint — bool) — free_eps_bar — factor_eps_bar
val to_right_factor : (endpoint — bool) — free — factor

val to_right_factor_eps : (endpoint — bool) — free_eps — factor_eps

val to_right_factor_eps_bar : (endpoint — bool) — free_eps_bar — factor_eps_bar

The incomplete inverse of _factor raises an exception if there are remaining summation indices. is_free can be
used to check first.

val of _factor : factor — free

val of _factor_eps : factor_eps — free_eps

val of _factor_eps_bar : factor_eps_bar — free_eps_bar
val is_free : factor — bool

val is_free_eps : factor_eps — bool

val is_free_eps_bar : factor_eps_bar — bool

Return all the endpoints of the arrow that have a position encoded as a negative integer. These are treated as
summation indices in our applications.

val negatives : free — endpoint list
val negatives_eps : free_eps — endpoint list
val negatives_eps_bar : free_eps_bar — endpoint list

We will need to test whether an arrow represents a ghost.

val is_ghost : free — bool

An arrow looping back to itself.

val is_tadpole : factor — bool

Merging an arrow with another arrow, € or € can give a variety of results:

type merge =
| Match of factor (x a tip fits the other’s tail: make one arrow out of two *)
Ghost_Match (* two matching ghosts *)
Loop_Match (x both tips fit both tails: drop the arrows x)
Mismatch (x ghost meets arrow: discard x)
No_Match (x nothing to be done *)

val merge_arrow_arrow : factor — factor — merge
We can narrow this for € and €, where Loop_Match and Ghost_Match are impossible!

type o merge_eps =
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| Match_Eps of a (* a tip fits the other’s tail: make one arrow out of two )
| Mismatch_Eps (x ghost meets arrow: discard )
| No_Match_Eps (x nothing to be done )

val merge_arrow_eps : factor — factor_eps — factor_eps merge_eps
val merge_arrow_eps_bar : factor — factor_eps_bar — factor_eps_bar merge_eps

In order to merge an ¢ with an €, we use

Vn,N € N,2<n < N: €4y, @120 = Z (,1)6(0)5;71(3'1)5;7202) L goln) (7.1)

in ’

g€Sy,

where N = 6! is the dimension, to replace the pair by two lists of lists of arrows: the first corresponding to the
even permutations, the second to the odd ones. Return None, if the rank of € and € don’t match.
See section 7.2.2 on pages 78ff for a justification for using it also in the case n # N.

val merge_eps_eps_bar : factor_eps — factor_eps_bar — (factor list list x factor list list) option

Break up an arrow tee a (¢ => j) — [i => a; a => j], i.e. insert a gluon. Returns an empty list for a
ghost and raises an exception for € and €.

val tee : int — free — free list

dir © j arrow returns the direction of the arrow relative to j => 4. Returns 0 for a ghost and raises an
exception for ¢ and €.

val dir : int — int — free — int
It’s intuitive to use infix operators to construct the lines.

val single : endpoint — endpoint — free
val double : endpoint — endpoint — free list
val ghost : endpoint — free

module Infiz : sig
single i j or i => j creates a single line from ¢ to j and i ==> j is a shorthard for [i => j].

val (=>) : int — int — free
val (==>) : int — int — free list

double i j or i <=> j creates a double line from ¢ to j and back.
val (<=>) : int — int — free list
Single lines with subindices at the tip and/or tail

val (>=>) : int X int — int — free
val (=>>) : int — int X int — free
val (>=>>) : int X int — int X int — free

77 4 creates a ghost at 1.

val (77) : int — free
NB: I wanted to use "~ instead of 77, but ocamlweb can’t handle operators starting with ~ in the index properly.
end

val epsilon : int list — free_eps
val epsilon_bar : int list — free_eps_bar

chain [1;2;3] is a shorthand for [1 => 2; 2 => 3] and cycle [1;2;3] for [1 => 2; 2 => 3; 3 => 1]. Other lists
and edge cases are handled in the natural way.

val chain : int list — free list
val cycle : int list — free list

module Test : sig val suite : OUnit.test val suite_long : OUnit.test end
Pretty printer for the toplevel.

val pp_free : Format.formatter — free — wunit
val pp_factor : Format.formatter — factor — unit
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7.2 Implementation of Arrow

7.2.1 Arrows and Epsilons

type endpoint =
| T of int
| M of int x int

let position_endpoint = function
| 11 — ¢
| M (i, -) — i

let relocate_endpoint f = function
| T4 — I(f1)

| M (i, n) = M (fi, n)

type tip = endpoint
type tail = endpoint
type ghost = endpoint

let position_tip = position_endpoint
let position_tail = position_endpoint
let position_ghost = position_endpoint
let relocate_tip = relocate_endpoint
let relocate_tail = relocate_endpoint
let relocate_ghost = relocate_endpoint

Note that in the case of double lines for the adjoint representation the same endpoint appears twice: once as
a tip and once as a tail. If we want to multiply two factors by merging arrows with matching ¢ip and tail, we
must make sure that the ¢ip is from one factor and the tail from the other factor.

The Free variant contains positive indices as well as negative indices that don’t appear on both sides and will
be summed in a later product. SumL and SumR indices appear on both sides.

type a index =
| Free of «
| SumL of «
| SumR of «

let is_free_index = function
| Free - — true
| SumL _ | SumR _ — false

type (tail, ’tip, ’ghost) t =
| Arrow of ’tail x ’tip
| Ghost of ’ghost

type ’tip eps = ’tip list

type ’tail eps_bar = ’tail list

type free = (tail, tip, ghost) t
type free_eps = tip eps
type factor_eps = tip index eps

type factor = (tail index, tip index, ghost index) t
type free_eps_bar = tail eps_bar
type factor_eps_bar = tail index eps_bar

let relocate f = function
| Arrow (tail, tip) — Arrow (relocate_tail f tail, relocate_tip f tip)
| Ghost ghost — Ghost (relocate_ghost f ghost)

let rev = function
| Arrow (tail, tip) — Arrow (tip, tail)
| Ghost _ as ghost — ghost

let rev_eps tips = tips

let rev_eps_bar tails = tails
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let tips = function
| Arrow (-, tip) — [tip]
| Ghost - — []
let tails = function
| Arrow (tail, _) — [tail]
| Ghost - — []
let tips_eps tips = tips
let tails_eps_bar tails = tails
let endpoint_to_string = function

| 14 — string_of_int i
| M (i, n) — Printf.sprintf "%d.%d" i n

let index_to_string = function
| Free i — endpoint_to_string i
| SumL i — endpoint_to_string i ~ "L"
| SumR i — endpoint_to_string i ~ "R"

let to_string i2s = function
| Arrow (tail, tip) — Printf.sprintf "%hs>%s" (i2s tail) (i2s tip)
| Ghost ghost — Printf.sprintf "{%s}" (i2s ghost)

let to_string_eps i2s tips = Printf.sprintf ">>>%s" (ThoList.to_string i2s tips)

Implementation of Arrow

let to_string_eps_bar i2s tails = Printf.sprintf "<<<%s" (ThoList.to_string i2s tails)

let free_to_string = to_string endpoint_to_string
let free_eps_to_string = to_string_eps endpoint_to_string
let free_eps_bar_to_string = to_string_eps_bar endpoint_to_string

let factor_to_string = to_string index_to_string
let factor_eps_to_string = to_string_eps index_to_string
let factor_eps_bar_to_string = to_string_eps_bar index_to_string

let matching_summation i1 i2 =
match i1, i2 with
| SumL i1, SumR i2 | SumR il, SumL i2 — il = i2
| - — false

let map f = function
| Arrow (tail, tip) — Arrow (f tail, f tip)
| Ghost ghost — Ghost (f ghost)

let map_eps = List.map
let map_eps_bar = List.map
let free_index = function

| Free i — i
| SumL i — invalid_arg "Arrow.free_index: leftover LHS summation"
| SumR i — invalid_arg "Arrow.free_index: leftover RHS_ summation"

let to_left_index is_sum i =
if is_sum 1 then
SumlL 1
else
Free 1

let to_right_index is_sum i =
if is_sum i then

SumR i
else
Free i
let to_left_factor is_sum = map (to_left_index is_sum)
let to_right_factor is_sum = map (to_right_index is_sum)
let of _factor = map free_index
let to_left_factor_eps is_sum = map_eps (to_left_index is_sum)
let to_right_factor_eps is_sum = map_eps (to_right_index is_sum)
let of _factor_eps = map_eps free_index
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let to_left_factor_eps_bar is_sum = map_eps_bar (to_left_index is_sum)
let to_right_factor_eps_bar is_sum = map_eps_bar (to_right_index is_sum)
let of _factor_eps_bar = map_eps_bar free_index

let negatives = function

| Arrow (tail, tip) —
if position_tail tail < 0 then
if position_tip tip < O then
[tail; tip]
else
[tail]
else if position_tip tip < 0 then
[tip]
else
[]
| Ghost ghost —
if position_ghost ghost < 0 then
[ghost]
else
(]
let negatives_eps = List.filter (fun tip — position_tip tip < 0)
let negatives_eps_bar = List.filter (fun tail — position_tail tail < 0)

let is_free = function
| Arrow (Free _, Free _) | Ghost (Free _) — true
| Arrow (-, ) | Ghost - — false

let is_free_eps = List.for_all is_free_index

let is_free_eps_bar = List.for_all is_free_index

let is_ghost = function
| Ghost - — true
| Arrow - — false

let single tail tip =
Arrow (tail, tip)

let double a b =

if a = b then
[single a b]
else

[single a b; single b a]

let ghost g =
Ghost g
module Infix =
struct
let ( => )ij = single (I i) (I j)
let (( ==> )ij = [i => j]
let ( <=> )ij = double (I i) (I}j)
let ( >=> ) (i, n)j = single (M (3, n)) (I 7)
let ( =>> )i (j, m) = single (I i) (M (j, m))
let ( >=>> ) (4, n) (j, m) = single (M (i, n)) (M (j, m))
let (7?7 )i = ghost (I i)
end
open Infix

Split a_list at the first element equal to a according to eq. Return the reversed first part and the rest as a pair
and wrap it in Some. Return None if there is no match.

let take_first_match_opt ?(eq = (=)) a a_list =
let rec take_first_match_opt’ rev_head = function
| [] — None
| elt :: tail —
if eq elt a then

(0]
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Some (rev_head, tail)
else
take_first_match_opt’ (elt :: rev_head) tail in
take_first_match_opt’ [] a-list

Split a_list and b_list at the first element equal according to eq. Return the reversed first part and the rest of
each as a pair of pairs wrap it in Some. Return None if there is no match.

?} This function remains from an earlier version and is no longer used.

let take_first_matching_pair_opt ?(eq = (=)) a_list b_list =
let rec take_first _matching_pair_opt’ rev_a_head = function
| [] = None
| a :: a_taill —
begin match take_first_match_opt “eq a b_list with
| Some (rev_b_head, b_tail) —
Some ((rev_a_head, a_tail), (rev_b_head, b_tail))
| None —
take_first—matching_pair_opt’ (a :: rev_a_head) a_tail
end in
take _first_matching_pair_opt’ [] a_list

Replace the first occurence of an element equal to a according to eq in a_list by a’ and wrap the new list in
Some. Return None if there is no match.

let replace_first_opt ?(eq = (=)) a o a_list =
match take_first_match_opt ~eq a a_list with
| Some (rev_head, tail) — Some (List.rev_append rev_head (a’ :: tail))
| None — None

let tee a = function
| Arrow (tail, tip) — [Arrow (tail, I a); Arrow (I a, tip)]
| Ghost _as g — [g]

let dir i j = function
| Arrow (tail, tip) —
let tail = position_tail tail

and tip = position_tip tip in
if tip = 1 A tail = j then

1
else if tip = j A tail = i then
-1
else
invalid_arg "Arrow.dir"
| Ghost - — 0
type merge =

| Match of factor
| Ghost_Match
| Loop_Match
| Mismatch

| No_Match

As an optimization, don’t attempt to merge if neither of the arrows contains a summation index and return
immediately.

let merge_arrow_arrow arrowl arrow2 =
if is_free arrowl V is_free arrow2 then
No_Match
else
match arrowl, arrow2 with
| Ghost g1, Ghost g2 —
if matching_summation g1 g2 then
Ghost_Match
else
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No_Match
| Arrow (tail, tip), Ghost g
| Ghost g, Arrow (tail, tip) —
if matching_summation g tail V matching_summation g tip then
Mismatch
else
No_Match
| Arrow (tail, tip), Arrow (tail’, tip’) —
if matching-summation tip tail’ then
if matching_summation tip’ tail then
Loop_Match
else
Match (Arrow (tail, tip’))
else if matching_summation tip’ tail then
Match (Arrow (tail’, tip))
else
No_Match

type o merge_eps =
| Match_Eps of «
| Mismatch_-Eps
| No_Match_Eps

let merge_arrow_eps arrow tips =
if is_free_eps tips V is_free arrow then
No_Match_Eps
else
match arrow with
| Arrow (tail, tip) —
begin match replace_first_opt ~eq : matching_summation tail tip tips with
| None — No_Match_Eps
| Some tips — Match_Eps tips
end
| Ghost g —
if List.exists (matching_summation g) tips then
Mismatch_Eps
else
No_Match_Eps

let merge_arrow_eps_bar arrow tails =
if is_free_eps_bar tails V is_free arrow then
No_Match_FEps
else
match arrow with
| Arrow (tail, tip) —
begin match replace_first_opt ~eq : matching_summation tip tail tails with
| None — No_Match_Eps
| Some tails — Match_-FEps tails
end
| Ghost g —
if List.exists (matching_summation g) tails then
Mismatch_FEps
else
No_Match_Eps
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7.2.2  FEvaluation Rules for Epsilon Tensors

In the case of matching dimension N = 9, and rank n of € and €, the tensor algebra of the 5?, €iyig--i, and
gdzJn is not freely generated. Indeed, introducing the generalized Kronecker § symbol
oo o
(1) §o ) 5oGin) o o o o
J1J2In __ e(o) s0(j1) so(J o(Jn) _ e(o) §J J Jn |2 2 2
Ll = Y (1) g = N (1) o sl = , (7.2)
€Sy g€S, . . . .
§ivo§i2 L. gin
there is the relation Vn = N € N with N > 2:
€irin - in 6]1]2 In 65115; jn ) (73)

which follows from anti-symmetry and the choice of normalization €19..,, = 1 = 2"

indices in the relation (7.3), we find Vk,n, N e N with 0 < k<n=N>2:

alone. Contracting k

€m1~~mk]k+1...]n k" 6.7k+1]k+2 _Jn (7.4)

Cmy - mpiggprin Tht1lk42 in

Note that the generalized Kronecker delta (7.2) is well defined for arbitrary rank n > 1, including n < N, and
vanishes for n > N. It satisfies

J1g2-dn gkika:kn _ nl kika-ky
51112 ‘i 6]1]2 gn 51112 (7.5a)
Jijegn L . .
61'11'2 vim C1d27gn T n! €irig-in (75b)
(521]2 J”e“” = nl&izin (7.50)
1i2-

since every o € S, gives the same contribution when contracting totally antisymmetric combinations. Note also
that the relations (7.5) are independent of the dimension N and remain valid for rank n # N, as long as €;,4,...4,
and &172Jn are totally antisymmetric.

In our birdtrack based evaluator, the condition N = n is not enforced. Indeed, NN is just a variable in Laurent
polynomials Algebra.Laurent.t and n is the arbitrary length of the lists in tip Arrow.eps and tail Arrow.eps_bar
of colorflows. Therefore, we can use neither (7.3) nor (7.4) directly to test our evaluator.

Nevertheless, for the purpose of testing our evaluator, we can define a formal evaluation rule for birdtracks in
the general case N # n, that is compatible with anti-symmetry and reduces to (7.3) for N =n

. Ziijed J1j2+gn
61112“'Zn€ " 51112 Sy ) (76)

where we use the arrow — instead of the equal sign to stress that is a rule and not an equation, in contrast to
the special case (7.3) for n = N.

let merge_eps_eps_bar tips tails =
if List.length tails # List.length tips then
None
else
Some (List.fold_left
(fun (even, odd) (eps, tips) —
if eps > 0 then
(List.rev_map2 single tails tips :: even, odd)
else
(even, List.rev_map2 single tails tips :: odd))
([1, []) (Combinatorics.permute_signed tips))

Contracting one index, we find the equation

smaz- jn =m Z (_1)5(0)69'(]'2) . s0(dn) + Z 5(0)5"(’”)5 (32) . 6{’(jn)
mig-- 12 in
oeSy, oES,
o(m)=m o(m);ém

_ N(SZ;J: (n _ 1) 6]2 7n — (N —n+ 1) 5]2 7n , (77)

"7

where the N = 6 comes from the permutations with o(m) = m that correspond to a loop in the color flow
and the n — 1 from the permutations with o(m) € {ia,...,i,} that do not lead to a loop. The minus is due to
the fact that there is exactly one transposition m <> o(m). Thus the consistent evalution rule for a contracted
€-€-pair is o

€miy.rnin €7 = ST = (N = 4 1) 60277 (7.8)

.
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Note that N —n + 1 =1 in the special case N = n when rank and dimension match. Proceeding by induction,
we obtain the equation

5m1~~-mkjk+1'“jn _ (N —n+ k)' Jk+1]k+zjn (7 9)
My MElk41 " ln (N _ n)l Tk4+11k42"""n :
and the corresponding evaluation rule
i emagnan g smaemggeeegn _ N = F R G,
6m1---mkik+1~-in€m MkJk+1d — 6m1m:z:j:1127, == 4(N _ ’I'L)' ,L:j:lll:r;ln ) (710)
where N o
—n—+ k)
In the case N = n, we recover
(N —n+k)!
- = k! 7.12
(N —n)! (7.12)

as in (7.4), of course.

Ambiguities for n = N

While (7.6) and (7.10) can be used for a single pair of € and €, it must be stressed that (7.6) is not a well defined
rule for more general expressions in the case n # N, because the result depends on the way pairs of € and € are
chosen for the application of the rule.

As a simple example consider the complete pairwise contractions of two € and two €

L Fadeein . Zj1J200]
Ciyig--in € "€y jajn € " (7.13)

Using (7.6), this can be evaluated in two ways

o [ ] iqineein \ 2 (N—n+n)' 2 N! 2
€ivigein€ 2 € gy @I = (€4g i €12T) T ((N — ) ) = o) (7.14a)

and

o gtein . gdedn — (o . gdid2dn L gtain
€irig-in € €j152++5n € = (61112--4"5 ) (9112--%5 )

N —n+n)! Nln!
J1J In St117 tn __ J1J In __ ( _
= Oivigerrin Ogagnnngn = M 03555 = ml Non) C N—w) (7.14b)

which agree only for NV = n. This observation must be taken into account when interpreting the results of self
tests.

Even if the expressions (7.14a) and (7.14b) agree for n = N, one might wonder if they correspond to two
different physical interpretations of the color flows. The expression (7.13) appears in the color summed square
matrix elements for 2n particles that contain color flows of the form

€i1i2~-z‘n€j1j2"'j" — > € €< (7.15)

The evaluation (7.14a) corresponds to coupling n particles carrying the flows €;, ;, ., to the n particles carrying
the flows €1+72:J» via an intermediate color singlet state. On the other hand, the evaluation (7.14b) corresponds
to substituting this flow by

53'1]'2'“]'” _
ivinin

(7.16)

il
h
X

which, at first sight, appears to introduce colored intermediate states.
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However, this is not really the case, because the colors cancel out for n = N = N¢. This can be seen by
looking at the scattering of such a state with a particle in the fundamental representation

A, An
(7.17)
N N
and calculating the spin summed squared matrix element
SO IM P =t (TaA"TbA") tr (T,Ty) = tr (TATA) = dim(A,)Ca(A,)
_ N! n(N —n)(N +1) _ N+1 (N-1) (7.18)

nl(N —n)! N (n—1D!(N—-n-1)!

where T4~ denotes the generator, dim(A,) the dimension and Cy(A,) the quadratic Casimir (9.18c) in the
totally antisymmetric product of n fundamental representations'. This expression vanishes for n > N and is
non-zero for n < N. The case n > N is obvious from antisymmetry, but the case n = N depends on the fact
that the totally antisymmetric product of N fundamental representations corresponds to a singlet. Therefore,
we are free to choose arbitrary pairings of € with € without affecting the our results for summed squared matrix
elements.

Nevertheless, there appear to remain ambiguities in amplitudes with more than one € or €. For n = N = 3,
they first appear in amplitudes for 5 particles. These can contain color flows of the form

k _ L. L. 7m1m2k‘
Mi1i27j1j2 = €iyigmy €j1joma€ (720)

and we have to decide whether to evaluate this as

k @HE  _ k kY _ k k
Mi1i27j1j2 — Miljiz,jljz = €j1iomy (N — 2) (5j16;);1 — (57111 6j2) = (N — 2) (€i1i2j25j1 — €i1i2j15j2) (7213.)
or
i)k m me
M’i’iig,jljz — Mi(1227j1j2 = 6j1j2m2 (N - 2) (67;125112 - (5’5:161,22) = (N - 2) (6j1j2i15’£€2 - 6j1j27;2611€1) ’ (7'21b)

where the superscript denotes which of the e has been contracted with the € using (7.4). These results are
manifestly antisymmetric under the exchange of the elements of each of the two pairs of indices separately, but
not under the exchange of the pairs.

Fortunately, in the case n = N, we can make use of relations of the form

Z (_1)8(0)60(711)0(i2)~~~a(iw,)5f,(in+l) =0, (7.22)
0ESnt1

that follow from the fact that there is no totally antisymmetric tensor of rank n > N in N dimensions. For
example

€ijk0]" — €1ij0) + €xiid;" — €jk10;" =0 (7.23)
or
€ijk0] " — €10 = —€k1i0;" + €x1;0;" (7.24)
proves that
MO =MD (7.25)

and equivalent relations for M *) and M in the case n = N = 3. Therefore the amplitudes satisfy all symmetry
requirements in the physical case, just not manifestly.

1We can use (7.18) to test our evaluator and find agreement, e.g. for n = 2,3,4,5

> IMa* = (N +1) (N —1)(N -2) (7.19a)
S = L (- ) (N -2 (N - 3) (7.19)
S M2 = Ng_l(N—l)(N—2) (N — 3) (N — 4) (7.19¢)
ST M5 = NQZI (N—1)(N—2)(N —3)(N—4)(N—5). (7.19d)
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Note that we could also observe that

MOk = )k (7.26)

i12,J1]2 J1Jj2,i1%2

and construct an equivalent amplitude that manifestly satisfies all required antisymmetries

k (#) (4) k _N=-2 k k k
MiliQ,jljg - (szzg,jljg + M]f]g,’ulz) - 9 (€i1i2j2§j1 61112]16]2 + €j1j2i15i2 - ejljziz(sil) : (727)
However, this approach conflicts with a recursive construction of the amplitudes, since it would require a
consideration of the complete amplitude, using more and more complicated variations on (7.22).

Evaluation Strategy

Faced with a non-free tensor algebra, we have to choose an evaluation strategy. If we encounter a pair of € and
€ with a joint contracted index, we should use (7.8) immediately. Note this does not yet resolve all ambiguities
because there are cases in which an € (or €) can be contracted with more than one € (or ¢) and we have to make
a choice. However, we will obtain equivalent, if not manifestly equal, results in the case n = N.

In the case of disconnected pairs of € and €, we have to decide whether to use (7.6) to produce an amplitude
that contains only € (or €). A disadvantage of this strategy is that each application of (7.6) produces n!
permutations of Kronecker deltas that have to be evaluated. However, keeping all disconnected e¢ and € will
require to try many more color flows for the complete amplitude since there can be both incoming and outgoing
lines that are not continued through the diagram. Therefore we decide to always apply (7.6) as soon as possible.

There remains to determine a prescription for consistently selecting the e-é-pairs to be contracted if there
is more than one possibility. In particular, we must not give in to the temptation of premature optimization:
when evaluating the color flows for a 1IPOW in a fusion (cf. Color_Fusion, pages 122 {f), we know the color flows
for all incoming lines. One is therefore tempted to choose a pair with disjoint color flows, since the evaluation
for this color flow could be terminated immediately. Unfortunately, this would not be consistent, because a
different choice would be made for different color flows. Imagine, for example the fusion of €23 with €123€456 Or
€456€123- In both cases, we will obtain 3!e456 or 0, depending of our choice. If we were to attempt to optimize
the evaluation and make the choice that results in 0, we would not get the correct result.

Instead we have to make the same choice for every external color flow. This requires ignoring the external
color flow indices. For this to work, we must use an ordered data structure for the unprocessed ¢ and €. In
particular, we must not use a Set, where the ordering of the elements will typically depend on the color flow
indices. Instead, we should use lists and apply (7.6) consequently to the heads of these lists. Note that selecting
contracted mutually e-é-pairs does not introduce a dependency on the external color flow indices!

let is_tadpole = function
| Arrow (tail, tip) — matching_summation tail tip
| Ghost - — false

let epsilon = function
| [] — dnvalid-arg "Arrow.epsilon: rank, 0"
| [-] — invalid_arg "Arrow.epsilon: rank 1"
| tips — List.map (fun tip — I tip) tips

let epsilon_bar = function
| [] — i4nvalid_arg "Arrow.epsilon_bar: rank, 0"
| [-] — invalid_arg "Arrow.epsilon_bar: rank 1"
| tails — List.map (fun tail — I tail) tails

Composite Arrows.

let rec chain = function

| ] = ]
| [a] = [ => 4]
| a, b] [a => 0]
| a = (b = _asvrest) = (a => b) = chain rest
let rec cycle’ a = function
| [] = [a => 4
| [0 = [b => 4]
| b (¢ = —asrest) = (b => ¢) = cycle’ a rest

let cycle = function

[ =]
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| a = _asa_list — cycle’ a a_list

module Test =
struct

open OUnit

let suite_chain =
"chain" >:u
["[1" > (fun () — assert_equal [] (chain []));
"[11" > (fun () — assert_equal [1 => 1] (chain [1]));
"[1;2]1" > (fun () — assert_equal [I => 2] (chain [1; 2]));
"[1;2;3]" > (fun () — assert_equal [1 => 2; 2 => 3] (chain [1; 2; 3]));
"[1;2;3;41" > (fun () — assert_equal [1 => 2; 2 => 3; 3 => 4] (chain [1; 2; 3; 4])) ]

let suite_cycle =
"cycle" >::
["[" > (fun () — assert_equal [] (cycle []));
"[11" > (fun () — assert_equal [1 => 1] (eycle [1]));
"[1;2]1" > (fun () — assert_equal [1 => 2; 2 => 1] (cycle [1; 2]));
"[1;2;31" > (fun () — assert_equal [1 => 2; 2 => 3; 3 => 1] (cycle [1; 2; 3]));
"[1;2;3;4]1" > (fun () — assert_equal [1 => 2; 2 => 3;3 => 4; 4 => 1] (cycle [1; 2; 3; 4])) ]
let suite_take =
"take" >::
["1500" > (fun () — assert_equal None (take_first_match_opt 1 []));
"1,[11" > (fun

() — assert_equal (Some ([], [])) (take_first_match_opt 1 [1]));
"1,02;3;41" >:: (fun () — assert_equal None (take_first_match_opt 1 [2;3;4]));
"1,01;2;31" > (fun () — assert_equal (Some ([], [2;3])) (take-first_match_opt 1 [1;2;3]));
"2,[1;2;3]1" > (fun () — assert_equal (Some ([1], [3])) (take_first_match_opt 2 [1;2;3]));
"3u[1;2;31" > (fun () — assert_equal (Some ([2;1], [])) (take-first_match_opt 3 [1;2;3])) |
let suite_take2 =
"take2" >::
[ n []I_I[] "o

(fun () — assert_equal None (take_first_matching_pair_opt [] []));

"[1,01;2;3]" >

(fun () — assert_equal None (take_first_matching_pair_opt [] [1;2;3]));
"[1]u[2;3;4]" >u

(fun () — assert_equal None (take_first-matching_pair_opt [1] [2;3;4]));
"[2;3;4]10 011" >

(fun () — assert_equal None (take_first-matching_pair_opt [2;3;4] [1]));
"[1;2;3],[4;5;6;7]" >

(fun () — assert_equal None (take_first_matching_pair_opt [1;2;3] [4;5;6;7]));
"[1]u015253]" >

(fun () —

assert_equal

(Some (([1,[1); ([],[2:3])))

(take_first_matching_pair_opt [1] [1;2;3]));
"[1;2;3],[1;20;30]" >::
(fun () —

assert_equal

(Some (([],[2;3]), ([],[20530])))
(take_first_matching_pair_opt [1;2;3] [1;20; 30]));
"[1;2;3;4;5;6],[10;20;4;30;40]" >::
(fun () —
assert_equal
(Some (([352;1],[5:6]), ([20;10], [30;40])))
(take_first_matching_pair_opt [1;2;3;4; 5;6] [10; 20; 4; 30; 40])) |

let suite_replace =
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"replace" >::
[ "1,104[1" > (fun
"1,10,[11" >:: (fun

"1,02;3;41" >:: (fun () — assert_
"1,01;2;31" > (fun () — assert_
"2,[1;2;3]1" > (fun () — assert_
"3,01;2;31" > (fun () — assert_
let suite =
"Arrow" >:::

[suite_chain;
suite_cycle;
suite_take;
suite_take2;
suite_replace]

let suite_long =
"Arrow long" >::

[]

end

let pp_free fmt f =
Format.fprintf fmt "%s" (free_to_string f)

let pp_factor fmt f =
Format.fprintf fmt "%s" (factor_to_string f)

() — assert_equal None (replace_first_opt 1 2 []));
() — assert_equal (Some [10]) (replace_first_opt 1 10 [1]));

equal None (replace_first_opt 1 10 [2;3;4]));

equal (Some [10;2;3]) (replace_first_opt 1 10 [1;2;3]));
equal (Some [1;10;3]) (replace_first_opt 2 10 [1;2;3]));
equal (Some [1;2;10]) (replace_first_opt 3 10 [1;2;3])) |
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BIRDTRACKS

8.1 Interface of Birdtracks

In this module, we implement birdtracks operations on expressions of type ¢t as generally as possible. Module
SUS8 (cf. chapter 9), will provide the group specific constructors for type ¢ in the special case SU(N¢) or SU(3).

8.1.1 Types

If there are no es or €s, a term is simply a list of arrows with a coefficient that is a polynomial, allowing negative
powers, in No. The the type of arrows is not fixed, because Arrow has both free arrows without summation
indices and factor arrows that contain summation indices.

type a aterm = { coeff : Algebra.Laurent.t; arrows : « list }
If there are es, we add them ...
type (o, €) eterm = « aterm x e NEList.t
. and the same for és.
type (o, B) bterm = « aterm x [ NEList.t
Assuming that e-é-pairs are always reduced as soon as possible, these three alternatives are exhaustive.

type (a, €, B) term =
| Arrows of « aterm
| Epsilons of («, €) eterm
| Epsilon_Bars of (a, ) bterm

In the public interface, we deal only with free indices, without summation indices.
type free = (Arrow.free, Arrow.free_eps, Arrow.free_eps_bar) term
An expression is just a sum of terms.

type t = free list

8.1.2 Functions
Strip out redundancies.
val canonicalize : t — t
Substitute a specific value for N¢o. Mainly for debugging.
val with_nc : int - t — t
Debugging, logging, etc.

val to_string : t — string
val to_string_raw : t — string

Extract the number if the birdtrack contains no arrows, es or és.
val number : t — Algebra.Laurent.t option
Test for trivial color flows that correspond to unity.

val is_unit : t — bool
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Test for vanishing coefficients.
val is_null : t — bool

Purely numeric factors, implemented as Laurent polynomials (cf. Algebra.Laurent in N with complex rational
coefficients and without arrows.

val const : Algebra.Laurent.t — t
val null : t (x 0 %)

val one : ¢ (x 1 %)

val two : t (x 2 %)

val minus : t (x —1 %)

val int : int — ¢ (x n %)

val fraction : int — t (x 1/n %)
val nc @ t (* Ng %)

val over_nc : t (x 1/N¢g *)

val imag : ¢ (x1x%)

Shorthand: {(c;,pi)}i — >, ci(No)P
val ints : (int x int) list — ¢
val scale : Algebra.Laurent.c — t — t

val sum : ¢ list — t

val diff : t = t — ¢
val times : t — t — ¢
val multiply : t list — t

For convenience, here are infix versions of the above operations.

module Infiz : sig

val (+++ ) 1t =t = ¢t
val( ——— )t t = ¢t =t
val (k%% )t = t = ¢
end

We can compute the fq. and dgpe invariant tensors from the generators of an arbitrary representation:

farasas = —1tr (Ta1 [Taz, ag}_) = —itr (TQITGZTGB) +itr (TalTagTag) (8.1a)
da1a2a3 =tr (Tal [Taza Tas]+) =tr (Tal TazTas) +tr (Tal Ta3T02) (81b)
assuming the normalization tr(7,7p) = dgp.

NB: this uses the summation indices —1, —2 and —3. Therefore it must not appear unevaluated more than
once in a product!

val f_of _rep : (int — int — int — t) — int = int — int — t
val d_of _rep : (int — int — int — t) — int = int — int — t

Rename the indices of endpoints in a birdtrack. This is required by our application in Colorize.It to match the
permutations of lines at a vertex.

val relocate : (int — int) — t —
Revert the direction of all lines in a birdtrack.
val rev @ t — ¢

Pretty printer for the toplevel.

val pp : Format.formatter — t — wunit
Support for unit tests.

val equal : t — t — unit
val assert_zero_vertex : t — wunit

module Test : sig val suite : OUnit.test val suite_long : OUnit.test end
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8.2 Implementation of Birdtracks

8.2.1 Types
module QC = Algebra.QC
module L = Algebra.Laurent
module A = Arrow
open A.Infix

There can be one or more € or € but not both at the same time.
I wanted to use a GADT with Peano numerals to track the number of ¢ and € in the type system. How-
ever, I would have needed to implement a “multiplication” function of the type 'nf term — 'n2 term —
('n1 + ’'n2) term that I have not been able to implement using Peano numerals for the type variables ni
and n2, due to the lack of an addition operator for Peano numerals in the type system.
Therefore I will use normal lists, sacrificing some type safety.

type a aterm = { coeff : L.t; arrows : « list }
type (a, €) eterm = « aterm x e NEList.t
type (a, B) bterm = « aterm X [ NEList.t

type (o, €, B) term =
| Arrows of a aterm
| Epsilons of («, €) eterm
| Epsilon_Bars of (a, () bterm

Having already added type annotations for polymorphic recursion, I could use a simple GADT instead of
an ADT at the toplevel, trying to maintain some unboxing potential:

type (o, €, B) term = | Arrows : « aterm — («, €, B) term | Epsilons : («, €) eterm —
(a, €, B) term | Epsilon_Bars : («, () bterm — («, €, B) term

but it is not obvious that this produces a real performance benefit.

type afree = A.free aterm

type efree = (A.free, A.free_eps) eterm

type bfree = (A.free, A.free_eps_bar) bterm

type free = (A.free, A.free_eps, A.free_eps_bar) term

type afactor = A.factor aterm

type efactor = (A.factor, A.factor_eps) eterm

type bfactor = (A.factor, A.factor_eps_bar) bterm

type factor = (A.factor, A.factor_eps, A.factor_eps_bar) term

type t = free list

8.2.2 Functions

let tips_and_tails_of _aterm aterm =
List.fold _left
(fun (tips, tails) arrow —
(List.rev_append (A.tips arrow) tips,
List.rev_append (A.tails arrow) tails))
([1, [1) aterm.arrows

let tips_and_tails_raw : free — A.tip list x A.tail list = function
| Arrows aterm — tips_and_tails_of —_aterm aterm
| Epsilons (aterm, epsilons) —
let tips, tails = tips_and_tails_of _aterm aterm in
(List.concat (tips :: NEList.to_list epsilons), tails)
| Epsilon_Bars (aterm, epsilon_bars) —
let tips, tails = tips_and_tails_of —aterm aterm in
(tips, List.concat (tails :: NEList.to_list epsilon_bars))

let tips_and_tails term =
let tips, tails = tips_and_tails_raw term in
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(List.sort compare tips, List.sort compare tails)

Expressions

let const coeff = [ Arrows { coeff; arrows = [] }]
let ints pairs = const (L.ints pairs)

let null = const L.null

let fraction n = const (L.fraction n)
let one = const (L.int 1)

let two = const (L.int 2)

let minus = const (L.int (—1))

let int n = const (L.int n)

let nc = const (L.nc 1)

let over_nc = const (L.ints [(1, —1)])
let imag = const (L.imag 1)

module AMap = Pmap. Tree

let psort alist = List.sort compare alist
let ne_psort alist = NEList.sort compare alist

let find_term_opt term map =
AMap.find_opt compare term map

let map_aterm fc fa aterm =
{ coeff = fe aterm.coeff; arrows = fa aterm.arrows }

let map_term fc fa fe fbo = function
| Arrows aterm — Arrows (map_aterm fc fa aterm)
| Epsilons (aterm, elist) — FEpsilons (map_aterm fc fa aterm, fe elist)
| Epsilon_Bars (aterm, blist) — Epsilon_Bars (map_aterm fc fa aterm, fb blist)

let map_term_deep fc fa fe fbo term =
map_term fc (List.map fa) (NEList.map fe) (NEList.map fb) term

let canonicalize_aterm term =
map_aterm Fun.id psort term

We’re not yet canonicalizing the € and € themselves. This could be done, if necessary, using Combinatorics.sort_signed
to keep track of the signs. While we’re debugging, it could be beneficial to keep the indices where they are.

let canonicalize_term : type a e b. (a, e, b) term — (a, e, b) term =
fun term —
map_term Fun.id psort ne_psort ne_psort term

let split_coeff : type a e b. (a, e, b) term — L.t x (a, e, b) term = function
| Arrows aterm — (aterm.coeff, Arrows { aterm with coeff = L.int 1 })
| Epsilons (aterm, epsilons) —
(aterm.coeff, Epsilons ({ aterm with coeff = L.int 1 }, epsilons))
| Epsilon_Bars (aterm, epsilon_bars) —
(aterm.coeff, Epsilon_Bars ({ aterm with coeff = L.int 1}, epsilon_bars))

let inject_coeff : type a e b. L.t — (a, e, b) term — (a, e, b) term =
fun coeff — map_term (fun = — coeff) Fun.id Fun.id Fun.id

Note that the final result must be a homogeneous list with all elements containing the same number of €
and €, because otherwise the number of incoming and outgoing color lince would not match.

Nevertheless, we might have to work very hard to avoid too much code duplication.

let canonicalize : type a e b. (a, e, b) term list — (a, e, b) term list =
fun terms —
let map =
List.fold_left
(fun acc term —
let coeff, term = split_coeff (canonicalize_term term) in
if L.is_null coeff then
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acc
else
match find_term_opt term acc with
| None — AMap.add compare term coeff acc
| Some coeff’ —
let coeff” = L.add coeff coeff’ in
if L.is_null coeff"” then
AMap.remove compare term acc
else
AMap.add compare term coeff” acc)
AMap.empty terms in
if AMap.is_empty map then
[]
else

AMap.fold (fun term coeff acc — inject_coeff coeff term :: acc) map []

let number v =
match canonicalize v with
| [] = Some L.null
| [Arrows { coeff; arrows =
| -~ — None

[1} — Some coeff

let is_null v =
match canonicalize v with
| [] — true
| - — false

let is_unit v =
match canonicalize v with
| [Arrows { coeff; arrows =
| - — false

[1}H — coeff = L.unit

let with_nc nc t =
let substitute ¢ = L.const (L.eval (QC.int nc) ¢) in
canonicalize (List.map (map_term substitute Fun.id Fun.id Fun.id) t)

let aterm_to_string [ term =
match term.arrows with
| [] — Printf.sprintf "(%s)" (L.to_string "N" term.coeff)
| arrows —
Printf .sprintf
" (hs) ¥ ks
(L.to_string "N" term.coeff ) (ThoList.to_string f arrows)

let to_stringl —aux fa fe fb = function
| Arrows aterm — aterm_to_string fa aterm
| Epsilons (aterm, epsilons) —
aterm_to_string fa aterm "~ "_*,"
| Epsilon_Bars (aterm, epsilon_bars) —
aterm_to_string fa aterm

let to_stringl term =

Implementation of Birdtracks

"~ ThoList.to_string fe (NEList.to_list epsilons)

Sk~ ThoList.to_string fb (NEList.to_list epsilon_bars)

to_stringl _aux A.free_to_string A.free_eps_to_string A.free_eps_bar_to_string term

let to_string_raw terms =
ThoList.to_string to_stringl terms

let to_string terms =
to_string_raw (canonicalize terms)

let pp fmt v =
Format.fprintf fmt "%s" (to_string v)

let relocatel f term =

map_term_deep Fun.id (A.relocate f) (List.map (A.relocate_tip f)) (List.map (A.relocate_tail f)) term

let relocate f = List.map (relocatel f)
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let rev_aterm aterm =
{ aterm with arrows = List.map A.rev aterm.arrows }

let revl = function
| Arrows aterm — Arrows (rev_aterm aterm)
| Epsilons (aterm, elist) — FEpsilon_Bars (rev_aterm aterm, NEList.map A.rev_eps elist)
| Epsilon_Bars (aterm, blist) — Epsilons (rev_aterm aterm, NEList.map A.rev_eps_bar blist)

let rev = List.map revl

let of _afactor aterm =
map_aterm Fun.id (List.map A.of _factor) aterm

let of _factor term =
map_term_deep Fun.id A.of _factor A.of _factor_eps A.of _factor_eps_bar term

let to_left_factor is_sum term =
map_term_deep Fun.id
(A.to_left_factor is_sum)
(A.to_left_factor_eps is_sum)
(A.to_left_factor_eps_bar is_sum)
term

let to_right_factor is_sum term =
map-term_deep Fun.id
(A.to_right_factor is_sum)
(A.to_right_factor_eps is_sum)
(A.to_right_factor_eps_bar is_sum)
term

We start with the simply recursive evaluation functions, leaving the the more complicated mutually recursive
functions for later.

Add one arrow to a list of arrows, updating coeff if necessary. Accumulate already processed arrows in seen.
Returns None if there is a mismatch (a gluon meeting a ghost) and Some afactor containing a coefficient and
a list of arrows otherwise.

We assume that the trivial cases of no summation indices and the arrow looping back to itself have already
been filtered out.

let rec add_arrow_to_arrows_list’ coeff seen arrow = function
| [] = (x visited all arrows: no opportunities for further matches x)
Some ({ coeff; arrows = arrow :: seen })
| arrow’ :: arrows’ —

begin match A.merge_arrow_arrow arrow arrow’ with
| A.Mismatch —
None
| A.Ghost_Match — (* replace matching ghosts by —1/N¢ %)
Some ({ coeff = L.mul (L.over_nc (—1)) coeff;
arrows = List.rev_append seen arrows’ })
| A.Loop_Match — (x replace a loop by N¢ *)
Some ({ coeff = L.mul (L.nc 1) coeff;
arrows = List.rev_append seen arrows’ })
| A.Match arrow” — (% two arrows have been merged into one )
if A.is_free arrow” then (x no opportunities for further matches x)
Some ({ coeff; arrows = arrow” :: List.rev_append seen arrows’ })
else (x the new arrow” ist not yet saturated, try again: x*)
add_arrow_to_arrows_list' coeff seen arrow” arrows’
| A.No_Match — (x recurse to the remaining arrows x)
add _arrow_to_arrows_list’ coeff (arrow’ :: seen) arrow arrows’
end

let add_arrow_to_arrows_list coeff arrow arrows =
add_arrow_to_arrows_list’ coeff [] arrow arrows

Similarly, add one arrow to a list of € and accumulate already processed arrows in seen. Returns [] if there is
no match. Note that there is never the need to update the coefficient and that only the tail of the arrow can
match.
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let rec add_arrow_to_epsilon_list’ seen arrow = function

| ] =1
| epsilon :: epsilons —
begin match A.merge_arrow_eps arrow epsilon with
| A.Mismatch_Eps — []
| A.Match_Eps epsilon’ — List.rev_append seen (epsilon’ :: epsilons)
| A.No_Match_Eps — add_arrow_to_epsilon_list’ (epsilon :: seen) arrow epsilons

end

let add_arrow_to_epsilon_list arrow epsilons =
add_arrow_to_epsilon_list' [] arrow epsilons

Same preocedure for adding one arrow to a list of €.

let rec add_arrow_to_epsilon_bar_list’ seen arrow = function

[ =]

| epsilon_bar :: epsilon_bars —
begin match A.merge_arrow_eps_bar arrow epsilon_bar with
| A.Mismatch_Eps — |[]
| A.Match_Eps epsilon_bar’ — List.rev_append seen (epsilon_bar’ :: epsilon_bars)
| A.No_Match_Eps — add_arrow_to_epsilon_bar_list' (epsilon_bar :: seen) arrow epsilon_bars
end

let add_arrow_to_epsilon_bar_list arrow epsilon_bars =
add_arrow_to_epsilon_bar_list' [] arrow epsilon_bars

Avoid a recursion, if there is no summation index in arrow. Likewise, if arrow loops back to itself, just replace
it by a factor of N¢.

let add_arrow_to_aterm_trivial : A.factor — afactor — afactor option =
fun arrow term —
if A.is_free arrow then

Some ({ coeff = term.coeff; arrows = arrow :: term.arrows })
else if A.is_tadpole arrow then

Some ({ coeff = L.mul (L.nc 1) term.coeff; arrows = term.arrows })
else

None

Straightforwardly add an arrow or an arrow list to a term containing no € or €, using the functions implemented
above.

let add_arrow_to_aterm : A.factor — afactor — afactor option =
fun arrow term —
match add_arrow_to_aterm_trivial arrow term with
| None — add_arrow_to_arrows_list term.coeff arrow term.arrows
| term_opt — term_opt

let add_arrow_list_to_aterm : A.factor list — afactor — afactor option =
fun arrows term —
ThoList.fold_left _opt (Fun.flip add_arrow_to_aterm) term arrows

Adding an arrow or an arrow list to a term containing e or € is not more complicated, we only have to make
two attempts.

Caveat: if the arrow matches one of the es and this € has a tip appearing among the remaining tips of this
€, the result should be set to zero explicitelty. But such expressions are illegal anyway!

let add_arrow_to_eterm : A.factor — efactor — efactor option =
fun arrow (aterm, epsilons) —
match add_arrow_to_aterm_trivial arrow aterm with
| Some aterm — Some (aterm, epsilons)
| None —
begin match add_arrow_to_epsilon_list arrow (NEList.to_list epsilons) with
[l =
begin match add_arrow_to_arrows_list aterm.coeff arrow aterm.arrows with
| None — None
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| Some aterm — Some (aterm, epsilons)

end
| epsilon :: epsilons — Some (aterm, NEList.make epsilon epsilons)
end

let add_arrow_list_to_eterm : A.factor list — efactor — efactor option =

fun arrows term —
ThoList.fold_left _opt (Fun.flip add_arrow_to_eterm) term arrows

let add_arrow_to_bterm : A.factor — bfactor — bfactor option =

fun arrow (aterm, epsilon_bars) —
match add_arrow_to_aterm_trivial arrow aterm with

| Some aterm — Some (aterm, epsilon_bars)

| None —
begin match add_arrow_to_epsilon_bar_list arrow (NEList.to_list epsilon_bars) with
] =
begin match add_arrow_to_arrows_list aterm.coeff arrow aterm.arrows with

| None — None
| Some aterm — Some (aterm, epsilon_bars)

end
| epsilon_bar :: epsilon_bars — Some (aterm, NEList.make epsilon_bar epsilon_bars)

end
let add_arrow_list_to_bterm : A.factor list — bfactor — bfactor option =

fun arrows term —
ThoList.fold_left _opt (Fun.flip add_arrow_to_bterm) term arrows

Adding an € to a term containing es is trivial, if there are no summation indices. Otherwise, we add the arrows

back in to find matches.
@ Here’s potential for optimization, since the arrows can only match the new e.

let add_epsilon_to_eterm : A.factor_eps — efactor — efactor option =
fun epsilon (aterm, epsilons) —
if A.is_free_eps epsilon then
Some (aterm, NEList.cons epsilon epsilons)

else

let coeff = { coeff = aterm.coeff; arrows = []} in

add _arrow _list _to_eterm aterm.arrows (coeff, NEList.cons epsilon epsilons)
let add_epsilon_list_to_eterm : A.factor_eps list — efactor — efactor option =

fun epsilons eterm —
ThoList.fold_left_opt (Fun.flip add_epsilon_to_eterm) eterm epsilons

Once more for €.
A.factor _eps_bar — bfactor — bfactor option =

let add_epsilon_bar_to_bterm :
fun epsilon_bar (aterm, epsilon_bars) —

if A.is_free_eps_bar epsilon_bar then
Some (aterm, NEList.cons epsilon_bar epsilon_bars)
else

let coeff = { coeff = aterm.coeff; arrows = []} in
add _arrow _list_to_bterm aterm.arrows (coeff, NEList.cons epsilon_bar epsilon_bars)

let add_epsilon_bar_list_to_bterm : A.factor_eps_bar list — bfactor — bfactor option =

fun epsilon_bars bterm —
ThoList.fold_left_opt (Fun.flip add_epsilon_bar_to_bterm) bterm epsilon_bars

Here we simply have to select the correct function.
let add_arrow_to_term : A.factor — factor — factor option =
fun arrow — function

| Arrows aterm —
Option.map (fun a — Arrows a) (add-arrow_to_aterm arrow aterm)

| Epsilons eterm —
Option.map (fun e — Epsilons e) (add-arrow_to_eterm arrow eterm)

91



Implementation of Birdtracks

| Epsilon_Bars bterm —
Option.map (fun b — Epsilon_Bars b) (add_arrow_to_bterm arrow bterm)

let add_arrow_list_to_term : A.factor list — factor — factor option =

fun arrows term —
ThoList.fold_left _opt (Fun.flip add_arrow_to_term) term arrows

let scale_aterm : L.t — afactor — afactor =

fun coeff aterm —
{ coeff = L.mul coeff aterm.coeff; arrows = aterm.arrows}

let scale_eterm : L.t — efactor — efactor =
fun coeff (aterm, epsilons) —
(scale_aterm coeff aterm, epsilons)

let scale_bterm : L.t — bfactor — bfactor =
fun coeff (aterm, epsilon_bars) —
(scale_aterm coeff aterm, epsilon_bars)

let scale_term : L.t — factor — factor =
fun coeff — function
| Arrows aterm — Arrows (scale_aterm coeff aterm)
| Epsilons eterm — Epsilons (scale_eterm coeff eterm)
| Epsilon_Bars bterm — Epsilon_Bars (scale_bterm coeff bterm)

let aterm_times_aterm : afactor — afactor — afactor option —

fun aterm! aterm2 —
Option.map (scale_aterm aterml .coeff) (add_arrow_list_to_aterm aterml.arrows aterm?2)

Almost the same as aterm_times_term below, but the arguments are exchanged an the result are factors and

not free.

let term_times_aterm : factor — afactor — factor list =

fun term aterm —
match add_arrow_list_to_term aterm.arrows term with

| None — []
| Some factor — [scale_term aterm.coeff factor]

The return type is factor list, because adding a product of ¢ and € will produce a sum of terms and the result
can be a afactor, efactor or bfactor depending on the number of es and €s in the arguments.

g% Add more tests for multiple € and € I’'m not yet convinced only from playing with the toplevel.

@ Calling aterm_times_aterm in each recursion step and only using the last result ist wasteful. Find a better

way!

@ This would fail if one of epsilons or epsilon_bars is empty (which does not happen). We could try to replace
the € list in type (o, €) eterm by a non empty list type (and similarly for e list in type («, ) bterm.

But is it worth the effort? It probably enough to hide the list in a private ADT that can be deconstructed,
but requires a smart constructor that requires at least one element.

let rec match_eterm_and_bterm : efactor — bfactor — factor list =

fun (aterml, epsilons) (aterm2, epsilon_bars) —
match NEList.snoc_opt epsilons, NEList.snoc_opt epsilon_bars with
| (epsilon, epsilons_opt), (epsilon_bar, epsilon_bars_opt) —

begin match aterm_times_aterm aterml aterm2 with

| None — []

| Some aterm —

match A.merge_eps_eps_bar epsilon epsilon_bar with

| None — []

| Some (even, odd) —
let even = List.rev_map (fun arrows — { coeff = L.unit; arrows }) even
and odd = List.rev_map (fun arrows — { coeff = L.neg L.unit; arrows }) odd in
let terms =

match epsilons_opt, epsilon_bars_opt with
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| None, None — [Arrows aterm]
| Some epsilons, None — [Epsilons (aterm, epsilons)]
| None, Some epsilon_bars — [Epsilon_Bars (aterm, epsilon_bars)]
| Some epsilon, Some epsilon_bars —
match_eterm_and_bterm (aterml, epsilon) (aterm2, epsilon_bars) in
Product.fold2
(fun term aterm acc —
List.rev_append (term_times_aterm term aterm) acc)
terms (List.rev_append even odd) []
end

NB: we can reject the contributions with unsaturated summation indices from Ghost contributions to 7, only
after adding all arrows that might saturate an open index.

Note that a negative index might be summed only later in a sequence of binary products and must therefore be
treated as free in this product. Therefore, we have to classify the indices as summation indices not only based
on their sign, but in addition based on whether they appear in both factors. Only then can we reject surviving
ghosts.

module ESet =
Set. Make
(struct
type t = A.endpoint
let compare = compare

end)

let negatives_arrows arrows acc =
List.fold _right (fun a — List.fold_right ESet.add (A.negatives a)) arrows acc

let negatives_eps epsilons acc =
NEList.fold _right
(fun e — List.fold_right ESet.add (A.negatives_eps e€))
epsilons acc

let negatives_eps_bar epsilon_bars acc =
NEList.fold _right
(fun b — List.fold_right ESet.add (A.negatives_eps_bar b))
epsilon_bars acc

let negatives = function
| Arrows aterm — negatives_arrows aterm.arrows ESet.empty
| Epsilons (aterm, epsilons) —
negatives_eps epsilons (negatives_arrows aterm.arrows ESet.empty)
| Epsilon_Bars (aterm, epsilon_bars) —
negatives_eps_bar epsilon_bars (negatives_arrows aterm.arrows ESet.empty)

let aterm_times_term : afactor — factor — free list =
fun aterm term —
match add_arrow_list_to_term aterm.arrows term with
| None — []
| Some factor — [of _factor (scale_term aterm.coeff factor)]

let eterm_times_eterm : efactor — efactor — free list =

fun (aterm, epsilons) eterm —

match add_epsilon_list_to_eterm (NEList.to_list epsilons) eterm with

| None — []

| Some factor —
begin match add_arrow_list_to_eterm aterm.arrows factor with
| None — []
| Some factor — [of -factor (Epsilons (scale_eterm aterm.coeff factor))]
end

let bterm_times_bterm : bfactor — bfactor — free list =
fun (aterm, epsilon_bars) bterm —
match add_epsilon_bar_list_to_bterm (NEList.to_list epsilon_bars) bterm with
| None — []
| Some factor —
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begin match add_arrow_list_to_bterm aterm.arrows factor with
| None — []

| Some factor — [of _factor (Epsilon_Bars (scale_bterm aterm.coeff factor))]
end

let eterm_times_bterm : efactor — bfactor — free list =
fun eterm bterm —
List.map of _factor (match_eterm_and_bterm eterm bterm)

let times! terml term2 =
let summations = ESet.inter (negatives terml) (negatives term2) in
let is_sum i = ESet.mem i summations in
match to_left_factor is_sum terml, to_right_factor is_sum term2 with
| Arrows aterm, factor | factor, Arrows aterm —
aterm_times_term aterm factor
| Epsilons eterml, Epsilons eterm2 —
eterm_times_eterm eterml eterm?
| Epsilon_Bars bterm1, Epsilon_Bars bterm2 —
bterm_times_bterm bterml bterm2
| Epsilons eterm, Epsilon_Bars bterm
| Epsilon_Bars bterm, Epsilons eterm —
eterm_times_bterm eterm bterm

let sum terms =
canonicalize (List.concat terms)

let times term term’ =
canonicalize
(Product.fold2
(fun ¢ y — List.rev_append (timesl z y))
term term’ [])

@ Is that more efficient than the following implementation?

@ Isn’t that the more straightforward implementation?

let multiply = function

[ =]

| term :: terms —
canonicalize (List.fold_left times term terms)

let scale! : type a e b. L.c — (a, e, b) term — (a, e, b) term =
fun ¢ term —
map-term (L.scale q) Fun.id Fun.id Fun.id term

let scale ¢ = List.map (scalel q)

let diff terml1 term2 =
canonicalize (List.rev_append term1 (scale (QC.int (—1)) term2))

module Infix =

struct
let ( +4++ ) term term’ = sum [term; term’]
let ( ——— ) = diff
let ( %% ) = times
end
open Infix

Compute tr(r(Ty)r(Tp)r(T:)). NB: this uses the summation indices —1, —2 and —3. Therefore it must not
appear unevaluated more than once in a product!

let trace3 r a b ¢ =
ra(=1)(=2) xxx rb(=2) (=3) *xx rc(=3)(-1)

let f_of _rep r a b ¢ =
minus * %% fmag **% (trace3 r a b ¢ —— — trace3 r a ¢ b)
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dabc - tr(T(Ta) [T(Tb)v T(TC)]+)

let d_of _rep r a b ¢ =
trace3 r a b ¢ +++ traceS r acb

8.2.8 Unit Tests
let vertices_equal vl v2 =
iscnull (v —— — v2)

let assert_zero_verter v =
OUnit.assert_equal ~printer : to_string ~cmp : vertices_equal null v

As an extra protection agains vacuous tests, we make sure that the LHS does not vanish.

let equal vl v2 =
OUnit.assert_bool "LHS =,0" (= (is_null v1));
OUnit.assert_equal ~printer : to_string ~cmp : vertices_equal vl v2

module Test =
struct
open OUnit

let vertices_equal vl v2 =
(canonicalize v1) = (canonicalize v2)

let eq v v2 =
assert_equal ~printer : to_string_raw ~cmp : vertices_equal vl v2

let suite_timesl =

"times1" >::
[ "merge two" >:
(fun () —
eq
[Arrows { coeff = L.unit; arrows = 1 ==> 2 }]
(times1
(Arrows { coeff = L.unit; arrows = 1 ==> —11})
(Arrows { coeff = L.unit; arrows = —1 ==> 2 })));
"merge twoexchanged" >::
(fun () —
€q
[Arrows { coeff = L.unit; arrows = 1 ==> 2 }]
(timest
(Arrows { coeff = L.unit; arrows = —1 ==> 2})
(Arrows { coeff = L.unit; arrows = 1 ==> —11})));
"ghostl" >u:
(fun () —
eq
[Arrows { coeff = L.over_nc (=1); arrows = 1 ==> 2 }]
(times1
(Arrows { coeff = L.unit; arrows = [—-1 => 2; 7?7 (=3)] })
(Arrows { coeff = L.unit; arrows = [1 => —1; 77 (=3)] })));
"ghost2" >u:
(fun () —
eq
[]
(times1
(Arrows { coeff = L.unit; arrows = [1 => —1; 77 (=3)] })

(Arrows { coeff = L.unit; arrows = [—1 => 2; —3 => —4;

"ghost2 ,exchanged" >::
(fun () —
€q
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[]

(times1
(Arrows { coeff = L.unit; arrows = [-1 => 2; —3 => —4; —4 => —-3]})
(Arrows { coeff = L.unit; arrows = [1 => —1; 77 (=3)] }))) ]

let suite_canonicalize =
"canonicalize" >:::

[]

let suite =
"Birdtracks" >::
[suite_times1;
sutte _ canonicalize]

let suite_long =
"Birdtracks, long" >::

[]

end
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Using the normalization tr(7,T},) = 45, we can check the selfconsistency of the completeness relation

Tidizie — | gide gi2dn _ L5i1j15j1j2
a a NC
as
Thiii2d2 — ¢y (T T )Tillei2j2 — Thlarplalipiijipizge
a a a1 -—-az al as al as al as
L 1 . L 1 o o
— [ ghirghla _ = gshl2 i Slagzgiali _ = glala gizga | — [ §i172 §i251
( N¢ N¢
With
ifa1a2(l3 =tr (Tal [TazaTas]) =tr (TalTazTa3) —tr (TalTa3Ta2)
and

i1J1izjaizgs — plilarplalsgplsly mpiy ja pisjorisjs
60 (T, Ty Tay) T T2 Ti89 — ThileTl2ls Tlsh iy Tizia Tisds —

o 1 o o 1 o o
<511J151112 _ 51112511J1> <512J251213 _ 51213512J2> <5l31351311
Ne¢ N¢

we find the decomposition
: 111 i2j2isis — St1j2 §i203 §i3J1 _ 9173 §i3j2 §i201
Far apay T Ti202 0 — §iria giads gisds _ gisis gisizg
Indeed,

symbol nc;

Dimension nc;

vector i1, i2, i3, ji1, j2, j3;
index 11, 12, 13;

local [TT] =
( j1(11) * i1(12) d_(11,12) * i1.j1 / nc )
* (j2(12) * i2(11) - d_(12,11) * i2.j2 / nc );

#procedure TTT(sign)
local [TTT‘sign’] =

( j1(11) % i1(12) - d_(11,12) * i1l.j1 / nc )

* (j2(12) * i2(13) - d_(12,13) * i2.j2 / nc )

* ( j3(13) * i3(11) - d_(13,11) * i3.j3 / nc )

‘sign’ ( j1(11) * i1(12) - d_(11,12) * i1.j1 / nc )

* (3j3(12) * i3(13) - d_(12,13) * i3.j3 / nc )

* (j2(13) * i2(11) - d_(13,11) * i2.j2 / nc );
#endprocedure

#call TTT(-)
#call TTT(+)

bracket nc;
print;
.sort

.end
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gives
[TT] =
+ nc-1 x (- il1.j1xi2.j2 )
+ il1.j2%i2.j1;
[TTT-]1 =
+ 11.j2%i2.3j3*i3.j1 - 11.3j3*i2.j1*i3.j2;
[TTT+] =

+ nc™-2 * ( 4xil.j1*i2.3j2%i3.33 )
+ nc~-1 x (- 2%il.j1%i2.3j3%13.j2
- 2%i1.j2%i2.j1%i3.33
- 2%i1.j3%i2.3j2%i3.j1 )
+ 11.j2%i2.j3%i3.j1 + i1.3j3*%i2.j1%i3.j2;

9.1 Interface of SU3

We're computing with a general N¢, but epsilon and epsilonbar make only sense for No = 3. Also some of the
terminology alludes to No = 3: triplet, sextet, octet.
We can use all functions from Birdtracks that operate on Birdtracks.t transparently.

type t = Birdtracks.t

9.1.1 Constructors specific to SU(N¢)
Fundamental representation N = 3
val delta3 : int — int — t
“Adjoint” representation, but without subtracting ghosts, i.e. N ® N = 9. Therefore, the “8” is a misnomer!
val delta8 : int — int — t
The trace tr(T,7T}) contains additional ghosts
val delta8_loop : int — int — t
Gauge boson in the adjoint representation N ® N — N - ghost
val gluon : int — int —
Symmetric N ®s N =6 and N ®s N ®s N = 10.

val deltab : int — int — t
val deltal0 : int — int — t

val t : int — int — int — t
val f : int — int — int — t
val d : int — int — int — t

val epsilon : int list — ¢
val epsilon_bar : int list — t

val t8 : it — int — int — t
val t6 : int — int — int — t
val t10 : int — int — int — t

val k6 : int — int — it — t
val k6bar : int — it — int — t

val delta_of _tableau : int Young.tableau — int — int — t
val t_of _tableau : int Young.tableau — int — int — int — t

The Unit tests are in fact the largest part of this module.
module Test : sig val suite : OUnit.test val suite_long : OUnit.test end
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9.2 Implementation of SU3

9.2.1 Import Functions from Birdtracks

module A = Arrow
open Arrow.Infix
module L = Algebra.Laurent

type t = Birdtracks.t
open Birdtracks
open Birdtracks.Infix

9.2.2  Constructors specific to SU(N¢)

Fundamental and Adjoint Representation

let delta3 i j =
[ Arrows { coeff = L.int 1; arrows = j ==> 1 }]

let delta8 a b =
[ Arrows { coeff = L.int 1; arrows = a <=> b }]

If the 04 originates from a tr(7,T}), like an effective gg — H coupling, it makes a difference in the color flow
basis and we must write the full expression (6.2) from [17] including the ghosts instead. Note that the sign for
the terms with one ghost has not been spelled out in that reference.

let delta8 _loop a b =
[ Arrows { coeff = L.int 1; arrows = a <=> b };

Arrows { coeff = L.int (=1); arrows = [a => a; 7?7 b] };
Arrows { coeff = L.int (—1); arrows = [?7 a; b => b] };
Arrows { coeff = L.nc 1; arrows = [?7 a; 77 0] } ]

The following can be used for computing polarization sums (eventually, this could make the Flow module redun-
dant). Note that we have —N¢ instead of —1/N¢ in the ghost contribution here, because add - arrow_to_arrows_list'
from the module Birdtracks (cf. page 89) will produce a factor of —1/N¢ when contracting each one of the two
ghost indices. Indeed, with this definition we can maintain all projection properties

o gluon 1 (=3) *x*xx* gluon (=3) 2 = gluon 1 2,
o delta8 1 (—3) **x delta8 (—3) 2 = delta8 1 2,
e ghost 1 (—=3) x*% ghost (=3) 2 = ghost 12
and most importantly
ot (—1)12 xxx gluon (—=1) (=2) **xx t (=2)34 = t(=1)12 xxx ¢t (—1) 3 4.
let ghost a b =
[ Arrows { coeff = L.nc (=1); arrows = [?7 a; 77 0] }]

let gluon a b =
delta8 a b Q ghost a b

Note that the arrow is directed from the second to the first index, opposite to our color flow paper [17].
Fortunately, this is just a matter of conventions.

i i J

a = % a Y. a (9.6a)
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lettaij =
[ Arrows { coeff = L.int 1; arrows = [j => a; a => 1] };
Arrows { coeff = L.int (=1); arrows = [j => 4; 7?7 a] }]
Note that while we expect tr(T,) = T = 0, the evaluation of the expression ¢ 1 (—1) (—1) will stop at | -
1=>11=>-1]—]-1=>-1; 7?7 1], because the summation index appears in a single term. However,

a naive further evaluation would get stuck at [1 => 1] — nc **x [ ?? 1] . Fortunately, traces of single
generators are nevey, needed in our applications. bWe just have to resist tge temptation to use them in unit tests.

c :>>¥c >cc (9.7)
let fabec =

[ Arrows { coeff = L.imag (1); arrows = A.cycle [a; b; ] };
Arrows { coeff = L.imag (—1); arrows = A.cycle [a; ¢; b] } ]

The generator in the adjoint representation T7¢ = —if,p.:

let t8 a b c =
minus *x* % imag xx* f a b c

This dgp. is now compatible with (6.11) in our color flow paper [17]. The signs had been wrong in earlier versions
of the code to match the missing sign in the ghost contribution to the generator T/ above.

let d a bc =
[ Arrows { coeff = L.int 1; arrows = A.cycle [a; b; ] };
Arrows { coeff = L.int 1; arrows = A.cycle [a; ¢; b] };

)

}
%
}

Arrows { coeff
Arrows { coeff
Arrows { coeff

L.int (=2); arrows = (o <=> b) @ [?7 ¢]
L.int (=2); arrows = (b <=> ¢) Q [?? q]
L.int (=2); arrows = (¢ <=> a) @ ]

)

[27 b
Arrows { coeff = L.int 2; arrows = [a => a; 77 b; 77 ¢] };
Arrows { coeff = L.int 2; arrows = [??7 a; b => b; 77 ] };
Arrows { coeff = L.int 2; arrows = [?7 a; 77 b; ¢ => ¢ };
Arrows { coeff = L.nc (=2); arrows = [?7 a; 77 b; 77 ¢] } ]

Decomposed Tensor Product Representations

let pass_through m n incoming outgoing =
List.rev_map2 (fun i 0o — (m, i) >=>> (n, 0)) incoming outgoing

let delta_of _permutations n permutations k | =
let incoming = ThoList.range 0 (pred n)
and normalization = List.length permutations in
List.rev_map
(fun (eps, outgoing) —

Arrows { coeff = L.fraction (eps X normalization);
arrows = pass_through 1 k incoming outgoing } )
permutations

let totally_symmetric n =
List.map
(funp — (1, p))
(Combinatorics.permute (ThoList.range 0 (pred n)))

let totally_antisymmetric n =
(Combinatorics.permute_signed (ThoList.range 0 (pred n)))

let delta_S n k1l =
delta_of _permutations n (totally_symmetric n) k 1

let delta_An k1 =
delta_of _permutations n (totally_antisymmetric n) k [
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let delta6 = delta_S 2
let deltal0 = delta_S 3
let deltal5 = delta_S 4

let delta3bar = delta_A 2
Mixed symmetries, as in section 9.4 of the birdtracks book.

module IM = Partial. Make (struct type t = int let compare = compare end)
module P = Permutation.Default

Map the elements of original to permuted in all, with all a list of n integers from 0 to n — 1 in order, and use
the resulting list to define a permutation. E.g. permute_partial [1;3] [3;1] [0;1; 2; 3; 4] will define a permutation
that transposes the second and fourth element in a 5 element list.

let permute_partial original permuted all =
P.of _list (List.map (IM.auto (IM.of _lists original permuted)) all)

let applyl (sign, indices) (eps, p) =
(eps x sign, P.list p indices)

let apply signed _permutations signed_indices =
List.rev_map (applyl signed_indices) signed _permutations

let apply_list signed_permutations signed_indices =
ThoList.flatmap (apply signed _permutations) signed _indices

let symmetrizer_of _permutations n original signed_permutations =
let incoming = ThoList.range 0 (pred n) in
List.rev_map
(fun (eps, permuted) —
(eps, permute_partial original permuted incoming))
stgned - permutations

let symmetrizer n indices =
symmetrizer - of _permutations
n indices
(List.rev_map (fun p — (1, p)) (Combinatorics.permute indices))

let anti_symmetrizer n indices =
symmetrizer - of _permutations
n indices
(Combinatorics.permute_signed indices)

let symmetrize n elements indices =
apply _list (symmetrizer n elements) indices

let anti_symmetrize n elements indices =
apply _list (anti_symmetrizer n elements) indices

let id n =
[(1, ThoList.range 0 (pred n))]

@ We can avoid the recursion here, if we use Combinatorics.permute_tensor_signed in symmetrizer above.

let rec apply—_tableau f n tableau indices =
match tableau with
| [1 ][] = - — indices
| cells :: rest —
apply _tableaw f n rest (f n cells indices)

Here we should at a sanity test for tableau: all integers should be consecutive starting from 0 with no
duplicates. In additions the rows must not grow in length.

let young_tableau_valid_omega y =
Young.standard_tableau ~offset : 0 y

let delta_of _tableau tableau i j =
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if young_tableau_valid_omega tableau then

let n = Young.num_cells_tableau tableau

and num, den = Young.normalization (Young.diagram_of _tableau tableau)

and rows = tableau

and cols = Young.conjugate_tableau tableau in

let permutations =

apply _tableau symmetrize n rows (apply-tableau anti_symmetrize n cols (id n)) in

int num x*x fraction den *xx delta_of _permutations n permutations i j
else

let s = Young.tableau_to_string string_of —int tableau in

invalid_arg ("SU3.delta_of _tableau:," " s ~ ",is_ not,standard!")

let incomplete tensor =
failwith ("SU3:" ~ tensor ~ "_not_supported yet!")

let experimental tensor =
Printf.eprintf "SU3:_Js support still experimental, and juntested!\n" tensor

let distinct integers =
let rec distinct’ seen = function
| [] — true
| @ = rest —
if Sets.Int.mem i seen then
false
else
distinct’ (Sets.Int.add i seen) rest in
distinct’ Sets.Int.empty integers

All lines start here: they point towards the vertex.

let epsilon tips =
if distinct tips then

[ Epsilons ({ coeff = L.int 1; arrows = [] }, NEList.singleton (A.epsilon tips)) ]
else

[]

All lines end here: they point away from the vertex.

let epsilon_bar tails =
if distinct tails then
[ Epsilon_Bars ({ coeff = L.int 1; arrows
else

[]

In order to get the correct No dependence of quadratic Casimir operators, the arrows in the vertex must have
the same permutation symmetry as the propagator. This is demonstrated by the unit tests involving Casimir
operators on page 113 below. These tests also provide a check of our normalization.

The implementation takes a propagator and uses Arrow.tee to replace one arrow by the pair of arrows
corresponding to the insertion of a gluon. This is repeated for each arrow. The normalization remains unchanged
from the propagator. A minus sign is added for antiparallel arrows, since the conjugate representation is —77 .

To this, we add the diagrams with a gluon connected to one arrow. Since these are identical, only one
diagram multiplied by the difference of the number of parallel and antiparallel arrows is added.

[]1 }, NEList.singleton (A.epsilon_bar tails)) ]

let insert_gluon a k I term =
let rec insert_gluon’ acc left = function
| [] = acc
| arrow :: right —
insert_gluon’
(Arrows { coeff = Algebra.Laurent.mul (L.int (A.dir k | arrow)) term.coeff;
arrows = List.rev_append left ((A.tee a arrow) Q right) } == acc)
(arrow :: left)
right in
insert_gluon’ [] [] term.arrows

let t_of _delta delta a k1 =
match delta k | with
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| [T =]

| Arrows { arrows = arrows } : _ as delta_kl —
let n =
List.fold_left
(fun acc arrow — acc + A.dir k 1 arrow)
0 arrows in
let ghosts =
List.rev_map
(fun term —
match term with
| Arrows aterm —
Arrows { coeff = Algebra.Laurent.mul (L.int (—n)) aterm.coeff;
arrows = 77 a :: aterm.arrows }
| Epsilons - — failwith "t_of _delta: unexpected epsilon"
| Epsilon_Bars - — failwith "t_of _delta: junexpected epsilon_bar")
delta_kl in
List.fold_left
(fun acc —
function
| Arrows aterm — insert_gluon a k | aterm Q acc
| Epsilons - — failwith "t_of _delta: unexpected epsilon"
| Epsilon_Bars - — failwith "t_of_delta: junexpected epsilon_bar")
ghosts delta_kl
| Epsilons _ :: - — failwith "t_of _delta: junexpected epsilon"
| Epsilon_Bars _ :: _ — failwith "t_of _delta: unexpected epsilon_bar"

let t_of _delta delta a k1 =
canonicalize (t-of _delta delta a k 1)

lett_Snakl =
t_of _delta (delta-S n) a k1

lett_Anakl =
t_of _delta (delta_A n) a k1

let t6 = t_S 2
let t10 = ¢t.5 3
let t15 = t_S 4
let t3bar = t_A 2

Equivalent definition:

let 8’ a b ¢ =
t_of _delta delta8 a b c

let ¢_of _tableau tableau a k| =
t_of _delta (delta-of _tableau tableau) a k 1

@ Check the following for a real live UFO file!

Implementation of SU3

In the UFO paper, the Clebsh-Gordan is defined as K (6)’ijm. Therefore, keeping our convention for the gener-

ators Téﬁ)’j ;» the must arrows end at m.
let k6 mij =
experimental "k6";
[ Arrows { coeff = L.int 1; arrows = [i =>> (m, 0); j =>> (m, 1)] };
Arrows { coeff = L.nt 1; arrows = [i =>> (m, 1); j =>> (m, 0)] } ]

The arrow are reversed for K (6)’mij and start at m.

let k6bar m i j =
experimental "k6bar";
[ Arrows { coeff = L.int 1; arrows = [(m, 0) >=> 4; (m, 1) >=> j] };
Arrows { coeff = L.int 1; arrows = [(m, 1) >=> 1; (m, 0) >=> j| } ]

@ Playing arround with an example, it appears that we need the opposite direction. Investigate!
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let k6 m ij =
experimental "k6";
[ Arrows { coeff = L.int 1; arrows = [(m, 0) >=> 4; (m, 1) >=> j] }
Arrows { coeff = L.int 1; arrows = [(m, 1) >=> 1; (m, 0) >=> j| } ]

let k6bar m i j =
experimental "k6bar";
[ Arrows { coeff = L.int 1; arrows = [i =>> (m, 0); j =>> (m, 1)] };
Arrows { coeff = L.int 1; arrows = [i =>> (m, 1); j =>> (m, 0)] } ]

9.2.3 Unit Tests

module Test =
struct
open OUnit
module L = Algebra.Laurent

let ezorcise vertex =
List.filter
(function
| Arrows aterm | Epsilons (aterm, _) | Epsilon_Bars (aterm, _) —
- (List.exists A.is_ghost aterm.arrows))
verter

let exorcised_equal vl v2 =
equal (exorcise vl) (exorcise v2)

Trivia

let suite_sum =
"sum" >::

[ "atoms" >::
(fun () —
equal
(int 2 *** delta3 1 2)
(delta3 12 + ++ delta3 1 2)) ]

let suite_diff =
"diff" >

[ "atoms" >::
(fun () —
equal
(deltas 3 4)
(delta8 12 +++ delta3 34 — — — delta3 1 2)) ]

let rec product f i j =
if i > j then
null
else if ¢ = j then
fi
else
f i xxx product f (succ i) j

In particular
ne_minus_n_plus nk —» No —n+k (9.9

and
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(Ne —n+j)! , ’ ~
N¢c — k) = = (N¢ — N¢ — —1)---(N¢g — 9.10
g( c—n+k) No—nti-1) (Ne =n+j)(Ne —n+j—1)--(Nc —n+i) (9.10)
let nc_minus_n_plus n k =
const (L.ints [ (1, 1); (—n + k, 0)])
let contractions rank k =
product (nc_minus_n_plus rank) 1 k
let suite_times =
"times" >:::
[ "reorder components t1*t2" >:: (x trivial TPFTH = TrITik )
(fun () —
let t1 = ¢ (—1) 1 (=2)
and t2 = t (—=1) (=2) 2in
equal (t1 *xx t2) (12 xxx t1));
"reorder components tr(t1xt2)" > (x trivial TWTI" = TIT x)
(fun () —
let t1 = t1(—1) (~2)
and t2 = t2(-2) (=1)in
equal (t1 *xx t2) (12 xxx t1));
"reorderings" >::
(fun () —
let v1 = [Arrows { coeff = L.unit; arrows = [1 => —2; —2 => —1; —1 => 1] }]
and v2 = [Arrows { coeff = L.unit; arrows = [-1 => 2; 2 => —2; —2 => —1]}]
and v/ = [Arrows { coeff = L.unit; arrows = [1 => 1; 2 => 2] }]in

equal v' (vl **x v2));

"eps*epsbar" >::
(fun () —
equal
(delta8 12 xxx delta3 34 —— — delta3 1 4 x%x* delta3 3 2)
(epsilon [1; 3] *** epsilon_bar [2; 4]));

"eps*epsbar ,-" >::
(fun () —
equal
(delta8 14 xxx delta3 32 —— — delta3 1 2 xxx* delta3 3 4)
(epsilon [1; 3] * % x epsilon_bar [4; 2]));

"eps*epsbar; 1" >::
(fun () —
equal (* No =3+ 1= (Ng —2), for NC' = 3: 1 %)
(contractions 3 1 x %%
(deltad 12 %% % delta3 34 —— — delta3 14 xxx* delta3 3 2))
(epsilon [—1; 1; 3] xxx epsilon_bar [—1; 2; 4]));

"eps*epsbar;,cyclic 1" >::
(fun () —
equal (* No —3+ 1= (Ng —2), for NC' = 3: 1 %)
(contractions 3 1 * *x
(delta3 12 **x* delta3 34 — — — delta3 14 xxx delta3 3 2))
(epsilon [3; —1; 1] ®*x% epsilon_bar [—1; 2; 4]));

"eps*epsbarcyclic 2" >::
(fun () —
equal (* No —3+ 1= (N¢g —2), for NC =3: 1 %)
(contractions 3 1 x %%
(delta3 12 *xx delta? 34 — — — delta3 14 xxx delta3 3 2))
(epsilon [—1; 1; 3] *xx epsilon_bar [4; —1; 2]));
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"eps*epsbar 2" >::
(fun () —
equal (x* (N¢ —3+2)(N¢ —3+1) = (N¢g —1)(Ng — 2), for NC = 3: 2 %)
(contractions 3 2 xx * delta3 1 2)
(epsilon [—1; —2; 1] x*x* epsilon_bar [-1; —2; 2]));

"eps*epsbar 3" >::
(fun () —
equal (¥ (No —3+3)(Neg —3+42)(Ne —3+1) = No(Ne — 1)(Ne — 2), for NC = 3: 3! %)
(contractions 3 3)
(epsilon [—1; —2; —3] *=*x* epsilon_bar [-1; —2; —3]));

"eps*epsbar big" >::
(fun () —
equal (* (Nc —5+3)(N¢ —5+2)(Nec —5+1) = (N¢ —2)(N¢ — 3)(N¢ —4), for NC = 5: 3! %)
(contractions 5 3 #x
(epsilon [4; 5] *** epsilon_bar [6; T]))
(epsilon [—1; —2; —3; 4; 5] x*xx epsilon_bar [-1; —2; —3; 6; 7]));

"eps*epsbar big ,-" >::
(fun () —
equal (x (Nc =5+ 3)(Ne —5+2)(Neg —5+1) = (Ng —2)(N¢ — 3)(N¢g — 4), for NC = 5: 3! %)
(contractions 5 3 * xx
(epsilon [5; 4] = *x* epsilon_bar [6; 7]))
(epsilon [—1; 4; —3; —2; 5] **x epsilon_bar [-1; —2; —3; 6; 7])) |

Propagators
Verify the normalization of the propagators by making sure that D% D/* = D

let projection_id rep_d =
equal (rep_d 1 2) (rep_d 1 (=1) s xx rep_d (—1) 2)

let orthogonality d d' =
assert_zero_vertex (d 1 (=1) xxx d' (—1) 2)

Pass every arrow straight through, without (anti-)symmetrization.

let delta_unsymmetrized n k1 =
delta_of _permutations n [(1, ThoList.range 0 (pred n))] k I

let completeness n tableaux =
equal
(delta_unsymmetrized n 1 2)
(sum (List.map (fun t — delta_of _tableau t 1 2) tableauz))

The following names are of historical origin. From the time, when we didn’t have full support for Young tableaux
and implemented figure 9.1 from the birdtrack book.

(9.11)
let delta_SAS ij =
delta_of _tableaw [[0;1];[2]] 4 j
(9.12)

let delta_ASA i j =
delta_of _tableaw [[0;2];[1]] 4 j

let suite_propagators =
"propagators" >:u:

[ "D*D=D" >:: (fun () — projection_id delta3);
"D8*D8=D8" >:: (fun () — projection_id delta8);
"GxG=G" >:: (fun () — projection_id gluon);
"D6xD6=D6" >:: (fun () — projection_id delta6);
"D10%D10=D10" >:: (fun () — projection_id deltal0);
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"D15%D15=D15" >:: (fun () — projection_id deltal5);
"D3bar+*D3bar= D3bar" >:: (fun () — projection_id delta3bar);
"D6*D3bar=0" >:: (fun () — orthogonality delta6 delta3bar);
"D_A3%D_A3=D_ A3" = (fun () — projection_id (delta-A 3));
"D10*D_A3=0" > (fun () — orthogonality deltal0 (delta-A 3));
"D_SAS*D_SAS—D SAS" >:: (fun () — projection_id delta_-SAS);
"D_ASA*D_ASA=D_ASA" >:: (fun () — projection_id delta-ASA);
"D_SAS*D_S3=0" > (fun () — orthogonality delta_SAS (delta_S 3));

"D_SAS*D_A3=0" >:: (fun () — orthogonality delta-SAS (delta-A 3));
"D_SAS*D_ASA=0" >:: (fun () — orthogonality delta_SAS delta-ASA);
"D_ASA*D_SAS=0" >:: (fun () — orthogonality delta_ASA delta_SAS);
"D_ASA*D_S3=0" >:: (fun () — orthogonality delta-ASA (delta_S 3));
"D_ASA*D_A3=0" >:: (fun () — orthogonality delta_ASA (delta_A 3));

"DU*DU=DU" >:: (fun () — projection_id (delta_unsymmetrized 3));

"S3=[0123]" >
(fun () —
equal (delta-S 4 1 2) (delta-of —tableau [[0;1;2;3]] 1 2));

"A3=[0,1,2,3]1" >
(fun () —
equal (delta-A 4 1 2) (delta—of —tableau [[0]; [1]; [2]; [3]] 1 2));

"[0123]*[012,3]=0" >
(fun () —
orthogonality
(delta-of —tableau [[0;1;
(delta—of —tableau [[0; 1

"[0123]%[01,23]=0" >
(fun () —
orthogonality
(delta_of _tableau [[0;1;2; 3]])
(delta_of _tableau [[0;1];[2; 3]]));

"[012,3]1%[012,3]1=[012,3]" >
(fun () — projection_id (delta_of _tableau [[0;1;2]; [3]]));

o+

"completeness 2" >: (fun () — completeness 2 [ [[0;1]]; [[0;[1]] ]) ;

"completeness; 2°" >::
(fun () —
equal
(delta_unsymmetrized 2 1 2)
(delta_S 212 4+ ++ delta_A 21 2));

Implementation of SU3

(9.13)

The normalization factors are written for illustration. They are added by delta_of _tableau automatically.

[o[i[2]3] +

B B I

"completeness; ;3" >

(9.14)

(fun () — completeness 3 [ [[0;1;2]]; [[0;1];[2]]; [[0;2]; [1]]; [[0]; [1]; [2]] ]);

"completeness 3" >
(fun () —
equal
(delta_unsymmetrized 3 1 2)

(delta_S 312 +++ delta_SAS 12 +++ delta_ASA 12 4+ + delta_A 3 1 2));

[0]
oT213 m. m. EI [or2] 3 [9]3]
H—U+ H—U+2 +3REt 3 EE Y S - +§- + (9.15)
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"completeness; 4" >

(fun () —
completeness 4
[ [0;1;2; 3]];
[10; 15 2J; [3]]5 [[0; 15 3]; [2]]; [[052; 3]; [1]];
[10; 1J; [2; 3]]; [[0;2]; [1; 3]};
(105 1]; [2]; [3]]5 [[0;2]; [1]; [3]]; [[0; 3]; [1]; [21];
[0} 1) [21; (3] 1) |

Normalization

let suite_normalization =
"normalization" >::

[ "tr(t*t)" > (% tr(TyTp) = dap + ghosts x)
(fun () —
equal
(delta8-loop 1 2)
(t1(=1) (=2) *xx t2(=2) (=1)));

"tr(t*t) sans ghosts" > (x tr(T,Tp) = dap *)
(fun () —
exorcised - equal
(delta8 1 2)

(81 (=1) (=2) xxx t2(=2) (=1)));
The additional ghostly terms were unexpected, but arises like (6.2) in our color flow paper [17].

"ErExt" > (* T.TyT, = 7Tb/NC =+ ... *)
(fun () —
equal
(minus % %% over_nc x%x% ¢t 123
++4+ [Arrows { coeff = L.int 1; arrows = [1 => 1; 3 => 2] };
Arrows { coeff = L.nc (=1); arrows = [3 => 2; 77 1] }])
(t(=1)2(=2) #*x t1(—2)(=3) *xx t(—1) (=3) 3));

As expected, these ghostly terms cancel in the summed squares

tr(T, Ty T T. Ty T.) = tr(TyT) /NE = 0 /N& = (NG — 1)/NZ =1 — 1/NE (9.16)

"sum( (t*t*t) "2)" >
(fun () —
equal

(ints [(1, 0); (=1, —2)])

(t (=1) (=11) ( 2) ok t(—2) (—12) (—13) sk  (—1) (—13) (—14)
w5 1 (23) (—14) (—15) x5 % £ (—2) (—15) (—16) # % ¢ (—3) (—16) (=11)))
"dxd" >::
(fun () —

exorcised - equal
[ Arrows { coeff = L.nts [(2, 1); (=8,=1)]; arrows = 1 <
Arrows { coeff = L.ints [(2, 0); (4,-2)]; arrows = [1=
(d1(=1) (=2) *xx d2(=2) (-1)))]

As proposed in our color flow paper [17], we can get the correct (anti-)symmetrized generators by sandwiching
the following unsymmetrized generators between the corresponding (anti-)symmetrized projectors. Therefore,
the unsymmetrized generators work as long as they’re used in Feynman diagrams, where they are connected by
propagators that contain (anti-)symmetrized projectors. They even work in the Lie algebra relations and give
the correct normalization there.

They fail however for more general color algebra expressions that can appear in UFO files. In particular,
the Casimir operators come out really wrong.

=> 2 )
>12=>2}]

let t_unsymmetrized n k1 =
t_of _delta (delta_unsymmetrized n) k 1
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The following trivial vertices are not used anymore, since they don’t get the normalization of the Ward identities
right. For the quadratic casimir operators, they always produce a result proportional to Cp = C3(S7). This
can be understood because they correspond to a fundamental representation with spectators.
(Anti-)symmetrizing by sandwiching with projectors almost works, but they must be multiplied by hand by
the number of arrows to get the normalization right. They’re here just for documenting what doesn’t work.

let t_trivial n a k| =
let sterile =
List.map (fun i — (I, i) >=>> (k, 1)) (ThoList.range 1 (pred n)) in
[ Arrows { coeff = L.int ( 1); arrows = ((I, 0) >=> a) == (a =>> (k, 0)) == sterile };
Arrows { coeff = L.int (=1); arrows = (7?7 a) = ((I, 0) >=>> (k, 0)) :: sterile }]

let t6_trivial = t_trivial 2
let t10_trivial = t_trivial 3
let t15_trivial = t_trivial 4

let t_SAS = t_of_delta delta_SAS
let t_ASA = t_of _delta delta_ASA

let symmetrization Trep_ts rep_tu rep_d =

let rep_ts =
match rep_ts with
| None — rep_tu
| Some rep_t — rep_t in

equal
(rep_ts 1 2 3)
(gluon 1 (=1) xx* rep_d 2 (—=2) *xx rep_tu (—1) (=2) (=3) **x* rep_d (—3) 3)

let suite_symmetrization =
"symmetrization" >::

[ "t6" >:: (fun () — symmetrization t6 delta6);
"t10" >:: (fun () — symmetrization t10 deltal0);
"t15" > (fun () — symmetrization t15 deltalb);
"t3bar" >: (fun () — symmetrization t3bar delta3bar);
"t_SAS" >:: (fun () — symmetrization t-SAS delta-SAS);
"t_ASA" >: (fun () — symmetrization t-ASA delta-ASA);
"t6°" > (fun () — symmetrization “rep_ts : t6 (t_unsymmetrized 2) deltat);
"t10°" > (fun () — symmetrization “rep_ts : t10 (t_unsymmetrized 3) deltal0);
"t15°" > (fun () — symmetrization “rep_ts : t15 (t_unsymmetrized 4) deltal5);

l|t6,’|| >::
(fun () —
equal
(t6 12 3)
(int 2 *¥** delta6 2 (—1) *xx t6_trivial 1 (—1) (—=2) *xx deltab (—2) 3));

"£107°" >
(fun () —
equal
(t10 12 3)
(int 3 *** deltal0 2 (—1) = x* t10_trivial 1 (—1) (=2) *x* deltal0 (—2) 3));

15N i
(fun () —
equal
(t15 12 3)
(int 4 *** deltal5 2 (—1) =*=* t15_trivial 1 (—1) (=2) **x* deltal5 (—2) 3)) |

Traces

Compute (anti-)commutators of generators in the representation r, i. e. [r(to)7(tp)]i; F(7(ts)r(ta))ij, using isum <
0 as summation index in the matrix products.

let commutator rep_t i_sum a bij =
multiply [rep_t a © i_sum; rep_t b i_sum j|
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— multiply [rep_t b i i_sum; rep_t a i_sum j]

let anti_commutator rep_t i_sum a b ij =
multiply [rep_t a i i_sum; rep_t b i_sum j]
+++ multiply [rep-t b i i_sum; rep_t a i_sum j|

Trace of the product of three generators in the representation r, i.e. tr,(r(¢y)r(tp)r(t.)), using —1,—2, -3 as
summation indices in the matrix products.

let traced rep_t a b ¢ =
rep_t a (—=1) (=2) #*% rep_t b (—2) (=3) *=*x* rep_t ¢ (—3) (1)

let loop3 a b c =

[ Arrows { coeff = L.int 1; arrows = A.cycle (List.rev [a; b; c]) };
Arrows { coeff = L.int (—1); arrows = (a <=> b) Q [?? ] };
Arrows { coeff = L.int (=1); arrows = (b <=> ¢) Q[?? a] };
Arrows { coeff = L.int (—1); arrows = (¢ <=> a) Q@ [?? b] };
Arrows { coeff = L.int 1; arrows = [a => a; 77 b; 77 c] };
Arrows { coeff = L.nt 1; arrows = [?? a; b => b; 77 ] |
Arrows { coeff = L.int 1; arrows = [?7 a; 77 b; ¢ => ] };
Arrows { coeff = L.nc (—1); arrows = [?? a; 77b; 77 ¢] }]

let suite_trace =
"trace" >::

[ "tr(ttt)" >
(fun () — equal (trace3 ¢t 12 3) (loop3 1 2 3));

"tr(ttt)ycyclic 1" > (x tr(TTpTe) = tr(TT.T,) *)
(fun () — equal (trace3 t 12 3) (trace3 t 2 3 1));

"tr(ttt)ycyclic 2" > (x tr(ToTpT.) = tr(T.ToTy) *)
(fun () — equal (trace3 t 12 3) (trace3 t 3 1 2));

@ Do we expect this?

"tr(tttt)" > (x tr(T Ty T Ty) = ... %)
(fun () —
exorcised - equal
[ Arrows { coeff = L.int 1; arrows = A.cycle [4; 3; 2; 1] }]
(t1(=1) (=2) #xx t2(=2) (=3) *xx t3(=3)(=4) **x t4(=4)(-1)))]

let suite_ghosts =
"ghosts" >

[ "H->gg" >::
(fun () —
equal
(delta8 _loop 1 2)
(£ 1(=1) (=2) xxx t2(=2) (=1)));

"H->ggg £" >
(fun () —
equal
(imag =xx f123)
(trace3 t 123 —— — trace3 t 13 2));

"H->ggg ,d" >
(fun () —
equal
(d123)
(trace3 t 123 + 4+ trace3 t 13 2));

"H->ggg £7" >
(fun () —
equal
(imag =xx f123)
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(t1(=3) (=2) *=*x* commutator ¢t (—1) 2 3 (=2) (=3)));

"H->ggg ,d’" >::
(fun () —
equal
(d123)
(t 1(=3) (=2) *=*x* anti_commutator t (—1) 2 3 (—2) (=3)));

"H->ggg cyclic’" >::
(fun () —
let trace a b ¢ =
ta(=3)(—=2) *xxx commutator t (—1) b ¢ (=2) (=3) in
equal (trace 1 2 3) (trace 2 3 1)) |

let ff al a2 a3 af =

[ Arrows { coeff = L.int (—1); arrows = A.cycle [al; a2; a3; a4] };
Arrows { coeff = L.int (1); arrows = A.cycle [a2; al; a3; a4] };
Arrows { coeff = L.nt (1); arrows = A.cycle [al; a2; af; a3] };
Arrows { coeff = L.int (—1); arrows = A.cycle [a2; al; a4; a3] } ]

lettf jiab =
[ Arrows { coeff = L.imag (1); arrows = A.chain [i; a; b; j] };
Arrows { coeff = L.imag (—1); arrows = A.chain [i; b; a; j] }]

let suite_ff =
"ExE" >
["1" > (fun () — equal (f 1234) (f (1) 12 %= f (=1) 34));
"2" > (fun () — equal (ff 1234) (f (1) 12 xxx f34(-1)));
"3 > (fun () = equal (f 1234) (f (1) 12 xxx f4(-1)3))]

let suite_tf =
"pxf" >
["1" > (fun () — equal (4 1234) (¢ (=1)12 *xx f(—1)34))]

Completeness Relation

Check the completeness relation corresponding to gg-scattering;:
i l i l i l

_ L—/ ) (917)

T;ijl
let ¢t i j k1 =
t(=1)ij =*xx t(=1) k!l
5il5kj_5ij5kl/NC

let ¢t_expected i j k| =
[ Arrows { coeff = L.nt 1; arrows = [l => 4; j => k] };
Arrows { coeff = L.over_nc (—1); arrows = [j => i; | => k] }]

let suite_tt =
"txt" >
["1" > (% T;jT(fl = §ilgki — (5ij5kl/NC *)
(fun () — equal (tt-expected 123 4) (tt1234)) ]

Lie Algebra
Check the commutation relations [Ty, Tp] = ifapeT in various representations.

let lie_algebra_id rep_t =
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let (hs = tmag *xx* f12(=1) x*xx ¢t (—1)34
and rhs = commutator t (—=1) 123 4 in
equal lhs rhs

Check the normalization of the structure consistants N fope = —itr(T, [Ty, Tt])

let f_of _rep_id norm rep_t =
let lhs = norm *x*xx* f 123
and rhs = f_of_rep rep_t 1 2 3 in
equal lhs rhs

@ Are the normalization factors for the traces of the higher dimensional representations correct?

@ The traces don’t work for the symmetrized generators that we need elsewhere!

let suite_lie =
"Liegalgebra relations" >:::
[ "[t,t]=ift" >:: (fun () — lie_algebra_id t);
"[t8,t8]=1ft8" >:: (fun () — lie_algebra_id t8);
"[t6,t6]=1ift6" >:: (fun () — lie_algebra_id t6);
"[t10,t10]=ift10" >:: (fun () — lie_algebra_id t10);
"[t15,t15]=ift15" >:: (fun () — lie_algebra_id t15);
"[t3bar,t3bar]=ift3bar" >:: (fun () — lie_algebra_id t3bar);
"[tSAS,tSAS]=iftSAS" >:: (fun () — lie_algebra_id t_SAS);
"[tASA,tASA]=iftASA" >:: (fun () — lie_algebra_id t-ASA);
"[t6,t6]=1ift6°" >:: (fun () — lie_algebra_id (t_unsymmetrized 2));
"[t10,t10]=1ift10°" >:: (fun () — lie_algebra_id (t-unsymmetrized 3));
"[t15,t15]=ift15°" >:: (fun () — lie_algebra_id (t_unsymmetrized 4));
"[t6,t6]=1ft6°" >:: (fun () — lie_algebra_id t6 _trivial);
"[t10,t10]1=ift10*" >:: (fun () — lie_algebra—id t10_trivial);
"[t15,t15]=ift15" >:: (fun () — lie_algebra_id t15_trivial);
"if =otr (e, t]) " > (fun () — f-oof-rep-id one t);
"on*if = tr(t8[t8,t8]1)" >:: (fun () — f_of_rep_id (two *x*x nc) t8);
"nxif = ,tr(t6[t6,t6]1)" >:: (fun () — f_of _rep_id nc t6_trivial);
"n"2%if,=,tr(t10[t10,t10]1)" >:: (fun () — f-of-rep_id (nc x*x* nc) t10_trivial);
"n"3*if = tr(t15[t15,t15]1)" >:: (fun () — f-of-rep_id (nc xx% nc x*x* nc) t15_trivial) ]

Ward Identities

Testing the color part of basic Ward identities is essentially the same as testing the Lie algebra equations above,
but with generators sandwiched between propagators, as in Feynman diagrams, where the relative signs come
from the kinematic part of the diagrams after applying the equations of motion..

First the diagram with the three gluon vertex ifap. D%, " D* T DY

let ward_ft rep_t rep_d a bij =
imag *** f a b (—11) *x*xx gluon (—11) (—12)
K rep_d i (—1) xxx rep_t (—12) (—1) (=2) *** rep_d (—2) j

then one diagram with two gauge couplings D**T* Dimmn pri

let ward_tt1 rep_t rep_d a bij =
rep_d i (—1) xxx rep_t a (—1) (=2) **x* rep_d (—2) (—3)
K rep_t b (—3) (—4) x*x rep_d (—4) j

finally the difference of exchanged orders: D**TX pimmnpni — pikTkl pimpmn pnj
let ward_tt rep_t rep_d a b ij =
ward_ttl rep_t rep_d a b i j —— — ward_ttl rep_t rep_d b a 1 j
@ The optional ~fudge factor was used for debugging normalizations.

let ward_id ?(fudge = one) rep_t rep_d =
let Ihs = ward_ft rep_t rep_d 123 4
and rhs = ward_tt rep_t rep_d 123 4 in
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equal ths (fudge *x* rhs)

let suite_ward =
"Ward_identities" >::
[ "fund." >:: (fun () — ward_id t delta3);
"adj." >: (fun () — ward_id t8 delta8);

"32" >:: (fun () — ward-id t6 deltab);

"S3" >:: (fun () — ward-id t10 deltal0);

"A2" >: (fun () — ward-id t3bar delta3bar);

"A3" > (fun () — ward_id (t-A 3) (delta_A 3));

"SAS" >:: (fun () — ward_id t_SAS delta_SAS);

"ASA" >:: (fun () — ward_id t_ASA delta_ASA);

"$2°" > (fun () — ward-id ~fudge : two t6_trivial delta6);
"83>" >:: (fun () — ward-id ~fudge : (int 3) t10_trivial deltal10) ]

let suite_ward_long =
"Ward_identities" >::
[ "s4" >:: (fun () — ward_id t15 deltald);
"S4°" > (fun () — ward-id ~fudge : (int 4) t15 _trivial deltal5) ]

Jacobt Identities
TaTch

let prod3 rep_t a b cij =
rep_t a i (—1) *xxx rep_t b (—1) (=2) *xx rep_t ¢ (—=2) J

[Ta7 [Tb)Tc]]
let jacobil rep_t a b cij =
(prod3 rep_t a b cij ——— prod3 rep_t a cbij)
— (prod3 rep_t b caij ——— prod3 rep_t ¢ b aij)

sum of cyclic permutations of [T, [Ty, T¢]]

let jacobi rep_t =
sum [jacobil rep_t 12 3 4 5;
jacobil rep_t 2314 5;
jacobil rep_t 312 4 5)

let jacobi_id rep_t =
assert_zero_vertex (jacobi rep_t)

let suite_jacobi =
"Jacobiidentities" >::
[ "fund." >:: (fun () — jacobi_id t);
"adj." >: (fun () — jacobi_id f);

"g2" >:: (fun () — jacobi_id t6);

"S3" >:: (fun () — jacobi_id t10);

"A2" >:: (fun () — jacobi_id (t-A 2));
"A3" >:: (fun () — jacobi-id (t-A 3));
"SAS" >:: (fun () — jacobi_id t_SAS);
"ASA" >:: (fun () — jacobi_id t-ASA);
"s2°" > (fun () — jacobi_id t6 _trivial);
"33°" >:: (fun () — jacobi-id t10_trivial) |

let suite_jacobi_long =
"Jacobi identities" >:::
[ "S4" >:: (fun () — jacobi-id t15);
"34°" > (fun () — jacobi_id t15_trivial) |

Casimir Operators

We can read of the eigenvalues of the Casimir operators for the adjoint, totally symmetric and totally antisym-
metric representations of SU(NNV) from table II of hep-ph/0611341

Cy(adj) = 2N (9.18a)

113



n(N —1)(N +n)

Co(Sn) = =
Coa) = MV = CL\)](N +1)

adjusted for our normalization. Also from arxiv:1912.13302

Ca(s1) = (V2 — (V2 — a2 = HERRE S

Building blocks n/N¢ and N +n

let n_over_nc n = const (L.ints [ (n, —1)])

let nc_plus n = const (L.ints [ (1, 1); (n,0)])
C5(Sn) =n/Ne(Ne —1)(Ne +n)

let c2_S n = n_over_ncn *xx nc_plus (—1) *** nc_plus n
Ca(An) = n/No(No —n)(No + 1)

let c2_An = n_over_ncn *x*x* nc_plus (—n) **x nc_plus 1

let casimir_tt i j = c2_S 1 %% delta3 i j

let casimir_t6t6 i j = c2_5 2 %% deltab i j

let casimir_t10t10 i j = c2_5 3 xxx deltal0 i j

let casimir_t15t15 i j = c2_.5 4 xxx deltald i j

let casimir_tSbart3bar i j = c2_A 2 *xx deltaSbar i j
let casimir_tAStA8 ij = c2_A 3 x*xx delta_A3 ]

Ca(adj) = 2N¢

let ca = L.ints [(2, 1)]
let casimir_ff a b =
[ Arrows { coeff = ca; arrows = 1 <=> 2 };
Arrows { coeff = L.nt (=2); arrows = [l =>1; 2 => 2| }]

C5(S1) = N& — 5+ 4/NZ
let ¢3f = L.nts [(1, 2); (=5, 0); (4, —2)]

let casimir_ttt i j = const c3f **x delta8 i j

let suite_casimir =
"Casimir operators" >:::

[ "txt" >
(fun () —
equal
(casimir_tt 1 2)
(8 (=1 1(=2) xxx ¢ (=1) (=2) 2));
"ERERL" >
(fun () —
equal
(casimir_ttt 1 2)
(d (=1) (=2) (=3) **x

t(=1) 1 (—4) *xx ¢t (=2) (—4) (=5) *xx t (=3) (=5) 2));

NEAET S
(fun () —
equal
(casimir_ff 1 2)
(minus xx* f (=1) 1 (=2) x*xx f (=1) (=2) 2));
"t6*xt6" >::
(fun () —
equal
(casimir_t6t6 1 2)
(t6 (—1) 1 (=2) **x t6 (—1) (=2) 2));
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"t3bar*t3bar" >::
(fun () —
equal
(casimir_t3bart3bar 1 2)
(t8bar (—1) 1 (=2) **xx t3bar (—1) (—2) 2));

"tA3*tA3" >
(fun () —
equal
(casimir_tAStAS3 1 2)
(A3 (=1)1(=2) xxx t_A3(=1)(=2)2));

"t _SAS*t_SAS" >
(fun () —
equal
(const (L.ints [(3,1); (—9,—1)]) **x* delta_SAS 12)
(t-SAS (=1) 1 (=2) xxx t_SAS (1) (=2) 2));

"t_ASA*xt_ASA" >
(fun () —
equal
(const (L.ints [(3,1); (—9,—1)]) *x*x* delta_-ASA 1 2)
(t-ASA (—1) 1 (=2) **x* t_ASA (—1) (—2) 2));

"t10*%t10" >
(fun () —
equal
(casimir_t10t10 1 2)
(t10 (1) 1 (=2) **x t10 (—1) (—2) 2)) |

let suite_casimir_long =
"Casimir operators" >::

[ "t15*t15" >
(fun () —
equal
(casimir_t15t15 1 2)
(t15 (=1) 1 (=2) *xx t15 (—1) (=2) 2)) ]

Color Sums

let suite_colorsums =
"(squared) color sums" >::

[ "gluon normalization" >:
(fun () —
equal
(delta8 1 2)
(delta8 1 (—1) %% gluon (—1) (=2) *** delta8 (—2) 2));

"Exf" >
(fun () —
let sum_ff =
maltily [ (-11) (-12) (-13)
f(=21) (=22) (-23);
gluon (—11) (—21);
gluon (—12) (—22);
gluon (~13) (~23)
and expected = ints [(2, 3); (=2, 1)]in
equal expected sum_ff);
"dxd" >::
(fun () —
let sum_dd =

multiply | d (—11) (—12) (—13);
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d (—21) (—22) (—23);

gluon (—11) (—21);
gluon (—12) (—22);
gluon (—13) (—23) ]

and expected = ints [(2, 3); (=10, 1); (8, —1)]in
equal expected sum_dd);

"fxd" >
(fun () —
let sum_fd =
multiply [ f (—11) (—12) (—13);
4 (~21) (~22) (~23);
gluon (—11) (—21);
gluon (—12) (—22);
gluon (—13) (—=23) ] in
assert_zero_vertex sum-_fd);
"Hgg" >::
(fun () —
let sum_hgg =

multiply [ delta8_-loop (—11) (-1 )
delta8 _loop (—21) (—22);
gluon (~11) (~21);
gluon (—12) (~22)
and expected = ints [(1, 2); (=1, 0)] in
equal expected sum_hgg) |

let suite =
"SU3" >
[suite_sum;
suite_diff;
suite_times;
suite_normalization;
suite_symmetrization;
suite_ghosts;
sutte_propagators;
suite_trace;
suite_ff;
suite_tf;
sutte_tt;
suite_lie;
suite_ward;
suite_jacobi;
suite — casimir;
suite_colorsums]

let suite_long =
"SU3_long" >::
[suite_ward_long;
suite_jacobi_long;
suite_casimir_long]

end
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COLOR PROPAGATORS

10.1 Interface of Color_Propagator

Possible color flows for a single propagator, as currently supported by WHIZARD.

In a model without € or € couplings, the color flow can be represented by arrays of identifiers (integers) of color
flow lines. One array for incoming lines and another one for outgoing lines. In addition, the propagator can
represent a ghost line.

If there are only fundamental, conjugate and adjoint representations with T, and fu;. couplings, there will
be at most of incoming and at most one outgoing line. In tensor product representations, there are more than
one incoming or outgoing color flow line.

Things become more involved, when there are € or € couplings. Fortunately, it is not possible to contract
two € or two €, while pairs of € and € can always be replaced by a sum over color flows.

For typechecking, it might be beneficial to make these abstract or private eventually.

type cf_in = int
type cf —out = int

Note that these do not need to be not mutually recursive, since e can not be nested beneath e (analogously for
€) and a € beneath a ¢ (and vice versa) can be expanded as a sum over permuted color flows.

Also note that the lists for eps and eps_bar have one element less than s_eps and s_eps_bar. The latter
represent fully saturated e and €, while the former have one open index.

type eps = cf_out list
type s_eps = cf_out list
type c¢f _in_or_eps =

| CF_in of ¢f_in

| Epsilon of eps
type eps_bar = cf _in list
type s_eps_bar = cf_in list
type cf —out_or_eps_bar =

| CF_out of cf_out

| Epsilon_Bar of eps_bar

These types guarantee that there is never a pair of ¢ and € that has yet to be contracted.

type flow = c¢f_in PArray.t x cf-out PArray.t
type flow_eps = cf_in_or_eps PArray.t x cf_out PArray.t
type flow_eps_bar = cf_in PArray.t X cf_out_or_eps_bar PArray.t

Note that the ghosts might carry fully saturated e and € originating from deeper in the DAG.

type t =
| Flow of flow
| Flow_with_Epsilons of flow_eps X s_eps list
| Flow_with_Epsilon_Bars of flow_eps_bar x s_eps_bar list
| Ghost
| Ghost_with_Epsilons of s_eps list
| Ghost_with_FEpsilon_Bars of s_eps_bar list

Project onto Flow, if possible.

val normalize : t — t

Simple constructors.
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val white : ¢

val of _lists : int list — int list — t

Simple predicates.

val is_white : t — bool
Reverse arrows.

val conjugate : t — t
Some ordering.

val compare : t — t — int
val equal : t — t — bool

Implementation of Color_Propagator

Allowed as (a part of) an identifier in Fortran and other programming languages.

val to_symbol : t — string
Pretty printer for the toplevel.

val to_string : t — string

val pp : Format.formatter — t — wunit

10.2  Implementation of Color_Propagator

type c¢f_in = int
type c¢f _out = int

type eps = cf_out list
type s_eps = cf _out list
type c¢f _in_or_eps =

| CF_in of ¢f_in

| Epsilon of eps

type eps_bar = cf_in list
type s_eps_bar = cf_in list
type cf _out_or_eps_bar =

| CF_out of ¢f_out

| Epsilon_Bar of eps_bar

type flow = cf_in PArray.t x cf_out PArray.t
type flow_eps = cf_in_or_eps PArray.t x cf_out PArray.t
type flow_eps_bar = cf_in PArray.t X cf_out_or_eps_bar PArray.t

type t =
| Flow of flow

Flow_with_Epsilons of flow_eps X s_eps list
Flow_with_Epsilon_Bars of flow_eps_bar x s_eps_bar list

Ghost _with_FEpsilons of s_eps_bar list
Ghost _with_FEpsilon_Bars of s_eps_bar list

\
\
| Ghost
\
\

For partial maps of @ Map.t, an exception is the right choice, since we would have to use a Map.fold to

reconstruct resulting map completele.

exception Fail

let to_cf _in_opt cfi =
let project = function
| CF_in ¢f — of

| Epsilon - — raise Fail in
try Some (PArray.map project cfi) with Fail — None

let to_cf _out_opt cfo =
let project = function
| CF_out ¢f — cf

| Epsilon_Bar - — raise Fail in
try Some (PArray.map project cfo) with Fail — None
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let normalize = function
| (Ghost | Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars - | Flow _) as flow — flow
| Flow_with_Epsilons ((cfi, cfo), []) as flow —
begin match to_cf_in_opt cfi with
| None — flow
| Some cfi — Flow (cfi, cfo)
end
| Flow_with_Epsilons (-, - : _) as flow — flow
| Flow_with_Epsilon_Bars ((cfi, cfo), []) as flow —
begin match to_cf _out_opt cfo with
| None — flow
| Some cfo — Flow (cfi, cfo)
end
| Flow_with_Epsilon_Bars (-, - = _) as flow — flow

let white = Flow (PArray.empty, PArray.empty)

let of _lists cfi cfo =
let ¢fi = ThoList.mapi (fun n ¢f — (n, cf)) 0 cfi
and c¢fo = ThoList.mapi (fun n ¢f — (n, ¢f)) 0 cfoin
Flow (PArray.of —pairs cfi, PArray.of —pairs cfo)

let is_white = function
| Flow (incoming, outgoing) — PArray.is_empty incoming A PArray.is_emptly outgoing
| Flow_with_Epsilons (-, _) | Flow_with_Epsilon_Bars (-, -) — false
| Ghost | Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars - — false

let cfi_or_eps_to_cfo_or_eps_bar = function
| CF_in ¢f — CF_out cf
| Epsilon eps — Epsilon_Bar eps

let cfo_or_eps_bar_to_cfi_or_eps = function
| CF_out ¢f — CF_in cf
| Epsilon_Bar eps — Epsilon eps

let conjugate = function
| Flow (cfi, cfo) — Flow (cfo, cft)
| Flow_with_Epsilons ((cfi, cfo), eps) —
Flow _with_Epsilon_Bars ((cfo, PArray.map cfi—or_eps_to_cfo_or_eps_bar cfi), eps)
| Flow_with_Epsilon_Bars ((cfi, cfo), eps) —
Flow_with_FEpsilons ((PArray.map cfo_or_eps_bar_to_cfi_or_eps cfo, cfi), eps)
| Ghost — Ghost
| Ghost_with_Epsilons eps — Ghost_with_FEpsilon_Bars eps
| Ghost_with_Epsilon_Bars eps — Ghost_with_Epsilons eps

let ¢f _in_or_eps_to_string = function
| CF_in i — string_of _int i
| Epsilon cfos — Printf.sprintf "E(%s)" (ThoList.to_string string_of _int cfos)

let cf _out_or_eps_bar_to_string = function
| CF_out i — string-of_int i
| Epsilon_Bar cfis — Printf.sprintf "B(%s)" (ThoList.to_string string_of _int cfis)

let ¢f _in_out_to_string cfi cfo =
match PArray.is_empty cfi, PArray.is_empty cfo with
| true, true — "W"
| false, true — Printf.sprintf "I(%s)" (PArray.to_string string_of —int cfi)
| true, false — Printf.sprintf "0(%s)" (PArray.to_string string_of —int cfo)
| false, false —
Printf .sprintf "I0(%hs,%s)"
(PArray.to_string string_of _int cft)
(PArray.to_string string_of —_int cfo)

let to_string = function
| Ghost — "G
| Flow (cfi, cfo) — cf —in_out_to_string cfi cfo
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| Ghost_with_FEpsilons epsilons —

failwith "Color_Propagator.to_string: incomplete"
| Ghost_with_Epsilon_Bars epsilon_bars —

failwith "Color_Propagator.to_string: incomplete"
| Flow_with_Epsilons ((cfi, cfo), epsilons) —

failwith "Color_Propagator.to_string: incomplete"
| Flow_with_Epsilon_Bars ((cfi, cfo), epsilon_bars) —

failwith "Color_Propagator.to_string: incomplete"

let digit_option_to_symbol = function
| None — "_"
| Some i —
if # < 0 then
invalid_arg "Color_Propagator.digit_option_to_symbol: negative"
else
if ¢ < 10 then

string-of —int i
else if ¢+ < 36 then
String.make 1 (Char.chr (Char.code A’ + i — 10))
else
invalid_arg "Color_Propagator.digit_option_to_symbol: too large"

let ¢f _in_cf _out_to_symbol cfi cfo =
match PArray.to_option_list cfi, PArray.to_option_list cfo with
| []’ [] = "
| cfi, [|] = "i" ~ String.concat "" (List.map digit_option_to_symbol cfi)
| [], c¢fo — "o" * String.concat """ (List.map digit_option_to_symbol cfo)
| cﬁ7 cfo —
"i" " String.concat "" (List.map digit_option_to_symbol cfi) "
"_o" " String.concat "" (List.map digit_option_to_symbol cfo)

let to_symbol = function
| Ghost — "g"
| Flow (cfi, cfo) — cf_in_cf_out_to_symbol cfi cfo
| Ghost_with_FEpsilons epsilons —
failwith "Color_Propagator.to_string: incomplete"
| Ghost_with_Epsilon_Bars epsilon_bars —
failwith "Color_Propagator.to_string: incomplete"
| Flow_with_Epsilons ((cfi, cfo), epsilons) —
failwith "Color_Propagator.to_string: incomplete"
| Flow_with_Epsilon_Bars ((cfi, cfo), epsilon_bars) —
failwith "Color_Propagator.to_string: incomplete"

let pp fmt p =
Format.fprintf fmt "%s" (to_string p)

let compare_pairs compare_x compare_y (z1, y1) (22, y2) =

let ¢ = compare_z x1 z2 in
if ¢ # 0 then

c
else

compare_y yl y2

let compare_flows pl p2 =
compare_pairs (PArray.compare compare) (PArray.compare compare) pl p2

let compare_eps el e2 =
compare_pairs (compare_pairs (PArray.compare compare) (PArray.compare compare)) compare el e2

let compare pl1 p2 =
match normalize p1, normalize p2 with
| Flow f1, Flow f2 — compare_flows f1 f2
| Flow_with_Epsilons (f1, el), Flow_with_Epsilons (f2, e2) — compare_eps (f1, el) (f2, e2)
| Flow_with_Epsilon_Bars (f1, el), Flow_with_FEpsilon_Bars (2, e2) — compare_eps (f1, el) (f2, e2)
| Ghost, Ghost — 0
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| Ghost_with_FEpsilons el, Ghost_with_Epsilons e2 — compare el e2
| Ghost_with_Epsilon_Bars el, Ghost_with_Epsilon_Bars e2 — compare el e2

| Flow _, (Flow_with_Epsilons _ | Flow_with_Epsilon_Bars - | Ghost

| Ghost_with_FEpsilons - | Ghost_with_FEpsilon_Bars _)
| Flow_with_Epsilons -, (Flow_with_Epsilon_Bars - | Ghost

| Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars _)

| Flow_with_Epsilon_Bars _ , (Ghost | Ghost_with_Epsilons _ | Ghost_with_FEpsilon_Bars _)
| Ghost, (Ghost_with_Epsilons _ | Ghost_with_Epsilon_Bars _)
| Ghost_with_Epsilons -, Ghost_with_FEpsilon_Bars - — —1
|

(Flow_with_Epsilons - | Flow_with-Epsilon_Bars - | Ghost

| Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars _), Flow _
(Flow_with_Epsilon_Bars _ | Ghost

| Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars _), Flow_with_FEpsilons _

(Ghost | Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars _), Flow_with_FEpsilon_Bars _
| (Ghost_with_Epsilons - | Ghost_with_Epsilon_Bars _), Ghost

| Ghost_with_FEpsilon_Bars _, Ghost_with_Epsilons - — 1

let equal p1 p2 =
compare pl p2 = 0

Since PArray.Alist.t has a unique physical representation, we can fall back on the polymorphic compare again.

let compare = compare
let equal = (=)
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COLOR FUSIONS

11.1 Interface of Color_Fusion

This module uses a vertex color flow of type Birdtracks.t (which aliased to, e.g., SU3.t), to fuse a list of
Color_Propagator.t.

fuse nc vertex children use the color flows in the vertex to combine the color flows in the incoming children and
return the color flows for outgoing particle together with their weights.

val fuse : int — Birdtracks.t — Color_Propagator.t list — (Algebra.Laurent.c x Color_Propagator.t) list

At the moment, nc is substituted for N¢. It this necessary or the desired behavior? Can we use (Algebra. Laurent.t x
Color_ Propagator.t) list as return type instead, in order to be able to write the symbolic expression to the
amplitude? This would necessitate changes in many places, however.

Unit tests.

module Test : sig val suite : OUnit.test val suite_long : OUnit.test end

11.2  Implementation of Color_Fusion

Here we will use the color flow described by a Arrow.free list to determine the possible outgoing color flows
for the incoming color flows in a fusion. This translates from vertices described by connections among integers
describing factors in the tensor product to color flows with integers describing individual color flow lines. For
the treatment of € and €, see the discussion on page 81.

At the moment both the factors in the tensor product and the color flow lines are ints. This could be made
clearer by abstract types.

@ This still needs to be extended to € and €, i.e. Arrow.free_eps and Arrow.free_eps_bar.

module A = Arrow

open A.Infix

module CP = Color_Propagator
module L = Algebra.Laurent
module QC = Algebra.QC

Take a Color_Propagator.t list, ignore the uncolored (Color_Propagator. W) ones and construct a map into the
colored ones indexed by the offset into the original list. Actually, one could use a Color_Propagator.t option ar-
ray instead, but the elements of o array are updated in place, making it harder to keep track.

let line_map lines =
let _, map =
List.fold _left
(fun (i, acc) line —
(suce 1,
if CP.is_white line then
acc
else
PArray.add i line acc))
(1, PArray.empty)
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lines in
map
clear i lines removes the Color_Propagator.t at position ¢ from the map lines.
let clear = PArray.remove

Return +1 if the list {7 is an even permutation of the list [2, —1 if [1 is an odd permutation of /2 and 0
otherwise.

let relative_permutation 11 12 =

let eps1, 11 = Combinatorics.sort_signed 1
and eps2, 12 = Combinatorics.sort_signed 12 in
if [ = [2 then

epsl X eps2
else

0

Return the integers in the list elements that are not in the list universe.

let not_in elements universe =
let universe = Sets.Int.of _list universe in
let rec collect missing = function
| [] — missing
| = = taill —
if Sets.Int.mem x universe then
collect missing tail
else
collect (x :: missing) tail in
collect [] elements

open_epsilon is an €;,...;, (or € 'n) with one index i open and epsilon_bar a matching e172"9n (or €;, ,...5,)-
Replace i by the single j € {jm}m=1,....n With j & {i;}m=2,... n and compute
Ciay.g, E192 I — §irdain Z (_1)8(0)5;(j1)5i2(j2) o §oUn) (11.1)

112 ln in

og€eS,
Return None if the two index sets are not permutations of one another and Some (sign, i) if they are.

let open_contract open_epsilon epsilon_bar =
match not_in epsilon_bar open_epsilon with
| [] = None
| [i] =
let sign = relative_permutation (i :: open_epsilon) epsilon_bar in
if sign = 0 then
None
else
Some (sign, 1)
| - — None

connect n (sign, flow_n, lines) arrow tries to form a new connection in the map lines using a single arrow.
The outgoing line in the fusion is represented by flow_n and corresponds to n in the arrow.

If the arrow is a ghost and is connected to the outgoing line, just add it. If it is connected to an incoming line,
remove this propagator, as it is saturated.

let connect_ghost_opt n g (sign, flow_n, lines) =
let ¢/ = A.position_ghost g in
if ¢ = n then
Some (sign, CP.Ghost, lines)
else
match PArray.get_opt g’ lines with
| Some CP.Ghost — Some (sign, flow_n, clear ¢’ lines)
| Some CP.Ghost_with_FEpsilons - —
failwith "connect_ghost_opt: incomplete"
| Some CP.Ghost_with_Epsilon_Bars - —
failwith "connect_ghost_opt: incomplete"
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| - — None

Add the normalized propagator p to the map lines at position 4, unless it contains no color flows. Remove it in
this case.

let add_or_remove_if _white i p lines =
let p = CP.normalize p in
if CP.is_white p then
PArray.remove i lines
else
PArray.add i p lines

If the arrow is a connection and is connected on one side to the outgoing line, find the matching incoming line.
If it is connected to two incoming lines, merge them, which amounts to throwing them away.

Here’s where the e-€ pairs will be consumed. We should move this to a preprocessing step, so that the
repeated application of arrows does not have to take care of it. Or do it in a postprocessing step, which has
the advantage that the contractions have been processed and a possible new € or € is available.

Try to extract an e (or €) from the color flow given as the argument.

let take_epsilon cfi =
let project_opt _ = function
| CP.CF_in ¢f — Some cf
| CP.Epsilon - — None in
PArray.take_one project_opt cfi

let take_epsilon_bar cfo =
let project_opt _ = function
| CP.CF_out ¢f — Some cf
| CP.Epsilon_Bar - — None in
PArray.take_one project_opt cfo

This is a part of connect_in_opt below that requires recursion and therefore needs to be its own function.
Keeping track of the overall sign, connect the incoming CP.Flow_with_FEpsilons at index i’ at position 7 in
lines with the outgoing CP.Flow_with_Epsilon_Bars at index n’. Return the updated propagator and lines if
the color flows match.

let rec connect_in_contract_epsilons_opt sign :
int — CP.flow_eps_bar — CP.eps_bar list —
int — CP.flow_eps — CP.eps list —
int - CP.t PArray.t — (int x CP.t x CP.t PArray.t) option =
fun n’ (cfi—n, cfo_n as cf_n) epsilon_bars_n
i’ (cfi-i, cfo_i as c¢f_i) epsilons_i i lines —
let open PArray in
match epsilon_bars_n, epsilons_i with

| epsilon_bar :: epsilon_bars_n, epsilon :: epsilons_i —
let relative_sign = relative_permutation epsilon epsilon_bar in
if relative_sign = 0 then
None
else

connect_in_contract_epsilons_opt (relative_sign X sign)
n' ¢f _n epsilon_bars_n i’ cf _i epsilons_i i lines
| epsilon_bar :: _, [] —
begin match take_epsilon cfi—i with
| Nothing cfi —
let flow_n = CP.Flow_with_FEpsilon_Bars (cf_-n, epsilon_bars_n)
and pi = CP.Flow (cfi, cfo_i) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| Single (-, -, cfi-i) —
failwith "Color_Fusion.connect_in_contract_epsilons_opt: incomplete"
| Multiple (-, -, cfi_i) —
failwith "Color_Fusion.connect_in_contract_epsilons_opt: incomplete"
end
| [], epsilon = - —
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begin match take_epsilon_bar cfo_n with
| Nothing cfo —
let flow_n = CP.Flow (cfi_n, cfo)
and pi = CP.Flow_with_FEpsilons (c¢f-i, epsilons_i) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| Single (-, -, cfo_n) —
failwith "Color_Fusion.connect_in_contract_epsilons_opt: incomplete"
| Multiple (-, _, cfo_n) —
failwith "Color_Fusion.connect_in_contract_epsilons_opt: incomplete"
end
{0, 0 =
begin match take_epsilon_bar cfo_n, take_epsilon cfi_i with
| Nothing cfo, Nothing cfi —
let flow_n = CP.Flow (cfi_n, cfo)
and pi = CP.Flow (cfi, cfo_i) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| - —
failwith "Color_Fusion.connect_in_contract_epsilons_opt: incomplete"
end

let connect_in_opt n' (i, i') (sign, flow_n, lines) =
let open PArray in
match get_opt i lines with
| None — None
| Some flow_i —
begin match flow_i with
| CP.Ghost | CP.Ghost_with_Epsilons - | CP.Ghost_with_Epsilon-Bars - — None
| CP.Flow (cfi-i, cfo_i) —
begin match get_opt i’ cfi_i with
| None — None
| Some cfi —
begin match flow_n with
| CP.Ghost — None
| CP.Ghost_with_Epsilons - —
failwith "connect_in_opt: incomplete"
| CP.Ghost_with_Epsilon_Bars - —
failwith "connect_in_opt: incomplete"
| CP.Flow (cfi—n, cfo_n) —
let flow_n = CP.Flow (add n' cfi c¢fi_n, cfo_n)
and pi = CP.Flow (remove i’ ¢fi_i, cfo_i) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| CP.Flow_with_Epsilons ((cfi—-n, cfo_n), epsilons_n) —
let ¢fi = CP.CF_in cfi in
let flow_n = CP.Flow_with_Epsilons ((add n’ cfi cfi_n, cfo_n), epsilons_n)
and pi = CP.Flow (remove i’ ¢fi_i, cfo_i) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| CP.Flow_with_Epsilon_-Bars ((cfi—n, cfo-n), epsilon_bars_n) —
let flow_n = CP.Flow_with_Epsilon_Bars ((add n' cfi cfi_n, cfo_n), epsilon_bars_n)
and pi = CP.Flow (remove i’ cfi_i, cfo_i) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
end
end
| CP.Flow_with_Epsilons ((cfi-i, cfo-1), epsilons_i) —
begin match get_opt ¢’ cfi_i with
| None — None
| Some c¢fi —
begin match flow_n with
| CP.Ghost — None
| CP.Ghost_with_Epsilons - —
failwith "connect_in_opt: incomplete"
| CP.Ghost_with_Epsilon_Bars - —
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failwith "connect_in_opt: incomplete"
| CP.Flow (c¢fi_n, cfo_n) —
let ¢fi—n = map (fun ¢f — CP.CF_in ¢f) cfi_n in
let flow_n = CP.Flow_with_Epsilons ((add n' cfi cfi_n, cfo_n), epsilons_i)
and pi = CP.Flow_with_Epsilons ((remove i’ cfi_i, cfo_i), []) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| CP.Flow_with_FEpsilons ((cfi—n, cfo_n), epsilons_n) —
let flow_n = CP.Flow_with_Epsilons ((add n' cfi c¢fi_n, cfo_n), epsilons_i Q epsilons_n)
and pi = CP.Flow_-with_Epsilons ((remove i’ cfi_i, cfo-i), []) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| CP.Flow_with_Epsilon_Bars ((cfi—n, cfo_n), epsilon_bars_n) —
connect_in._contract _epsilons_opt sign
n’ (cfi_n, cfo_n) epsilon_bars_n
i’ (cfi-i, cfo_i) epsilons_i
i lines
end
end
| CP.Flow_with_Epsilon_Bars ((cfi-i, cfo_i), epsilon_bars_i) —
begin match get_opt i’ cfi_i with
| None — None
| Some cfi —
begin match flow_n with
| CP.Ghost — None
| CP.Ghost_with_Epsilons - —
failwith "connect_in_opt: incomplete"
| CP.Ghost_with_Epsilon_-Bars - —
failwith "connect_in_opt: incomplete"
| CP.Flow (cfi—n, cfo_n) —
let cfo_n = map (fun ¢f — CP.CF_out cf) cfo_n in
let flow_n = CP.Flow_with_Epsilon_Bars ((add n' cfi cfi_n, cfo_n), epsilon_bars_i)
and pi = CP.Flow_with_Epsilon_Bars ((remove i’ cfi—i, cfo_i), []) in
Some (sign, flow_n, add_or_remove_if _white i pi lines)
| CP.Flow_with_FEpsilon_Bars ((cfi—n, cfo_n), epsilon_bars_n) —
let flow_n = CP.Flow_with_FEpsilon_Bars ((add n' ¢fi cfi_n, cfo_n), epsilon_bars_i Q epsilon_bars_n)
and pi = CP.Flow_with_Epsilon_Bars ((remove ' cfi_i, cfo_i), []) in
Some (sign, flow_n, add-or_remove_if —white i pi lines)

| CP.Flow_with_Epsilons ((cfi—-n, cfo_n), epsilons_n) —
failwith "Color_Fusion.connect_in_opt: no epsilon contractions yet"
end
end
end

let connect_out_opt n' (o, 0") (sign, flow_n, lines) =
let open PArray in
match get_opt o lines with
| None — None
| Some flow —
begin match flow with
| CP.Ghost | CP.Ghost_with_Epsilons - | CP.Ghost_with_Epsilon_Bars - — None
| CP.Flow (c¢fi-o, cfo_o) —
begin match get_opt o’ cfo_o with
| None — None
| Some cfo —
begin match flow_n with
| CP.Ghost — None
| CP.Ghost_with_Epsilons - —
failwith "connect_out_opt: incomplete"
| CP.Ghost_with_Epsilon_-Bars - —
failwith "connect_out_opt: incomplete"
| CP.Flow (cfi—n, cfo_n) —
let flow_n = CP.Flow (cfi_n, add n' cfo cfo_n)
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and po = CP.Flow (cfi—o, remove o' cfo_o) in
Some (sign, flow_n, add_or_remove_if _white o po lines)
| CP.Flow_with_Epsilons ((cfi—n, cfo_n), epsilons_n) —
let flow_n = CP.Flow_with_Epsilons ((c¢fi—n, add n' cfo cfo_n), epsilons_n)
and po = CP.Flow (cfi—o, remove o' cfo_o0) in
Some (sign, flow_n, add_or_remove_if _white o po lines)
| CP.Flow_with_FEpsilon_Bars ((cfi—n, cfo_n), epsilon_bars_n) —
let ¢cfo = CP.CF_out cfo in
let flow_n = CP.Flow-with_Epsilon_-Bars ((cfi-n, add n’ cfo cfo_n), epsilon_bars_n)
and po = CP.Flow (cfi—o, remove o’ cfo_o) in
Some (sign, flow_n, add_or_remove_if —white o po lines)
end
end
| CP.Flow_with_FEpsilons ((cfi-o, cfo_o), epsilons_o) —
begin match get_opt o’ cfo_o with
| None — None
| Some cfo —
begin match flow_n with
| CP.Ghost — None
| CP.Ghost_with_Epsilons - —
failwith "connect_out_opt: incomplete"
| CP.Ghost_with_Epsilon_Bars - —
failwith "connect_out_opt: incomplete"
| CP.Flow (cfi_n, cfo_n) —
let ¢fiin = map (fun ¢f — CP.CF_in cf) cfi_n in
let flow_n = CP.Flow_with_Epsilons ((c¢fi—n, add n' cfo cfo_n), epsilons_o)
and po = CP.Flow_with_Epsilons ((cfi—o, remove o' cfo_o0), []) in
Some (sign, flow_n, add_or_remove_if _white o po lines)
| CP.Flow_with_Epsilons ((cfi—n, cfo_n), epsilons_n) —
let flow_n = CP.Flow_with_Epsilons ((cfi—n, add n’ cfo cfo_n), epsilons_o Q epsilons_n)
and po = CP.Flow_with-Epsilons ((cfi-o, remove o' cfo_o0), []) in
Some (sign, flow_n, add_or_remove_if _white o po lines)
| CP.Flow_with_FEpsilon_Bars ((cfi—n, cfo_n), epsilon_bars_n) —
failwith "Color_Fusion. connect_out_opt: noyepsilon ,contractions yet"
end
end
| CP.Flow_with_Epsilon_Bars ((cfi—o, cfo_o0), epsilon_bars_o) —
begin match get_opt o’ cfo_o with
| None — None
| Some cfo —
begin match flow_n with
| CP.Ghost — None
| CP.Ghost_with_Epsilons - —
failwith "connect_out_opt: incomplete"
| CP.Ghost_with_Epsilon_Bars - —
failwith "connect_out_opt: incomplete"
| CP.Flow (cfi—n, cfo_n) —
let ¢cfo_n = map (fun ¢f — CP.CF_out cf) cfo_n in
let flow_n = CP.Flow_with_Epsilon_Bars ((cfi—n, add n’ cfo cfo_n), epsilon_bars_o)
and po = CP.Flow_with_Epsilon_Bars ((cfi—o, remove o' cfo_o), []) in
Some (sign, flow_n, add_or_remove_if _white o po lines)
| CP.Flow_with_Epsilon_-Bars ((cfi—n, cfo_n), epsilon_bars_n) —
let flow_n = CP.Flow_with_Epsilon_Bars ((cfi—n, add n' cfo cfo_n), epsilon_bars_o Q epsilon_bars_n)
and po = CP.Flow_with_Epsilon_Bars ((cfi-o, remove o' cfo_o0), []) in
Some (sign, flow_n, add_or_remove_if _white o po lines)

| CP.Flow_with_Epsilons ((cfi—n, cfo_n), epsilons_n) —
failwith "Color_Fusion.connect_out_opt: no_ epsilon contractions yet"
end
end
end
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let connect_in_out_opt (i, i') (0, 0') (sign, flow_n, lines) =
let open PArray in
match get_opt i lines, get_opt o lines with
| Nome, - | -, None — None
| Some flow_i, Some flow_o —
begin match flow_i, flow_o with
| (CP.Ghost | CP.Ghost_with_Epsilons - | CP.Ghost_with_Epsilon_Bars _), -
| —, (CP.Ghost | CP.Ghost_with_FEpsilons - | CP.Ghost_with_Epsilon_Bars _) — None
| CP.Flow (cfi-i, cfoi), CP.Flow (cfi-o, cfo_0) —
begin match get_opt i’ cfi_i, get_opt o' cfo_o with
| Some cfi, Some cfo when cfi = cfo —
let pi = CP.Flow (remove i’ cfi_i, cfo_i)
and po = CP.Flow (cfi—o, remove o' cfo_o) in
Some (sign, flow_n, add_or_remove_if _white i pi (add_or_remove_if _white o po lines))
| -, - — None
end
| CP.Flow (cfi-i, cfo_i), CP.Flow_with_FEpsilons ((cfi-o, cfo_o), epsilons_o) —
begin match get_opt ' cfi_i, get_opt o' cfo_o with
| Some cfi, Some cfo when cfi = cfo —
let pi = CP.Flow (remove i’ cfi_i, cfo_i)
and po = CP.Flow_with_Epsilons ((cfi—o, remove o' cfo_o), epsilons_o) in
Some (sign, flow_n, add_or_remove_if _white i pi (add_or_remove_if _white o po lines))
| -, - — None
end
| CP.Flow_with_FEpsilons ((-, -), -), CP.Flow_with_FEpsilons ((-, -), -) —
failwith "Color_Fusion.connect_in_out_opt: incomplete"
| CP.Flow_with_Epsilon_Bars ((cfi-i, cfo_i), epsilon_bars_i), CP.Flow (cfi—o, cfo_0) —
begin match get_opt i’ cfi_i, get_opt o' cfo_o with
| Some cfi, Some cfo when cfi = cfo —
let pi = CP.Flow_with_Epsilon_Bars ((remove i' cfi_i, cfo_i), epsilon_bars_i)
and po = CP.Flow ((cfi—o, remove o' cfo_0)) in
Some (sign, flow_n, add_or_remove_if _white i pi (add_-or_remove_if _white o po lines))
| -, - — None
end
| CP.Flow_with_FEpsilon_Bars ((-, -), -), CP.Flow_with_FEpsilon_Bars ((-, -), -) —
failwith "Color_Fusion.connect_in_out_opt:_ incomplete"
| CP.Flow_with_FEpsilons ((cfi-i, cfo-i), epsilons_i), CP.Flow (cfi-o, cfo_0) —
begin match get_opt i’ cfi_i, get_opt o' cfo_o with
| Some (CP.CF_in cfi), Some cfo when cfi = cfo —
let pi = CP.Flow_with_Epsilons ((remove i’ cfi_i, cfo_i), epsilons_i)
and po = CP.Flow (cfi—o, remove o' cfo_o) in
Some (sign, flow_n, add_or_remove_if —white i pi (add_-or_remove_if _white o po lines))
| Some (CP.Epsilon epsilon_i), Some cfo —
let epsilon_n = cfo :: epsilon_i in
let flow_n =
match flow_n with
| CP.Ghost — CP.Ghost
| CP.Ghost_with_Epsilons - —
failwith "connect_in_out_opt: incomplete"
| CP.Ghost_with_Epsilon_Bars - —
failwith "connect_in_out_opt: incomplete"
| CP.Flow (cfo, cfi) —
let ¢fi = map (fun ¢f — CP.CF_in cf) cfi in
CP.Flow_with_FEpsilons ((cfi, cfo), [epsilon_n])
| CP.Flow_with_Epsilons (flow, epsilons_n) —
CP.Flow_with_FEpsilons (flow, epsilon_n :: epsilons_n)
| CP.Flow_with_FEpsilon_Bars (flow, epsilon_bars_n) —
failwith "Color_Fusion.connect_in_out_opt: no_ epsilon contractions yet" in
let pi = CP.Flow_with_Epsilons ((remove i’ cfi_i, cfo_i), epsilons_i)
and po = CP.Flow (cfi—o, remove o’ cfo_o) in
Some (sign, flow_n, add_or_remove_if _white i pi (add_or_remove_if _white o po lines))

128



| -, - — None
end
| CP.Flow (cfi-i, cfo_i), CP.Flow_with_FEpsilon_Bars ((cfi—o, cfo_o), epsilon_bars_o) —
begin match get_opt i’ cfi_i, get_opt o’ cfo_o with
| Some cfi, Some (CP.CF_out cfo) when c¢fi = cfo —
let pi = CP.Flow (remove i’ cfi_i, cfo_i)
and po = CP.Flow_with_Epsilon_Bars ((cfi—o, remove o’ cfo_o), epsilon_bars_o) in
Some (sign, flow_n, add_or_remove_if _white i pi (add_or_remove_if _white o po lines))
| Some cfi, Some (CP.Epsilon_Bar epsilon_bar_o) —
let epsilon_bar_n = cfi :: epsilon_bar_o in
let flow_n =
match flow_n with
| CP.Ghost — CP.Ghost
| CP.Ghost_with_Epsilons - —
failwith "connect_in_out_opt: incomplete"
| CP.Ghost_with_Epsilon_Bars - —
failwith "connect_in_out_opt: incomplete"
| CP.Flow (cfo, cfi) —
let ¢fo = map (fun ¢f — CP.CF_out cf) cfo in
CP.Flow_with_Epsilon_Bars ((cfi, cfo), [epsilon_bar_n])
| CP.Flow_with_FEpsilon_Bars (flow, epsilon_bars_n) —
CP.Flow_with_Epsilon_Bars (flow, epsilon_bar_n :: epsilon_bars_n)
| CP.Flow_with_Epsilons (flow, epsilons_n) —
failwith "Color_Fusion. connect_in_out_opt: no epsilon contractions yet" in
let pi = CP.Flow (remove i’ cfi_i, cfo_i)

and po = CP.Flow_with_FEpsilon_Bars ((cfi—o, remove o' cfo_o0), epsilon_bars_o) in
Some (sign, flow_n, add_or_remove_if _white i pi (add_-or_remove_if _white o po lines))
| -, - — None
end

| CP.Flow_with_FEpsilons ((-, -), -), CP.Flow_with_FEpsilon_Bars ((-, -), -) —
failwith "Color_Fusion.connect_in_out_opt: no_ epsilon contractions yet"
| CP.Flow_with_FEpsilon_Bars ((-, -), =), CP.Flow_with_FEpsilons ((-, -), =) —
failwith "Color_Fusion.connect_in_out_opt: no_epsilon contractions yet"
end

11.2.1 Putting Fverything Together

let decode_endpoint = function
| AIn — (n,0)
| AM (n, m) — (n, m)

let decode_tail t = decode_endpoint (t : A.tail :> A.endpoint)
let decode_tip t = decode_endpoint (t : A.tip :> A.endpoint)
let decode_ghost g = decode_endpoint (g : A.ghost :> A.endpoint)

let endpoint_to_string = function
| A.I n — string_of —int n
| A.M (n, m) — string_of _int n ~ "." " string_of _int m

let tail_to_string t = endpoint_to_string (t : A.tail :> A.endpoint)
let tip_to_string t = endpoint_to_string (t : A.tip :> A.endpoint)
let ghost_to_string g = endpoint_to_string (g : A.ghost :> A.endpoint)

let connect_arrow_opt n i o lines =
let 7, i’ as it’ = decode_tail i
and o, o’ as oo’ = decode_tip o in
if o = n then
connect_in_opt o’ i’ lines
else if i = n then
connect_out_opt i’ 0o’ lines
else
connect_in_out_opt 11’ 0o’ lines
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let lines_to_string (sign, flow_n, lines) =
Printf .sprintf
"%d*%s<lhs"
sign (CP.to_string flow_n)
(ThoList.to_string
(fun (i, p) — Printf.sprintf "%s@%d" (CP.to_string p) i)
(PArray.to_pairs lines))

let connect_arrow_opt_logging n i o lines =
let result = connect_arrow_opt n i o lines in
Printf .eprintf
"L ks, %) uhsu>>>1ks\n"
(tail_to_string i) (tip_to_string o)
(lines_to_string lines)
(match result with
| None — "None"
| Some lines — lines_to_string lines);
result

Performan a single connection of the lines as described by arrow_or_ghost. Use n as the index of the outgoing
line. Return the updated outgoing and incoming lines.

let connect_arrow_or_ghost_opt :
int - A.free — int x CP.t x CP.t PArray.t — (int x CP.t x CP.t PArray.t) option =
fun n arrow_or_ghost lines —
match arrow_or_ghost with
| A.Ghost g — connect_ghost_opt n g lines
| A.Arrow (i, 0) — connect_arrow_opt n i o lines

Return the signed color flow iff all color flows in lines have been consumed.

let all_lines_consumed_opt (sign, flow, lines) =
if PArray.is—empty lines then
Some (sign, flow)
else
None

Try to use the ghosts and arrows in connections to combine the color flows in lines.

let connect_arrows_opt : A.free list — CP.t list — (int x CP.t) option =
fun connections lines —
let n = List.length lines + 1 in
let rec connect’ acc = function
| arrow :: arrows —
begin match connect_arrow_or_ghost_opt n arrow acc with
| None — None
| Some acc — connect’ acc arrows
end
| [] — Some acc in
match connect’ (1, CP.white, line_map lines) connections with
| Some acc — all_lines_consumed_opt acc
| None — None

let extract_lines_opt endpoints lines =
let rec extract_lines’ acc lines = function
| [] — Some (List.rev acc, lines)
| AT i = rest —
begin match PArray.get_opt i lines with
| None — None
| Some (CP.Flow (-, cfo)) —
begin match PArray.to_option_list cfo with
| [Some cf] —
extract_lines’ (cf :: acc) (PArray.remove i lines) rest
| - — failwith "extract_lines_opt: incomplete"
end
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| Some (CP.Flow_with_Epsilons ((-, -), -)) —
failwith "extract_lines_opt: incomplete"
| Some (CP.Flow_with_Epsilon_Bars ((-, -), -)) —
ailwith "extract_lines_opt:_incomplete"
p D
| Some CP.Ghost —
failwith "extract_lines_opt: incomplete"
| Some (CP.Ghost_with_Epsilons _) —
failwith "extract_lines_opt: incomplete"
| Some (CP.Ghost_with_Epsilon_Bars _) —
ailwith "extract_lines_opt:_incomplete"
f P p
end

| AM (-, -) =+ - — failwith "extract_lines_opt: incomplete" in

extract_lines’ [] endpoints lines

let fusel n_c lines arrow =
let open Birdtracks in
match arrow with
| Arrows { coeff; arrows } —
begin match connect_arrows_opt arrows lines with
| None — []
| Some (sign, flow) —
[(QC.mul (QC.int sign) (L.eval (QC.int n_c) coeff), flow)]
end
| Epsilons - — failwith "Birdtracks.fusel: Epsilons"
| Epsilon_Bars - — failwith "Birdtracks.fusel: Epsilon_Bars"

let fuse n_c verter lines =
match vertex with
] -
if List.for_all CP.is_white lines then
[(QC.unit, CP.white)]
else
(]
| vertex —
ThoList.flatmap (fusel n_c lines) vertex

let flow_to_string flow =
ThoList.to_string
(fun (¢, p) —
let p = CP.to_string p in
if QC.is_unit c then
p
else
Printf .sprintf "%hs*%s" (QC.to_string c) p)
flow

let fuse_logging m_c vertex lines =
let flow_n = fuse n_c vertex lines in
Printf .eprintf
"Yhsu>>> %hs\n"
(ThoList.to_string CP.to_string lines)
(flow_to_string flow_n);
flow_n

11.2.2 Unit Tests

module Test =
struct
open OUnit

let vertices_equal vl v2 =
(Birdtracks.canonicalize v1) = (Birdtracks.canonicalize v2)
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let eq v1 v2 =
assert_equal ~printer : Birdtracks.to_string_raw ~cmp : vertices_-equal v1 v2

let suite_open_contract =
"open_contract" >:u:

["[2;31,[1;2;4]1" >
(fun () — assert_equal None (open_contract [2;3] [1;2;4]));

"[2;3],01;2;3;4]" >::
(fun () — assert_equal None (open_contract [2;3] [1;2;3;4]));

"[2;3]1001;2;3]" >
(fun () — assert_equal (Some ( 1,1)) (open_contract [2;3] [1;2;3]));

"[1;3]1401;2;3]" >
(fun () — assert_equal (Some (=1, 2)) (open_contract [1;3] [1;2;3])) |

let signed_flow_option_to_string = function
| Some (sign, flow) —
let flow = CP.to_string flow in
if sign = 1 then
Sflow
else
Printf .sprintf "%hd*%s" sign flow
| None — "None"

let test_connect_arrows_msg vertex formatter (expected, result) =
Format.fprintf
formatter
"[%s] :Lexpected ks, ugotks"
(ThoList.to_string A.free_to_string vertex)
(signed _flow _option_to_string expected)
(signed _flow _option_to_string result)

let test_connect_arrows expected lines vertexr =
assert_equal ~printer : signed_flow _option_to_string
expected (connect_arrows_opt vertex lines)

let test_connect_arrows_permutations expected lines vertex =
List.iter
(funv —
assert_equal ~pp_diff : (test_connect_arrows_msg v)
expected (connect_arrows_opt v lines))
(Combinatorics.permute vertex)

let suite_connect_arrows =
"connect_arrows" >::

[ "delta" >:
(fun () —
test_connect _arrows_permutations
(Some (1, CP.of _lists [1] []))
[ CP.of _lists [1] []; CP.white]

(1 ==>3));
"fi1->3->2->1" >
(fun () —

test_connect_arrows_permutations
(Some (1, CP.of _lists [1] [3]))
[CP.of _lists [1] [2]; CP.of _lists [2] [3]]
(A.cycle [1; 3; 2]));

"fr1->2->3->1" >
(fun () —

test_connect_arrows_permutations
(Some (1, CP.of _lists [1] [2]))
[CP.of _lists [3] [2]; CP.of _lists [1] [3]]
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(A.cycle [15 25 3])) ]

let test_fuse_msg vertex lines formatter (expected, result) =
Format.fprintf

formatter
"hsu//uhsu=>Uhsufailed, ugot khs,instead"”
(Birdtracks.to_string vertex)
(ThoList.to_string CP.to_string lines)
(flow_to_string expected)
(flow_to_string result)

let compare_fusion (c1, pl) (¢2, p2) =
let ¢ = Algebra.QC.compare c1 c2 in
if ¢ # 0 then
c
else
CP.compare pl p2

let equal_fusion f1 f2 =
compare_fusion f1 f2 = 0

let ecmp_fusions f1 f2 =

let f1 = List.sort compare_fusion f1
and f2 = List.sort compare_fusion f2 in
try

List.for_all2 equal_fusion f1 f2
with

| Invalid_-argument - — false

let test_fuse expected vertex lines =
let nc = 3in
assert_equal
“cemp : emp_fusions
“pp-diff : (test_fuse_msg vertex lines)
expected (fuse nc vertex lines)

This way, we can write vertex // lines => expected in the tests.

let (//) vertex lines = (vertex, lines)
let (=>) (vertex, lines) expected = test_fuse expected vertexr lines
Abbreviations

let tf = test_fuse
let e = QC.unit
let half = QC.fraction 2
let w = CP.white

Quarks and anti quarks:

let ¢ i = CP.of_lists [i] []

let ag i = CP.of _lists [] [¢]
Diquarks and anti diquarks:

let dg i j = CP.of _lists [i; j] []

let adg i j = CP.of _lists [] [é; 7]
Gluons without ghosts

let g i j = CP.of _lists [i] [J]
Couplings

let d = SU3.delta3

let d6 = SUS3.deltab

let t = SUS.¢

let t6 = SU3.t6

let k6 = SU3.k6
let k6b = SUS3.k6bar
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let suite_binary_ged3 =

"triplet" >::

["1.20" > (fun () = d21//[q1; ag 1] => [(e, w)));
"1,2°" > (fun () — d21//Jagl; g1] => []);
201" > (fun () — d12//[agl; g1] => [(e, w)]);
210" > (fun () — d12//[q1; agl] => []);

"130" > (fun () = d31//[q1; w] => [(e, ¢ 1)]);
"203," > (fun () — d32//[w; q1] => [(e, ¢ 1)]);
"uly" > (fun () — d13//[agl; w] => [(e, ag 1)]);
"3u2u" > (fun () — d23// [w; aqg 1] => [(e, ag 1)]) ]

let suite_binary_ged6 =
"sextet" >
["1.200" > (fun () — d6 21 //[dg12; adg12] => [(half, w)]);
"1,2°" > (fun () — d6 21 // [dg12; adg 2 1] => [(half, w)]);
1,27 > (fun () — d621//[dg12; adg13] => [])]

let suite_binary_qcd3 =
"triplet" >::
["1020" > (fun () — t321//[q1; ag2] => [(e, g12)));
"1,2°" > (fun () — 321 //agl; ¢2] => [])]

let suite_binary_qcd6 =
"sextet" >:
["1.2" > (fun () — t6 321 //[dg12; adg 23] => [(half, g 13)])]

let suite_binary_k6 =

"k6(bar)" >::

["321" > (fun () — k60321 //[q1l; ¢2] => [(e, dg21); (e, dg12)]);
"321%," > (fun () — k6321 //[agl; aq2] => [(e, adg 2 1); (e, adg 1 2)]);
"123,," > (fun () — k60123 // [adg12; ¢ 1] => [(e, aq 2)]);

"132," > (fun () — k60132 //Jadg12; q1] => [(e, aq 2)]);
"1237 " > (fun () — k60123 //Jadg12; q2] => [(e, aq 1)]);
"132° " > (fun () — k60132 //Jadg12; q2] => [(e, aq 1)]);
"213, " > (fun () — k60213 //[q1; adgl2] => [(e, aq 2)]);
"231,," > (fun () — k60231 //[q1; adg12] => [(e, aq 2)]);
"213°," > (fun () — k60213 //[q2; adqg12] => [(e, ag 1)]);
"231° " > (fun () — k60231 //[q2; adgl2] => (e, aq 1)]);
"123 %" > (fun () — k6123 //[dg12; aql] => [(e, q2)]);
"132. %" > (fun () — k6132 //[dg12; aql] => [(e, q2)]);
"1232*" > (fun () — k6123 //[dg12; aq2] => [(e, ¢ 1)]);
"1327%" > (fun () — k6132 //[dg12; aq2] => [(e, ¢ 1)]);
"213 " > (fun () — k6213 //[agl; dg12] => [(e, q2)]);
"231 %" > (fun () — k6231 //]agl; dg12] => [(e, q2)]);
"2137%" > (fun () — k6213 //]aq2; dg12] => [(e, q1)]);
"2310%" > (fun () — k6231 //[ag2; dg12] => [(e, ¢ 1)])]

let suite_binary =
"binary" >::
[ "colorless" >:: (fun () — []// [w; w] => [(e, w)]);
"ged" >::: [ suite_binary_qed3; suite_binary_qed6; suite_binary_k6 |;
"ged" >:: | suite_binary_qed3; suite_binary_qcd6 ] ]

let suite_tertiary =
"tertiary" >::

[ "colorless" >:: (fun () — []// [w; w; w] => [(e, w)]);
"ged 12" > (fun () — d21//[q1; aql; w] => [(e, w)]);
"ged 1,3" > (fun () — d31//[q1; w; agl] => [(e, w)]);
"ged 23" > (fun () = d32//[w; q1; ag 1] => [(e, w)])]

let suite_nary =
"n-ary" >:
[ "colorless" >:: (fun () — []// [w; w; w; w; w] => [(e, w)])]

let suite_fuse =
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"fuse" >::
[ suite_binary;
suite _tertiary;
suite_nary |

let suite =
"Color_Fusion" >:::
[suite_open _ contract;
suite _connect_arrows;
suite_fuse]

let suite_long =

"Color_Fusion long" >::

[]

end
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COLOR

12.1 Interface of Color

module type Test =
sig
val suite : OUnit.test
val suite_long : OUnit.test
end

12.1.1  Quantum Numbers

Color is not necessarily the SU(3) of QCD. Conceptually, it can be any unbroken symmetry (broken symmetries
correspond to Model.flavor). In order to keep the group theory simple, we confine ourselves to the fundamental
and adjoint representation of a single SU(N¢) for the moment. Therefore, particles are either color singlets
or live in the defining representation of SU(N¢): SUN(|N¢l), its conjugate SUN(—|N¢|) or in the adjoint

representation of SU(N¢): AdjSUN (N¢).

type t =
| Singlet
| SUN of int
| AdjSUN of int
| YT of int Young.tableau
| YTC of int Young.tableau

val conjugate : t — t
val compare : t — t — int

12.1.2  Color Flows
This computes the color flow as used by WHIZARD:

module type Flow =
sig

type color
type t = color list x color list
val rank : t — int

val of _list : int list — color

val ghost : unit — color

val to_lists : t — int list list

val in_to_lists : t — int list list

val out_to_lists : t — int list list
val ghost_flags : t — bool list

val in_ghost_flags : t — bool list
val out_ghost_flags : t — bool list

A factor is a list of powers

ower,;
Z num; P ¢
- den;
K3
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type power = { num : int; den : int; power : int }
type factor = power list

Compute the product of two color flows.

val factor : t — t — factor
val zero : factor

Take a list of color flows and compute a table of all squares and interferences.

val factor_table : t list — factor array array
module Test : Test
end

module Flow : Flow

12.1.3  Vertex Color Flows

module Vertex : module type of SU3

12.2  Implementation of Color

module type Test =
sig
val suite : OUnit.test
val suite_long : OUnit.test
end

12.2.1  Quantum Numbers

type t =
| Singlet
| SUN of int
| AdjSUN of int
| YT of int Young.tableau
| YTC of int Young.tableau

let conjugate = function
| Singlet — Singlet
| SUNn — SUN (—n)
| AdjSUN n — AdjSUN n
| YTy — YTCy
| YTCy — YTy

let compare c1 c2 =
match c1, ¢2 with
| Singlet, Singlet — 0
| Singlet, - — —1
| —, Singlet — 1
| SUN n, SUN n' — compare n n’
| SUN _, AdjSUN _ — —1
| AdjSUN _, SUN _ — 1
| AdjSUN n, AdjSUN n' — compare n n'
| YTy, YT 3y — compare y y’
| YT _, YTC - — —1
| YTC ., YT _ — 1
| YTC vy, YTC y' — compare y y'
| o, (YT - | YTC.) - -1
| (YT - | YTC ), - — 1
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12.2.2  Color Flows

module type Flow =

sig
type color
type t = color list x color list
val rank : t — int
val of _list : int list — color
val ghost : unit — color
val to_lists : t — int list list
val in_to_lists : t — int list list
val out_to_lists : t — int list list
val ghost_flags : t — bool list
val in_ghost_flags : t — bool list
val out_ghost_flags : t — bool list
type power = { num : int; den : int; power : int }
type factor = power list
val factor : t — t — factor
val zero : factor
val factor_table : t list — factor array array
module Test : Test

end

module Flow : Flow =
struct

All ints are non-zero!

type color =
| Flow of Color_Propagator.flow
| Ghost

let to_cp = function

| Flow ¢f — Color_Propagator.Flow cf
| Ghost — Color_Propagator.Ghost

let color_to_string ¢ =
Color_ Propagator.to_string (to_cp c)

Incoming and outgoing, since we need to cross the incoming states.
type t = color list x color list

let rank cflow =
2

Constructors

let ghost () =
Ghost

let of _list = function
[0; 0] — Flow (PArray.empty, PArray.empty)
[e; O] — Flow (PArray.of —pairs [(1, ¢)], PArray.empty)

[e1; ¢2] — Flow (PArray.of _pairs [(1, c1)], PArray.of —pairs [(1, — ¢2)])

|
|
| [0; ¢] — Flow (PArray.empty, PArray.of _pairs [(1, — c)])
|
| - — invalid_arg "Color.Flow.of_list: jnum_lines!= 2"

let to_list = function
| Ghost — [0; 0]
| Flow (cfi, cfo) —
begin match PArray.to_pairs cfi, PArray.to_pairs cfo with
| (], [] — [0; 0]
| (1, o), [] = [ 0]
| Ha [(17 C)] - [07 —C]

138

Implementation of Color



Implementation of Color

| [(1, c1)], [(1, ¢2)] — [cl; — 2]
| -, - — failwith "Color.Flow.to_list: incomplete"
end

let to_lists (cfin, cfout) =

(List.map to_list cfin) @ (List.map to_list cfout)
let in_to_lists (cfin, _) =

List.map to_list cfin

let out_to_lists (-, cfout) =
List.map to_list cfout

let ghost_flag = function
| Flow - — false
| Ghost — true

let ghost_flags (cfin, cfout) =

(List.map ghost_flag cfin) @ (List.map ghost_flag cfout)
let in_ghost_flags (cfin, _) =

List.map ghost_flag cfin

let out_ghost_flags (-, cfout) =
List.map ghost_flag cfout

Evaluation
type power = { num : int; den : int; power : int }
type factor = power list
let zero = []
let factor_to_string = function

| [J] — "o"
| factor —
String.concat "+"
(List.map
(funp —
Printf .sprintf
ll%d%s%sll
p.num
(if p.den # 1 then "/" ~ string_of _int p.den else "")
(match p.power with
[ 0 — "
| 1 — "sN"
| n — "xN"" " string_of —int n))
factor)
let conjugate = function

| Flow (cfi, cfo) — Flow (cfo, cft)
| Ghost — Ghost

let cross—in (cin, cout) =
cin @ (List.map conjugate cout)

let cross_out (cin, cout) =
(List.map conjugate cin) Q cout

Handling tr(F,,, F*) couplings, a.k.a. Hgg

If the model contains couplings of the form tr(F,, F*"), e.g. the effective Hgg couplings, the color flow rules
and the evaluation of color weights require special care. These couplings are problematic in our recursive
construction, since fusing a colorless state with a U(1) ghost produces a trace gluon in addition to a U(1) ghost.
But for this fresh trace gluon, no canonical color flow index is available!
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A possible solution could be the introduction of “wild card” color flow that are replaced be concrete color
flows only at the matching of the brakets. This is worth investigating, but can be postponed in favor of the
well tested pragmatic approach.

There are three different cases to consider:

1. First consider the case that neither gluon is directly connected by a string of such couplings to the external
states. In this case, the gluons must be connected to matter, since the gluon self couplings contain no
ghost terms. Fortunately, if suffices to ajust the ghost-ghost coupling to account for the missing ghost-trace
couplings.

The prototypical example is Higgs production in ¢ scattering via the effective Hgg coupling expanded as
in [L7]:

q H q ki,/.t,a
_ :I:igL— L p ‘ .....
+i N¢
q g . 2 PN
1Y\2 ). .. ‘ 1Y ) ‘ .....
+ —Nic' +NC _Nic (12.23,)
3
3 4

M . 12.2b
—~— (12.2b)
2
3 4
Squaring and summing these produces the correct result
1 1 1)’
N+ Ne|—)+Ne|(— | +N& (-~ ) =NZ-1. 12.2
er C( NC>+ C( NC>+ C( NC> ¢ (12:20)

This result can be reproduced without coupling of trace gluons to ghosts by simply replacing the ghost-
ghost coupling N¢ by —N¢ in order to cancel the minus sign from the additional ghost propagator!.

In the second case of one gluon connected to matter and the other to an external state, no special treatment
is required. The prototypical example is g — Hg

q H 1 P

o(k) \\———__i o(F) >: ‘ .....
2 p

q

IFor comparison, naively leaving out the coupling of ghosts to traces results in different color flows
1 p

Squaring and summing these would produce the incorrect result

1 1 1\?2
N3+NCN—C+NCN—C+N3<N—C) =NZ +3.
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The correct result for the summed square is again Né — 1, where the two color flow diagrams with an
external ghost cancel. In the simplified rules, the U(N¢) gluons contribute N2 and the ghost —1.

3. In the third and final case of both gluons connected to external states, we have to apply a fudge factor
replacing Ng by N% — 2 for each cycle of color disconnected gluons. The calculation is straightforward,
since there is no interference of external ghosts and U(N¢) gluons in the sum of squares.

H 1 2 1 2
-mmme/ - S/ 4+ = ‘ ”””
Dy 3 3
1 2 1 2
+ ..... ‘ G: + NC’ ..... ‘ ..... (124)
1 3 o(k) 3

The latter contributes a factor of N2 (two loops) and the former a factor of (—N¢)?(—1/N¢)? =1 (one
—N¢ fom each vertex and one —1/N¢ from each line across the cut). Therefore the sum would be N2 +1

in contrast to the correct result N& — 1. The correct result is then obtained by multiplying the gluon
term NZ by 1 —2/NZ

2
Né+1—>Ng(1—N2>+1:N3-2+1:N§;—1. (12.5)

C

The factor (1 —2/NZ)™ in the formula
k n
1 NZ -2
N e — € 12.

() (5) @29

where [ is the number of closed color cycles (cycles below), k is the number of external ghosts (ghosts) and n
is the number of gluon cycles (gluon_cycles). is the fudge factor taking care of the couplings of U(1) ghosts to
trace gluons.

endpoints_of _colors colors creates maps from the position of the external colors in colors to the tips and tails
connected by color flow lines. Also produce a set of the positions of external ghosts.

module IMap = Map.Make(Int)
module ISet = Set.Make(Int)

type endpoints =
{ tails : int IMap.t;
tips : int IMap.t;
ghosts : ISet.t }

type color_kind =
| CK_Flow of int X int
| CK_Ghost

let color_kind = function

| Flow (cfi, cfo) — CK_Flow (List.length (PArray.to_pairs cft), List.length (PArray.to_pairs cfo))
| Ghost — CK_Ghost

let equal_color_kindl c1 c2 =
color _kind c1 = color_kind c2
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let equal_color_kind f1 f2 =
List.for_all2 equal_color_kind1 f1 f2

let empty_endpoints =
{ tails = IMap.empty;
tips = IMap.empty;
ghosts = ISet.empty }

let add_endpoint endpoints n = function
| Ghost — { endpoints with ghosts = ISet.add n endpoints.ghosts }
| Flow (cfi, cfo) —
begin match PArray.to_pairs cfi, PArray.to_pairs cfo with
| 1, [] = endpoints
| [(1, ¢)], [] = { endpoints with tips = IMap.add (abs ¢) n endpoints.tips }
| 1], [(1, ¢)] = { endpoints with tails = IMap.add (abs c¢) n endpoints.tails }
1L )], (1, e2)] —
{ endpoints with
tips = IMap.add (abs c1) n endpoints.tips;
tails = IMap.add (abs c¢2) n endpoints.tails }
| -, - — failwith "Color.Flow.add_endpoint: incomplete"
end

let endpoints_of _colors colors =
let _, endpoints =
List.fold _left
(fun (n, endpoints) endpoint — (succ n, add_endpoint endpoints n endpoint))
(1, empty_endpoints) colors in
endpoints

Merge the maps of tips and tails to find the pair of connected external colors.

let links_of _endpoints endpoints =
IMap.merge

(fun _ tail tip —
match tail, tip with
| None, None — None
| Some tail, Some tip — Some (tail, tip)
| Some tail, None — invalid_arg ("no,tip for taily" ~ string_of _int tail)
| None, Some tip — invalid_arg ("no_tail for tip," "~ string_of —int tip))

endpoints.tails endpoints.tips

Create an Arrow.free list that can be used by Birdtracks.

let arrows_of _links links =
IMap.fold (fun _ (tail, tip) acc — Arrow.Infix.( tail => tip ) :: acc) links []

module LSet = Set.Make (struct type t = int X int let compare = Stdlib.compare end)

Find the set bidirectional links by computing the intersection of the set of links with the set of reversed links.
We must keep both directions for Birdtracks.multiply to succeed.

let double_links links =
let links, rev_links =
IMap.fold
(fun _ (tail, tip) (links, rev_links) —
(LSet.add (tail, tip) links, LSet.add (tip, tail) rev_links))
links (LSet.empty, LSet.empty) in
LSet.inter links rev_links

let birdtracks_of —arrows arrows =
Birdtracks.( relocate (=) [ Arrows { coeff = Algebra.Laurent.unit; arrows } | )

type flow =
{ flows : Birdtracks.t;
gluons : Birdtracks.t }

let birdtracks colors =
let endpoints = endpoints_of _colors colors in
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let links = links_of _endpoints endpoints in
let gluons = double_links links in
let flow =

ISet.fold

(fun ghost acc — Arrow.Infix.( 7?7 ghost) :: acc)
endpoints.ghosts (arrows_of _links links)
and gluons =
LSet.fold (fun (tail, tip) acc — Arrow.Infix.( tail => tip ) == acc) gluons [] in
{ flows = birdtracks_of _arrows flow;
gluons = birdtracks_of _arrows gluons }

1-2/N2

let fudge_factor =
Algebra. Laurent.ints [(1,0); (=2,—2)]

let factor_birdtracks f1 f2 =
let open Birdtracks in
match number (Infiz.( f1.flows * %% rev f2.flows )) with
| None — failwith "factor_new"
| Some result —
if Algebra.Laurent.is_null result then
result
else
let gluons = Infix.( fI.gluons xxx* rev f2.gluons ) in
match number gluons with
| None — result
| Some gluons —
begin match Algebra.Laurent.log gluons with
| None — failwith "factor_birdtracks log"
| Some (coeff, 0) — result
| Some (coeff, n) —
if = (Algebra.QC .is_unit coeff) then
failwith "factor_birdtracks log is_unit";
if n mod 2 # 0 then
failwith "factor_birdtracks log is odd";
Algebra. Laurent.mul result (Algebra.Laurent.pow fudge_factor (n/2))
end

let factor f1 f2 =
let fI = cross_out f1
and f2 = cross_out f2 in
if equal_color_kind f1 f2 then
factor _birdtracks (birdtracks f1) (birdtracks f2)
else
Algebra. Laurent.null

let factor_of _laurent | =
List.map
(fun (¢, power) —
let num, den = Algebra.Q.to_ratio (Algebra.QC.re ¢) in
{ num; den; power} )
(Algebra. Laurent.to_list 1)

let factor_birdtracks f1 f2 =
factor_of _laurent (factor_birdtracks f1 f2)

let factor f1 f2 =
factor_of _laurent (factor f1 f2)

let factor_table cf _list =

let ¢f —array = Array.of _list (List.map cross_out cf _list) in
let birdtracks_array = Array.map birdtracks cf —array in

let nef = Array.length cf _array in

let cf _table = Array.make_matriz ncf ncf zero in
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for i = 0 to pred ncf do
forj = 0toido
if equal_color_kind cf _array.(i) cf —array.(j) then
begin
cf _table.(i).(j) <« factor_birdtracks birdtracks_array.(i) birdtracks_array.(j);
cf _table.(5).(7) « cf _table.(1).(5)
end
done
done;
cf _table

module Test : Test =
struct

open OUnit

Here and elsewhere, we have to resist the temptation to define these tests as functions with an additional
argument () in the hope to avoid having to package them into an explicit thunk fun () — eq vI v2 in order
to delay evaluation. It turns out that the runtime would then sometimes evaluate the argument v1 or v2 even
before the test is run. For pure functions, there is no difference, but the compiler appears to treat explicit
thunks specially.

I haven’t yet managed to construct a small demonstrator to find out in which circumstances the premature
evaluation happens.

let suite =
"Color.Flow" >:::

[]

let suite_long =
"Color.Flow, long" >::

[]

end
end

12.2.3 SU(Ng)

module Vertex = SU3
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COLORIZATION

13.1 Interface of Colorize

15.1.1

= M.flavor

module It (M : Model.T)
Model.Colorized with type flavor_sans_color
M .constant
M .coupling_order

and type constant
and type coupling_order

module Gauge (M : Model.Gauge)
Model.Colorized - Gauge with type flavor_sans_color
and type constant M .constant
and type coupling_order = M .coupling_order
13.2  Implementation of Colorize

= M.flavor

18.2.1  Awziliary functions

FExceptions

let incomplete s =
failwith ("Colorize." "~ "_not_done yet!")
" must_not be evaluated!")

let invalid s =
invalid_arg ("Colorize." ~ s
let impossible s =
invalid_arg ("Colorize." " s " ", can’t_happen! (but just did,...)")
let mismatch s =
invalid_arg ("Colorize." ~ s ~ "_mismatch of representations!")
st v, found ,SUCO) M)

let suf s =
invalid_arg ("Colorize
let colored _vertexr s =
invalid_arg ("Colorize." ~ s ~ ": colored vertex!")
let non_legacy_color s cp
invalid - arg ("Colorize. "% s " ": non,legacy color in legacy code: "
Color _ Propagator.to_string cp)

let baryonic_vertex s
": baryonic,(i.e. eps_ijk) vertices not, supported, yet! ")

invalid_arg ("Colorize." ~ s

" ": ambiguous,color flow!")

let color_flow_ambiguous s
invalid_arg ("Colorize." " s

let color_flow_of _string s =
let ¢ = int_of _string s in
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if ¢ < 1 then

invalid_arg ("Colorize." "~ s "~ ": color flow #,<,1!")

else
c

let young_tableaur s =

Implementation of Colorize

failwith ("Colorize. "t "uclassicucolorizerucan’tusupportuYoungutableaux!")

Multiplying Vertices by a Constant Factor

module @ = Algebra.Q
module QC = Algebra.QC

let of _int n =
QC.make (Q.make n 1) Q.null

let integer z =

if Q.is—null (QC.im z) then
let z = QC.re z in
try

Some (Q.to_integer x)

with
| - — None

else
None

let mult_vertex3 = v =

let open Coupling in

match v with

| FBF (c, fb, coup, f) —
FBF ((z x «¢), fb, coup, f)

| PBP (c, fb, coup, f) —
PBP ((x x ¢), fb, coup, f)

| BBB (¢, fb, coup, ) —
BBB ((z x c¢), fb, coup, f)

| GBG (¢, fb, coup, ) —
GBG ((z x c¢), fb, coup, f)

| Gauge_Gauge_Gauge ¢ —
Gauge_Gauge_Gauge (z X ¢)

| I-Gauge_Gauge_Gauge ¢ —
I_Gauge_Gauge_Gauge (x X c)

| Auz_Gauge_Gauge ¢ —
Auz_Gauge_Gauge (x X c)

| Scalar- Vector_Vector ¢ —
Scalar_ Vector_Vector (z x c)

| Auz_ Vector_Vector ¢ —
Auzx_Vector_Vector (z X ¢)

| Auz_Scalar_Vector ¢ —
Auz_Scalar_Vector (x X ¢)

| Scalar_Scalar_Scalar ¢ —
Scalar_Scalar_Scalar (z X ¢)

| Auz_Scalar_Scalar ¢ —
Aux_Scalar _Scalar (z x ¢)

| Vector_Scalar_Scalar ¢ —
Vector _Scalar_Scalar (x X ¢)

| Graviton_Scalar_Scalar ¢ —
Graviton_Scalar_Scalar (z x ¢)

| Graviton_ Vector_Vector ¢ —
Graviton_ Vector - Vector (x X c¢)

| Graviton_Spinor_Spinor ¢ —
Graviton_Spinor_Spinor (z X c)

| Dimy4 - Vector_ Vector_Vector_-T ¢ —
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Dimy _ Vector_ Vector_Vector_T (z x c¢)
Dim4 _Vector_Vector_Vector_L ¢ —
DimJ _ Vector _ Vector_ Vector L (z X c¢)
Dimy _ Vector_ Vector_Vector_TH ¢ —
DimJ - Vector - Vector_Vector-T5 (z X ¢)
Dimy, _ Vector_ Vector_Vector_L5 ¢ —
Dimy _ Vector_ Vector_Vector_L5 (x X ¢)
Dim6 _Gauge_Gauge_Gauge ¢ —
Dim6 - Gauge_ Gauge_Gauge (z X ¢)
Dim6 _Gauge_Gauge_Gauge_5 ¢ —
Dim6 _Gauge_Gauge_Gauge_5 (z X ¢)
Auz_DScalar_DScalar ¢ —
Auz_DScalar _DScalar (z X ¢)
Auz_Vector_DScalar ¢ —
Auz_Vector_DScalar (z X c¢)
Dimb _Scalar-Gauge2 ¢ —
Dimb5 _Scalar-Gauge2 (z x c)
Dim5 _Scalar - Gauge2 _Skew ¢ —
Dimb5 _Scalar - Gauge2 _Skew (x X c¢)
Dim5 _Scalar - Vector_ Vector.T ¢ —
Dimb5 _Scalar_ Vector_Vector_.T (z X c)
Dim5 _Scalar - Vector_ Vector_U ¢ —
Dim5 _Scalar_ Vector_Vector .U (z X ¢)
Dim5 _Scalar_ Vector_ Vector _.TU ¢ —
Dimb5 _Scalar_ Vector _Vector . TU (x X c¢)
Dim5 _Scalar_Scalar2 ¢ —
Dimb5 _Scalar_Scalar2 (z x c¢)
Scalar_ Vector_Vector_t ¢ —
Scalar_ Vector_Vector_t (z x c)
Dim6 _ Vector_ Vector_Vector_T ¢ —
Dim6 _ Vector - Vector_Vector-T (z x ¢)
Tensor_2_Vector_Vector ¢ —
Tensor_2_ Vector_Vector (z x c¢)
Tensor_2_Vector_Vector_cf ¢ —
Tensor_2_Vector_Vector_cf (z X c¢)
Tensor_2_Scalar_Scalar ¢ —
Tensor_2_Scalar_Scalar (z X ¢)
Tensor_2_Scalar_Scalar_cf ¢ —
Tensor_2_Scalar_Scalar_cf (z x c¢)
Tensor_2_Vector_Vector_1 ¢ —
Tensor_2_Vector_Vector_1 (z X c¢)
Tensor_2_Vector_Vector_t ¢ —
Tensor_2_Vector_Vector_t (z x «c)
Dimb_Tensor_2_Vector_Vector_1 ¢ —
Dimb _Tensor_2_Vector_Vector_1 (z x c¢)
Dimb_Tensor_2_Vector_Vector_2 ¢ —
Dimb _Tensor_2_Vector_Vector_2 (z x c)
TensorVector_ Vector_- Vector ¢ —
TensorVector_ Vector_Vector (z X c¢)
TensorVector_ Vector_ Vector_cf ¢ —
TensorVector_ Vector_ Vector_cf (z X ¢)
TensorVector_Scalar_Scalar ¢ —
TensorVector_Scalar_Scalar (x X ¢)
TensorVector_Scalar_Scalar_cf ¢ —
TensorVector_Scalar_Scalar_cf (x X ¢)
TensorScalar_ Vector_ Vector ¢ —
TensorScalar - Vector_ Vector (z x c¢)
TensorScalar_ Vector_ Vector_cf ¢ —
TensorScalar - Vector_ Vector_cf (z X c¢)
TensorScalar_Scalar_Scalar ¢ —
TensorScalar_Scalar _Scalar (z X ¢)
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| TensorScalar_Scalar_Scalar_cf ¢ —
TensorScalar_Scalar_Scalar_cf (z x ¢)
| Dim7_Tensor_2_Vector_Vector_.T ¢ —
Dim7_Tensor_2_Vector_Vector_T (z X c¢)
| Dim6_Scalar- Vector_Vector-D ¢ —
Dim6 _Scalar_ Vector_Vector_D (z X c¢)
| Dim6 _Scalar_ Vector_ Vector_DP ¢ —
Dim6 _Scalar_ Vector_Vector_DP (z x ¢)
| Dim6_HAZ_D ¢ —
Dim6_HAZ_D (x X c)
| Dim6_HAZ_DP ¢ —
Dim6_HAZ_DP (z x c)
| Gauge_Gauge_Gauge_i ¢ —
Gauge_Gauge_Gauge_i (x X ¢)
| Dim6_GGG ¢ —
Dim6_GGG (x X )
| Dim6_AWW _DP ¢ —
Dim6_AWW _DP (z X c)
| Dim6_AWW _DW ¢ —
Dim6 _AWW_DW (z X «¢)
| Dim6 _Gauge_-Gauge_Gauge_i ¢ —
Dim6 _Gauge_Gauge_Gauge_i (z X c¢)
| Dim6_HHH ¢ —
Dim6_HHH (z x c)
| Dim6_WWZ_DPWDW ¢ —
Dim6_WWZ_DPWDW (z x c)
| Dim6_-WWZ_DW ¢ —
Dim6_WWZ_DW (z x c)
| Dim6_WWZ_D ¢ —
Dim6_WWZ_D (z X c¢)

let cmult_vertex3 z v =
match integer z with
| None — invalid_arg "cmult_vertex3"
| Some x — mult_vertex3 = v

let mult_vertex x v =

let open Coupling in

match v with

| Scalar ¢ —
Scalar (z x ¢)

| Scalar2_Vector2 ¢ —
Scalar2_Vector2 (x X ¢)

| Vectors icj _list —
Vector4 (List.map (fun (¢, icl) — (z x ¢, icl)) icq _list)

| DScalary icj _list —
DScalar4 (List.map (fun (¢, icl) — (z x ¢, icl)) ic4 _list)

| DScalar2_Vector2 ic4 _list —
DScalar2_Vector2 (List.map (fun (¢, icl) — (z x ¢, icl)) icf-list)

| GBBG (¢, fb, b2, f) —
GBBG ((z x c¢), fb, b2, f)

| Vector4 K _Matriz_tho (c, ic4 _list) —
Vector - K _Matriz_tho ((z x ¢), ic4_-list)

| Vector4 -K _Matriz_jr (¢, ch2_list) —
Vector4 - K _Matriz_jr ((x x ¢), ch2_list)

| Vector4 -K _Matriz_cf -t0 (¢, ch2_list) —
Vector/ - K _Matriz_cf _t0 ((x x c¢), ch2_list)

| Vector4 -K _Matriz_cf _t1 (¢, ch2_list) —
Vector4 - K _Matriz_cf —t1 ((z x c¢), ch2_list)

| Vector4 -K _Matriz_cf-t2 (¢, ch2_list) —
Vectord K _Matriz_cf _t2 ((x x c¢), ch2_list)

| Vectors K _Matriz_cf _t_rsi (¢, ch2_list) —
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Vector4 - K _Matriz_cf _t_rsi ((x x c¢), ch2_list)
Vector K _Matriz_cf —m0 (¢, ch2_list) —
Vector4 - K _Matriz_cf -m0 ((x x ¢), ch2_list)
Vector4 - K _Matriz_cf-m1 (¢, ch2_list) —
Vector - K _Matriz_cf_-m1 ((z x c¢), ch2_list)
Vector4 - K _Matriz_cf —m7 (¢, ch2_list) —
Vectord K _Matriz_cf-m7 ((z x c¢), ch2_list)
DScalar2_Vector2 _K _Matriz_ms (¢, ch2_list) —
DScalar2_-Vector2 K _Matriz_ms ((z x ¢), ch2_list)
DScalar2_Vector2_m_0_K _Matriz_cf (¢, ch2_list) —
DScalar2_Vector2_m_0_K _Matriz_cf ((z x c¢), ch2_list)
DScalar2_Vector2_m_1_K _Matriz_cf (¢, ch2_list) —
DScalar2_Vector2_m_1_K _Matriz_cf ((z x c¢), ch2_list)
DScalar2_Vector2 _m_7_K _Matriz_cf (¢, ch2_list) —
DScalar2_Vector2_m_7_K _Matriz_cf ((z x c¢), ch2_list)
DScalar4 - K -Matriz_ms (c, ch2_list) —
DScalary - K _Matriz_ms ((x x c¢), ch2_list)
Dim8 _Scalar2_Vector2_1 ¢ —

Dim8 _Scalar2 _Vector2_1 (z X c¢)
Dim8 _Scalar2_Vector2_2 ¢ —

Dim8 _Scalar2_Vector2_1 (x X ¢)
Dim8_Scalar2_ Vector2_m_0 ¢ —

Dim8 _Scalar2_Vector2_m_0 (z X c¢)

Dim8 _Scalar2_Vector2_-m_1 ¢ —

Dim8 _Scalar2_Vector2_m_1 (z X c¢)

Dim8 _Scalar?2_Vector2_-m_7 ¢ —

Dim8 _Scalar2_Vector2_-m_7 (z X c¢)

Dim8_Scalary ¢ —

Dim8 _Scalarf (x X c¢)

Dim8_Vector4 _t_0 icj _list —

Dim8_Vector4 -t_0 (List.map (fun (¢, icl) — (z X ¢, icl)) icf_list)

Dim8_Vectord _t_1 ic4 _list —

Dim8_Vector4 _t_1 (List.map (fun (¢, icl) — (z X ¢, icl)) icf _list)

Dim8_Vector _t_2 ic4 _list —

Dim8 _Vector4 _t_2 (List.map (fun (¢, icl) — (x X ¢, icl)) ic4 _list)

Dim8_Vector4 -m_0 ic4 _list —

Dim8 _Vector4 -m_0 (List.map (fun (¢, icl) — (x X ¢, icl)) ic-list)

Dim8_Vectorf _m_1 ic4 _list —

Dim8_Vector4 -m_1 (List.map (fun (¢, icl) — (z x ¢, icl)) icq _list)

Dim8_Vectors -m_7 ic4 _list —

Dim8 _Vector4 —m_7 (List.map (fun (¢, icl) — (x x ¢, icl)) ic _list)

Dim6_H}_-P2 ¢ —
Dim6_H{_P2 (x X c¢)
Dim6_AHWW _DPB ¢ —
Dim6_AHWW _DPB (x X c¢)
Dim6_AHWW _DPW ¢ —
Dim6_AHWW _DPW (z x c)
Dim6_AHWW _DW ¢ —
Dim6_AHWW _DW (z x c)
Dim6_Vector4 _DW ¢ —
Dim6 _Vector4 _DW (z x c)
Dim6 _Vector - W ¢ —
Dim6 _Vectorf - W (z X «¢)
Dim6 _Scalar?2_Vector2_PB ¢ —
Dim6 _Scalar2_Vector2_PB (z X c¢)
Dim6 _Scalar2_Vector2_D ¢ —
Dim6 _Scalar2_Vector2_D (z X c¢)
Dim6 _Scalar?_ Vector2_DP ¢ —
Dim6 _Scalar2_Vector2_DP (z x «c)
Dim6_HHZZ_T ¢ —
Dim6_HHZZ_T (z X c¢)
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| Dim6_HWWZ_DW ¢ —
Dim6 _HWWZ_DW (x X ¢)

| Dim6_HWWZ_DPB ¢ —
Dim6 _HWWZ_DPB (z X c¢)

| Dim6_HWWZ_DDPW ¢ —
Dim6 _HWWZ_DDPW (z x c)

| Dim6_HWWZ_DPW ¢ —
Dim6_HWWZ _DPW (z X c¢)

| Dim6_AHHZ_D ¢ —
Dim6_AHHZ_D (z X c¢)

| Dim6_AHHZ_DP ¢ —
Dim6_AHHZ _DP (z X c¢)

| Dim6_AHHZ_PB ¢ —
Dim6_AHHZ _PB (z X c)

let cmult_vertex) z v =
match integer z with
| None — invalid_arg "cmult_vertex4"
| Some z — mult_vertex4 z v

let mult _vertexn x = function
| - — dncomplete "mult_vertexn"

let cmult _vertexn z v =
let open Coupling in
match v with
| UFO (¢, v, s, fl, col) —
UFO (QC.mul z ¢, v, s, fl, col)

let mult_vertex z v =
let open Coupling in
match v with
| V3 (v, fuse, ¢) — V3 (mult_vertex3 x v, fuse, c)
| V4 (v, fuse, ¢) — V4 (mult_vertex) x v, fuse, c)
| Vn (v, fuse, ¢) — Vn (mult_vertezn x v, fuse, c)

let cmult_vertex z v =
let open Coupling in
match v with
| V3 (v, fuse, ¢) — V3 (cmult_vertez3 z v, fuse, c)
| V4 (v, fuse, ¢) — V4 (cmult_vertexs z v, fuse, c)
| Vn (v, fuse, ¢) — Vn (cmult_vertezn z v, fuse, c)

13.2.2  Flavors Adorned with Colorflows

module Flavor (M : Model.T) =
struct

type c¢f_in = int
type cf _out = int

The legacy types CF_in, etc, are not orthogonal to Color_Propagator.t, unfortunately, but we will have to
life with this for a while.

module CP = Color_Propagator

type t =
| White of M.flavor
| CF_in of M.flavor x cf_in
| CF_out of M.flavor x cf_out
| CF_io of M.flavor x cf_in x cf_out
| CF_auz of M.flavor
| CF of M.flavor x CP.t
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let flavor_sans_color = function
| White f — f
| CP_in (f, ) — f
| CF_out (f, -) — f
| CF_io (f, -, -) = f
| CF_auz f — f
[ CF(f, ) > f

let pullback f argl =
I (flavor_sans_color argl)

Since the alternatives in the sum type ¢ are not orthogonal, we have make sure that we don’t produce false
negatives. In addition, non trivial color flows of type Color_Propagator.t need a special equality.

Converting everything to CF (f, c¢p) first is the most concise, but not the most efficient approach. However,
it’s probably not worth the effort to cook up an optimized comparison before we retire the other alternatives
in .

let to_cp = function
| White f — (f, CP.white)
| CF_in (f, cfi) = (f, CP.of lists [cfi []
| CF_out (f, cfo) — (f, CP.of_lists [] [cfo])
| CF_io (f, cfi, cfo) — (f, CP.of_lists [cfi] [cfo])
| CF_auz f — (f, CP.Ghost)
| CF (f, ) > (. p)

let equal f1 f2 =
let f1, cpl = to_cp f1
and f2, ¢p2 = to_cp f2 in
fl = f2 N CP.equal cpl cp2

end

13.2.8 The Legacy Implementation

We have to keep this legacy implementation around, because it infers the color flows from the SU(3) repre-
sentations of a particle in vertices with three and four legs (except for four triplets, where the connections
are ambiguous). The new implementation is already used for UFO models exclusively, since they don’t use
Coupling. V2 and Coupling. V3 at all.

module Legacy_Implementation (M : Model. T) =
struct

module C = Color

module Colored_Flavor = Flavor(M)
open Colored - Flavor

open Coupling

let nc = M.nc

Auziliary functions

Below, we will need to permute Lorentz structures. The following permutes the three possible contractions of
four vectors. We permute the first three indices, as they correspond to the particles entering the fusion.

type permutation =
| P123 | P231 | P312
| P213 | P321 | P132

let permute_contract = function
| P1258 —
begin function
| C_12_84 — C_12_34
| C_13_42 — C_13_42
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| C_14_23 — C_14_23
end
| P231 —
begin function
| C_12_.34 — C_14_23

| C_13_42 — C_12_34
| C_14_23 — C_13_42
end
| P312 —
begin function
| C_12_.34 — C_13_42
| C_13_42 — C_14_23
| C_1/.23 — C_12_3/
end
| P213 —
begin function
| C_12_84 — C_12_34
| C_13_42 — C_14_23
| C_1/.23 — C_13_42
end
| P321 —

begin function
| C_12_.34 — C_14_23

| C_13_42 — C_13_42
| C_1/.23 — C_12_3)
end
| P132 —
begin function
| C_12_3, — C_13_42
| 01542 — C_12_3)
| C_14-23 — C_14_23
end

let permute_contract] _list perm ic4 _list =
List.map (fun (i, ¢/) — (i, permute_contracts perm c4)) ic4 _list

let permute_vertexd’ perm = function
| Scalarf ¢ —
Scalars c
| Vectors icj _list —
Vector4 (permute_contracts _list perm ic4 _list)
| Vector4 -K _Matriz_jr (c, icq _list) —
Vector4 - K _Matriz_jr (¢, permute_contract] _list perm icj _list)
| Vector4 K _Matrixz_cf _t0 (c, icf_list) —
Vector4 - K _Matriz_cf _t0 (c, permute_contracts _list perm ic4 _list)
| Vectors K _Matriz_cf _t1 (c, icj_list) —
Vectorf K _Matriz_cf _t1 (¢, permute_contracts _list perm ic4 _list)
| Vector4 -K _Matriz_cf_t2 (c, icf-list) —
Vector4 - K _Matriz_cf _t2 (¢, permute_contracts _list perm ic4 _list)
| Vector4 K _Matriz_cf _t_rsi (c, ic4_list) —
Vector4 _ K _Matriz_cf _t_rsi (¢, permute_contracts _list perm ic4 _list)
| Vector4 -K _Matriz_cf -m0 (c, icq _list) —
Vector - K -Matriz_cf-m0 (c, permute_contractf _list perm icj _list)
| Vector4 -K _Matriz_cf_-ml1 (c, icf_list) —
Vector4 - K _Matriz_cf —m1 (c, permute_contracts _list perm ic4 _list)
| Vector4 - K _Matriz_cf -m7 (c, icj _list) —
Vector/ - K _Matriz_cf -m7 (¢, permute_contract] _list perm ic _list)
| DScalar2_Vector2_K _Matriz_ms (c, ic _list) —
DScalar2 _ Vector2 K - Matriz_ms (¢, permute_contract] _list perm icj _list)
| DScalar2_Vector2_m_0_K _Matriz_cf (c, ic4_list) —
DScalar2_Vector2_m_0_K _Matriz_cf (c, permute_contract) _list perm ic4 _list)
| DScalar2_Vector2_m_1_K _Matriz_cf (c, ic4 _list) —
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DScalar2_Vector2_m_1_K _Matriz_cf (c, permute_contract) _list perm ic4 _list)
DScalar2_Vector2_m_7_K _Matriz_cf (c, ic4_list) —

DScalar2_Vector2 _m_7_K _Matriz_cf (¢, permute_contracty _list perm ic4 _list)
DScalary - K _Matriz_ms (c, ic4_list) —

DScalary - K -Matriz_ms (¢, permute_contracts _list perm ic4 _list)
Scalar2 _ Vector2 ¢ —

incomplete "permute_vertex4’ Scalar2_Vector2"
DScalar] icj _list —

incomplete "permute_vertex4’ DScalar4d"
DScalar2_Vector2 icj _list —

incomplete "permute_vertex4’ DScalar2_Vector2"
GBBG (c, fb, b2, f) —

incomplete "permute_vertex4’ GBBG"
Vector - K _Matriz_tho (¢, ch2_list) —

incomplete "permute_vertex4’ Vector4_K_Matrix_tho"
Dim8_Scalar2 - Vector2_1 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_1"
Dim8_Scalar2 _ Vector2_2 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_2"
Dim8_Scalar2_ Vector2_m_0 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_m_0"
Dim8 _Scalar2_Vector2_m_1 icj _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_m_1"
Dim8_Scalar2 _ Vector2_m_7 icj _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_m_T7"
Dim8_Scalarj ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar4"
Dim8_Vector _t_0 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_t_0O"
Dim8_Vector _t_1 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_t_1"
Dim8_Vector _t_2 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_t_2"
Dim8_Vectorf _—m_0 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_m_0"
Dim8_Vector4 -m_1 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_m_1"
Dim8_Vectorf _m_7 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_m_7"
Dim6_H/4 _P2 ic4 _list —

incomplete "permute_vertex4’ Dim6_H4_P2"
Dim6_AHWW _DPB icj _list —

incomplete "permute_vertex4’ Dim6_AHWW_DPB"
Dim6_AHWW _DPW icj _list —

incomplete "permute_vertex4’ Dim6_AHWW_DPW"
Dim6_AHWW _DW icj _list —

incomplete "permute_vertex4’ Dim6_AHWW_DW"
Dim6_Vectorj _DW ic4 _list —

incomplete "permute_vertex4’ Dim6_Vector4_DW"
Dim6 _Vector4 - W icj _list —

incomplete "permute_vertex4’ Dim6_Vector4_W"
Dim6 _Scalar2_Vector2_D ic4 _list —

incomplete "permute_vertex4’ Dim6_Scalar2_Vector2_D"
Dim6 _Scalar2 - Vector2_DP ic4 _list —

incomplete "permute_vertex4’ Dim6_Scalar2_Vector2_DP"
Dim6 _Scalar2_Vector2_PB ic4 _list —

incomplete "permute_vertex4’ Dim6_Scalar2_Vector2_PB"
Dim6_HHZZ _T ic4 _list —

incomplete "permute_vertex4’ Dim6_HHZZ_T"
Dim6_HWWZ_DW ic4 _list —

incomplete "permute_vertex4’ Dim6_HWWZ_DW"
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| Dim6_HWWZ_DPB ic4 _list —

incomplete "permute_vertex4’ Dim6_HWWZ_DPB"
| Dim6_HWWZ_DDPW icj _list —

incomplete "permute_vertex4’ Dim6_HWWZ_DDPW"
| Dim6_HWWZ_DPW ic4 _list —

incomplete "permute_vertex4’ Dim6_HWWZ_DPW"
| Dim6_AHHZ _D icj _list —

incomplete "permute_vertex4’ Dim6_AHHZ_D"
| Dim6_AHHZ_DP icj _list —

incomplete "permute_vertex4’ Dim6_AHHZ_DP"
| Dim6_AHHZ _PB ic4 _list —

incomplete "permute_vertex4’ Dim6_AHHZ_PB"

let permute_vertex4 perm = function
| V3 (v, fuse, ¢) — V3 (v, fuse, ¢)
| V4 (v, fuse, ¢) — V4 (permute_vertexs’ perm v, fuse, c)
| Vn (v, fuse, ¢) — Vn (v, fuse, ¢)

Cubic Vertices

The following pattern matches could eventually become quite long. The O’Caml compiler will (hopefully)
optimize them aggressively (http://pauillac.inria.fr/ maranget/papers/opat/).

let colorize_fusion2 f1 f2 (f, v) =
match M.color f with

| C.Singlet —
begin match f1, f2 with

| White -, White = —
[White f, v]

| CF_in (-, c1), CF_out (-, ¢2’)
| CF_out (-, c1), CF_in (-, c2') —
if c1 = c¢2’ then
[White f, v]
else

[]

| CF_io (f1, c1, c1’), CF_io (f2, c2, ¢2') —
if c1 = ¢2" A ¢2 = cl’' then
[White f, v]
else

[]

| CF_auz f1, CF_auz f2 —
[White f, mult_vertex (— (nc ())) v]

| CF_aux -, CF_io - | CF_io -, CF_aux - —
[]

| (CF_in - | CF_out - | CF_io - | CF_aux -), White _
| White _, (CF_in - | CF_out - | CF_io - | CF_auz _)
| (CF_io - | CF_auz ), (CF_in _ | CF_out _)
| (CF_in - | CF_out -), (CF_io - | CF_aux -)
| CF_in -, CF_in _ | CF_out -, CF_out - —

colored —vertex "colorize_fusion2"

| CF (-, ¢), - | -, CF (-, ¢) — mnon_legacy_color "colorize_fusion2" ¢
end
| C.SUN ncl —

begin match f1, f2 with

| CF_in (-, c1), (White - | CF_auz -)
| (White - | CF_auz ), CF_in (-, ¢1) —
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if ncl > 0 then
[CF_in (f, c1), v]
else
colored_vertexr "colorize_fusion2"

| CF_out (-, c1’), (White - | CF_auz -)
| (White - | CF_auz ), CF_out (-, c1') —
if nc1 < 0 then
[CF_out (f, c1'), v]
else
colored_vertexr "colorize_fusion2"

| CF_in (-, c1), CF_io (-, c2, c2')
| CF_io (-, ¢2, ¢2'), CF_in (-, c1) —
if nc! > 0 then begin
if c1 = c2' then
[CF_in (f, ¢2), v]
else
[]
end else
colored_verter "colorize_fusion2"

| CF_out (-, c¢1’), CF_io (-, c2, c2’)
| CF_io (-, ¢2, c2'), CF_out (-, c1’) —
if nc1 < 0 then begin
if c1’ = c¢2 then
[CF_out (f, ¢2), v]
else
[]
end else
colored_vertexr "colorize_fusion2"

| CF_in -, CF_in - —
if nc! > 0 then
baryonic_vertex "colorize_fusion2"
else
colored _verter "colorize_fusion2"

| CF_out -, CF_out - —
if ncl < 0 then
baryonic_vertex "colorize_fusion2"
else
colored_verter "colorize_fusion2"

| CF_in -, CF_out - | CF_out -, CF_in _
| (White - | CF_io - | CF_auz -),
(White - | CF_io - | CF_auz =) —
colored _vertex "colorize_fusion2"

| CF (-, ¢), - | -, CF (-, ¢) — mnon_legacy_color "colorize_fusion2" ¢
end

| C.AdjSUN _ —
begin match f1, f2 with

| White -, CF_io (-, cl1, ¢2") | CF_io (-, c1, ¢2"), White - —
[CF_io (f, c1, c2'), v]

Note that for tr(F,,.,F*") couplings, like the effective Hgg coupling, we can’t inplement the rules derived
in [17]. fusing White with CF_auz would have to produce a CF_io, but there is canonical source for a fresh
color flow index! If the gluons are not connected via an inbroken string of such couplings to an external line,
we can use the considerations in (12.2) to replace the factor No by —N¢. In order to account for the gluons
that are connected via an inbroken string of such couplings to an external line, we apply a correction factor
1 — 2/Ng for each gluon loop in the very end.

| White -, CF_auz - | CF_aux -, White - —
[CF_auz f, mult_vertex (— (nc ())) v]
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| CF_in (-, c¢1), CF_out (-, c2')
| CF_out (-, ¢2), CF_in (-, c¢l) —
if c1 # c2' then
[CF_io (f, c1, c2'), v]

else
[CF_auz f, v]
In the adjoint representation
1
—- {
2 = gfa1a2a3 CHikzks (kl, kg, kg) (131&)
\
3

with

Cr#20 (o ki, ) =
(9142 (K> — K5?) + "2 (k™ — KA?) + g7 (k2 — K{2))  (13.1b)

while in the color flow basis find from

farazas = tr (Ta, [Tay, Tas]) = tv (Lo, Tay Tay) — tv (Tay Ty Tas) (13.2)
the decomposition S
ifa1a2a3T£]1T;§J2T;gJ3 — 511]251213513]1 _ 521J3523J2522J1 . (13.3)
The resulting Feynman rule is
1
9 =ig <6i1j36i2j1 §isiz _ 5i1j25i2j35i3j1) CH1r2ps (kh ko, kg) (13.4)
3
We have to generalize this for cases of three particles in the adjoint that are not all gluons (gluinos, scalar

octets):

e scalar-scalar-scalar
e scalar-scalar-vector
e scalar-vector-vector
e scalar-fermion-fermion

e vector-fermion-fermion

?} We could use a better understanding of the signs for the gaugino-gaugino-gaugeboson couplings!!!

| CF_io (f1, c1, c1’), CF_io (f2, c2, c2') —

let phase =
begin match v with
| V3 (Gauge_Gauge_Gauge _, _, _)
| V& (I-Gauge-Gauge_Gauge —, _, _)
| V3 (Auz-Gauge-Gauge -, -, -) — of_int 1
| VS (FBF (. -, - ), fusc2, )

begin match fuse2 with

| F12 — of_int 1 (x works, needs underpinning )
| F21 — of_int (—1) (* dto. *)

| F31 — of_int 1 (x dto. x)

| F82 — of_int (—1) (% transposition of F12 x)

| F23 — of_int 1 (x transposition of F21 x)

156



Implementation of Colorize

| F13 — of_int (—1) (% transposition of F12 x)
end
| V3 _ — incomplete "colorize_fusion2,,(V3,-)"
| V4 - — impossible "colorize_fusion2 ,(V4,_)"
| Vn - — impossible "colorize_fusion2,,(Vn,-)"
end in
if c1’ = c2 then
[CF_io (f, c1, ¢2'), cmult_vertex (QC.neg phase) v]

else if ¢2’ = cI then
[CF_io (f, ¢2, c1’), cmult_vertex ( phase) v]
else

[]

| CF_auz -, CF_io _
| CF_io -, CF_auz -
| CF_auzx -, CF_aux - —

[]

| White _, White _
| (White - | CF_io - | CF_auzx _), (CF_in _ | CF_out _)
| (CF_in - | CF_out -), (White - | CF_io - | CF_aux -)
| CF_in -, CF_in _ | CF_out -, CF_out - —

colored _vertexr "colorize_fusion2"

| CF (-, ¢), - | -, CF (-, ¢) — mnon_legacy_color "colorize_fusion2" ¢
end
| C.YT _ | C.YTC - — young_tableaur "colorize_fusion2"

Quartic Vertices

let colorize_fusions f1 f2 f3 (f, v) =
match M .color f with

| C.Singlet —
begin match f1, f2, f3 with

| White -, White _, White = —
[White f, v]

| (White - | CF_auz -), CF_in (-, cl1), CF_out (-, c2')
| (White - | CF_auz ), CF_out (-, c1), CF_in (-, c2')
| CF_in (-, c¢1), (White - | CF_auz _), CF_out (-, c2')
| CF_out (-, c1), (White _ | CF_auz _), CF_in (_, c2')
| CF_in (-, c1), CF_out (-, c2), (White - | CF_auzx -)
| CF_out (-, c1), CF_in (-, c¢2'), (White - | CF_auzx -)

if c1 = c¢2’ then

[White f, v]
else

[]

| White -, CF_io (-, c1, c1'), CF_io (-, ¢2, c2')
| CF_io (-, cl, c1’), White -, CF_io (-, ¢2, c2’)
| CF_io (-, c1, c¢1’), CF_io (-, ¢2, c2'), White - —
if c1 = ¢2" A ¢2 = cl’ then
[White f, v]
else

[]

| White -, CF_auz _, CF_auz _

| CF_aux -, White _, CF_aux -

| CF_auz -, CF_aux -, White - —
[White f, mult_vertex (— (nc ())) v]

| White -, CF_io -, CF_aux _

%
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White _, CF_aux -, CF_io _
CF_io _, White _, CF_aux _
CF_aux _, White _, CF _io _
CF_io -, CF_aux -, White _
CF_aux -, CF_io -, White - —

[]

CF_io (-, cl, ¢1’), CF_in (-, ¢2), CF_out (-, ¢3
CF_io (-, cl, ¢1’), CF_out (-, ¢3"), CF_in (-, c2
CF_in (-, ¢2), CF_io (-, c1, c1’), CF_out (-, ¢8
CF_out (-, ¢8"), CF_io (-, ¢l1, c¢1’), CF_in (-, c2

CF_in (-, ¢2), CF_out (-, ¢3'), CF_io (-, cl, ¢
CF _out (-, ¢38’), CF_in (-, ¢2), CF_io (-, c1, ¢
if c1 = ¢3 A cl’ = c2 then
[White f, v]
else

[]

CF_io (-, c1, c1’), CF_io (-, ¢2, ¢2), CF_io (-, ¢3, ¢3') —

if c1’” = ¢2 AN c2 = ¢83 N ¢3 = cl then
[White f, mult_vertez (—1) v]

elseif c1’” = e¢3 AN ¢2 = c1 AN ¢8 = c2 then

[White f, mult_vertex (1) v]
else

[]

CF_io -, CF_io _, CF_aux _
CF_io _, CF_aux _, CF_io _
CF_aux -, CF_i0 -, CF_io _
CF_io -, CF_aux -, CF_aux _
CF_aux _, CF_io -, CF_aux _
CF_auz _, CF_aux -, CF_io _
CF_aux _, CF_aux _, CF_auz _ —

[]

CF_in _, CF_in _, CF_in _
CF_out _, CF_out _, CF_out - —
baryonic_vertex "colorize_fusion3"

CF_in _, CF_in _, CF_out _
CF_in _, CF_out _, CF_in _
CF_out _, CF_in _, CF_in _
CF_in _, CF_out _, CF_out _
CF_out -, CF_in _, CF_out _
CF_out -, CF_out -, CF_in _

White _, White _, (CF_io - | CF_auz _)
White _, (CF_io _ | CF_auz _), White _
(CF_io - | CF_aux -), White -, White -

_>

(White - | CF_io - | CF_auz -), CF_in _, CF_in _
CF_in _, (White _ | CF_io - | CF_aux _), CF_in _
CF_in _, CF_in _, (White - | CF_io - | CF_aux _)

(White - | CF_io - | CF_auz -), CF_out -, CF_out -
CF_out -, (White - | CF_io - | CF_auz _), CF_out _
CF_out -, CF_out _, (White _ | CF_io - | CF_auz _)

(CF_in - | CF_out ),
(White - | CF_io - | CF_aux _),
(White - | CF_io - | CF_auz )
(White - | CF_io - | CF_aux ),
(CF_in _ | CF_out ),
(White - | CF_io - | CF_aux -)
(White - | CF_io - | CF_aux -),
(White - | CF_io - | CF_aux _),
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(CF_in - | CF_out =) —
colored _vertex "colorize_fusion3"

| CF (., ¢), -, - | -, CF (<, ¢)y - | -y -, CF (-, ¢) —
non_legacy_color "colorize_fusion3" ¢
end
| C.SUN ncl —

begin match f1, f2, f3 with

| CF_in (-, ¢l), CF_io (-, ¢2, ¢2'), CF_io (-, ¢3, ¢3')
| CF_io (-, ¢2, c2'), CF_in (-, c1), CF_io (-, ¢3, ¢3’)
| CF_io (-, ¢2, c2"), CF_io (-, ¢3, ¢3’), CF_in (-, cl) —
if nc1 > 0 then
if c1 = ¢c2" N ¢2 = c3 then
(CF_in (f, c3), o
elseif c1 = ¢8 N c8 = c2 then
[CF_in (f, ¢2), v]
else

else
colored _vertex "colorize_fusion3"

| CF_out (-, ¢1’), CF_io (-, ¢2, ¢2'), CF_io (_, ¢3, ¢3’)
| CF_io (-, ¢2, ¢2’), CF_out (-, c1’), CF_io (_, ¢3, ¢3’)
| CF_io (-, ¢2, ¢2’), CF_io (-, ¢3, ¢3"), CF_out (-, cl’) —
if ncl < 0 then
if c1’” = ¢2 A c2 = c8 then
[CF_out (f, ¢3), v]
elseif c1’” = ¢8 N ¢8' = c2 then
[CF_out (f, c2'), v]
else

else
colored _vertex "colorize_fusion3"

| CF_aux -, CF_in (-, c1), CF_io (-, ¢2, c2')
| CF_auz -, CF_io (-, c2, ¢2'), CF_in (-, cl)
| CF_in (-, c1), CF_auz -, CF_io (-, c2, c2')
| CF_io (-, ¢2, ¢2'), CF_auz -, CF_in (-, cI)
| CF_in (-, ¢1), CF_io (-, ¢2, ¢2'), CF_auz -
| CF_io (-, ¢2, ¢2'), CF_in (-, cl), CF_auz - —
if nc1 > 0 then
if c1 = c2' then
[CF_in (f, c2), mult_vertex ( 2) v]
else

else
colored _vertex "colorize_fusion3"

| CF_auz -, CF_out (-, c1"), CF_io (-, ¢2, c2’)
| CF_auz -, CF_io (-, ¢2, ¢2"), CF_out (-, cl’)
| CF_out (-, ¢1"), CF_auz -, CF_io (-, c2, c2')
| CF_io (-, ¢2, ¢2'), CF_auzx -, CF_out (-, cl’)
| CF_out (-, c¢1’), CF_io (-, c2, ¢2'), CF_auz -
| CF_io (-, ¢2, ¢2'), CF_out (-, c1’), CF_auzx - —
if nc1 < 0 then
if c1’ = ¢2 then
[CF_out (f, ¢2'), mult_vertex ( 2) v]
else

else
colored _vertex "colorize_fusion3"

| White -, CF_in (-, ¢1), CF_io (-, ¢2, ¢2')
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White _, CF_io (-, ¢2, ¢2’), CF_in (-, cI)
CF_in (-, c1), White _, CF_io (-, ¢2, c2’)
CF_io (-, ¢2, ¢2'), White _, CF_in (-, cl)
CF_in (-, cl), CF_io (-, ¢2, ¢2'), White _
CF_io (-, ¢2, ¢2'), CF_in (-, cl), White - —
if nc1 > 0 then
if c1 = c2' then
[CF_in (f, ¢2), v]
else
[]
else
colored_vertexr "colorize_fusion3"

White _, CF_out (-, c¢1'), CF_io (-, ¢2, c2’
White _, CF_io (-, c¢2, ¢2'), CF_out (-, cl’
CF_out (-, c1’), White -, CF_io (-, ¢2, c2’
CF_io (-, ¢2, ¢2'), White _, CF_out (-, c1’
CF_out (-, c1'), CF_io (-, ¢2, ¢2'), White _
CF_io (-, ¢2, ¢2'), CF_out (-, c1’), White - —
if nc1 < 0 then
if ¢c2 = c1’ then
[CF_out (f, c2'), v]
else

else
colored _vertex "colorize_fusion3"

CF_in (-, c¢1), CF_auz -, CF_aux -
CF_aux -, CF_in (-, c1), CF_aux _
CF_auz -, CF_auz -, CF_in (_, c1) —
if nc1 > 0 then
[CF_in (f, c1), mult_vertex ( 2) v]
else
colored —vertex "colorize_fusion3"

CF_in (-, c1), CF_auz -, White _
CF_in (-, c1), White _, CF_auz -
CF_in (-, cl), White -, White _
CF_aux -, CF_in (-, c1), White _
White -, CF_in (-, c1), CF_aux -
White -, CF_in (-, c1), White _
CF_auz -, White _, CF_in (-, cl)
White _, CF_aux -, CF_in (_, cl)
White -, White -, CF_in (-, ¢1) —
if nc1 > 0 then
[CF_in (f, c1), v]
else
colored _vertex "colorize_fusion3"

CF_out (-, ¢1’), CF_auz -, CF_aux -
CF_aux -, CF_out (-, c1’), CF_aux -
CF_auz -, CF_auz -, CF_out (-, cl’) —
if ncl < 0 then
[CF_out (f, c1”), mult_vertex ( 2) v]
else
colored _vertexr "colorize_fusion3"

CF_out (-, c1’), CF_auzx -, White _
CF_out (-, c1’), White _, CF_auz -
CF _out (-, c1’), White _, White _

CF_aux -, CF_out (-, c¢1’), White _
White -, CF_out (-, ¢1’), CF_aux _
White -, CF_out (-, c1'), White _

CF_auz -, White _, CF_out (-, cl1’)
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| White -, CF_auz -, CF_out (-, cl1’)
| White -, White _, CF_out (-, ¢l1’) —
if ncl < 0 then
[CF_out (f, c1'), v]
else
colored_vertexr "colorize_fusion3"

| CF_in _, CF_in _, CF_out _
| CF_in -, CF_out -, CF_in _
| CF_out _, CF_in _, CF_in - —
if nc! > 0 then
color_flow_ambiguous "colorize_fusion3"
else
colored _vertexr "colorize_fusion3"

| CF_in _, CF_out -, CF_out _
| CF_out -, CF_in _, CF_out _
| CF_out -, CF_out _, CF_in _ —
if nc1 < 0 then
color_flow_ambiguous "colorize_fusion3"
else
colored _vertex "colorize_fusion3"

| CF_in -, CF_in -, CF_in _
| CF_out -, CF_out -, CF_out _

(White - | CF_io - | CF_aux ),
(White _ | CF_io - | CF_aux ),
(White - | CF_io - | CF_aux -)
(

CF_in - | CF_out ),
(CF_in - | CF_out ),
(White - | CF_io - | CF_aux -)
| (CF_in - | CF_out ),
(White - | CF_io - | CF_aux -),
(CF_in - | CF_out -)
| (White = | CF_io - | CF_auz _),
(CF_in _ | CF_out ),
(CF-in - | CF_out -) —
colored —vertex "colorize_fusion3"

| CF (., ¢), -, - | -, CF (2, ¢)y - | -y -, CF (-, ¢) —
non_legacy_color "colorize_fusion3" ¢
end

| C.AdjSUN nc —
begin match f1, f2, f3 with

| CF_in (-, c1), CF_out (-, c1’), White -
| CF_out (-, c1"), CF_in (-, cl), White _
| CF_in (-, c1), White -, CF_out (-, c1’)
| CF_out (-, c1’), White _, CF_in (-, cl)
| White -, CF_in (-, c1), CF_out (-, c1’)
| White -, CF_out (-, ¢1’), CF_in (-, cl)
if c1 # c1’ then
[CF_io (f, cl, c1'), V]
else
[CF_auz f, v]

| CF_in (-, c1), CF_out (-, ¢1'), CF_aux -
| CF_out (-, c1’), CF_in (-, c¢1), CF_aux _
| CF_in (-, ¢1), CF_auzx -, CF_out (-, cl’)
| CF_out (-, c¢1’), CF_auz -, CF_in (-, cl)
| CF_aux -, CF_in (-, c1), CF_out (-, c1’)
| CF_auz -, CF_out (-, c1'), CF_in (-, cl)

if c1 # c1’ then

—
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[CF_io (f, cl, c1'), mult_vertex ( 2) v]
else
[CF_auz f, mult_vertex ( 2) v]

| CF_in (-, c1), CF_out (-, c1’), CF_io (-, c2, c2')
| CF_out (-, c¢1’), CF_in (-, c1), CF_io (-, c2, c2')
| CF_in (-, ¢1), CF_io (-, ¢2, ¢2'), CF_out (-, cl’)
| CF_out (-, c¢1’), CF_io (-, ¢2, ¢2'), CF_in (-, cl)
| CF_io (-, ¢2, c2'), CF_in (-, c1), CF_out (-, cl’)
| CF_io (-, ¢2, ¢2'), CF_out (-, c¢1'), CF_in (-, cI)
if c1 = ¢2" N ¢2 = cl’ then
[CF_auz f, mult_vertex ( 2) v]
else if ¢c1 = ¢2’ then
[CF_io (f, c2, c1’), v]

else if ¢2 = c1’ then
[CF_io (f, c1, ¢2'), v]
else

2 2
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(13.6)

(13.7)

The different color connections correspond to permutations of the particles entering the fusion and have to be

matched by a corresponding permutation of the Lorentz structure:
@ We have to generalize this for cases of four particles in the adjoint that are not all gluons:

e scalar-scalar-scalar-scalar

e scalar-scalar-vector-vector

and even ones including fermions (gluinos) if higher dimensional operators are involved.

| CF_io (-, cl, c1’), CF_io (-, ¢2, ¢2’), CF_io (-, ¢3, ¢3') —

if c1’” = ¢2 AN ¢2' = c¢3 then

[CF_io (f, c1, ¢8"), permute_vertexs P123 v]
elseif c1’” = ¢3 A ¢8 = 2 then

[CF_io (f, c1, ¢2'), permute_vertexj P132 v
else if c2’ = ¢8 N ¢8 = cl then

[CF_io (f, c2, cl’), permute_vertexj P231 v
elseif c2’ = c1 A cl’ = ¢8 then

[CF_io (f, c2, ¢3’), permute_vertexj P213 v
else if c8’ = ¢l N cl’ = c2 then

[CF_io (f, ¢3, ¢2'), permute_vertexj P312 v
else if c3" = ¢c2 N c2 = cl then

[CF_io (f, ¢3, c1'), permute_vertexs P321 v
else

[]

162



CF_io _, CF_io _, CF_aux _
CF_io _, CF_aux _, CF_io _
CF_aux _, CF_io _, CF_io _
CF_io -, CF_aux -, CF_aux -
CF_aux _, CF_auzx _, CF_io _
CF_auz _, CF_io _, CF_aux _
CF_auz _, CF_auzx -, CF_aux - —

[]

CF_io (-, c1, c1’), CF_io (-, ¢2, c¢2'), White -
CF_io (-, cl, c1’), White -, CF_io (-, ¢2, c2')
White _, CF_io (-, c1, c1’), CF_io (-, c2, c2') —
if c1’” = ¢2 then
[CF_io (f, c1, ¢2'), mult_vertex (—1) v]

else if ¢2’ = c1 then
[CF_io (f, c¢2, c1'), mult_vertex (1) v]
else

[]

CF_io (-, cl, c1’), CF_aux _, White _
CF_aux -, CF_io (-, c1, c1’), White _
CF_io (-, c1, c1’), White -, CF_auzx _
CF_auz -, White _, CF_io (-, cl, cl’)
White _, CF_io (-, cl, c1'), CF_auz _
White _, CF_auz -, CF_io (-, cI, cl’) —

[]

CF_aux -, CF_aux -, White _
CF_auz _, White _, CF_aux -
White _, CF_auz -, CF_auzx - —

[]

White -, White —, CF_io (-, c1, c1’)

White _, CF_io (-, c1, c1’), White _

CF_io (-, cl, c1’), White _, White - —
[CF_io (f, cl, c1'), v]

White _, White _, CF_aux _
White _, CF_auzx -, White _
CF_aux -, White _, White - —

[]
White _, White _, White _

(White - | CF_io - | CF_aux -),
(White - | CF_io - | CF_aux -),
(CF_in - | CF_out -)

(White - | CF_io - | CF_auz ),
(CF_in _ | CF_out ),

(White - | CF_io - | CF_aux -)

(CF_-in - | CF_out ),

(White - | CF_io - | CF_aux -),
(White - | CF_io - | CF_aux -)

CF_in _, CF_in _, (White - | CF_io - | CF_aux _)
CF_in -, (White - | CF_io - | CF_aux -), CF_in
(White = | CF_io - | CF_auzx _), CF_in _, CF_in _

CF_out -, CF_out -, (White - | CF_io - | CF_auz -)
CF_out -, (White - | CF_io - | CF_auz _), CF_out _
(White - | CF_io - | CF_auxz _), CF_out _, CF_out _

(CF_-in - | CF_out ),
(CF_in - | CF_out ),
(CF_in - | CF_out -) —
colored_vertexr “"colorize_fusion3"

163

Implementation of Colorize



Implementation of Colorize

| CF (5 0)y o= | o CF (L €)= | o -y CF (-, ) —
non_legacy-color "colorize_fusion3" ¢
end

| C.YT _ | C.YTC - — young_tableaur "colorize_fusion3d"

Quintic and Higher Vertices

let is_white = function
| White - — true
| - — false

let colorize_fusionn flist (f, v) =
let incomplete_match () =
mcomplete
("colorize_fusionn {," °
String.concat " ,," (List.map (pullback M .flavor_to_string) flist)
"Wro->u" "t M. flavor_to_string f) in
match M.color f with
| C.Singlet —
if List.for_all is_white flist then
[White f, v]
else
incomplete_match ()
| C.SUN _ —
if List.for_all is_white flist then
colored _vertexr "colorize_fusionn"

else
incomplete_match ()
| C.AdjSUN _ —

if List.for_all is_white flist then
colored_vertexr "colorize_fusionn"

else
incomplete_match ()
| C.YT _ | C.YTC - — young_tableauz "colorize_fusionn"

end

13.2.4  Colorizing a Monochrome Model

module It (M : Model.T) =
struct

open Coupling

module C = Color
module CA = Arrow
module CV = Color. Vertex

module Colored_Flavor = Flavor(M)

type flavor = Colored_Flavor.t
type flavor_sans_color = M .flavor
let flavor_sans_color = Colored_Flavor.flavor_sans_color

type gauge = M .gauge

type constant = M .constant
let options = M .options
let caveats = M .caveats

type coupling_order = M .coupling_order

let all_coupling_orders = M .all_coupling_orders
let coupling_orders = M .coupling_orders
let coupling_order_to_string = M .coupling_order_to_string
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open Colored - Flavor
let flavor_equal = Colored_Flavor.equal

let color = pullback M .color

let nc = M.nc
let pdg = pullback M .pdg
let lorentz = pullback M .lorentz

module Ch = M.Ch
let charges = pullback M .charges

For the propagator we cannot use pullback because we have to add the case of the color singlet propagator by
hand.

let ¢f _aux_propagator = function
| Prop_Scalar — Prop_Col_Scalar (* Spin 0 octets. )
| Prop_Majorana — Prop_Col_Majorana (x Spin 1/2 octets. x)
| Prop_Feynman — Prop_Col_Feynman (x Spin 1 states, massless. *)
| Prop_Unitarity — Prop_Col_Unitarity (* Spin 1 states, massive. *)
| Auz_Scalar — Aux_Col_Scalar (* constant colored scalar propagator )
| Auz_Vector — Aux_Col_Vector (x constant colored vector propagator )
| Aux_Tensor-1 — Aux_Col_Tensor_1 (x constant colored tensor propagator x)
| Prop_Col_Scalar | Prop_Col_Feynman
| Prop_Col_Majorana | Prop_Col_Unitarity
| Auz_Col_Scalar | Auxz_Col_Vector | Aux_Col_Tensor_1
—  failwith ("Colorize.It().colorize_propagator: already colored particle!")
| - — failwith ("Colorize.It().colorize_propagator: impossible!")

let propagator = function
| CF_auz f — cf —auz_propagator (M .propagator f)
| White f — M .propagator f
| CF_in (f, -) — M.propagator f
| CF_out (f, -) — M.propagator f
| CF_io (f, -, -) — M.propagator f
| CF(f, &) >
begin match ¢ with
| CP.Flow - | CP.Flow_with_Epsilons - | CP.Flow_with_Epsilon_Bars _ —
M .propagator f
| CP.Ghost | CP.Ghost_with_FEpsilons - | CP.Ghost_with_Epsilon_Bars - —
¢f —aux _propagator (M .propagator f)
end

let width = pullback M .width

let goldstone = function

| White f —
begin match M.goldstone f with
| None — None
| Some (f', g) — Some (White f', g)
end

| CF_in (f, ¢) —
begin match M.goldstone f with
| None — None
| Some (f', g) — Some (CF_in (f', ¢), g)
end

| CF_out (f, ¢) —
begin match M.goldstone f with
| None — None
| Some (f', g) — Some (CF_out (f', ¢), g)
end

| CF_io (f, c1, ¢2) —
begin match M.goldstone f with
| None — None
| Some (f', g) — Some (CF_io (f', cl, ¢2), g)
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end
| CF_auz f —
begin match M .goldstone f with
| None — None
| Some (f', g) — Some (CF_auz ', g)
end
| CF (f, ¢) —
begin match M .goldstone f with
| None — None
| Some (f', g) — Some (CF (f', ¢), g)
end

let conjugate = function
| White f — White (M .conjugate f)
| CF_in (f, ¢) — CF_out (M.conjugate f, ¢)
| CF_out (f, ¢) — CF_in (M.conjugate f, c)
| CF_io (f, c1, ¢2) — CF_io (M.conjugate f, c2, cl)
| CF_auz f — CF_auz (M.conjugate f)
| CF (f, ¢c) — CF (M.conjugate f, CP.conjugate c)

let conjugate_sans_color = M .conjugate
let fermion = pullback M .fermion
let max_degree = M .max_degree

let flavors () =
invalid "flavors"

let external_flavors () =
invalid "external_flavors"

let parameters = M .parameters

let split_color_string s =
try

let i1 = String.index s °/” in
let i2 = String.index_from s (succ il) >/’ in
let sf = String.sub s 0 il
and sc1 = String.sub s (succ il) (i2 — il — 1)
and sc2 = String.sub s (succ i2) (String.length s — i2 — 1) in
(sf, scl, sc2)

with
| Not_found — (s, "","")
let flavor_of _string s =
try
let sf, sc1, sc2 = split_color_string s in

let f = M.flavor_of _string sf in
match M.color f with
| C.Singlet — White f
| C.SUN nc —
if nc > 0 then
CF_in (f, color_flow_of _string scl)
else
CF _out (f, color_flow_of _string sc2)
| C.AdJSUN _ —
begin match sc1, sc2 with
| "v,m — CF_auz f
| -, - = CF_io (f, color_flow_of _string sc1, color_flow_of _string sc2)
end
| C.YT _ | C.YTC . —
incomplete "flavor_of _string: Young tableaux"
with
| Failure s —
if s = "int_of_string" then
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invalid_arg "Colorize() .flavor_of_string: expecting integer"
else
failwith ("Colorize() .flavor_of_string: unexpected Failure(" "~ s~ ")")

let flavor_to_string = function
| White f —
M .flavor_to_string f
| CF_in (f, ¢) —
M .flavor_to_string f ~ "/" " string_of _int ¢ ~ "/"
| CF_out (f, ¢) —
M .flavor_to_string f ~ "//" " string_of _int c
| CF_io (f, c1, ¢2) —
M .flavor_to_string f ~ "/" * string_of _int ¢1 = "/" " string_of _int c2
| CF_auz f —
M .flavor_to_string f ~ "//"
| CF (f, cp) —
M .flavor_to_string f ~ "/" ~ CP.to_string cp

@ CP.to_string need to be replaced!

let flavor_to_TeX = function

| White f —
M .flavor_to_TeX f

| CF_in (f, ¢) —
"{" " M.flavor_to_-TeX f ~ "}_{\\mathstrut," " string_of _int ¢ ~ "}"

| CF_out (f, ¢) —
" M.flavor_to_TeX f ~ "}_{\\mathstrut\\overline{" *
string_of _int ¢ ~ "}}"

| CF_io (f, c1, ¢2) —
"{" " M.flavor_to-TeX f ~ "}_{\\mathstrut," ~
string_of _int ¢1 ~ "\\overline{" " string_of_int c2 ~ "}}"

| CF_aquz f —
"~ M.flavor_to_TeX f ~ "}_{\\mathstrut 0}"
| CF (f, cp) —
"{" " M.flavor_to-TeX f = "}_{\\mathstrut," ~ CP.to_string cp ~ "}"
let flavor_symbol = function
| White f —

"t © M. flavor _symbol f
| CF_in (f, ¢) —

"t "t M. flavor_symbol f * "_i" * string_of _int c
| CF_out (f, ¢) —

"' M.flavor_symbol f ~ "_o" " string_of _int ¢
| CF_io (f, c1, ¢2) —

£ M. flavor_symbol f ~ "_i" " string_of _int c1 "~ "o" " string_of _int c2
| CF_auz f —

" M. flavor_symbol f ~ " _g"
| CF (f, cp) —

"' M. flavor_symbol f ~ "_" "~ CP.to_symbol cp

let gauge_symbol = M .gauge_symbol
Masses and widths must not depend on the colors anyway!

let mass_symbol = pullback M.mass_symbol
let width_symbol = pullback M .width_symbol

let constant_symbol = M .constant_symbol

Vertices

vertices are only used by functor applications and for indexing a cache of precomputed fusion rules, which is
not used for colorized models.
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let vertices () =
invalid "vertices"

module Legacy = Legacy_Implementation (M)

let colorize_fusion2 f1 2 (f, v) =
match v with
| V8 - — Legacy.colorize_fusion2 f1 f2 (f, v)
—l

let colorize_fusiond f1 f2 13 (f, v) =
match v with
| V4 - — Legacy.colorize_fusion3 f1 f2 {3 (f, v)
"

In order to match the correct positions of the fields in the vertices, we have to undo the permutation effected
by the fusion according to Coupling.fusen.

module PosMap =
Partial. Make (struct type t = int let compare = compare end)

Note that due to the inverse, the list I’ can be interpreted here as a map reshuffling the indices. E.g.,
inverse (Permutation.Default.list [2;0;1]) applied to [1;2;3] gives [3;1;2].

let partial_map_redoing_permutation 1 I! =
let module P = Permutation.Default in
let p = P.inverse (P.of _list (List.map pred l')) in
PosMap.of _lists 1 (P.list p 1)

Note that, the list I’ can not be interpreted as a map reshuffling the indices, but gives the new order of the
argument. E.g., Permutation.Default.list [2;0;1] applied to [1;2;3] gives [2;3;1].

let partial_map_undoing_permutation | ' =
let module P = Permutation.Default in
let p = P.of_list (List.map pred ') in
PosMap.of _lists | (P.list p 1)

let color_sans_flavor = function

| White - — CP.white

| CF_in (-, cfi) — CP.of _lists [cfi] []

| CF_out (-, cfo) — CP.of_lists [] [cfo]

| CF_io (-, cfi, cfo) — CP.of_lists [cfi] [cfo]
| CF_aur - — CP.Ghost
| CF (f, cp) = cp

@ Should we continue to translate the flows back and forth?

let color_with_flavor f = function
| CP.Flow (cfis, cfos) as cp —
begin match PArray.to_option_list cfis, PArray.to_option_list cfos with
0 1) = White f
| [Some cfil, [| — CF_in (f, cf)
| [], [Some cfo] — CF_out (f, cfo)
| [Some cfi], [Some cfo] — CF_io (f, cfi, cfo)
L= CF (f, cp)
end
| CP.Flow_with_Epsilons (-, -) —
failwith "Colorize.color_with_flavor: unexpected epsilon"
| CP.Flow_with_FEpsilon_Bars (-, ) —
failwith "Colorize.color_with_flavor: unexpected epsilon bar"
| CP.Ghost — CF_auz f
| CP.Ghost_with_Epsilons - —
failwith "Colorize.color_with_flavor: unexpected epsilon"
| CP.Ghost_with_Epsilon_Bars - —
failwith "Colorize.color_with_flavor: unexpected epsilon bar"
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let colorize vertex_list flavors f v =
List.map
(fun (coef, cf) — (color_with_flavor f cf, cmult_vertex coef v))
(Color_Fusion.fuse (nc ()) vertex_list (List.map color_sans_flavor flavors))

let partial_map_undoing_fusen fusen =
partial —map _undoing - permutation
(ThoList.range 1 (List.length fusen))
fusen

let undo_permutation_of _fusen fusen =
PosMap.apply -with_fallback
(fun - — idnvalid_arg "permutation_of_fusen")
(partial —map_undoing _fusen fusen)

let colorize_fusionn_ufo flist f ¢ v spins flines color fuse xtra =
let v = Vn (UFO (¢, v, spins, flines, Birdtracks.one), fuse, xztra) in
let p = wundo_permutation_of _fusen fuse in
colorize (Birdtracks.relocate p color) flist f v

let colorize_fusionn flist (f, v) =
match v with
| Vn (UFO (c, v, spins, flines, color), fuse, ztra) —
colorize_fusionn_ufo flist f ¢ v spins flines color fuse xtra
E—

let fuse_list flist =
ThoList.flatmap
(colorize_fusionn flist)
(M .fuse (List.map flavor_sans_color flist))

let fuse2 f1 f2 =
List.rev_append
(fuse_list [f1; f2])
(ThoList.flatmap
(colorize_fusion2 f1 f2)
(M .fuse2
(flavor_sans_color f1)
(flavor_sans_color f2)))

let fuse3 f1 2 f3 =
List.rev_append
(fuse-list [f1; f2; 3))
(ThoList.flatmap
(colorize_fusiond f1 f2 [3)
(M .fuse3
(flavor _sans_color f1)
(flavor_sans_color f2)
(flavor_sans_color f3)))

let fuse = function
| [1 ] [-] — énvalid_arg "Colorize.It().fuse"
| [f15 2 — fuse2 fi f2
| [f15 f25 £3) = fuses f1 f2 3
| flist — fuse_list flist

let max_degree = M .max_degree

Adding Color to External Particles

Count the color strings in f_list: one incoming each quark and gluon, one outgoing for each antiquark and
gluon. Keep track of the number of gluons separately.

Count the number of color lines for a given combination of flavors, assuming that the incoming lines have been
crossed. Returns a pair (niy, Nout), corresponding to the number of incoming and outgoing lines respectively.
Note that the two lines of gluons are included in ni, and noys.
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let count_color_strings f_list =
let rec count_color_strings’ n_in n_out = function
| f o rest —
begin match M.color f with
| C.Singlet — count_color_strings’ n_in n_out rest
| C.SUN nc —
if nc > 0 then
count _color_strings’ (succ n_in) n_out rest
else if nc < 0 then
count_color_strings’ n_in (succ n_out) rest

else
sul "count_color_strings"

| C.AdjSUN _ —

count _color _strings’ (succ n_in) (succ n_out) rest
| C.YTy —

count _color _strings’ (Young.num_cells_tableau y + n_in) n_out rest
| C.YTC y —

count _color _strings’ n_in (Young.num_cells_tableau y + n_out) rest

end
| [] = (n-in, n_out)
in
count_color_strings’ 0 0 f_list

Return a list of all permutations of outgoing color lines.

g% Currently, this assumes that there are an equal number of incoming and outgoing lines. This has to change,
since we want to support e- and écouplings that act as sources and sinks of lines.

@ For efficiency, we could check whether the model contains e- or é-couplings and produce only conserved color
lines if not.

@ We can do even better if we add an optional parameter that contains the number of e- and é-couplings
appearing in the amplitude. This can be computed from the still uncolorized DAG.t by the calling function.

If there are an equal number of incoming and outgoing color strings, generate all permutations, e.g. for n = 2
we get ([1,2],[1,2]); ([1,2],[2,1]).

let external_color_flows f_list =
let n_in, n_out = count_color_strings f_list in
if n_in # n_out then
[]
else
let color_strings = ThoList.range 1 n_in in
List.rev_map
(fun permutation — (color_strings, permutation))
(Combinatorics.permute color_strings)

If there are only adjoints and there are no couplings of adjoints to singlets, we can ignore the U(1)-ghosts.

let pure_adjoints f_list =
List.for_all (fun f — match M.color f with C.AdjSUN _ — true | - — false) f_list

let two_adjoints_couple_to_singlets () =

let vertices3, vertices4, verticesn = M .vertices () in

List.exists (fun ((f1, f2, 13), -, -) —
match M.color f1, M.color f2, M .color f3 with
| C.AdjSUN _, C.AdjSUN _, C.Singlet
| C.AdjSUN _, C.Singlet, C.AdjSUN _
| C.Singlet, C.AdjSUN _, C.AdjSUN _ — true
| - — false) vertices3 Vv

List.exists (fun ((f1, f2, 13, f4), -, =) —
match M .color f1, M.color f2, M.color f8, M.color f4 with
| C.AdjSUN _, C.AdjSUN _, C.Singlet, C.Singlet
| C.AdjSUN _, C.Singlet, C.AdjSUN _, C.Singlet
| C.Singlet, C.AdjSUN _, C.AdjSUN _, C.Singlet
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| C.AdjSUN _, C.Singlet, C.Singlet, C.AdjSUN _

| C.Singlet, C.AdjSUN _, C.Singlet, C.AdjSUN _

| C.Singlet, C.Singlet, C.AdjSUN _, C.AdjSUN _ — true

| - — false) verticesf V

List.exists (fun (flist, —, g) — true) verticesn

colorize_crossed —amplitude_opt ghosts flavors (cfi, cfo) attempts to join the flavors with the external color
flow (cfi, cfo). Includes U(1) ghosts iff ghosts is true (i. e. iff there are only external gluons). Note that, despite
the name, this only maps the external states and not yet the DAG.t describing the scattering amplitude. This

will happen in Fusion (chapter 15).

let external_ghosts f_list =
if pure_adjoints f_list then
two_adjoints_couple_to_singlets ()

else
true

let snoc = function
| [] — invalid_arg "Colorize.It() .snoc: not enough color flow,lines"

| a = alist — (a, alist)

let snoc_n n alist =
try
ThoList.splitn n alist
with

| Invalid_argument - —
invalid_arg "Colorize.It().snoc_n: not enough color flow, lines"

let rec cca-opt ghosts acc f_list (ecf_in, ecf_out)
match f_list, ecf_in, ecf_out with
| {1, [, [] = Some (List.rev acc)
- - =
invalid_arg "Colorize.It() .colorize_crossed_amplitude_opt: leftover color flow lines"
| f = rest, -, - —
begin match M.color f with
| C.Singlet — cca_opt ghosts (White f :: acc) rest (ecf_in, ecf_out)
| C.SUN nc —
if nc > 0 then
let cfi, ecf_in = snoc ecf_in in
cca—opt ghosts (CF_in (f, cfi) =
else if nc < 0 then
let cfo, ecf_out = snoc ecf_out in
cca_opt ghosts (CF_out (f, cfo) :

else
sul) "colorize_flavor"

| C.AdjSUN _ —
let cfi, ecf_in = snoc ecf_in
and cfo, ecf_out = snoc ecf_out in
if ¢fi = cfo then begin
if ghosts then
cca—-opt ghosts (CF_aux [ ::

acc) rest (ecf -in, ecf —out)

acc) rest (ecf —in, ecf_out)

acc) rest (ecf —in, ecf _out)

else
None
end else
cca—-opt ghosts (CF _io (f, cfi, cfo) :: acc) rest (ecf_in, ecf_out)
| C.YTy —
let ¢fi, ecf_in = snoc_n (Young.num_cells_tableau y) ecf_in in
cca—opt ghosts (CF (f, CP.of_lists cfi []) = acc) rest (ecf-in, ecf_out)
| C.YTCy —
let cfo, ecf_out = snoc_n (Young.num_cells_tableau y) ecf —out in
cca—opt ghosts (CF (f, CP.of _lists [] cfo) :: acc) rest (ecf —in, ecf-out)

end
let colorize_crossed_amplitude_opt ghosts f_list (ecf_in, ecf _out)
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cca-opt ghosts [] f_list (ecf_in, ecf_out)

let colorize_crossed_amplitude f_list =
let ghosts = external_ghosts f_list in
List.fold _left
(fun ca_list ecf —
match colorize_crossed _amplitude_opt ghosts f_list ecf with
| None — ca_list
| Some ca — ca :: ca_list)
[] (external_color_flows f_list)

let colorize_crossed_amplitude_logging f_list =

let amplitudes = colorize_crossed_amplitude f_list in
List.iter (fun @ — Printf.eprintf "%s\n" (ThoList.to_string flavor_to_string a)) amplitudes;
amplitudes

let cross_uncolored p_in p_out =
(List.map M .conjugate p_in) @ p_out

let uncross_colored n_in p_lists_colorized =
let p_in_out_colorized = List.map (ThoList.splitn n_in) p_lists_colorized in
List.map
(fun (p-in_colored, p_out_colored) —
(List.map conjugate p_in_colored, p_out_colored))
p-in_out_colorized

let amplitude p_in p_out =
uncross_colored
(List.length p_in)
(colorize_crossed_amplitude (cross_uncolored p_in p_out))

The —-sign in the second component is redundant, but a Whizard convention.

@ The case CF (f, cp) needs to be handled properly!

let ndices = function
| White - — Color.Flow.of _list [0; 0]
| CF_in (-, ¢) — Color.Flow.of _list [c; 0]
| CF_out (-, ¢) — Color.Flow.of _list [0; — ]
| CF_io (-, c1, ¢2) — Color.Flow.of _list [c1; — c2]
| CF_auz - — Color.Flow.ghost ()
| CF (f, cp) —
Printf .eprintf
"Colorize.indices: color flow,‘%s’ not_handled yet\n"
(CP.to_string cp);
Color.Flow.of _list [—42; — 42]

let flow p_in p_out =
(List.map indices p_in, List.map indices p_out)

end

18.2.5 Colorizing a Monochrome Gauge Model

module Gauge (M : Model.Gauge) =
struct

module CM = It(M)

type flavor = CM.flavor

type flavor_sans_color = CM .flavor_sans_color
type gauge = CM .gauge

type constant = CM .constant

type coupling_order = CM .coupling_order
module Ch = CM.Ch
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let all_coupling_orders = CM .all_coupling_orders

let coupling_orders = CM .coupling_orders

let coupling_order_to_string = CM .coupling_order_to_string
let charges = CM.charges

let flavor_sans_color = CM .flavor_sans_color

let flavor_equal = CM.flavor_equal

let color = CM .color

let pdg = CM .pdg

let lorentz = CM .lorentz

let propagator = CM .propagator
let width = CM .width

let conjugate = CM.conjugate

let conjugate_sans_color = CM.conjugate_sans_color
let fermion = CM.fermion

let max_degree = CM .maz_degree
let vertices = CDM .vertices

let fuse2 = CM.fuse2

let fused = CM.fuse3

let fuse = CM.fuse

let flavors = CM .flavors

let nc = CM.nc

let external_flavors = CM .external_flavors
let goldstone = CM .goldstone
let parameters = CM .parameters

let flavor_of _string = CM .flavor_of _string
let flavor_to_string = CM.flavor_to_string
let flavor_to_-TeX = CM.flavor_to_TeX
let flavor_symbol = CM .flavor_symbol

let gauge_symbol = CM .gauge_symbol

let mass_symbol = CM .mass_symbol

let width_symbol = CM .width_symbol

let constant_symbol = CM .constant_symbol
let options = CM .options

let caveats = CM .caveats

let incomplete s =
failwith ("Colorize.Gauge()." "~ s ~ " not_done yet!")

type matter_field = M .matter_field
type gauge_boson = M .gauge_boson
type other = M .other

type field =
| Matter of matter_field
| Gauge of gauge_boson
| Other of other

let field f =

incomplete "field"

let matter_field f =
incomplete "matter_field"

let gauge_boson f =
incomplete "gauge_boson"

let other f =
incomplete "other"

let amplitude = CM .amplitude
let flow = CM.flow

end
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COUNT COUPLING CONSTANTS

14.1 Interface of Orders

14.1.1  Conditions

The function of _strings parses a small domain specific language. The list of strings can be understood as
multiple command line options or as lines in a file:

e except for newlines, white space is not significant.
e newlines are only significant as terminator for comments that start with a "#".

e coupling_orders are represented as unquoted strings, taken from the codomain of the model’s coupling_order _to_string
function. Strings outside of the codomain trigger a non-terminal error message and are ignored.

e sets of coupling_orders are written as comma separated lists, enclosed in matching braces, e..g. "{QED,QCD}".
e the braces are optional for single element sets, i.e. "QED" and "{QED}" are equivalent.
e the empty set is represented by "{}".

e """ denotes the set complement with respect to the model’s all_coupling_orders (). In particular, "~{}"
denotes all_coupling_orders () and "~{QED,QCD}" all coupling orders except "QED" and "QCD".

e set difference is denoted by \, i.e. "{QED,QCD} \_QCD" is just "QED" and "~{}_\_QED" is a complicated
way to write "“QED". NB: as long as there are no variables for sets, the set difference is probably only
useful as syntactic sugar for very few cases. Typical applications can be expressed as set complements.
Set union and intersection would be trivial, but appear to be even less useful.

e ranges of orders come as

— slices "{2..3}" and

— intervals "[2..3]".

In the case of slices, code for amplitudes at all orders in the range is generated, while in the case of intervals,
code for the sum of these is generated. If there is only one order in the range, the notations "{3..3}"
or "{3}" and "[3..3]" or "[3]" produce equivalent physics, of course, but the interface code for the
generated amplitudes are slightly different of course. In the case of a slice "{3..3}", the order 3 will be
exposed, while it will not be visible in the case of an interval "[3..3]". The abbreviation by a single
integer, "3", behaves exactly as the slice "{3..3}" or "{3}". If the systematic expansion is performed in
the squared matrix element, slices are more useful than intervals.

e ranges can be limited on one side or on both sides: in the former case, "[..3]" is equivalent to "[0..3]",
while "[0..]" is equivalent to no limit at all.

e ranges for sets of coupling constants are set with an equal sign, as in "{QED,QCD}_=_{2..4}". Note that
the range "0" need not be spelled out: "~{QCD}" is equivalent to "~{QCD}_,=_0" and switches off all
couplings with a positive QCD coupling order.

e specifications can be combined by a logical AND "&&" or logical OR "||" both operators associate to
the left and parentheses " (" and ")" can be used for grouping (the support for logical OR is limited, but
might be extended in the future to fill a gap in Cascade).
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e combining conditions by a semicolon " ;" or as separate strings corresponds to a logical AND. For example,
the following

— of _strings ["QED_=_{..4};QCD={. .2}"]
— of _strings ["QED_=_{. .4} &&,QCD = {. .2}"]
— of _strings ["QEDL=u{. .4}"; "QCD=,{..2}"]
are equivalent ways to select upto and including second order in QCD and fourth order in QED

e a logical AND translates to set intersection for coupling orders, e.g. "QCD,=_{2,4};,QCD_={3,5}" is
equivalent to "QCD_=_{3,4}". In the case of mixed types, the result will be a slice, if at least one of the
sets is a slice.

e a natural consequence is that an empty intersection corresponds to switching off the coupling order com-
pletely e. g. "QCD_=_,2;,QCD_=_4" is equivalent to "QCD" or "QCD=0"

e for convenience, there is one exception to this rule: in a logical AND, if one set is "{0}", it is ignored and
the result is the other set, e.g. "~{};_QCD_=.3" is equivalent to the more verbose "~{QCD};_ QCD =_3".

e since logical AND associates to the left, the above rules imply that "QCD_=,2;,QCD_=.4;,QCD_=_6" is
equivalent to "QCD_=_,0;_,QCD_=_6" and finally to "QCD_=_6".

The powers of all the coupling orders that are neither set to zero nor summed over will be encoded into the
variable names for the shell wave functions. If there are to many of these, we will run into the target language’s
limits on variable names. In models like typical SMEFT implementations, that define many different coupling
orders, one can not ask for "“{QED,QCD}_=,[..1]" in order get all first order new physics contributions. The
list of all new physics coupling orders is just too long. Instead one needs to select a specfic coupling or a small
set like in "~{QED,QCD}; NP =, [..11"

module type Conditions =
sig

This is the same as coupling_order from Model.T.
type coupling_order

Orders is just an abbreviation to make the interface more readable.
type orders = (coupling_order x int) list

This type collects the conditions on the orders of coupling constants and will be used by the functions below to
select coupling constants, fusions and brakets.

type ¢

Keep all orders and sum them.
val trivial : t

Parse a list of strings as described above.
val of _strings : string list — t

Return a human readable textual representation that can be inserted into the output source code for documen-
tation.

val to_strings : t — string list

The following three predicates test whether coupling orders
e have been switched off completely (constant)
e still can be added to (fusion)
e satisfy the overall condition (braket).

constant condition (M .coupling_orders c¢) checks that none of the coupling_orders of the coupling constant ¢
is non-zero and switched off in condition at the same time. If not, the corresponding fusion or braket can be
discarded immediately.

NB: this can be used very early, before colorization or even during the model definition to avoid constructing
pieces that will eventually be discarded anyways.
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val constant : t — orders — bool

Check that none of the coupling_orders exceeds the limits. They can be below the lower bounds, since additional
fusions might add more powers.

val fusion : t — orders — bool

Check that all of the coupling_orders are inside the limits. Return only the coupling_orders corresponding to
slices. This performs the sum over intervals implicitely.

val braket : t — orders — orders option

The list of coupling orders that is neither set to zero nor summed over without constraints.
val exclusive_fusion : t — coupling_order list

The list of coupling orders with fixed powers.
val exclusive_braket : t — coupling_order list

Compute the coupling order conditions on the scattering amplitude that allow to compute the squared amplitude
to the given order. Note that intervals must be converted to slices, to be able to compute the interferences. For
example

| Msat + AMpsu|® = MiyuMsn + AMEMpsu + AMiguMsu + O(A?) (14.1)

For the general case, we arrange n coupling orders {cg}r=1,..n in a sequence

c=(c1,¢2y...,Cn), (14.2)
so that we can introduce a multi index notation for the powers

i=(i1,92,...,1n) (14.3)
and write

¢ =] (14.4)
k=1

The matrix element is then

M, = Zx(i)ci/\/li 7 (14.5)

where the function x : Nj — {0, 1} encodes the conditions on the coupling orders. For the squared matrix
element with the condition x2 : N§ — {0,1} we must find all M; that contribute to the sum

\M|i2 = xali+ j)TMIM,; . (14.6)

,J
This means, that we need to find a function x such that
Vi,j € Ng = x2(i+7) =1 = x(i) = x(j) = 1. (14.7)

There are infinitely many of such y, of course, and we want the function that is non-zero for the smallest possible
subset of Ng.
If x2 is non-zero for only one i, it is straightforward to construct a corresponding set I = {i} for which x doesn’t
vanish as a cartesian product

I=x3_,{0,1,...%}. (14.8)

If there is a larger set of ¢ for which y2(¢) = 1, we can form the union by selecting the maximum order for each
coupling order independently. This can be implemented easily by replacing each slice and interval by the slice
running from 0 to the upper limit.

Infortunately, this will in general not be the smallest such set for a given amplitude, because not all coupling
order combinations can contribute. Therefore, only after constructing the sliced amplitude, we can find all
matching pairs.

In addition, we should provide the Fortran code with the combinations of coupling orders to be multiplied
an summed.
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val square_root : t — t

Return a compact textual representation that can be parsed again by of _strings. This is useful for testing and
debugging.

val to_string : t — string
val pp : Format.formatter — t — unit
end

A projection of Model.T containing only coupling constants and coupling orders. This is useful for testing
without having to link real models.

module type Model_CO =
sig
type constant
type coupling_order
val all_coupling_orders : unit — coupling_order list
val coupling_order_to_string : coupling_order — string
val coupling_orders : constant — (coupling_order X int) list
end

module Conditions (M : Model_CO (x C Model.T )) : Conditions
with type coupling_order = M .coupling_order

14.1.2  Slicing

The idea is to slice a DAG.t representing an amplitude into pieces that correspond to given orders in a set of
coupling constants. This allows to assign a fixed order to all brakets and to write the corresponding amplitude.

The mapping from one amplitude to many amplitudes is analogous to colorization and can be implemented
as such.

There is a certain co-product vibe to this, but I don’t know if it is useful to investigate the analogy further.
First get a working prototype.

@ Tt is not obvious whether it is more efficient to

1. slice first, colorize later

2. colorize first, slice later

In the first case, we have to slice a smaller DAG.t, but subsequently colorize a more complicated DAG..
In the second case, we have to colorize a smaller DAG.t, but subsequently slice a more complicated DAG..
Probably, this varies from amplitude to amplitude and doesn’t matter. For the moment we choose route of
slicing the colorized DAG.t, because we don’t have to touch the Colorize.It() functor.

module Slice (CM : Model.Colorized) : Model.Sliced_by_Orders
with type flavor_all_orders = CM.flavor
and type flavor_sans_color = CM .flavor_sans_color
and type constant = CM .constant
and type coupling_order = CM .coupling_order
and type orders = (CM .coupling_order X int) list

14.1.3 Tests

module Test : sig val suite : OUnit.test end

14.2  Implementation of Orders
14.2.1  Conditions

module type Conditions =

sig
type coupling_order
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type orders = (coupling_order x int) list
type ¢

val trivial : t

val of _strings : string list — t

val to_strings : t — string list

val constant : t — orders — bool

val fusion : t — orders — bool

val braket : t — orders — orders option
val exclusive_fusion : t — coupling_order list
val exclusive_braket : t — coupling_order list
val square_root : t — t

val to_string : t — string
val pp : Format.formatter — t — unit
end

A projection of Model.T containing only coupling constants and coupling orders. This is useful for testing
without having to link real models.

module type Model_CO =
sig
type constant
type coupling_order
val all_coupling_orders : unit — coupling_order list
val coupling_order_to_string : coupling_order — string
val coupling_orders : constant — (coupling_order x int) list
end

module Conditions (M : Model_CO (x C Model. T %)) : Conditions
with type coupling_order = M .coupling_order =
struct

type coupling_order = M .coupling_order
type orders = (coupling_order x int) list

module CO = struct type t = coupling_order let compare = Stdlib.compare end
module COSet = Set.Make(CO)

module COMap = Map.Make(CO)

module COSMap = Partial. Make(String)

Add a unit argument to support Model. Mutable:

let co_set () =
COSet.of _list (M .all_coupling_orders ())

let co_map () =
COSMap.of _list (List.map (fun co — (M .coupling_order_to_string co, co)) (M .all_coupling_orders ()))

let co_set_of _strings pmap co_list =
List.fold _left
(fun acc s —
match COSMap.apply_opt pmap s with
| None —
Printf.eprintf "omega: ignoring, unknown, coupling_order, ‘%s’!\n" s;
acc
| Some co —
COSet.add co acc)
COSet.empty co_list

let complement = COSet.diff

All the integers are non negative. We don’t need a LE constructor, because i < n is equivalent to 0 < i < n in
this case. This saves us redundant match cases below.

type range =
| GE of int
| IN of int x int
| EQ of int
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type mode = Slice | Sum

The lists of type orders must be very short to allow encoding of the counted coupling orders in Fortran variable
names! That’s why we keep the potentially much larger set of couplings that are set to zero separate.

One could think of supporting a union of non overlapping ranges, but this adds a lot of complexity for little
practical value.

The correct semantics for OR-ing conditions on different coupling orders can not be implemented with the

following data type. One would need a set or list of (range x mode) COMap.t for orders. It is not clear if
this is worth the effort.

fusion is the union of braket and only_fusion. One of the three is therefore redundant, but we maintain all three
for convenience. Similarly, exclusive_braket and exclusive_fusion are simply the result of applying List.map fst
to braket and fusion. They are here just for convenience.
type t =
{ braket : (coupling_order X range) list;

fusion : (coupling_order x range) list;

only_fusion : (coupling_order X range) list;

exclusive_braket : coupling_order list;

exclusive_fusion : coupling_order list;
is—null : COSet.t }

let trivial =
{ braket = [J;
fusion = [];
only_fusion = [];
exclusive_braket = [];
exclusive_fusion [1;
is—null = COSet.empty }

type t_intermediate =

{ orders_map : (range x mode) COMap.t;
null_set : COSet.t }

let range_to_string | r = function
| IN (i, j) — Printf.sprintf "%chd. . %dhec" lij r
| GE i — Printf.sprintf "fhchd. .%c" lir
| EQ i — Printf.sprintf "%d" i

let interval_to_string = range_to_string > [’ *]1’
let slice_to_string = range_to_string >{’> *}’

let co_and_interval_to_string (co, r) =

M .coupling_order_to_string co ~ " =" " interval_to_string r
let co_and_slice_to_string (co, r) =

M .coupling_order_to_string co ™~ " =" " slice_to_string r

let to_string ¢ =
let is_null =
match COSet.elements c.is_null with
| 1 = ]
| [co] — [M.coupling_order_to_string co ~ " ,=,0"]
| ds—null — ["{" ~ String.concat ",." (List.map M .coupling_order_to_string is_null) ~ "} =,0"]
and intervals = List.map co_and_interval _to_string c.only_fusion
and slices = List.map co_and_slice_to_string c.braket in
String.concat " ;" (is—null Q intervals Q slices)

let to_string_-raw ¢ =

let is_null = String.concat ", " (List.map M .coupling_order_to_string (COSet.clements c.is_null))
and braket = List.map co_and_slice_to_string c.braket
and fusion =

List.map co_and_interval_to_string c.fusion

and only_fusion = List.map co_and_interval_to_string c.only_fusion in
Printf.sprintf

"is_null, = {%s}; braket =, (%s) ; fusion =, (%s) ; only_fusion, = (%s)"
is_null (String.concat ",," braket) (String.concat ",," fusion) (String.concat ",," only_fusion)
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let to_strings ¢ =
let intervals = List.map co_and_interval_to_string c.only_fusion
and slices = List.map co_and_slice_to_string c.braket in
match COSet.elements c.is_null with
| [] — List.concat [intervals; slices|
| is_null —
List.concat

[intervals;

slices;

List.map

(fun co_list —
"disabled: " " String.concat ",," (List.map M .coupling_order_to_string co_list))

(ThoList.chopn 5 is_null))

let accept_all =
{ orders-map = COMap.empty;
null_set = COSet.empty }

module S = Orders_syntax

let rec compile_set all_co pmap = function
| S.Set co_list — co_set_of _strings pmap co_list
| S.Diff (set, set’) — COSet.diff (compile_set all_co pmap set) (compile_set all_co pmap set’)
| S.Complement (S.Complement set) — compile_set all_co pmap set
| S.Complement set — complement all_co (compile_set all_co pmap set)

let compile_range = function
| S.Range (i, j) —
if ¢ = 4 then
EQ i
else if ¢ < j then
IN (i, )
else
EQO
| S.Min i —
GE (max i 0)
| S.Max j —
if 7 > 0 then
IV (0, j)
else
EQ 0
let make_interval —or_slice mode all_co pmap co_set range =

let co_set = compile_set all_co pmap co_set in

let orders_map =
COSet.fold (fun co map — COMap.add co (compile_range range, mode) map) co_set COMap.empty in

{ accept_all with orders_map }

let compile_atom all_co pmap = function
| S.Null co_set | S.Ezact (co-set, 0)
| S.Interval (co-set, (S.Maz 0 | S.Range (-, 0)))
| S.Slices (co-set, (S.Maz 0 | S.Range (-, 0))) —

{ accept_all with null_set = compile_set all_co pmap co_set }
| S.Fzact (co_set, n) —
let co_set = compile_set all_co pmap co_set in

let orders_map = COSet.fold (fun co map — COMap.add co (EQ n, Slice) map) co_set COMap.empty in

{ accept_all with orders_map }
| S.Interval (co_set, range) —

make_interval _or_slice Sum all_co pmap co_set range
| S.Slices (co_set, range) —

make_interval _or_slice Slice all_co pmap co_set range

let in_or_eqij =
if ¢ = 4 then
Some (EQ 1)
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else if i < 75 then
Some (IN (i, j
else
None

)

let and_range_opt r1 r2 =
match r1, r2 with
| GE i1, GE i2 —
Some (GE (max il i2))
| EQ i1, EQ i2 —
if i1 = 2 then Some (EQ il) else None
| IN (i1, j1), IN (i2, j2) —
in_or_eq (maz i1 i2) (min j1 j2)
| IN (i, j), GEk | GE k, IN (i, j) —
in-—or_eq (maz i k) j
| GEi, EQj | EQj, GE i —
if # < j then Some (EQ i) else None
| IN (i, j), EQ k | EQk, IN (i, j) —
if i < k Ak < jthen Some (EQ k) else None

let prefer_slice m1 m2 =
match m1, m2 with
| Sum, Sum — Sum
| Slice, Sum | Sum, Slice | Slice, Slice — Slice

let and_range co (r1, m1) (r2, m2) =
match and_range_opt r1 r2 with
| None — None
| Some r — Some (r, prefer_slice m1 m2)

let and_pair c1 c2 =
{ null_set = COSet.union cl.null_set c2.null_set;

Implementation of Orders

orders-map = COMap.union and_range cl.orders_map c2.orders_map }
let gap co =
let co = M.coupling_order_to_string co in

invalid _arg (Printf.sprintf "or_range: %s: ranges_ with_ gaps not_ supported!" co)

let or_range_opt co r1 r2 =
match r1, r2 with
| GE il, GE i2 —
Some (GE (maz 0 (min il i2)))
| EQ i1, EQ i2 —
if i1 = 42 then
Some (EQ il)
else if i1 = pred i2 then
Some (IN (i1, i2))

else if i1 = succ i2 then
Some (IN (i2, il))
else
gap co

| IN (i1, j1), IN (i2, j2) —
if 12 < succ j1 then
Some (IN (i1, j2))
else if i1 < succ j2 then
Some (IN (i2, j1))
else
gap co
| IN (i, j), GE k | GE k, IN (4, j) —
if & < succ j then Some (GE i) else gap co
| GEi, EQj | EQj, GEi —
if 7 > pred j then Some (GE j) else gap co
| IN (i, j), EQ k | EQk, IN (i, j) —
ifi < k Ak < jthen
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Some (IN (i, j))
else if k = pred i then
Some (IN (k, 7))

else if & = succ j then
Some (IN (i, k))
else
gap co

let or_range co (r1, m1) (r2, m2) =

match or_range_opt co r1 r2 with
| None — None

| Some r — Some (r, prefer_slice m1 m2)

This will be used with COMap.merge and fails if the coupling order co appears as key in only one of the maps.
let merge_or_range co r1 r2 =

match r1, r2 with
| None, None — None

| Some r1, Some r2 — or_range co rl r2
| None, Some _ | Some _, None —

let co = M.coupling_order_to_string co in

invalid_arg (Printf.sprintf "or_range: %s: 0R,0f different coupling_orders not supported!" co)
let or_pair c1 ¢2 =

{ null_set = COSet.inter c1.null_set c2.null_set;
orders_map = COMap.merge merge_or_range cl.orders_map c2.orders_map }
let cleanup_condition ¢ =
let null_set =
COMap.fold

(fun co (r, -) set —
match r with

| EQO | IN (-, 0) — COSet.add co set
| - — COSet.remove co set)

c.orders_map c.null_set in

let orders_map COMap.filter (fun co - — = (COSet.mem co null_set)) c.orders_map in
{ null_set; orders_map }

let combine_conditions combine_pairs = function
| [] — accept_all

| cO = clist — cleanup_condition (List.fold_left combine_pairs c0 clist)
let compile expr =

let all_co = co_set ()
and pmap = co-map () in
let rec compile’ = function

| S.Atom atom — compile_atom all_co pmap atom

| S.And clist — combine_conditions and_pair (List.map compile’ clist)
| S.Or clist — combine_conditions or_pair (List.map compile’ clist) in

let ¢ = cleanup-condition (compile’ expr) in
let braket_rev, fusion_rev, only_fusion_rev =
COMap.fold

(fun co (range, mode) (braket, fusion, only_fusion) —
let co_range = (co, range) in
match mode with

| Slice — (co-range :: braket, co_range

o fusion, only_fusion)
| Sum — (braket, co_range :

o fusion, co_range :: only_fusion))
c.orders_map ([], [], []) in
{ braket = List.rev braket_rev;
fusion List.rev fusion_rev;
only_fusion = List.rev only_fusion_rev;
exclusive_braket = List.rev_map fst braket_rev;

exclusive _fusion List.rev_map fst fusion_rev;
is—null = c.null_set}
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An empty list of ranges is interpreted as no constraint. This is used for brakets.

let in_range n = function
| GEi - n > i
| IN (i,j) > n >iAn <7
| EQi — n = 1

In fusions, the coupling orders may still be below the final range.

let beneath_range n = function
| IN (., 4) | EQi — n < i
| GE - — true

Test whether to include a vertex at all.

let test_condition range_tester is_null condition co_list =
let rec test_condition’ acc = function

| ], [] = (* we’re done x)
Some (List.rev acc)

| (co, r) = rest, [] = (x conditions on some orders remain, add them with power 0 x*)
if range_tester 0 r then

test_condition’ ((co, 0) :: acc) (rest, [])

else

None
| [I, (eo’, n’) :: rest’ — (* no further conditions, check that the remaining couplings are allowed )

if n” > 0 A COSet.mem co’ is_null then

None
else
test_condition’ acc ([], rest’)
| ((co, 7) :: rest as orders), ((co’, n') :: rest’ as orders’) —

if n > 0 A COSet.mem co’ is_null then (x bail if the coupling is forbidden x)
None
else if co = co’ then (x condition and coupling line up *)
begin
if range_tester n’ r then
test_condition’ ((co’, n') : acc) (rest, rest’)
else
None
end
else if co < co’ then (x condition missing from the couplings *)
begin
if range_tester 0 r then
test_condition’ ((co, 0) :: acc) (rest, orders’)
else
None
end
else (x coupling not in the conditions, skip it *)
test_condition’ acc (orders, rest’) in
test_condition’ [] (condition, co_list)

Check that a the sum of coupling orders in a fusion does not exceed the limits.
let fusion condition co_list =
match test_condition beneath_range condition.is_null condition.fusion co_list with

| None — false
| Some - — true

Check both the intervals in only_fusion and the slices in braket, but return only the matches of the latter:
let braket condition co_list =
match test_condition in_range condition.is_null condition.only_fusion co_list with
| None — None

| Some - — test_condition in_range condition.is_null condition.braket co_list

let constant condition co_list =
- (List.exists (fun (co, n) — n > 0 A COSet.mem co condition.is_null) co_list)
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let exclusive_fusion ¢ = c.exclusive_fusion
let exclusive_braket ¢ = c.exclusive_braket

Turn all intervals into slices, since we need to sum products. Include all lower orders.

let square_root_range = function
| GE_ — GEO
| IN (-, j) | EQj — IN (0, j)

let square_root_ranges ranges =
List.map (fun (co, range) — (co, square_root_range range)) ranges

let square_root ¢ =
let fusion =
square_root _ranges
(List.sort
(fun (col, ) (co2, =) — Stdlib.compare col co2)
(List.rev_append c.only_fusion c.braket))
and exclusive_fusion =
List.sort Stdlib.compare (List.rev_append c.exclusive_fusion c.exclusive_braket) in
{ fusion;
braket = fusion;
only_fusion = [];
exclusive_fusion;
exclusive_braket = exclusive_fusion;
is—null = c.is_null }

let parse_string s =
Orders_parser.main Orders_lexer.token (Lexing.from_string s)

let parse_strings slist =
parse_string (String.concat " ;" slist)

let of _strings slist =
compile (parse_strings slist)

let pp fmt ¢ =
Format.fprintf fmt "%s" (to_string_raw c)

end

14.2.2  Decorate Flavors with Coupling Constant Orders

module type Coupling_Orders =

sig
type coupling_order

The list is ordered wrt. order and there must be no duplicate entry. Note that we’re using lists instead of
Map.S.t, because we want to be able to use the polymorphic compare as long as possible. The lists are assumed
to be short and we don’t care about tail recursion.

@ Eventually, we want to make this type abstract!

type orders = (coupling_order x int) list
Simple constructors.

val null : orders
Sort the list and test it for duplicates.

val of _list : (coupling_order x int) list — orders
val to_list : orders — (coupling_order x int) list

Add the matching powers of the coupling orders. The coupling orders in both operands must be identical and
the must appear in the same order. If the coupling orders would be known at compile time, we could implement
this in a type safe way as tuples, but the coupling orders can be selected on the command line and in UFO
models not even the set of possible coupling orders is known at compile time.
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val add : orders — orders — orders

Increment the powers of the coupling orders in the second operand by the powers of matching coupling orders
in the first operand. Ignore the other coupling orders in the first operand. The coupling orders in the operands
must be ordered according to the same ordering relation.

val iner : orders — orders — orders

square_root condition orders_list returns a triple (used, squares, interferences) where used is a list of are all
combinations of powers of coupling orders that appear at least once in squares or interferences. squares are the
terms that satisfy condition when multiplied with themselves and the pairs in interferences satisfy condition
when multiplied.

val square_root : (orders — bool) — orders list —
orders list x orders list x (orders x orders) list

Debugging:
val to_string : orders — string
end
module Coupling_Orders (M : sig type coupling_order val coupling_order_to_string : coupling_order —

string end) : Coupling-Orders
with type coupling_order = M .coupling_order =
struct

type coupling_order = M .coupling_order
type orders = (coupling_order x int) list

let to_string ol =
"{" * ThoList.to_string (fun (co, n) — M.coupling_order_to_string co ™ ":" " string_of _int n) ol ~ "}"

let null = []

let rec duplicates = function
| ]| [-] — false
| (o1, ) == ((02, =) = - as tail) —
if o1 = 02 then
true
else
duplicates tail

let of _list 0 =
let o = List.sort (fun (o1, -) (02, ) — Stdlib.compare ol 02) o in
if duplicates o then
tnvalid_arg "Orders.Flavor.of_list: duplicates"
else
0

let to_list 0 = o
Here’s a dedicated version, but ...

let rec add oll ol2 =
match ol1, ol2 with
| {0, [T = ]
| [], tail | tail, [| — invalid_arg "Orders.Coupling_Orders.add: length mismatch"
| (o1, n1) :: taill, (02, n2) :: tail2 —
if 01 = 02 then
(o1, n1 + n2) :: add taill tail2
else
invalid _arg
(Printf.sprintf "Orders.Coupling_Orders.add: mismatchy,’%s’ <>, %s’"
(M .coupling _order_to_string o1) (M .coupling_order_to_string 02))

Here’s a tail recursive version. Once we can use a modern compiler with the tail-mod-cons optimization, we
can go back to the first version.

let add oll ol2 =
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let rec add’ acc oll 0l2 =
match oll, ol2 with
| ], [] — List.rev acc
| [], tail | tail, [] — invalid—arg "Orders.Coupling_Orders.add: length mismatch"
| (o1, n1) = taill, (02, n2) = tail2 —
if o1 = 02 then
add’ ((o1, nl + n2) = acc) taill tail2
else
invalid_arg
(Printf .sprintf "Orders.Coupling_Orders.add: mismatch,’%s’ <>, %s’"
(M .coupling_order_to_string o1) (M .coupling_order_to_string 02)) in
add’ [] oll ol2

This is very similar to add, but coupling orders that appear only in the first, but not the second argument are
ignored.

let rec incr oll ol2 =
match oll, ol2 with
| -, [] = (x we're done with the second argument, ignore the rest of the first )

| [], tail — (* we're done with the first argument, keep the rest of the second x*)
tail
| (o1, n1) = taill, (02, n2 as on2) :: tail2 —
if o = 02 then (x coupling orders match, add the powers )
(o1, n1 + n2) = incr taill tail2
else if 01 < 02 then (x 01 does not appear in the second argument, ignore it *)
incr taill ol2
else (x 02 does not appear in the first argument, keep it unchanged x*)
on2 : incr oll tail2

Here’s again a tail recursive version.

let incr oll ol2 =
let rec incr’ acc oll o0l2 =
match ol1, ol2 with
| -, [] = (* we're done with the second argument, ignore the rest of the first x)
List.rev acc
| [], tail — (x we're done with the first argument, keep the rest of the second x*)
List.rev_append acc tail
| (o1, n1) == taill, (02, n2 as on2) : tail2 —
if o1 = 02 then (x coupling orders match, add the powers %)
incr’ ((0o1, n1 + n2) = acc) taill tail?
else if 01 < 02 then (x ol does not appear in the second argument, ignore it x)
incr’ acc taill ol2
else (x 02 does not appear in the first argument, keep it unchanged x*)
incr’ (on2 :: acc) oll tail2 in
incr’ ] oll ol2

let _add oll ol2 =
let ol = add oll ol2 in
Printf .eprintf "addyhsuhsu->u%s\n" (to_string oll) (to_string ol2) (to_string ol);
ol

let _incr oll ol2 =

let ol = incr oll ol2 in
Printf.eprintf "incr %hsuhsu->uhs\n" (to_string oll) (to_string ol2) (to_string ol);
ol

Resist the temptation to implement this as List.fold_left add null olist, because then add would need to accept
orders of different lengths.

let sum = function
| [] = null
| o = rest — List.fold_left add o rest

We use the polymorphic compare, because we don’t need a particular ordering to test of equality in a Set.
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module OSet = Set.Make(struct type t = orders let compare = Stdlib.compare end)

Return the list of all pairs of elements of a list, where the first element appears before the second in the list.
E.g. ordered_pairs [1; 2; 3] = [(1, 2); (1, 3); (2, 3)]

For longer lists for

which the result will be passed to List.fold, an implementation of the corresponding fold

would be more efficient, but the lists will always be short.

let rec ordered_

=]

pairs = function

| al = a2_list — List.map (fun a2 — (al, a2)) a2_list Q ordered_pairs a2_list

let square_root

condition orders =

let used = OSet.empty in
let squares, used =
List.fold_right
(fun o (squares, used as acc) —
if condition (add o o) then

(o =

else

acc)

orders ([],

squares, OSet.add o used)

used) in

let interferences, used =
List.fold_right

(fun (o1

, 02 as 012) (interferences, used as acc) —

if condition (add 01 02) then
(012 :: interferences, OSet.add ol (OSet.add 02 used))

else

acc)

(ordered_pairs orders) ([], used) in
(OSet.elements used, squares, interferences)

end

Conceptually, there is no need to demand a Colorized model as a functor argument. Nevertheless, we should

first implement a working example for the common use case, before embarking on a generalization that is
mostly of academic interest.

module Flavor (M
struct

module CO =

type orders =

: Model.Colorized) =

Coupling_ Orders(M)
CO.orders

let add_orders = CO.add

let incr_orders

let null = CO.

= (CO.incr
null

let orders_of _list = CO.of _list

type t = { all_

let all_orders f
let pullback f a

orders : M.flavor; orders : orders }
= f.all_orders
= f (all-orders a)

let make all_orders orders = { all_orders; orders }
let trivial f = make f null

Resist the temptation to implement this as List.fold_right (fun f — add_orders f.orders) f_list null, because
then add-orders would need to accept orders of different lengths.

let fuse_orders = function

| [] — null

| f = rest — List.fold_right (fun f — add_orders f.orders) rest f.orders

let orders_to_string = CO.to_string

let digit_to_symbol i =

if i < 0 then
muvalid _arg

"Orders.Flavor.digit_to_symbol: negative"
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else
if ¢ < 10 then
string_of _int 1
else if i < 36 then
String.make 1 (Char.chr (Char.code *A> + i — 10))
else
invalid_arg "Orders.Flavor.digit_to_symbol: jtoo_ large"

let orders_symbol orders =
match CO.to_list orders with
‘ [] sy nn
| orders —
if List.for_all (fun (., n) — n = 0) orders then
else
"_c" " String.concat """ (List.map (fun (=, n) — digit_to_symbol n) orders)

let to_string f =
M .flavor_to_string f.all_orders

orders_to_string f.orders

let to_symbol f =
M .flavor_symbol f.all_orders

~

orders_symbol f.orders

end

14.2.8  Slice Amplitudes According to Coupling Constant Orders

let incomplete s =

failwith ("Orders.Slice()." " s "~ "_not done_ yet!")
module Slice (CM : Model.Colorized) =
struct

module OCF = Flavor(CM)

type flavor = OCF.t
type flavor_sans_color = CM.flavor_sans_color
type flavor_all_orders = CM.flavor
type gauge = CM .gauge
type constant = CM .constant
type coupling_order = CM .coupling_order
type orders = OCF .orders
module Ch = CM.Ch
let charges = OCF .pullback CM .charges
let flavor_sans_color = OCF .pullback CM .flavor_sans_color
let flavor_all_orders = OCF.all-orders
let trivial = OCF .trivial
let orders f = f.OCF.orders
let add_orders = OCF.add_orders
let incr_orders = OCF .incr_orders
let orders_to_string = OCF .orders_to_string
let orders_symbol = OCF.orders_symbol
let flavor_equal f1 f2 =
CM .flavor _equal (flavor_all_orders f1) (flavor_all_orders f2) A fl.orders = f2.orders
let color = OCF.pullback CM .color
let pdg = OCF .pullback CM .pdg
let lorentz = OCF .pullback CM .lorentz
let propagator = OCF .pullback CM .propagator
let width = OCF .pullback CM .width
let conjugate f = { f with OCF.all_orders = CM.conjugate f.OCF.all_orders }
let conjugate_sans_color = CM .conjugate_sans_color
let conjugate_all_orders = CM .conjugate
let fermion = OCF .pullback CM .fermion
let maz_degree = CM.maz_degree
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let maz_degree = CM .maz_degree

let vertices () =
incomplete "vertices"

let coupling = function
| Coupling. V3 (-, -, ¢) | Coupling.V4 (-, -, ¢) | Coupling.Vn (-, -, ¢) — ¢

let incr_coupling_orders orders (f, ¢) =
let coupling_orders = CM .coupling_orders (coupling c) in
let orders = OCF .incr_orders (OCF.orders_of _list coupling_orders) orders in
(OCF.make f orders, c)

let fuse2 f1 f2 =
let orders = OCF.fuse_orders [fI; f2] in
List.map (incr_coupling_orders orders) (CM.fuse2 (flavor_all_orders f1) (flavor_all_orders f2))

let fuse3 f1 f2 f3 =
let orders = OCF .fuse_orders [f1; f2; f3] in
List.map (incr_coupling_orders orders) (CM .fuse3 (flavor_all_orders f1) (flavor_all_orders f2) (flavor_all_orders f3

let fuse flavors =
let orders = OCF .fuse_orders flavors in
List.map (incr-coupling-orders orders) (CM.fuse (List.map flavor_all_orders flavors))

let flavors () =
List.map OCF .trivial (CM .flavors ())

let all_coupling_orders = CM .all_coupling_orders
let coupling_order_to_string = CM .coupling_order_to_string
let coupling_orders = CM .coupling_orders

let nc = CM.nc

let external_flavors () =
List.map
(fun (group, flavors) —
(group, List.map OCF .trivial flavors))
(CM .external - flavors ())

let goldstone f =
match CM .goldstone (OCF .all_orders f) with
| None — None
| Some (f, ¢) — Some (OCF .trivial f, c)

let parameters = CM .parameters

let flavor_of _string s = OCEF .trivial (CM.flavor_of _string s)
let flavor_to_string = OCF.to_string

let flavor_to_-TeX = OCF.pullback CM .flavor_to_TeX

let flavor_symbol = OCF .to_symbol

let gauge_symbol = CM .gauge_symbol

let mass_symbol = OCEF .pullback CM .mass_symbol

let width_symbol = OCF .pullback CM .width_symbol

let constant_symbol = CM .constant_symbol
let options = CM .options
let caveats = CM .caveats

let amplitude orders fin fout =
(List.map (fun f — OCF.make f orders) fin,
List.map (fun f — OCF.make f orders) fout)

let flow fin fout =
CM .flow (List.map flavor_all_orders fin) (List.map flavor_all_orders fout)

end
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14.2.4  Unit Tests

module Test =
struct

module O = Coupling_Orders (struct type coupling_order = int let coupling_order_to_string = string_of _int end)
open OUnit
let suite_add =

"add" >:::
["[(1, 15002, ]+, 0(1,2)5,(2,3)]" >
(fun () — assert_equal [(1,3); (2,7)] (O.add [(1,1); (2,4)] [(1,2); (2,3)])) ]

let suite_incr =

"incr" >::
["[(1,1);u,03,8)]1,+,0(2,2);4(3,3)]1" >::
(fun () — assert_cqual [(2.2); (3,7)] (O.iner [(1,1); (3,4)] [(2,2); (3,3)])) ]

module M (% : Model_CO x) =
struct
type constant = E | G | G2 | L
type coupling_order = EW | QCD | BSM
let all_coupling_orders () = [EW; QCD; BSM]
let coupling_order_to_string = function
| EW — "EW"
| QCD — "qcD"
| BSM — "BSM"
let coupling_orders = function
| E — [(EW,1)]
| G > [(QCD, )]
| G2 — [(QCD,2)
| L — [(BSM,1)]
end

module C = Conditions (M)

let pup expected slist =
assert_equal ~printer : (fun s — "\"" " g " m\"")
expected (C.to_string (C.of —strings slist))

let suite_parser =
"parsing" >::
[ "EW=1" >:: (fun () — pup "EW_=,1" ["EW=1"]);

"“EW" >:: (fun () — pup "{QCD, BSM},=,0" [""EW"]);
"1BSM,QCD" >:: (fun () — pup "BSM,=,0;_QCD,={1..2}" ["BSM;_ QCD={1..2}"]);
"IBSM,QCD’" >:: (fun () — pup "BSM_=.,0;,QCD =, {1..2}" ["BSM={03};,QCD={1..2}"]);
"EW/QCD" >:: (fun () — pup "EW,=,2;,QCD,=,1" ["EW=2; QCD=1"]);
"EW/QCD" >:: (fun () — pup "EW,=,1;,QCD,=,1" ["EW=1; QCD=1"]);
"EW/QCD’" >:: (fun () — pup "EW,=,1;,QCD = 1" ["{EW,QCD}=1"]);
"EW=1,2,3" >:: (fun () — pup "EW_=_,3" ["EW=1;EW=2;EW=3"]) ]

let cos_option_to_string = function
| None — "*"
| Some co_list —
ThoList.to_string (fun (co, n) — M .coupling_order_to_string co ~ "=" " string_of —int n) co_list

let sort orders =
List.sort (fun (col, _) (co2, -) — compare col co2) orders

let map_opt f = function
| None — None
| Some a — Some (f a)

let assert_braket expected conditions orders =
let conditions = C.of _strings conditions in
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assert_equal ~printer : cos_option_to_string
(map_opt sort expected)
(map_opt sort (C.braket conditions (sort orders)))

let assert_fusion expected conditions orders =
let conditions = C.of _strings conditions in
assert_equal ~printer : string_of —bool expected (C'.fusion conditions (sort orders))

let suite_fusion =
let open M in
"fusion" >::
[ "BSM;EW=2;QCD=1:,QCD=1" >::
(fun () — assert_fusion true ["BSM;EW=2;QCD=1"] [(QCD,1)]);

"BSM;EW=2;QCD=1: EW=1" >:
(fun () — assert_fusion true ["BSM;EW=2;QCD=1"] [(EW,1)]);

"BSM;EW=2;QCD=1:_EW=1;QCD=1" >::
(fun () — assert_fusion true ["BSM;EW=2;QCD=1"] [(EW,1); (QCD,1)]);

"BSM;EW=2;QCD=1:_,EW=2;QCD=1" >::
(fun () — assert_fusion true ["BSM;EW=2;QCD=1"] [(EW,2); (QCD,1)]);

"BSM;EW=2;QCD=1:_,EW=1;QCD=2" >::
(fun () — assert_fusion false ["BSM;EW=2;QCD=1"] [(EW,1); (QCD,2)]);

"BSM;EW=2;QCD=1: BSM=1" >::
(fun () — assert_fusion false ["BSM;EW=2;QCD=1"] [(BSM,1)]);

"BSM; EW=2;QCD=1:_BSM=0" >::
(fun () — assert_fusion true ["BSM;EW=2;QCD=1"] [(BSM,0)]) ]

let suite_braket =
let open M in
"braket" >:::
[ "BSM;EW=2;QCD=1:_QCD=1" >::
(fun () — assert_braket None ["BSM;EW=2;QCD=1"] [(QCD,1)]);

"BSM; EW=2;QCD=1: EW=1" >::
(fun () — assert_braket None ["BSM;EW=2;QCD=1"] [(EW,1)]);

"BSM; EW=2;QCD=1: EW=1;QCD=1" >::
(fun () — assert_braket None ["BSM;EW=2;QCD=1"] [(EW,1); (QCD,1)]);

"BSM; EW=2;QCD=1: EW=2;QCD=1" >::
(fun () — assert_braket (Some [(EW,2); (QCD,1)]) ["BSM;EW=2;QCD=1"] [(EW,2); (QCD,1)));

"BSM; EW=2;QCD=1: EW=1;QCD=2" >::
(fun () — assert_braket None ["BSM;EW=2;QCD=1"] [(EW,1); (QCD,2)]);

"BSM;EW=2;QCD=1:_BSM=1" >::
(fun () — assert_braket None ["BSM;EW=2;QCD=1"] [(BSM,1)]);

"BSM; EW=2;QCD=1:_BSM=0" >::
(fun () — assert_braket None ["BSM;EW=2;QCD=1"] [(BSM,0)]);

"EW={0..}: BSM=0" >::
(fun () — assert_braket (Some [(EW,0)]) ["EW={0..}"] [(BSM,0)]);

"EW={0..}: EW=1" >::
(fun () — assert_braket (Some [(EW,1)]) ["EW={0..}"] [(EW,1)]);

"EW={0..}: BSM=1;EW=1" >::
(fun () — assert_braket (Some [(EW,1)]) ["EW={0..}"] [(BSM,1); (EW,1)]) ]

@ We should add more unit tests, time permitting.
let suite =

"Orders" >:::
[ suite_add;
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suite_incr;
suite_parser;

(x suite_fusion; )
suite_braket ]

end

14.8 Interface of Orders_syntax

We represent coupling orders simply as strings so that lexing and parsing are independent of the model. Checking
for validity is done later in the functor Orders.Conditions that depends on the model.

type co = string

type co_set =
| Set of co list
| Diff of co_set x co_set
| Complement of co_set

type range =
| Range of int x int
| Min of int
| Maz of int

We distinguish intervals and slices:
e for the slice QCD = {2..4} all amplitudes with 2, 3 and 4 QCD couplings are generated separately and
e for the interval QCD = [2..4], these are summed up.

Obviously, for one coupling order, there is no difference between interval and slice.

type atom =
| Interval of co_set X range
| Slices of co_set x range
| Ezact of co_set x int
| Null of co_set

type t =
| Atom of atom
| And of ¢ list
| Or of t list

exception Syntax_Error of string X int X int

14.4 Implementation of Orders_syntax

type co = string

type co_set =
| Set of co list
| Diff of co_set x co_set
| Complement of co_set

type range =
| Range of int x int
| Min of int
| Maz of int

type atom =
| Interval of co_set X range
| Slices of co_set x range
| Ezact of co_set x int
| Null of co_set

type t =
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| Atom of atom
| And of ¢ list
| Or of ¢ list

exception Syntax_Error of string x int x int

14.5 Lexer
{

open Orders_parser
let unquote s =
String.sub s 1 (String.length s — 2)

}
let digit = [70°-297]
let upper = [PA’—27]

let lower = [Pa’-’z’|

let char = wupper | lower

let word = char | digit | *_°
let white = [> > >\t’ ’\n’]

We use a very liberal definition of strings for flavor names.

rule token = parse
white { token lexbuf } (% skip blanks x)
‘ ) [A7\n7]* J\n7
{ token lexzbuf } (* skip comments x)
digitt { INT (int_of —string (Lexing.lexeme lezbuf)) }
= { BQ )
s~ { TILDE }
A\’ ’\\? { BACKSLASH }
»{> { LBRACE }

'}» { RBRACE }
> { LBRACKET }
»]> { RBRACKET }

|

|

|

|

|

|

}

| > { LPAREN }

| >)>> { RPAREN }
| >3 { SEMI }

| °&’ °&°? { AND }
‘ )| 7|:?{ OR}

| >.» 2. { RANGE }
| »,> { COMMA }

| char word* { ID (Lezing.lexeme lexbuf) }
| eof { END }

14.6  Parser

Header

open Orders_syntax
let parse_error msg =
raise (Syntaz_Error (msg, symbol_start (), symbol_end ()))

Token declarations

%token < string > ID
%token < int > INT
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%token OR AND EQ BACKSLASH TILDE RANGE COMMA

%token LPAREN RPAREN LBRACE RBRACE LBRACKET RBRACKET
%token SEMI

%token END

%left OR

%left AND

%left BACKSLASH
%nonassoc TILDE

Y%start main
Y%type < Orders_syntax.t > main

Grammar rules

main ;=
END { And [] }
| condition END { $1 }
| conjunction END { And $1 }
| alternative END { Or $1 }

condition ::=
atom { Atom $1 }
| LPAREN conjunction RPAREN { And $2 }
| LPAREN alternative RPAREN { Or $2 }

conjunction 1=
condition { [$1] }
| condition AND conjunction { $1 :: $3 }
| condition SEMI conjunction { $1 :: $3 }

alternative ::=
condition { [$1] }
| condition OR alternative { $1 :: $3 }

atom 1=
set EQ LBRACE range RBRACE { Slices ($1, $4) }
| set EQ LBRACKET range RBRACKET { Interval (31, $4) }
| set EQ INT { Ezact ($1, $3) }
| set { Null $1 }

set =
LBRACE RBRACE { Set []}
| ID { Set [$1] }
| LBRACE orders RBRACFE { Set $2 }
| TILDE set { Complement $2 }
| set BACKSLASH set { Diff ($1, $3) }

orders ::=
ID { [$1] }
| ID COMMA orders { $1 :: $3 }

range ;1=
RANGE INT { Maz $2 }
| INT RANGE { Min $1 }
| INT RANGE INT { Range ($1, $3) }
| INT { Range ($1, $1) }
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15.1 Interface of Fusion
15.1.1 Signature of Fusion.T

module type T =
sig

val options : Options.t
JRR’s implementation of Majoranas needs a special case.
val vintage : bool

Wavefunctions are an abstract data type, containing a momentum p and additional quantum numbers, collected
in flavor.

type wf
Return the wave function with the the same momentum and a charge conjugated flavor.
val conjugate : wf — wf

Obviously, flavor is not restricted to the physical notion of flavor, but can carry spin, color, etc. See the
implementation of Model.T for the physics.

type flavor
val flavor : wf — flavor

If flavor contains powers of coupling orders, it is sometimes useful for organizing the output and for diagnostics
to be able to strip it away.

type flavor_all_orders
val flavor_all_orders : wf — flavor_all_orders

If flavor contains SU(3) color, it is sometimes useful for organizing the output and for diagnostics to be able to
strip it away.

type flavor_sans_color
val flavor_sans_color : wf — flavor_sans_color

Momenta are represented by an abstract datatype (defined in Momentum) that is optimized for performance.
They can be accessed either abstractly or as lists of indices of the external momenta. These indices are assigned
sequentially by amplitude below.

type p
val momentum : wf — p
val momentum_list : wf — int list

Coupling constants
type constant

and right hand sides of assignments. The latter are formed from a sign from Fermi statistics, a coupling
(constand and Lorentz structure) and wave functions of the children.

type coupling
type rhs
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@ There is no deep reason for defining a polymorphic type a children, since we will only ever use wf children.

type «a children

Keep track of statistics.
val sign : rhs — int

Extract the coupling (constant and structure) fusing the children.
val coupling : rhs — constant Coupling.t

In renormalized perturbation theory, couplings come in different orders of the loop expansion. Be prepared:
val order : ths — int

The concrete return type wf list is here only for the benefit of Target and could become wf children in a
more refined interface ...

val children : rhs — wf list

Fusions come in two types: fusions of wave functions to off-shell wave functions:

' (p+q) = ¢1(p)¢2(q)

type fusion
val ths : fusion — wf
val rhs : fusion — rhs list

and products at the keystones:

(¢ (=p — @)|o1(p)b2(q))

type braket
val bra : braket — wf
val ket : braket — rhs list

amplitude goldstones incoming outgoing calculates the amplitude for scattering of incoming to outgoing. If
goldstones is true, also non-propagating off-shell Goldstone amplitudes are included to allow the checking of
Slavnov-Taylor identities. selectors is an instance of Cascade.T.selectors and used to select certain parts of an
amplitude, see section 6.

type amplitude

type amplitude_sans_color

type selectors

type slicings

val amplitudes : bool — selectors — slicings option —
flavor__sans_color list — flavor_sans_color list — amplitude list

val amplitudes_all_orders : bool — selectors —
flavor_sans_color list — flavor_sans_color list — amplitude list

val amplitude_sans_color : bool — selectors —
flavor _sans_color list — flavor_sans_color list — amplitude_sans_color

How a given wave function depends on other wave functions and couplings. This is used for finding subexpres-
sions common among different color flow amplitudes.

val dependencies : amplitude — wf — (wf, coupling) Tree2.t

We should be precise regarding the semantics of the following functions, since modules implementating Target
must not make any mistakes interpreting the return values. Instead of calculating the amplitude

(f3,03, fa, 045 - | T| f1,p1, f2,p2) (15.1a)
directly, O’Mega calculates the—equivalent, but more symmetrical—crossed amplitude

<f_15_p17f_.2a_p27f37p37f4ap47""T‘O> (151b)

For the benefit of the people implementing Models, however, all flavors are represented internally by the charge

conjugates B B
A(f1, =1, f2, —p2, f3,03, f4, 4, - - .) (15.1c)
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Indeed, the vertex and corresponding term in the lagrangian

A A (15.2)

suggests to denote the outgoing particle by the flavor of the antiparticle and the outgoing antiparticle by the
flavor of the particle, since this choice allows to represent the vertex by a triple

VAY (e, AeT) (15.3)

which is more intuitive than the alternative (e~, A,e™). Also, when thinking in terms of building wavefunctions
from the outside in, the outgoing antiparticle is represented by a particle propagator and vice versa'. Note that
incoming and outgoing are the physical flavors as in (15.1a) or in the argument of amplitudes, but with the
color flow quantum numbers added.

val incoming : amplitude — flavor list
val outgoing : amplitude — flavor list

In contrast, externals are flavors and momenta as in (15.1c)
val externals : amplitude — wf list

Return all off-shell wave functions so that Target can allocate variables for them.
val variables : amplitude — wf list

Return all fusions in an order so that all right hand sides have been computed before they are used.
val fusions : amplitude — fusion list

Return all brakets.

type a slices
val brakets : amplitude — braket list slices

Test if an off-shell wave function has been forced on-shell or is smeared as as gaussian.

val on_shell : amplitude — wf — bool
val is_gauss : amplitude — wf — bool

Describe the constraints in the selectors argument to amplitudes.
val constraints : amplitude — string option

Human readable description of the requested slicings of type Orders. Conditions.t
val slicings : amplitude — string list

Compute the symmetry factor [], n;! for identical outgoing particles.
val symmetry : amplitude — int

Quickly test whether an amplitude vanishes.

val allowed : amplitude — bool

Diagnostics
Compute a list of all charge conservation violating vertices in the Model.
val check_charges : unit — flavor_sans_color list list

Count the fusions and propagators that are computed and compare to the number of Feynman diagrams
appearing in the amplitude.

val count_fusions : amplitude — int
val count_propagators : amplitude — int

IEven if this choice will appear slightly counter-intuitive on the Target side, one must keep in mind that much more people are
expected to prepare Models.
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val count_diagrams : amplitude — int

Expand the DAG beneath an off-shell wave function into the corresponding forest. Use with caution for com-
plicated processes!

val forest : wf — amplitude — ((wf x coupling option, wf) Tree.t) list
A list of all combinations of off-shell wave functions in the Feynman diagrams described by the DAG. This

could be used for phase space mappings, but lies dormant at the moment.

g% At the moment, the result contains empty lists and many redundancies. This should be cleaned up!

val poles : amplitude — wf list list
A list of all s-channel poles in the DAG. Helpful for phase space mappings and for fudging widths.
val s_channel : amplitude — wf list

Prepare .dot files as input fot graphviz to draw graphical representations of the tower of of-shell wavefunctions
and the dag corresponding to the amplitude.

val tower_to_dot : out_channel — amplitude — unit
val amplitude_to_dot : out_channel — amplitude — unit

WHIZARD

Phase space descriptions for WHIZARD. Once as written and once with the incoming particles exchanged. This
way we can write a tree starting from the first and one from the second incoming particle.

val phase_space_channels : out_channel — amplitude_sans_color — unit
val phase_space_channels_flipped : out_channel — amplitude_sans_color — unit

end

15.1.2  Various Functors generating Fusion.T

There is more than one way to make fusions, differing in the unterlying topology of diagrams.

module type Maker =

functor (P : Momentum.T) — functor (M : Model. T) —
T with type p = P.t
and type flavor = Orders.Slice( Colorize. It(M)).flavor
and type flavor_all_orders = Colorize. It(M).flavor
and type flavor_sans_color = M .flavor
and type constant = M .constant
and type selectors = Cascade.Make(M )(P).selectors
and type slicings = Orders.Conditions(Colorize . It(M)).t
and type « slices = (Orders.Slice(Colorize . It(M)).orders x «) list

Straightforward Dirac fermions vs. slightly more complicated Majorana fermions:
exception Majorana

module Binary : Maker
module Binary-Majorana : Maker

module Mized23 : Maker
module Mized23_Majorana : Maker

module Nary : functor (B : Tuple.Bound) — Maker
module Nary_Magjorana : functor (B : Tuple.Bound) — Maker

We can also proceed & la [2]. Empirically, this will use slightly (O(10%)) fewer fusions than the symmetric
factorization. Our implementation uses significantly (O(50%)) fewer fusions than reported by [2]. Our pruning
of the DAG might be responsible for this.

module Helac_Binary : Maker

module Helac_Binary_Majorana : Maker

module Helac_Mixed23 : Maker

module Helac_Mixed23 _Majorana : Maker

module Helac : functor (B : Tuple.Bound) — Maker

module Helac_Majorana : functor (B : Tuple.Bound) — Maker
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15.1.83 Multiple Amplitudes

module type Multi =

sig
exception Mismatch
val options : Options.t

type flavor

type process = flavor list X flavor list
type amplitude

type fusion

type wf

type selectors

type slicings

type coupling_order

type amplitudes

Construct all possible color flow amplitudes for a given process.

val amplitudes : bool — int option —
selectors — slicings option — process list — amplitudes
val empty : amplitudes

The list of all combinations of incoming and outgoing particles with a nonvanishing scattering amplitude.
val flavors : amplitudes — process list

The list of all combinations of incoming and outgoing particles that don’t lead to any color flow with non
vanishing scattering amplitude.

val vanishing_flavors : amplitudes — process list
The list of all color flows with a nonvanishing scattering amplitude.
val color_flows : amplitudes — Color.Flow.t list
The coupling orders that are not summed over and their powers.
val coupling_orders : amplitudes — (coupling_order list x int list list) option
The list of all valid helicity combinations.
val helicities : amplitudes — (int list x int list) list
The list of all amplitudes.
val processes : amplitudes — amplitude list

(process_table a).(f).(c) returns the amplitude for the fth allowed flavor combination and the cth allowed color
flow as an amplitude option.

val process_table : amplitudes — amplitude option array array

(process_table a).(co).(f).(¢) returns the amplitude for the oth set of coupling orders, the fth allowed flavor
combination and the cth allowed color flow as an amplitude option.

val process_table_new : amplitudes — amplitude option array array array
The list of all non redundant fusions together with the amplitudes they came from.
val fusions : amplitudes — (fusion x amplitude) list

If there’s more than external flavor state, the wavefunctions are not uniquely specified by flavor and Momentum.t.
This function can be used to determine how many variables must be allocated.

val multiplicity : amplitudes — wf — int

This function can be used to disambiguate wavefunctions with the same combination of flavor and Momentum.t.
val dictionary : amplitudes — amplitude — wf — int

(color_factors a).(c1).(c2) power of N¢ for the given product of color flows.

val color_factors : amplitudes — Color.Flow.factor array array
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A description of optional diagram selectors.
val constraints : amplitudes — string option
Human readable description of the requested slicings of type Orders. Conditions.t.
val slicings : amplitudes — string list
end

module type Multi_Maker = functor (Fusion_Maker : Maker) —
functor (P : Momentum.T) —
functor (M : Model. T) —
Multi with type flavor = M .flavor
and type amplitude = Fusion_Maker(P)(M).amplitude
and type fusion = Fusion_Maker(P)(M).fusion
and type wf = Fusion_-Maker(P)(M).wf
and type selectors = Fusion_Maker(P)(M).selectors
and type slicings = Orders.Conditions(Colorize It(M)).t
and type coupling_order = Orders.Slice(Colorize. It(M)).coupling_order

module Multi : Multi_Maker

15.2  Implementation of Fusion

module IMap = Map.Make(Int)

module type T' =
sig

val options : Options.t

val vintage : bool

type wf

val conjugate : wf — wf

type flavor

type flavor_all_orders

type flavor_sans_color

val flavor : wf — flavor

val flavor_all_orders : wf — flavor_all_orders

val flavor_sans_color : wf — flavor_sans_color

type p

val momentum : wf — p

val momentum _list : wf — int list

type constant

type coupling

type rhs

type a children

val sign : rhs — int

val coupling : rhs — constant Coupling.t

val children : rhs — wf list

type fusion

val ths : fusion — wf

val rhs : fusion — rhs list

type braket

val bra : braket

val ket : braket

type amplitude

type amplitude_sans_color

type selectors

type slicings

val amplitudes : bool — selectors — slicings option —
flavor_sans_color list — flavor_sans—color list — amplitude list

val amplitudes_all_orders : bool — selectors —
flavor__sans_color list — flavor_sans_color list — amplitude list

wf

_>
— rhs list
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val amplitude_sans_color : bool — selectors —

flavor _sans_color list — flavor_sans_color list — amplitude_sans_color
val dependencies : amplitude — wf — (wf, coupling) Tree2.t

val incoming : amplitude — flavor list

val outgoing : amplitude — flavor list

val externals : amplitude — wf list

val variables : amplitude — wf list

val fusions : amplitude — fusion list

type a slices

val brakets : amplitude — braket list slices
val on_shell : amplitude — wf — bool
val is_gauss : amplitude — wf — bool
val constraints : amplitude — string option
val slicings : amplitude — string list

val symmetry : amplitude — int

val allowed : amplitude — bool

val check_charges : unit — flavor_sans_color list list
val count_fusions : amplitude — int

val count_propagators : amplitude — int
val count_diagrams : amplitude — int

val forest : wf — amplitude — ((wf X coupling option, wf) Tree.t) list

val poles : amplitude — wf list list

val s_channel : amplitude — wf list

val tower_to_dot : out_channel — amplitude — unit
val amplitude_to_dot : out_channel — amplitude — unit

val phase_space_channels : out_channel — amplitude_sans_color — unit

Implementation of Fusion

val phase_space_channels_flipped : out_channel — amplitude_sans_color — wunit

end

module type Maker =

functor (P : Momentum.T) — functor (M : Model. T) —
T with type p = P.t
and type flavor = Orders.Slice( Colorize It(M)).flavor
and type flavor_all_orders = Colorize. It(M).flavor
and type flavor_sans_color = M .flavor
and type constant = M .constant
and type selectors = Cascade.Make(M)(P).selectors
and type slicings = Orders.Conditions(Colorize It(M)).t

and type « slices = (Orders.Slice( Colorize It(M)).orders x «) list

15.2.1 Fermi Statistics

module type Stat =
sig

This will be Model.T.flavor.
type flavor

A record of the fermion lines in the 1IPOW.
type stat

Vertices with an odd number of fermion fields.
exception Impossible

External lines.

val stat : flavor — int — stat

stat_fuse (Some flines) slist f combines the fermion lines in the elements of slist according to the connections
listed in flines. On the other hand, stat_fuse None slist f corresponds to the legacy mode with at most two
fermions. The resulting flavor f of the IPOW can be ignored for models with only Dirac fermions, except for
debugging, since the direction of the arrows is unambiguous. However, in the case of Majorana fermions and/or

fermion number violating interactions, the flavor f must be used.
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val stat_fuse :
Coupling.fermion_lines option — stat list — flavor — stat

Analogous to stat_fuse, but for the finalizing keystone instead of the 1IPOW.

val stat_keystone :
Coupling.fermion_lines option — stat list — flavor — stat

Compute the sign corresponding to the fermion lines in a 1IPOW or keystone.
val stat_sign : stat — int
Debugging and consistency checks ...

val stat_to_string : stat — string
val equal : stat — stat — bool
val saturated : stat — bool

end

module type Stat-Maker = functor (M : Model. T) —
Stat with type flavor = M .flavor

15.2.2 Dirac Fermions

let dirac_log silent logging logging
let dirac_log silent logging = silent

exception Majorana

module Stat_Dirac (M : Model.T) : (Stat with type flavor = M.flavor) =
struct
type flavor = M .flavor

Yutb(1) G* D(2) 7 (3) — v (3) G ¥(2) 1, (1) (15.4)

The endpoints are int option instead of plain int, so that we can use None for open ends in stat_sign below.

We could do one level of unboxing as a performance hack by using 0 or -1 for open ends. Then we just need
to enforce that all line numbers are strictly positive.

type line = int option X int option

let line_to_string = function
| Some i, Some j — Printf.sprintf "%d>%d" i j
| Some i, None — Printf.sprintf "%hd>*" i
| None, Some j — Printf.sprintf "*>%d" j
| Nome, None — "*>%"

type stat =
| Fermion of int x line list
| AntiFermion of int x line list
| Boson of line list

let lines_to_string lines =
ThoList.to_string line_to_string lines

let stat_to_string = function
| Boson lines — Printf.sprintf "Boson,%s" (lines_to_string lines)
| Fermion (p, lines) —
Printf.sprintf "Fermion, (%d, %s)" p (lines_to_string lines)
| AntiFermion (p, lines) —
Printf.sprintf "AntiFermiony,(%d, %s)" p (lines_to_string lines)

let equal s1 s2 =
match s, s2 with
| Boson l1, Boson 12 —
List.sort compare 11 = List.sort compare 12
| Fermion (pl, I1), Fermion (p2, 12)
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| AntiFermion (p1, 1), AntiFermion (p2, 12) —
pl = p2 A List.sort compare l1 = List.sort compare 12
| - — false

let saturated = function
| Boson - — true
| - — false

let stat f p =
match M .fermion f with
| 0 — Boson |[]
| 1 — Fermion (p, [])
| —1 — AntiFermion (p, [])
| 2 — raise Majorana
| - — dnvalid_arg "Fusion.Stat_Dirac: invalid fermion number"

exception Impossible

let stat_fuse_pair_legacy f s1 s2 =
match s, s2 with
| Boson 1, Boson 12 — Boson (11 @ [2)
| Boson l1, Fermion (p, 12) — Fermion (p, 11 Q [2)
| Boson U1, AntiFermion (p, 12) — AntiFermion (p, 11 @ [2)
| Fermion (p, 1), Boson 12 — Fermion (p, 11 Q [2)
| AntiFermion (p, 11), Boson 12 — AntiFermion (p, 11 Q [2)
| AntiFermion (pbar, 1), Fermion (p, 12) —
Boson ((Some pbar, Some p) :: 11 Q [2)
| Fermion (p, l1), AntiFermion (pbar, 12) —
Boson ((Some pbar, Some p) :: 11 Q [2)
| Fermion _, Fermion _ | AntiFermion _, AntiFermion - —
raise Impossible

let stat_fuse_legacy sl s25__n f =
List.fold _right (stat_fuse_pair_legacy f) s23__n sl

let stat_fuse_legacy_logging s1 s25__n f =

let s = stat_fuse_legacy sl s23__n f in

Printf .eprintf
"stat_fuse_legacy:hsu<-uhsu->uks\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (s1 :: s23__n))
(stat_to_string s);

s

let stat_fuse_legacy =
dirac_log stat_fuse_legacy stat_fuse_legacy_logging

type partial =
{ stat : stat (*x the stat accumulated so far x);
fermions : int IMap.t (* a map from the indices in the vertex to open fermion lines x*);
antifermions : int IMap.t (x a map from the indices in the vertex to open antifermion lines x);
n : int (x the number of incoming propagators *) }

let partial_to_string p =
Printf .sprintf
"{ fermions=Y%s, antifermions=Ys, state=Y%s, #=%d }"
(ThoList.to-string
(fun (i, f) — Printf.sprintf "%de%d" f i)
(IMap.bindings p.fermions))
(ThoList.to_string
(fun (i, f) — Printf.sprintf "%de%d" f i)
(IMap.bindings p.antifermions))
(stat_to_string p.stat)
p.n

let add_lines | = function
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| Boson I’ — Boson (List.rev_append 1 1)
| Fermion (n, ') — Fermion (n, List.rev_append [ 1)
| AntiFermion (n, ') — AntiFermion (n, List.rev_append [ 1)
let partial_of _slist slist =
List.fold _left
(fun acc s —
let n = succ acc.n in
match s with
| Boson | —
{ acc with
stat = add_-lines | acc.stat;
n}

| Fermion (p, 1) —

{ acc with
fermions = IMap.add n p acc.fermions;
stat = add_lines | acc.stat;

n }

| AntiFermion (p, 1) —

{ acc with
antifermions = IMap.add n p acc.antifermions;
stat = add_lines | acc.stat;

n})

{ stat = Boson [];
fermions = IMap.empty;
antifermions = IMap.empty;
n =0}
slist
let match_fermion_line p (i, j) =
if i < pn A j < p.nthen

match IMap.find_opt i p.fermions, IMap.find_opt j p.antifermions with

| (Some _ as f), (Some - as fbar) —
{ p with
stat = add_lines [fbar, f] p.stat;
fermions = IMap.remove i p.fermions;
antifermions = IMap.remove j p.antifermions }
| - —
invalid_arg "match_fermion_line: mismatched boson"
else if i+ < p.n then

match IMap.find_opt i p.fermions, p.stat with
| Some f, Boson | —

{ p with
stat = Fermion (f, 1);
fermions = IMap.remove i p.fermions }
| - —

invalid_arg "match_fermion_line: mismatched fermion"
else if j < p.n then

match IMap.find_opt j p.antifermions, p.stat with
| Some fbar, Boson I —

{ p with
stat = AntiFermion (fbar, 1);
antifermions = IMap.remove j p.antifermions }
| - —

invalid_arg "match_fermion_line: mismatched antifermion"
else

failwith "match_fermion_line: impossible"

let match_fermion_line_logging p (i, j) =
Printf .eprintf
"match_fermion_line %s_ (%d,_ %d)"
(partial _to_string p) i j;
let p’ = match_fermion_line p (i, j) in
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Printf .eprintf ",>> %s\n" (partial_to_string p');
/
p

let match_fermion_line =

dirac_log match_fermion_line match_fermion_line_logging
let match_fermion_lines flines s1 s23__n =

let p = partial_of _slist (s1 :: s23__n) in

List.fold _left match_fermion_line p flines

let stat_fuse_new flines s1 s23__n f =
(match_fermion_lines flines s1 s23__n).stat

let stat_fuse_new_checking flines s1 s23__n f =

let stat = stat_fuse_new flines s1 s23__n f in
if List.length flines < 2 then
begin

let legacy = stat_fuse_legacy s1 s23__n f in
if = (equal stat legacy) then
failwith
(Printf .sprintf
"Fusion.Stat_Dirac.stat_fuse_new: Jsu<>_%s!"
(stat_to_string stat)
(stat_to_string legacy))
end;
stat

let stat_fuse_new_logging flines s1 s253__n f =
Printf .eprintf
"stat_fuse_new: connecting fermion lines, %syin %su<-u%ks\n"
(UFO_Lorentz.fermion_lines_to_string flines)
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (sl :: s23__n));
stat_fuse_new_checking flines s1 s23__n f

let stat_fuse_new =
dirac_log stat_fuse_new stat_fuse_new_logging

let stat_fuse flines_opt slist f =
match slist with
| [] — i4nvalid_arg "Fusion.Stat_Dirac.stat_fuse: empty"
| s1 :: s23__n —
begin match flines_opt with
| Some flines — stat_fuse_new flines s1 s23__n f
| None — stat_fuse_legacy sl s23__n f
end

let stat_fuse_logging flines_opt slist f =
Printf .eprintf
"stat_fuse: hsu<-uks\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string slist);
stat_fuse flines_opt slist f

let stat_fuse =
dirac_log stat_fuse stat_fuse_logging

let stat_keystone_legacy s1 s23__n f =
let s2 = List.hd s25__n
and s8/__n = List.tl s23__n in
stat_fuse_legacy sl [stat_fuse_legacy s2 s34 __n (M.conjugate f)] f

let stat_keystone_legacy_logging s1 s253__n f =
let s = stat_keystone_legacy s1 s23__n f in
Printf .eprintf
"stat_keystone_legacy: %s,(%s)uhsu->u%s\n"
(stat_to_string s1)
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Figure 15.1: Relative sign from Fermi statistics.

(M .flavor _to_string f)
(ThoList.to_string stat_to_string s23__n)
(stat_to_string s);

s

let stat_keystone_legacy =
dirac_log stat_keystone_legacy stat_keystone_legacy_logging

let stat_keystone flines_opt slist f =
match slist with
| [] — invalid_arg "Fusion.Stat_Dirac.stat_keystone: empty"
| [s] = invalid_arg "Fusion.Stat_Dirac.stat_keystone: singleton"
| s1 :: (82 = s834__nas s25__n) —
begin match flines_opt with
| None — stat_keystone_legacy sl s23__n f
| Some flines —
(* The fermion line indices in flines must match the lines on one side of the keystone. )
let stat =
stat_fuse_legacy sl [stat_fuse_new flines s2 s34 __n f] f in
if saturated stat then
stat
else
failwith
(Printf .sprintf
"Fusion.Stat_Dirac.stat_keystone: incomplete s!"
(stat_to_string stat))
end

let stat_keystone_logging flines_opt slist f =

let s = stat_keystone flines_opt slist f in

Printf .eprintf
"stat_keystone:  uuuuuuksu (%8) Lhsu->0%s\n"
(stat_to_string (List.hd slist))
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (List.tl slist))
(stat_to_string s);

s

let stat_keystone =
dirac_log stat_keystone stat_keystone_logging

¢ ({(0,1),(2,3)}) = —e({(0,3), (2, )}) (15.5)

let permutation lines =
let fout, fin = List.split lines in
let eps_in, _ = Combinatorics.sort_signed fin
and eps_out, - = Combinatorics.sort_signed fout in
(eps—in X eps_out)

This comparing of permutations of fermion lines is a bit tedious and takes a macroscopic fraction of time.
However, it’s less than 20 %, so we don’t focus on improving on it yet.

let stat_sign = function
| Boson lines — permutation lines
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| Fermion (p, lines) — permutation ((None, Some p) :: lines)
| AntiFermion (pbar, lines) — permutation ((Some pbar, None) :: lines)

end

15.2.83  Amplitudes: Monochrome, Colored and Sliced

Computing the colored amplitudes from the uncolored amplitudes by adding color flows is the same algorithm
as computing the uncolored amplitudes from the topology by adding flavors. The algorithm for adding powers
of coupling constants is again almost identical, with only a small twist (see the type a slices below). Therefore
we define a common module that we can instantiate thrice: once without color, once with and once with powers
coupling constants on top.

In the future, we might want to have Coupling among the functor arguments. However, for the moment,
Coupling is assumed to be comprehensive.

module type Amplitude =
sig

An off-shell wavefunction is uniquely characterized by a flavor (which will contain the physical flavor and might
contain color flows and coupling order powers) and a momentum

type flavor

type p
type wf = { flavor : flavor; momentum : p }

Conjugate the flavor, keeping the momentum.
val conjugate : wf — wf

Extract flavor and momentum from a wave function. momentum_list is a convenience function that composes
momentum and Momentum.to_ints.

val flavor : wf — flavor
val momentum : wf — p
val momentum_list : wf — int list

An ordering that guarantees that wavefunctions will be ordered according to increasing Momentum().rank of
their momenta. For tree level amplitudes, this can be used to get the correct order of evaluation.

val order _wf : wf — wf — int

external _wfs rank constructs a list of wavefunctions from pairs of flavors and indices of external momenta,
using rank in the representation of momenta.

val external_wfs : int — (flavor x int) list — wf list

The couplings are model dependent, of course and we also must keep track of a sign for Fermi statistics. The
value of sign must be either +1 or —1.

type constant
type coupling = { sign : int; coupling : constant Coupling.t }
The incoming wavefunctions (a. k. a. children) in a fusion can be represented by a list or a Tuple and we .
type a children
type hs = coupling x wf children
val sign : rhs — int

val coupling : rhs — constant Coupling.t
val children : rhs — wf list

In a fusion, we can have more than one term contribute on the right hand side.

type fusion = wf X rhs list
val lhs : fusion — wf
val rhs : fusion — rhs list

In a braket, we can have more than one term contribute on the ket, if we factor common bras.

type braket = wf x rhs list
val bra : braket — wf
val ket : braket — rhs list
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The small twist alluded to above is that in the case of counting powers coupling constants there will be different
sets of brakets that correspond to different powers of coupling constants.

Therefore, we wrap the braket list as braket list Slicer.t that can be implented in a functor argument either
trivially as braket list in the module Unsliced or as a (orders x braket list) list, as in the module By_Orders
below.

Note that slicing a list of whole amplitudes instead of the braket list would lead to unnecessary duplication
of fusions.

type « slices
val unsliced : o — « slices

That’s the big bad DAG that implents the recursive construction of off-shell wave functions.

module D : DAG.T with type node = wf and type edge = coupling and type children = wf children
Return the list of all unique wavefunctions appearing in list of brakets on the left and right hand sides.

val wavefunctions : braket list — wf list
That’s the type that holds the result of our computations.

type t =

{ fusions : fusion list;
brakets : braket list slices;
on_shell : (wf — bool);
is—gauss : (wf — bool);
constraints : string option;
slicings : string list;
incoming : flavor list;
outgoing : flavor list;
externals : wf list;
symmetry : int;
dependencies : (wf — (wf, coupling) Tree2.t);
fusion_tower : D.t;
fusion_dag : D.t }

The following accessor functions are redundant, since the type t is not abstract, but they are convenient,
nevertheless.
The flavors of the incoming and outgoing particles.

val incoming : t — flavor list
val outgoing : t — flavor list

The on-shell wave functions for the external particles in the crossed amplitude with all particles incoming. The
outgoing flavors have been replaced by their charge conjugates. The Target must declare variables for them and
initialize these from the momenta.

val externals : t — wf list

All off-shell wave functions. The Target must declare variables for them.
val variables : t — wf list

All fusions. The Target uses them to recursively compute the off-shell wavefunctions.
val fusions : t — fusion list

All slices of brakets. The Target evaluates each braket and adds the results for each slice to obtain the corre-
sponding scattering amplitude.

val brakets : t — braket list slices

Test if the user requested to replace the propagator for the off-shell wavefunction by an on-shell condition or a
gaussian.

val on_shell : t — wf — bool
val is_gauss : t — wf — bool

Human readable description of the constraints of type Cascades().selectors that have been applied to the
amplitude.

val constraints : t — string option
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Human readable description of the requested slicings of type Orders. Conditions.t
val slicings : t — string list
Size of the permutation symmetry group for identical outgoing patricles.
val symmetry : t — int
The DAG that will be transformed by colorization and slicing.
val fusion_dag : t — D.t
This is used for diagnostics.
val dependencies : t — wf — (wf, coupling) Tree2.t

end
@ Investigate if we can optimize also the unsliced amplitudes by keeping only one DAG.t and slice the brakets.

module type Slicer =
sig
type a ¢
valall : o — at
end

module Unsliced =

struct
typeal = «
let all a = a
end

module Amplitude (PT : Tuple.Poly) (P : Momentum.T) (M : Model.T) (S : Slicer) : Amplitude
with type p = P.t
and type flavor = M .flavor

and type constant = M .constant

and type « children = « PT.t

and type « slices = a S.t =
struct

type flavor = M .flavor
type p = P.t

type wf = { flavor : flavor; momentum : p }

let flavor wf = wf.flavor

let conjugate wf = { wf with flavor = M .conjugate wf.flavor }
let momentum wf = wf.momentum

let momentum_list wf = P.to_ints wf.momentum

let external_wfs rank particles =
List.map
(fun (f, p) —
{ flavor = f;
momentum = P.singleton rank p })
particles

Order wavefunctions so that the external come first, then the pairs, etc. Also put possible Goldstone bosons
before their gauge bosons.

let lorentz_ordering f =
match M .lorentz f with
| Coupling.Scalar — 0
| Coupling.Spinor — 1
| Coupling.ConjSpinor — 2
| Coupling. Majorana — 3
| Coupling. Vector — 4
| Coupling. Massive_Vector — 5
| Coupling. Tensor_2 — 6
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| Coupling.Tensor_1 — 7

| Coupling. Vectorspinor — 8

| Coupling. BRS Coupling.Scalar — 9

| Coupling. BRS Coupling.Spinor — 10

| Coupling. BRS Coupling.ConjSpinor — 11

| Coupling. BRS Coupling. Majorana — 12

| Coupling. BRS Coupling. Vector — 13

| Coupling. BRS Coupling. Massive_ Vector — 14
| Coupling. BRS Coupling.Tensor_2 — 15

| Coupling. BRS Coupling. Tensor_1 — 16

| Coupling. BRS Coupling. Vectorspinor — 17

| Coupling. BRS - — invalid_arg "Fusion.lorentz_ordering: not needed"
| Coupling.Maj_Ghost — 18

let order_flavor f1 f2 =

let ¢ = compare (lorentz_ordering f1) (lorentz_ordering f2) in
if ¢ # 0 then

c
else

compare f1 f2

Note that Momentum().compare guarantees that wavefunctions will be ordered according to increasing Momentum().rank
of their momenta.

let order_wf wfl wf2 =

let ¢ = P.compare wfl.momentum wf2.momentum in
if ¢ # 0 then

c
else

order_flavor wfl .flavor wf2.flavor
This must be a pair matching the edge x node children pairs of DAG.Forest!

type « children = o PT.t

type constant = M .constant

type coupling = { sign : int; coupling : constant Coupling.t }
type ths = coupling X wf children

let sign (¢, =) = c.sign

let coupling (¢, -) = c.coupling

let children (-, wfs) PT . to_list wfs

type fusion = wf x rhs list
let ths (I, =) =1
let rhs (-, ) = r

type braket = wf x rhs list
let bra (b, -) = b
let ket (-, k) = k

module WF = struct type t = wf let compare = order_wf end
module CPL = struct type t = coupling let compare = compare end
module D = DAG.Make(DAG .Forest(PT)(WF)(CPL))

module WESet = Set.Make(WF')

let wavefunctions brakets =
WESet.elements
(List.fold _left
(fun set (wfl, wf23) —
WEFSet.add wf1 (List.fold_left
(fun set’ (-, wfs) —
PT.fold_right WFSet.add wfs set’)
set wf23))
WFSet.empty brakets)

type «a slices = a S.t
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let unsliced a = S.all a

type t =

{ fusions : fusion list;
brakets : braket list slices;
on_shell : (wf — bool);
is_gauss : (wf — bool);
constraints : string option;
slicings : string list;
incoming : flavor list;
outgoing : flavor list;
externals : wf list;
symmetry : int;
dependencies : (wf — (wf, coupling) Tree2.t);
fusion_tower : D.t;
fusion_dag : D.t '}

let incoming a = a.incoming

let outgoing a = a.outgoing

let externals a = a.externals

let fusions a = a.fusions

let brakets a = a.brakets

let symmetry a = a.symmetry

let on_shell a = a.on_shell

let is_gauss a = a.is_gauss

let constraints a = a.constraints

let slicings a = a.slicings

let variables a = List.map lhs a.fusions

let dependencies a = a.dependencies

let fusion_dag a = a.fusion_dag
end

15.2.4 The Fusion.Make Functor

module Make (PT : Tuple.Poly)
(Stat : Stat_Maker) (T : Topology.T with type « children = « PT.t)
(P : Momentum.T) (M : Model.T) =

struct
let vintage = false
let options = Options.create

[]
module S = Stat(M)

type stat = S.stat
let stat = S.stat
let stat_sign = S.stat_sign

@ This will do something for 4-, 6-, ... fermion vertices, but not necessarily the right thing ...
@ This is copied from Colorize and should be factored!

@ In the long run, it will probably be beneficial to apply the permutations in Modeltools.add _vertezn!

module PosMap =
Partial. Make (struct type t = int let compare = compare end)

let partial_map_undoing_permutation | ' =
let module P = Permutation.Default in
let p = P.of_list (List.map pred ') in
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PosMap.of _lists | (P.list p 1)

let partial_map_undoing_fuse fuse =
partial —map _undoing _permutation
(ThoList.range 1 (List.length fuse))
fuse

let undo_permutation_of _fuse fuse =
PosMap.apply _with_fallback
(fun = — dnvalid_arg "permutation_of _fuse")
(partial—map —undoing -fuse fuse)

let fermion_lines = function
| Coupling. V3 _ | Coupling.V4 - — None
| Coupling. Vn (Coupling. UFO (-, -, _, fl, _), fuse, _) —

Some (UFO_Lorentz.mapfermion_lines (undo_permutation_of _fuse fuse) fl)

type constant M .constant

Wave Functions

module A = Amplitude(PT)(P)(M)(Unsliced)
Operator insertions can be fused only if they are external.

let is_source wf =
match M .propagator wf.A.flavor with
| Only_Insertion — P.rank wf.A.momentum = 1
| - — true

is_goldstone_of g v is true if and only if g is the Goldstone boson corresponding to the gauge particle v.

let is_goldstone_of g v =
match M .goldstone v with
| None — false
| Some (¢', =) = g =g

/

@ In the end, PT.to_list should become redudant!

let fuse_rhs rhs = M.fuse (PT.to_list rhs)

Vertices

Compute the set of all vertices in the model from the allowed fusions and the set of all flavors:

@ One could think of using M .vertices instead of M.fuse2, M.fuse3 and M.fuse ...

module VSet = Map.Make(struct type t = A.flavor let compare = compare end)

let add_vertices f rhs m =

VSet.add f (try rhs :: VSet.find f m with Not_found — [rhs]) m

let collect_vertices Ths =
List.fold_right (fun (f1, ¢) — add_vertices (M .conjugate f1) (¢, rhs))
(fuse—rhs rhs)

The set of all vertices with common left fields factored.

I used to think that constant initializers are a good idea to allow compile time optimizations. The down side
turned out to be that the constant initializers will be evaluated every time the functor is applied. Relying on
the fact that the functor will be called only once is not a good idea!

type vertices = (A.flavor x (constant Coupling.t x A.flavor PT.t) list) list

This is very inefficient for maz_degree > 6. Find a better approach that avoids precomputing the huge
lookup table!
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I should revive the above Idea to use M .vertices instead directly, instead of rebuilding it from M.fuse2,
M .fuse3 and M .fuse!

let vertices_nocache max_degree flavors : wvertices =
VSet.fold (fun f rhs v — (f, rhs) = v)
(PT.power_fold
“truncate : (pred maz_degree)
collect_vertices flavors VSet.empty) []

Performance hack:

type vertexr_table =
((A.flavor x A.flavor x A.flavor) x constant Coupling.vertex3 X constant) list
x ((A.flavor x A.flavor x A.flavor x A.flavor)
x constant Coupling.vertex X constant) list
x (A.flavor list x constant Coupling.vertexn X constant) list

let vertices = wvertices_nocache

let vertices’ maz_degree flavors =

Printf.eprintf ">>> vertices kd,..." maz_degree;
flush stderr;
let v = wertices max_degree flavors in

Printf.eprintf " done.\n";
flush stderr;
v

let filter _vertices select_vtr vertices =
List.fold _left
(fun acc (f, cfs) —
let f/ = M.conjugate f in
let cfs =
List.filter
(fun (¢, fs) — select_vtx ¢ f' (PT.to_list fs))
cfs
in
match cfs with
| [] = acc
| cfs — (f, c¢fs) = acc)

[] vertices

K-Matriz Filtering

Vertices that are not crossing invariant need special treatment so that they’re only generated for the correct
combinations of momenta.

NB: the crossing checks here are a bit redundant, because CM .fuse below will bring the killed vertices back
to life and will have to filter once more. Nevertheless, we keep them here, for the unlikely case that anybody
ever wants to use uncolored amplitudes directly.

NB: the analogous problem does not occur for select_wf, because this applies to momenta instead of vertices.

This approach worked before the colorize, but has become futile, because CM .fuse will bring the killed
vertices back to life. We need to implement the same checks there again!!!

Using PT.Mismatched_arity is not really good style ...

Tho’s approach doesn’t work since he does not catch charge conjugated processes or crossed processes.
Another very strange thing is that O’Mega seems always to run in the q2 g3 timelike case, but not in the
other two. (Property of how the DAG is built?). For the ZZZZ vertex I add the same vertex again, but
interchange 1 and 3 in the crossing vertex

let timelike_sut momenta =
let timelike p ¢ = P.Scattering.timelike (P.add p ¢) in
match PT.to_list momenta with
| [q1; q2; q3] — (timelike q1 q2, timelike q2 q3, timelike q1 q3)
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| - — raise PT.Mismatched_arity

let kmatriz_cuts ¢ momenta =
let open Coupling in
match ¢ with

V4 (Vectord - K _Matriz_cf -m0 (disc, -), fusion, _)
V4 (Vector) - K _Matriz_cf -m1 (disc, _), fusion, _)
V4 (Vector -K _Matriz_cf —m7 (disc, _), fusion, _) —
let s12, s23, s13 = timelike_sut momenta in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F12 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F248 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F8/1 | F431 | F342 | F432)
| 1, false, true, false, (F134 | F143 | F234 | F243)
| 1, false, false, true, (F314 | F{13 | F'324 | F423) —
true
| 2, true, false, false, (F125 | F213 | F124 | F214)
| 2, false, true, false, (F312 | F321 | F412 | F421)
| 2, false, false, true, (F132 | F231 | F142 | F241) —
true
| 3, true, false, false, (F148 | F413 | F142 | F412 | F321 | F231 | F324 | F23/)
| 3, false, true, false, (F314 | F341 | F21/ | F241 | F132 | F123 | F{32 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end

| V4 (DScalar2_Vector2_K _Matriz_ms (disc, _), fusion, _)

| V4 (DScalar2_Vector2_-m_0_K _Matriz_cf (disc, -), fusion, -)
|

|

| V4 (Vector-K_Matriz_tho (disc, _), fusion, _)

| V4 (Vector -K_Matriz_jr (disc, _), fusion, _)

| V4 (Vectors K _Matriz_cf _t0 (disc, -), fusion, _)

| V4 (Vectors K _Matriz_cf _t1 (disc, _), fusion, _)

| V4 (Vectors -K _Matriz_cf -t2 (disc, -), fusion, _)

| V4 (Vector -K_Matriz_cf _t_rsi (disc, -), fusion, _)
| (

} (

V4 (DScalar2_Vector2_m_1_K_Matriz_cf (disc, -), fusion, -)
V4 (DScalar2_Vector2_m_7_K _Matriz_cf (disc, _), fusion, ) —
let s12, 23, s18 = timelike_sut momenta in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F842 | F432 | F123 | F213 | F124 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F91/ | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F341 | F432 | F123 | F21/)
| 1, false, true, false, (F154 | F243 | F312 | F421)
| 1, false, false, true, (F314 | F423 | F132 | F241) —
true
| 2, true, false, false, (F431 | F342 | F213 | F124)
| 2, false, true, false, (F143 | F234 | F321 | F{12)
| 2, false, false, true, (F418 | F324 | F231 | F142) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| 4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
| 4, false, false, true, (F124 | F431 | F213 | F342) —
true
| 5, true, false, false, (F148 | F412 | F321 | F23/)
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| b, false, true, false, (F'314 | F241 | F132 | F423)
| 5, false, false, true, (F184 | F421 | F312 | F2{3) —
true
| 6, true, false, false, (F1534 | F132 | F814 | F312 | F241 | F243 | F421 | F423)
| 6, false, true, false, (F213 | F413 | F231 | F431 | F124 | F32/ | F142 | F342)
| 6, false, false, true, (F143 | F123 | F341 | F321 | F412 | F21} | F432 | F234) —
true
| 7, true, false, false, (F154 | F312 | F421 | F243)
| 7, false, true, false, (F413 | F231 | F142 | F324)
| 7, false, false, true, (F143 | F321 | F412 | F}32) —
true
| 8, true, false, false, (F132 | F314 | F241 | F423)
| 8, false, true, false, (F218 | F431 | F124 | F842)
| 8, false, false, true, (F1253 | F341 | F214 | F234) —
true
| - — false
end

@ Are the missing cases 1 and 2 for disc an oversight here?

| V4 (DScalary - K _Matriz_ms (disc, -), fusion, ) —
let s12, s23, s13 = timelike_sut momenta in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F3/1 | F431 | F342 | F432 | F123 | F213 | F12] | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F/13 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F23{)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F13/ | F431 | F12/ | Fj21 | F312 | F213 | F342 | F243) —
true
| 4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
| 4, false, false, true, (F124 | F431 | F213 | F342) —
true
| 5, true, false, false, (F143 | F412 | F321 | F234)
| 5, false, true, false, (F814 | F241 | F132 | F423)
| b, false, false, true, (F1534 | F421 | F312 | F243) —
true
| 6, true, false, false, (F134 | F132 | F31/ | F312 | F241 | F243 | F421 | F{23)
| 6, false, true, false, (F213 | F{13 | F2531 | F431 | F124 | F324 | F142 | F342)
| 6, false, false, true, (F143 | F123 | F3/1 | F321 | F412 | F21/ | F432 | F234) —
true
| 7, true, false, false, (F154 | F312 | F421 | F243)
| 7, false, true, false, (F413 | F231 | F142 | F324)
| 7, false, false, true, (F143 | F321 | F412 | F432) —
true
| 8, true, false, false, (F152 | F314 | F241 | F423)
| 8, false, true, false, (F2153 | F431 | F124 | F342)
| 8, false, false, true, (F123 | F341 | F214 | F234) —
true
| - — false
end

| - — true

Match a set of flavors to a set of momenta. Form the direct product for the lists of momenta two and three
with the list of couplings and flavors two and three.

let flavor_keystone select_p dim (f1, f23) (p1, p23) =
({ A.flavor = f1;

A.momentum = P.of _ints dim p1 },
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Product.fold2 (fun (¢, f) p acc —
try
let p' = PT.map (P.of _ints dim) p in
if select_p (P.of —ints dim p1) (PT.to_list p') A kmatriz_cuts ¢ p’ then
(¢, PT.map2 (fun f" p" — { A.flavor = f";
A.momentum = p” }) f p') = acc
else
ace
with
| PT.Mismatched_arity — acc) f28 p23 [])

Produce all possible combinations of vertices (flavor keystones) and momenta by forming the direct product.
The semantically equivalent Product.list2 (flavor_keystone select_wf n) wvertices keystones with subsequent
filtering would be a very bad idea, because a potentially huge intermediate list is built for large models. E. g. for
the MSSM this would lead to non-termination by thrashing for 2 — 4 processes on most PCs.

let flavor_keystones filter select_p dim vertices keystones =
Product.fold2 (fun v k acc —
filter (flavor_keystone select_p dim v k) acc) vertices keystones []

Flatten the nested lists of vertices into a list of attached lines.

let flatten_keystones t =
ThoList.flatmap (fun (p1, p23) —
pl = (ThoList.flatmap (fun (-, rhs) — PT.to_list Ths) p23)) t

Subtrees

Fuse a tuple of wavefunctions, keeping track of Fermi statistics. Record only the the sign relative to the children.
(The type annotation is only for documentation.)

let fuse select_wf select_vtx wfss : (A.wf X stat x A.rhs) list =
if PT.for_all (fun (wf, ) — is_source wf) wfss then
try
let wfs, ss = PT.split wfss in
let flavors = PT.map A.flavor wfs
and momenta = PT.map A.momentum wfs in
let p = PT.fold_left_internal P.add momenta in
List.fold _left
(fun acc (f, ¢) —
if select_wf f p (PT.to_list momenta)
A select_vtz ¢ f (PT.to_list flavors)
A kmatriz_cuts ¢ momenta then
let s = S.stat_fuse (fermion_lines c) (PT.to_list ss) f in
let flip = PT.fold_left (fun acc s’ — acc x stat_sign s') (stat_sign s) ss in
({ A.flavor = f;
A.momentum = p }, s,
({ A.sign = flip;
A.coupling = ¢ }, wfs)) :: acc
else
acc)
[] (fuse-rhs flavors)
with
| P.Duplicate - | S.Impossible — []
else

[]

Eventually, the pairs of tower and dag in fusion_tower’ below could and should be replaced by a graded
DAG. This will look like, but currently tower containts statistics information that is missing from dag:

Type node = flavor * p is not compatible with type wf * stat
This should be easy to fix. However, replacing type t = wf with type t = wf X stat is not a good idea

because the variable stat makes it impossible to test for the existance of a particular wf in a DAG.
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@ In summary, it seems that (wf X stat) list array x A.D.t should be replaced by (wf — stat) x A.D.t.

module GF =
struct
module Nodes =
struct
type t = A.wf
module G = struct type ¢ = int let compare = compare end
let compare = A.order_wf
let rank wf = P.rank wf.A.momentum
end
module Fdges = struct type t = A.coupling let compare = compare end
module F = DAG.Forest(PT)(Nodes)(Edges)
type node = Nodes.t
type edge = F'.edge
type children = F.children
typet = F.t
let compare = F.compare
let for_all = F.for_all
let fold = F.fold
end

module D’ = DAG.Graded(GF)

let tower_of _dag dag =
let -, maz_rank = D’'.min_max_rank dag in
Array.init maz_rank (fun n — D’.ranked n dag)

The function fusion_tower’ recursively builds the tower of all fusions from bottom up to a chosen level. The
argument tower is an array of lists, where the i-th sublist (counting from 0) represents all off shell wave functions
depending on 7 + 1 momenta and their Fermistatistics.

[{¢1(p1)7 B2(p2), p3(p3), - -},

{¢12(p1 +p2)7 ¢’/12(p1 +p2)a ER ) ¢13(p1 +p3)7 sy ¢)23(p2 +p3)7 .. '}a (15 6)

{B1on(Pr+ 4 Pu)s Shn(Pr o +0), ]

The argument dag is a DAG representing all the fusions calculated so far. NB: The outer array in tower is
always very short, so we could also have accessed a list with List.nth. Appending of new members at the end
brings no loss of performance. NB: the array is supposed to be immutable.

The towers must be sorted so that the combinatorical functions can make consistent selections.

Intuitively, this seems to be correct. However, one could have expected that no element appears twice and
that this ordering is not necessary ...

let grow select_wf select_vtx tower =
let rank = succ (Array.length tower) in
List.sort Stdlib.compare
(PT.graded-sym_power_fold rank
(fun wfs acc — fuse select_wf select_vtx wfs @ acc) tower [])

let add_offspring dag (wf, -, rhs) =
A.D.add_offspring wf rhs dag

let filter _offspring fusions =
List.map (fun (wf, s, =) — (wf, s)) fusions

let rec fusion_tower’ n_maz select_wf select_vtx tower dag : (A.wf x stat) list array x A.D.t =
if Array.length tower > n_max then
(tower, dag)
else
let tower’ = grow select_wf select_vtr tower in
fusion_tower’ n_maz select _wf select_vtx
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(Array.append tower |[|filter _offspring tower'|])
(List.fold _left add_offspring dag tower’)

Discard the tower and return a map from wave functions to Fermistatistics together with the DAG.

let make_external_dag wfs =

List.fold _left (fun m (wf, -) — A.D.add_node wf m) A.D.empty wfs

let mized_fold_left f acc lists =
Array.fold_left (List.fold_left f) acc lists

module WEF = struct type t = A.wf let compare = A.order_wf end
module FWMap = Map.Make( WF)

let fusion_tower height select_wf select_vtx wfs : (A.wf — stat) x A.D.t =
let tower, dag =
fusion_tower’ height select_wf select_vtx [|wfs|] (make_external_dag wfs) in
let stats = mized_fold_left
(fun m (wf, s) — FWMap.add wf s m) FWMap.empty tower in
((fun wf — FWMap.find wf stats), dag)

Calculate the minimal tower of fusions that suffices for calculating the amplitude.

let minimal _fusion_tower n select_wf select_vtx wfs : (Awf — stat) x A.D.t =
fusion_tower (T.max_subtree n) select_wf select_vtx wfs

Calculate the complete tower of fusions. It is much larger than required, but it allows a complete set of gauge
checks.

let complete_fusion_tower select_wf select_vtx wfs : (A.wf — stat) x A.D.t =
fusion_tower (List.length wfs — 1) select_wf select_vtx wfs

There is a natural product of two DAGs using fuse. Can this be used in a replacement for fusion_tower?
The hard part is to avoid double counting, of course. A straight forward solution could do a diagonal sum (in
order to reject flipped offspring representing the same fusion) and rely on the uniqueness in DAG otherwise.
However, this will (probably) slow down the procedure significanty, because most fusions (including Fermi
signs!) will be calculated before being rejected by DAG().add-offspring.

Add to dag all Goldstone bosons defined in tower that correspond to gauge bosons in dag. This is only required
for checking Slavnov-Taylor identities in unitarity gauge. Currently, it is not used, because we use the complete
tower for gauge checking.

let harvest_goldstones tower dag =
A.D.fold_nodes (fun wf dag’ —
match M .goldstone wf.A.flavor with
| Some (g, -) —
let wf’ = { wf with A.flavor = ¢ } in
if A.D.is_node wf’ tower then begin
A.D.harvest tower wf’ dag’
end else begin
dag’
end
| None — dag’) dag dag

Calculate the sign from Fermi statistics that is not already included in the children.
let strip_fermion_lines = function
| (Coupling. V3 _ | Coupling. V4 _asv) — v

| Coupling. Vn (Coupling. UFO (c, 1, s, fl, col), f, ) —
Coupling. Vn (Coupling. UFO (¢, 1, s, [], col), f, x)

let num_fermion_lines_v8 = function
| Coupling. FBF _ | Coupling.PBP _ | Coupling.BBB _ | Coupling. GBG - — 1
| - — 0
let num_fermion_lines = function
| Coupling. Vn (Coupling. UFO (c, I, s, fl, col), f, ©) — List.length fl
| Coupling. V3 (v3, -, =) — num_fermion_lines_v3 v3
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| Coupling. V4 - — 0

let stat_keystone v stats wfl wfs =
let wfl’ = stats wfl
and wfs’ = PT.map stats wfs in
let f = A.flavor wfl in
let slist = wf1l’ :: PT.to_list wfs’ in

let stat = S.stat_keystone (fermion_lines v) slist f in
(* We can compare with the legacy implementation only if there are no fermion line ambiguities possible,

i.e. for at most one line. x)
if num_fermion_lines v < 2 then

begin
let legacy = S.stat_keystone None slist f in
if = (S.equal stat legacy) then
failwith
(Printf .sprintf
"Fusion.stat_keystone: /s, <> ks!"
(S.stat_to_string legacy)
(S.stat_to_string stat));
if = (S.saturated legacy) then
failwith
(Printf .sprintf
"Fusion.stat_keystone: legacy incomplete: %s!"
(S.stat_to_string legacy))
end;
if = (S.saturated stat) then
failwith
(Printf .sprintf
"Fusion.stat_keystone: incomplete: %s!"
(S.stat_to_string stat));

stat_sign stat
x PT.fold_left (fun acc wf — acc x stat_sign wf) (stat_sign wfl’) wfs’'

let stat_keystone_logging v stats wfl wfs =
let sign = stat_keystone v stats wfl wfs in

Printf .eprintf
"Fusion.stat_keystone: %s * hsu->ukd\n"
(M .flavor _to_string (A.flavor wfl))
(ThoList.to_string
(fun wf — M.flavor_to_string (A.flavor wf))
(PT.to_list wfs))
stgn;
stgn
Test all members of a list of wave functions are defined by the DAG simultaneously:

let test_rhs dag (-, wfs) =
PT.for_all (fun wf — is_source wf A A.D.is_node wf dag) wfs

Add the keystone (wfI, pairs) to acc only if it is present in dag and calculate the statistical factor depending

on stats en passant:
let filter _keystone stats dag (wfl, pairs) acc
if is_source wfl N A.D.is_node wfl dag then
match List.filter (test_rhs dag) pairs with

| [] — acc
| pairs’ — (wfl, List.map (fun (¢, wfs) —
({ A.sign = stat_keystone c stats wfl wfs;
A.coupling = ¢},
wfs)) pairs’) :: acc

else
acc
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al3

Figure 15.2: The DAGs for Bhabha scattering before and after weeding out unused nodes. The blatant
asymmetry of these DAGs is caused by our prescription for removing doubling counting for an even number of
external lines.
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Figure 15.3: The DAGs for ete™ — udiu‘ﬂu before and after weeding out unused nodes.

Figure 15.4: The DAGs for e*e~ — uddu before and after weeding out unused nodes.
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Amplitudes

module C' = Cascade.Make(M)(P)
type selectors = C.selectors
type slicings = Orders.Conditions(Colorize . It(M)).t

let external_wfs n particles =
List.map (fun (f, p) —
({ A.flavor = f;
A.momentum = P.singleton n p },
stat f p)) particles

Main Function

module WFMap = Map.Make( WF)

This is the main function that constructs the amplitude for sets of incoming and outgoing particles and returns
the results in conveniently packaged pieces.

let amplitude goldstones selectors fin fout =
Set up external lines and match flavors with numbered momenta.

let f = fin Q@ List.map M .conjugate fout in
let nin, nout = List.length fin, List.length fout in
let n = nin + nout in
let externals = List.combine f (ThoList.range 1 n) in
let wfs = external_wfs n externals in
let select_p = C.select_p selectors in
let select_wf =

match fin with

| [-] = C.select_wf selectors P.Decay.timelike

| - — C.select_wf selectors P.Scattering.timelike in
let select_vtx = C.select_vtx selectors in

Build the full fusion tower (including nodes that are never needed in the amplitude).

let stats, tower =
if goldstones then
complete_fusion_tower select_wf select_vtr wfs
else
minimal _fusion_tower n select_wf select_vtz wfs in

Find all vertices for which all off shell wavefunctions are defined by the tower.

let brakets =
flavor _keystones (filter _keystone stats tower) select_p n
(filter _vertices select_vtx
(vertices (min n (M.max_degree ())) (M.flavors ())))
(T .keystones (ThoList.range 1 n)) in

Remove the part of the DAG that is never needed in the amplitude.

let dag =
if goldstones then
tower
else
A.D.harvest_list tower (A.wavefunctions brakets) in

Remove the leaf nodes of the DAG, corresponding to external lines.

let fusions =
List.filter (function (-, []) — false | - — true) (A.D.lists dag) in

Calculate the symmetry factor for identical particles in the final state.

let symmetry =
Combinatorics.symmetry fout in
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let dependencies_map =
A.D.fold (fun wf - — WFMap.add wf (A.D.dependencies dag wf)) dag WFMap.empty in

Finally: package the results:

{ A.fusions = fusions;
A.brakets = brakets;
A.on_shell = (fun wf — C.on_shell selectors (A.flavor wf) wf.A.momentum);

A.is_gauss = (fun wf — Cl.is_gauss selectors (A.flavor wf) wf.A.momentum);
A.constraints = C.description selectors;

A.slicings = [];

A.incoming = fin;

A.outgoing = fout;

A.externals = List.map fst wfs;

A.symmetry = symmetry;

A.dependencies = (fun wf — WFMap.find wf dependencies_map);
A.fusion_tower = tower;

A.fusion_dag = dag }

Color

module CM = Colorize It(M)
module CA = Amplitude(PT)(P)(CM)(Unsliced)

let colorize_wf flavor wf =
{ CA.flavor = flavor;
CA.momentum = wf.A.momentum }
let uncolorize_wf wf =

{ A.flavor = CM.flavor_sans_color wf.CA.flavor;
A.momentum = wf.CA.momentum }

At the end of the day, I shall want to have some sort of fibered DAG as abstract data type, with a projection
of colored nodes to their uncolored counterparts.

module CWFBundle = Bundle.Make

(struct
type elt = CA.wf
let compare_elt = compare
type base = A.wf
let compare_base = compare
let pi = wuncolorize _wf

end)

For now, we can live with simple aggregation:
type fibered_dag = { dag : CA.D.t; bundle : CWFBundle.t }

O’Caml is perfectly able to infer the types of the following functions by itself, but it helps our understanding
to spell them out explicitely and to introduce type abbreviations.

The function f : wf _colorizer takes a leaf wavefunction from the uncolored DAG and a fibered_dag and returns
a colored node together with an updated bundle.

type wf _colorizer = A.wf — fibered_dag — CA.wf x CWFBundle.t

colorize_sterile_nodes applies this function and adds the colored wavefunction to the colored DAG. Below, clo-

sures build from colorize_sterile_nodes will be passed to A.D.fold _nodes to lay the foundation for the colorized
DAG.

let colorize_sterile_nodes : A.D.t — wf_colorizer — A.wf — fibered_dag — fibered_dag =
fun dag f wf fibered_dag —
if A.D.is_sterile wf dag then
let wf’, wf_bundle’ = f wf fibered_dag in
{ dag = CA.D.add_-node wf' fibered_dag.dag;
bundle = wf_bundle’ }
else
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fibered_dag

The function f : mnode_colorizer takes a fusion from the uncolored DAG and a fibered_dag and returns a list
of colored fusions etc. together with an updated bundle.

type colored_fusion = CA.D.node x (CA.D.edge x CA.D.children)
type node_colorizer =
A.D.node — A.D.edge x A.D.children — fibered_dag — colored_fusion list x CWFBundle.t

The colored fusions are added to the colored DAG. Below, closures build from colorize_nodes will be passed to
A.D.fold to complete the construction of the colorized DAG.

let colorize_nodes : node_colorizer — A.wf — A.rhs — fibered_dag — fibered_dag =
fun f wf rhs fibered_dag —
let wf_rhs_list’, wf_bundle’ = f wf rhs fibered_dag in
let dag’ =
List.fold_right
(fun (wf’, rhs’) — CA.D.add_offspring wf’ rhs’)
wf _rhs_list’ fibered _dag.dag in
{ dag = dag’;
bundle = wf_bundle’ }

Build a colorized DAG as a fibered_dag from an uncolored DAG growing the wf_bundle. In our applications,
the initial wf -bundle will contain the colorized external wavefunctions.

let colorize_dag : mnode_colorizer — wf _colorizer — A.D.t — CWFBundle.t — fibered_dag =
fun f_node f_ext dag wf _bundle —
A.D.fold (colorize_nodes f_node) dag
(A.D.fold_nodes (colorize_sterile_nodes dag f_ext) dag
{ dag = CA.D.empty; bundle = wf_bundle })

This is only a consistency check, verifying that the fiber of the fibered_dag that projects to wf contains one and
only one element.

let colorize_external : wf_colorizer =
fun wf fibered_dag —
match CWFBundle.inv_pi fibered_dag.bundle wf with
| [e-wf] — (c-wf, fibered_dag.bundle)
| [] — failwith "colorize_external: mnot found"
| - — failwith "colorize_external: not unique"

Take the wavefunctions in the rhs and compute all colored fusions according to the colored Feynman rules.
Keep only the flavors that match wf without colors and apply the kmatriz_cuts filter if necessary. While this
ist color independent, it must be done again, because CM .fuse will reintroduce all couplings that might have
been filtered out before.

let fuse_c_wf : Awf — CAwf CA.children — (CM.flavor x CM.constant Coupling.t) list =
fun wf rhs —

let momenta = PT.map (fun wf — wf.CA.momentum) rhs in
List.filter
(fun (f, ¢) —
CM .flavor_sans_color f = wf.A.flavor A kmatriz_cuts ¢ momenta)

(CM .fuse (List.map (fun wf — wf.CA.flavor) (PT.to_list rhs)))

let fuse_c_wf_logging wf rhs =
let fusion = fuse_c_wf wf rhs in
Printf .eprintf
"fuse_c_wf%s (%s)uhs=>%s\n"
(M .flavor _to_string wf.A.flavor)
(ThoList.to_string string_of —int (P.to_ints wf.A.momentum))
(ThoList.to_string
(fun wf —
Printf.sprintf "%s (%s)"
(CM .flavor _to_string wf.CA.flavor)
(ThoList.to_string string_of —int (P.to_ints wf.CA.momentum)))
(PT.to_list rhs))
(ThoList.to_string (fun (f, -) — CM.flavor_to_string f) fusion);
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fusion

let colorize_coupling ¢ coupling =
{ CA.sign = coupling.A.sign;
CA.coupling = ¢}

Look up all colored versions of the children in the fibered_dag.

let find_colored fibered_dag wf =
CWFBundle.inv_pi fibered_dag.bundle wf

All combinations of colored versions of the children.

let colored_children_list fibered_dag children =
PT.product (PT.map (find_colored fibered_dag) children)

colorize_fusion wf rhs fibered_dag uses all colored versions of the wave functions on the rhs in the fibered _dag
and returns all fusions (according to fuse_c_wf) with matching flavor together with the updated fibered _dag,
including the new colored wave functions.
let match_flavor f' (f, -) =
CM .flavor_sans_color | = [’

let colorize_fusion : node_colorizer =
fun wf (coupling, children) fibered_dag —
let fuse colored_children = fuse_c_wf wf colored_children
and colorize colored_children (f, ¢) =

(colorize_wf [ wf, (colorize_coupling ¢ coupling, colored_children)) in
let fusions =
ThoList.flatmap
(fun colored  children —
List.map (colorize colored_children) (fuse colored_children))

(colored _ children _list fibered_dag children) in
let bundle =

List.fold _left
(fun acc (cowf, -) — CWFBundle.add acc c_wf)

fibered_dag.bundle fusions in
(fusions, bundle)

Since each PArray.Alist.t has a unique representation, we can write CM .conjugate bra.CA.flavor = f instead
of CM .flavor_equal (CM .conjugate bra.CA.flavor) f again.

Note that we must only keep the bras and kets with matching colors.

TODO: avoid building intermediate lists that must be factorized again using the approach for coupling
orders slicing below.

let colorize_braket! fibered_dag wf (coupling, children) =

Product.fold2
(fun bra ket acc —
let bra_bar = wuncolorize_wf (CA.conjugate bra) in

List.fold _left
(fun brakets (f, ¢) —
if CM .conjugate bra.CA.flavor = f then

(bra, (colorize_coupling ¢ coupling, ket)) :: brakets
else

brakets)
acc (fuse_c_wf bra_bar ket))
(find_colored fibered_dag wf) (PT.product (PT.map (find-colored fibered_dag) children)) []

module CWF = struct type t = CA.wf let compare CA.order_wf end
module CRHS = struct type t = CA.rhs let compare = compare end
module CWFSet = Set.Make(CWF)

module CWEMap = Map.Make(CWF)
module CRHSMap = ThoMap.Buckets(CWF)(CRHS)

CRHSMap.factorize takes a list of (bra, ket) pairs and groups the kets according to bra. This is very similar

to ThoList.factorize on page 683, but the latter keeps duplicate copies, while we keep only one, with equality
determined by CA.order_wf.
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let colorize_braket fibered_dag (wf, rhs_list) =
CRHSMap.factorize _batches (List.map (colorize_braketl fibered_dag wf) rhs_list)

colorize_amplitude a fin fout takes an amplitude a for uncolored particles and colored incoming particles fin
and outgoing particles fout and returns the corresponding colored amplitude.

let colorize_amplitude a fin fout =
let f = fin Q List.map CM.conjugate fout in
let nin, nout = List.length fin, List.length fout in
let n = nin + nout in
let externals = List.combine f (ThoList.range 1 n) in
let external_wfs = CA.external_wfs n externals in
let wf_bundle = CWFBundle.of _list external_wfs in
let fibered_dag = colorize_dag colorize_fusion colorize_external a.A.fusion_dag wf_bundle in
let brakets = ThoList.flatmap (colorize_braket fibered_dag) a.A.brakets in
let dag = CA.D.harvest_list fibered_dag.dag (CA.wavefunctions brakets) in
let fusions = List.filter (function (-, []) — false | - — true) (CA.D.lists dag) in
let dependencies_map =
CA.D.fold (fun wf - — CWFMap.add wf (CA.D.dependencies dag wf)) dag CWFMap.empty in
{ CA.fusions = fusions;
CA.brakets = brakets;
CA.constraints = a.A.constraints;
CA.slicings = a.A.slicings;
CA.incoming = fin;
CA.outgoing = fout;
CA.externals = external _wfs;
CA.fusion_dag = dag;
CA.fusion_tower = dag;
CA.symmetry = a.A.symmetry;
CA.on_shell = (fun wf — a.A.on_shell (uncolorize_wf wf));
CA.is_gauss = (fun wf — a.A.is_gauss (uncolorize_wf wf));
CA.dependencies = (fun wf — CWFMap.find wf dependencies_-map) }

let colorize_amplitudes a =
List.fold _left

(fun amps (fin, fout) —
let amp = colorize_amplitude a fin fout in
match amp.CA.brakets with
| [] = amps
| - — amp :: amps)

[] (CM.amplitude a.A.incoming a.A.outgoing)

let amplitudes_unsliced goldstones selectors fin fout =
colorize_amplitudes (amplitude goldstones selectors fin fout)

let amplitude_sans_color goldstones selectors fin fout =
amplitude goldstones selectors fin fout

Coupling Order Slicing

The following is structurally rather similar to the application of Colorize.lt() above. Unfortunately, there are
enough differences that will make a unification rather complicated.

Unfortunately, the O’Caml type checker insists on Orders.Conditions(Colorize. It(M)) here and everywhere.
The more concise and superficially equivalent Orders.Conditions(CM) will lead to type errors down the road,
when the Fusion.Make functor is applied. The problem appears to be that CM is not available in the type
constraints for the functors.

The prefix SC to these and the following modules should be read as “sliced-colorized” or “colorized and sliced”:

module COC = Orders.Conditions(Colorize. It(M))
module SCM = Orders.Slice( Colorize.It(M))

module By_Orders =
struct
type orders = SCM .orders
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type a t = (orders x «) list
let all a = [([], a)]
end

module SCA = Amplitude(PT)(P)(SCM)(By-Orders)
type « slices = a SCA.slices
type amplitude = SCA.t

let slice_wf flavor wf =
{ SCA.flavor = flavor;

SCA.momentum = wf.CA.momentum }

let unslice_wf wf =
{ CA.flavor = SCM .flavor_all_orders wf.SCA.flavor;
CA.momentum = wf.SCA.momentum }

module SCWF = struct type t = SCA.wf let compare = SCA.order_wf end

module SCWESet = Set.Make(SCWF)
module SCWFBundle = Bundle.Make

(struct
type elt = SCA.wf
let compare_elt = compare
type base = CA.wf
let compare_base = compare
let pi = wunslice_wf

end)

let allowed amplitude =
match amplitude.SCA.brakets with
| [] — false
| - — true

type flavor = SCA.flavor

type flavor_all_orders = CA.flavor
type flavor_sans_color = A.flavor
typep = Ap

type wf = SCA.wf

let conjugate = SCA.conjugate

let flavor = SCA.flavor

Implementation of Fusion

let flavor_sans_color wf = CM.flavor_sans_color (SCM .flavor_all_orders (SCA.flavor wf))

let momentum = SCA.momentum
let momentum_list = SCA.momentum_list

type coupling = SCA.coupling

let sign = SCA.sign
let coupling = SCA.coupling

type a children = o SCA.children
type rhs = SCA.rhs
let children = SCA.children

type fusion = SCA.fusion
let lhs = SCA.lhs
let rhs = SCA.rhs

type braket = SCA.braket
let bra = SCA.bra
let ket = SCA.ket

type amplitude_sans_color = A.t

Accessor Functions

let incoming = SCA.incoming
let outgoing = SCA.outgoing
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let externals = SCA.externals
let fusions = SCA.fusions

let brakets = SCA.brakets

let symmetry = SCA.symmetry
let on_shell = SCA.on_shell

let is_gauss = SCA.is_gauss

let constraints = SCA.constraints

let slicings = SCA.slicings

let variables a = List.map lhs (fusions a)

let dependencies = SCA.dependencies
let flavor_all_orders wf = SCM .flavor_all_orders (SCA.flavor wf)

type sliced_fibered _dag =
{ sliced_dag : SCA.D.t; sliced_bundle : SCWFBundle.t }

type wf _slicer = CA.wf — sliced_fibered_dag — SCA.wf x SCWFBundle.t

let slice_sterile_nodes : CA.D.t — wf_slicer — CA.D.node — sliced_fibered_dag — sliced_fibered_dag =

fun dag f wf fibered_dag —
if CA.D.is_sterile wf dag then

let wf’, wf_bundle’ = f wf fibered_dag in

{ sliced_dag = SCA.D.add_node wf’ fibered_dag.sliced -dag;

sliced _bundle = wf_bundle’ }

else

fibered_dag

type sliced _fusion = SCA.wf x SCA.rhs
type node_slicer = CA.wf — CA.rhs — sliced_fibered_dag — sliced_fusion list x SCWFBundle.t

let slice_nodes : mnode_slicer — CA.wf — CA.rhs — sliced_fibered_dag — sliced_fibered_dag =
fun f wf rhs fibered_dag —
let wf_rhs_list’, wf_bundle’ = f wf rhs fibered_dag in
let dag’ =
List.fold_right
(fun (wf’, rhs’) — SCA.D.add_offspring wf’ rhs’)
wf _rhs_list’ fibered _dag.sliced _dag in
{ sliced_dag = dag';
sliced_bundle = wf_bundle’ }

let slice_dag : mode_slicer — wf_slicer — CA.D.t — SCWFBundle.t — sliced_fibered_dag =
fun f_node f_ext dag wf _bundle —
CA.D.fold (slice_nodes f_node) dag
(CA.D.fold_nodes (slice_sterile_nodes dag f_ext) dag
{ sliced-dag = SCA.D.empty; sliced_bundle = wf_bundle })

let slice_external : wf_slicer =
fun wf fibered_dag —
match SCWFBundle.inv_pi fibered_dag.sliced _bundle wf with
| [ecwf] — (c-wf, fibered_dag.sliced_bundle)
| [] — failwith "slice_external: not,found"
| - — failwith "slice_external: not unique"

let coupling_orders = function
| Coupling. V3 (-, _, ¢) | Coupling. V4 (-, —, ¢) | Coupling.Vn (-, _, ¢) —
CM .coupling _orders ¢

let coupling_orders_to_string co =

ll{ll ~
String.concat " ,"
(List.map (fun (0, n) — CM.coupling_order_to_string o ~ ":" ~ string_of _int n) co) ~ "}"

Ideally, one would want to test for the allowed coupling constants with COC.constant early inside of
SCM .fuse. However, this requires a more general signature than fuse in Model.T. Let’s see if this is
worth the effort.
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let fuse_s_wf : COC.t — CAwf — SCA.wf SCA.children — (SCM .flavor x SCM .constant Coupling.t) list =
fun slicings wf rhs —
let momenta = PT.map (fun wf — wf.SCA.momentum) rhs in
List.filter
(fun (f, ¢) —
SCM .flavor_all_orders f = wf.CA.flavor
A COC.constant slicings (coupling_orders c)
A COC .fusion slicings (SCM .orders f)
A kmatriz_cuts ¢ momenta)
(SCM .fuse (List.map (fun wf — wf.SCA.flavor) (PT.to_list Ths)))

let slice_coupling ¢ coupling =
{ SCA.sign = coupling.CA.sign;
SCA.coupling = ¢ }

Look up all versions of the children in the fibered _dag.

let find_sliced fibered_dag wf =
SCWFBundle.inv_pi fibered _dag.sliced_bundle wf

All combinations of the children with different coupling orders.

let sliced _children_list fibered_dag children =
PT.product (PT.map (find_sliced fibered_dag) children)

let slice_fusion : COC.t — mnode_slicer =
fun slicings wf (coupling, children) fibered_dag —
let fuse sliced_children = fuse_s_wf slicings wf sliced_children
and slice sliced_children (f, ¢) =
(slice_wf f wf, (slice—coupling ¢ coupling, sliced_children)) in
let fusions =
ThoList.flatmap
(fun sliced _children —
List.map (slice sliced -children) (fuse sliced - children))
(sliced - children_list fibered_dag children) in
let bundle =
List.fold _left
(fun acc (s—wf, -) — SCWFBundle.add acc s_wf)
fibered _dag.sliced _bundle fusions in
(fusions, bundle)

When producing all combinations of coupling orders, bras and kets, we need to group them by common coupling
orders and by common bras. This is most straightforwardly (and asymptotically efficiently) done by constructing
a map from coupling orders to maps from bras to sets of kets.

For this we need to order the sets of coupling orders, bras (wave functions) and kets (right hand sides)

module CO = struct type t = SCM.orders let compare = compare end
module SCBra = struct type t = SCA.wf let compare = SCA.order_wf end
module SCKet = struct type t = SCA.rhs let compare = compare end

in order to define maps from coupling orders and from bras

module COMap = Map.Make(CO)
module SCBraMap = Map.Make(SCBra)

as well a buckets for kets, indexed by bras:

module SCKetBuckets = ThoMap.Buckets(SCBra)(SCKet)
type comap = SCKetBuckets.t COMap.t

let comap_to_lists : comap — (SCM.orders x SCA.braket list) list =
fun comap —
List.rev (COMap.fold (fun orders brakets acc — (orders, SCKetBuckets.to_lists brakets) :: acc) comap [])

Add ket to the set indexed by bra in the map from bras to sets of kets indexed by orders in omap. Initialize
the inner map if it doesn’t exist yet.

let addto_orders_map : comap — SCM.orders — SCA.wf — SCA.rhs — comap =
fun omap orders bra ket —
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let bra_ket_map =
match COMap.find_opt orders omap with
| None — SCKetBuckets.empty
| Some bkmap — bkmap in
COMap.add orders (SCKetBuckets.add bra ket bra_ket_map) omap

let _find_sliced fibered _dag wf =
let wf _list = find_sliced fibered_dag wf in
Printf.eprintf "find_sliced_ %sy->_%s\n"
(CM .flavor _to_string (CA.flavor wf))
(ThoList.to_string
(fun wf — SCM.flavor_to_string (SCA.flavor wf))
wf _list);
wf _list

Take a left hand side and a right hand side, construct all allowed combinations of coupling orders and add them
to our collection.

let slice_braket1 : COC.t — sliced_fibered_dag — CA.wf — CA.rhs — comap — comap =
fun conditions fibered_dag wf (coupling, children) comap —
Product.fold2
(fun bra children comap —
let bra_bar = wunslice_wf (SCA.conjugate bra) in
List.fold_left
(fun comap (f, ¢) —
let orders = SCM.add_orders (SCM.orders bra.SCA.flavor) (SCM .orders f) in
match COC .braket conditions orders with
| Some orders — addto_orders_map comap orders bra (slice_coupling ¢ coupling, children)
| None — comap)
comap (fuse_s_wf conditions bra_bar children))
(find_sliced fibered_dag wf) (PT.product (PT.map (find_sliced fibered_dag) children)) comap

let slice_braket : COC.t — sliced_fibered_dag — CA.braket — comap — comap =
fun slicings fibered_dag (wf, rhs_list) comap —
List.fold _right (slice_braketl slicings fibered_dag wf) rhs_list comap

let slice_brakets : COC.t — sliced_fibered_dag — CA.braket list = (SCM .orders x SCA.braket list) list =
fun slicings fibered_dag brakets —
comap_to_lists (List.fold_right (slice_braket slicings fibered_dag) brakets COMap.empty)

let slice_amplitude slicings a =
let trivial = List.map (fun co — (co, 0)) (COC.exclusive_fusion slicings) in
let fin, fout = SCM.amplitude trivial a.CA.incoming a.CA.outgoing in
let f = fin Q List.map SCM .conjugate fout in
let nin, nout = List.length fin, List.length fout in
let n = nin 4+ nout in
let externals = List.combine f (ThoList.range 1 n) in
let external_wfs = SCA.external_wfs n externals in
let wf_bundle = SCWFBundle.of _list external_wfs in
let fibered_dag = slice_dag (slice_fusion slicings) slice_external a.CA.fusion_dag wf -bundle in
let sliced_brakets = slice_brakets slicings fibered_dag a.CA.brakets in
let brakets = ThoList.flatmap snd sliced _brakets in
let dag = SCA.D.harvest_list fibered_dag.sliced_dag (SCA.wavefunctions brakets) in
let fusions = List.filter (function (-, []) — false | - — true) (SCA.D.lists dag) in
let dependencies_map =
SCA.D.fold (fun wf - — SCBraMap.add wf (SCA.D.dependencies dag wf)) dag SCBraMap.empty in
{ SCA.fusions = fusions;
SCA.brakets = sliced_brakets;
SCA.constraints = a.CA.constraints;
SCA.slicings = COC.to_strings slicings;
SCA.incoming = fin;
SCA.outgoing = fout;
SCA.externals = external _wfs;
SCA.fusion_dag = dag;
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SCA.fusion_tower = dag;

SCA.symmetry = a.CA.symmetry;

SCA.on_shell = (fun wf — a.CA.on_shell (unslice_wf wf));
SCA.is_gauss = (fun wf — a.CA.is_gauss (unslice_wf wf));
SCA.dependencies = (fun wf — SCBraMap.find wf dependencies_map) }

let slice_amplitudes slicings amplitudes =
List.map (slice_amplitude slicings) amplitudes

For the benefit of Targets, we also copy the amplitudes to equivalent sliced amplitudes with empty coupling
orders. This way, we can use the same output routines for the sliced and unsliced amplitudes.

lift _amplitude is equivalent to slice_amplitude Orders.Condition.trivial, but it can shortcut SCM .fuse, since all
fusions and brakets are known.

let lift_wf wf =
slice_wf (SCM .trivial wf.CA.flavor) wf

let lift _coupling coupling =
{ SCA.sign = coupling. CA.sign;
SCA.coupling = coupling. CA.coupling }

let lift _external : wf _slicer =
fun wf fibered_dag —
(lift—wf wf, fibered_dag.sliced_bundle)

let lift _fusion : node_slicer =
fun wf (coupling, children) fibered_dag —
let wf = lift_wf wf
and coupling = lift_coupling coupling
and children = PT.map lift_wf children in
let sliced_bundle = SCWFBundle.add fibered_dag.sliced_bundle wf in
([ (wf, (coupling, children)) ], sliced_bundle )

let lift_dag : CA.D.t — SCWFBundle.t — sliced_fibered_dag =
fun dag wf_bundle —
slice_dag lift_fusion lift_external dag wf _bundle

let lift_braket : CA.braket — SCA.braket =

fun (wf, rhs) —

let wf = lift_wf wf

and rhs =

List.map

(fun (coupling, children) — (lift-coupling coupling, PT.map lift_wf children))
rhs in

(wf, hs)

let lift_amplitude a =
let fin = List.map SCM .trivial a.CA.incoming
and fout = List.map SCM .trivial a.CA.outgoing in
let f = fin Q List.map SCM .conjugate fout in
let nin, nout = List.length fin, List.length fout in

let n = nin + nout in
let externals = List.combine f (ThoList.range 1 n) in
let external_wfs = SCA.external_wfs n externals in

let wf_bundle = SCWFBundle.of _list external_wfs in
let fibered_dag = lift_dag a.CA.fusion_dag wf_bundle in
let brakets = List.map lift_braket a.CA.brakets in
let dag = SCA.D.harvest_list fibered_dag.sliced_dag (SCA.wavefunctions brakets) in
let fusions = List.filter (function (-, []) — false | - — true) (SCA.D.lists dag) in
let dependencies_map =

SCA.D.fold (fun wf - — SCBraMap.add wf (SCA.D.dependencies dag wf)) dag SCBraMap.empty in
{ SCA.fusions = fusions;

SCA.brakets = SCA.unsliced brakets;

SCA.constraints = a.CA.constraints;

SCA.slicings = [];

SCA.incoming = fin;
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SCA.outgoing = fout;

SCA.externals = external_wfs;

SCA.fusion_dag = dag;

SCA.fusion_tower = dag;

SCA.symmetry = a.CA.symmetry;

SCA.on_shell = (fun wf — a.CA.on_shell (unslice_wf wf));
SCA.is_gauss = (fun wf — a.CA.is_gauss (unslice_wf wf));
SCA.dependencies = (fun wf — SCBraMap.find wf dependencies_map) }

let lift_amplitudes amplitudes =
List.map lift_amplitude amplitudes

let amplitudes goldstones selectors slicings fin fout =
let a = amplitudes_unsliced goldstones selectors fin fout in
match slicings with
| None — lift_amplitudes a
| Some slicings — slice_amplitudes slicings a

let amplitudes_all_orders goldstones selectors fin fout =
lift_amplitudes (amplitudes_unsliced goldstones selectors fin fout)

let children_to_string children =
n (Il ~
String.concat "*"
(List.map (fun wf — SCM.flavor_to_string (SCA.flavor wf)) children) ~ ")"

let dump_sliced _amplitudes slicings sliced =
List.iter
(fun amplitude —
Printf.eprintf "amplitude %s,->_%s\n"
(String.concat " " (List.map SCM .flavor_to_string amplitude.SCA.incoming))
(String.concat " " (List.map SCM .flavor_to_string amplitude.SCA.outgoing));
List.iter
(fun (orders, brakets) —
Printf.eprintf "Luorder %s\n" (coupling_orders_to_string orders);
List.iter
(fun braket —
Printf .eprintf
"Luuubrakety (%s,u[hs]) \n"
(SCM .flavor _to_string (SCA.flavor (SCA.bra braket)))
(String.concat " ;"
(List.map
(fun ket —
coupling_orders_to_string (coupling-orders (SCA.coupling ket))
children_to_string (SCA.children ket))
(SCA.ket braket))))
brakets)
amplitude.brakets)
sliced

let _amplitudes goldstones selectors slicings fin fout =
let a = amplitudes goldstones selectors slicings fin fout in
match slicings with
| None — a
| Some slicings —
dump _sliced —_amplitudes slicings a;
begin match COC'.to_strings slicings with

=0

| slicings —

Printf.eprintf "' coupling orders selected\n";
List.iter (Printf.eprintf "1 %hs\n") slicings;

end;
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Checking Conservation Laws

let check_charges () =
let vlist3, vlist4, vlistn = M .vertices () in
List.filter
(fun flist — — (M.Ch.is_null (M.Ch.sum (List.map M .charges flist))))
(List.map (fun ((f1, f2, 13), -, =) — [f1; f2; f3]) vlist3
@ List.map (fun ((f1, 2, 3, f4), - -) — [ f2; f3; J4]) olists
@ List.map (fun (flist, _, _) — flist) vlistn)

Diagnostics

let all_brakets a =
ThoList.flatmap snd a.SCA.brakets

let count_propagators a =
List.length a.SCA.fusions

let count_fusions a =
let brakets = all_brakets a in
List.fold_left (fun n (-, a) — n + List.length a) 0 a.SCA.fusions
+ List.fold_left (funn (=, t) — n + List.length t) 0 brakets
+ List.length brakets

@ This brute force approach blows up for more than ten particles. Find a smarter algorithm.

let count_diagrams a =
List.fold_left (fun n (wfl, wf23) —
n + SCA.D.count_trees wfl a.SCA.fusion_dag x
(List.fold_left (fun n' (_, wfs) —
n’ + PT.fold_left (fun n” wf —
n” x SCA.D.count_trees wf a.SCA.fusion_dag) 1 wfs) 0 wf23))
0 (all_brakets a)

exception Impossible

let forest’ a =
let below wf = SCA.D.forest_memoized wf a.SCA.fusion_dag in
ThoList.flatmap
(fun (bra, ket) —
(Product.list2 (fun bra’ ket' — bra’ :: ket')
(below bra)
(ThoList.flatmap
(fun (-, wfs) —
Product.list (fun w — w) (PT.tolist (PT.map below wfs)))
ket)))
(all_brakets a)

let cross wf =
{ SCA.flavor = SCM .conjugate wf.SCA.flavor;
SCA.momentum = P.neg wf.SCA.momentum }

let fuse_trees wf ts =
Tree.fuse (fun (wf’, e) — (cross wf’, e))
wf (funt — List.mem wf (Tree.leafs t)) ts

let forest wf a =
List.map (fuse_trees wf) (forest’ a)

@ There’s a lot of redundancy here. This is not harmful, but very confusing and should be cleaned up.
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let poles_beneath wf dag =
SCA.D.eval_memoized (fun wf’ — [[]])
(fun wf’ _p — List.map (fun p’ — wf’ = p’) p)
(fun wfl wf2 —
Product.fold2 (fun wf’ wfs’ wfs” — (wf' Q@ wfs") = wfs”) wfl wf2 [])
(@) [[]] [[]] wf dag

let poles a =
ThoList.flatmap (fun (wfl, wf28) —
let poles_wfl = poles_beneath wfl a.SCA.fusion_dag in
(ThoList.flatmap (fun (-, wfs) —
Product.list List.flatten
(PT.to_list (PT.map (fun wf —
poles_wfl @ poles_beneath wf a.SCA.fusion_dag) wfs)))
wf23))
(all_brakets a)

let s_channel a =
SCWESet.elements
(ThoList.fold _right2
(fun wf wfs —

if P.Scattering.timelike wf.SCA.momentum then
SCWEFSet.add wf wfs

else
wfs) (poles a) SCWESet.empty)

@ This should be much faster! Is it correct? Is it faster indeed?

let poles’ a =
List.map SCA.lhs a.SCA.fusions

let s_channel a =
SCWEFSet.elements
(List.fold_right
(fun wf wfs —

if P.Scattering.timelike wf.SCA.momentum then
SCWFSet.add wf wfs

else
wfs) (poles’ a) SCWFSet.empty)

Pictures
Export the DAG in the dot (1) file format so that we can draw pretty pictures to impress audiences ...

let p2s p =
ifp >0 A p < 9then
string_of _int p
else if p < 36 then
String.make 1 (Char.chr (Char.code A’ + p — 10))
else

let variable wf =
SCM .flavor _symbol wf.SCA.flavor *
"_p" " String.concat "" (List.map p2s (P.to_ints wf.SCA.momentum))

let add_to_list i n m =
IMap.add i (n :: try IMap.find i m with Not_found — []) m

let classify_nodes dag =
IMap.fold (fun i n acc — (i, n) = acc)
(SCA.D.fold_nodes (fun wf — add_to_list (P.rank wf.SCA.momentum) wf)
dag IMap.empty) []

let dag_to_dot ch brakets dag =
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Printf.fprintf ch "digraph, OMEGA {\n";

SCA.D.iter_nodes (fun wf —
Printf .forintf ch "L \"%s\"y[Llabel = \"%s\"u];\n"

(variable wf) (variable wf)) dag;
List.iter (fun (=, wfs) —
Printf . fprintf ch " { rank = same;";

List.iter (fun n —
Printf .fprintf ch ".\"%s\";" (variable n)) wfs;
Printf .forintf ch " };\n") (classify-nodes dag);

List.iter (funn —
Printf .forintf ch " \"*\"u->u\"%s\";\n" (variable n))
(flatten_keystones brakets);

SCA.D.iter (fun n (-, ns) —
let p = wariable n in
PT.iter (funn' —

Printf . fprintf ch "oo\"%s\"u->u\"%s\";\n" p (variable n')) ns) dag;

Printf.fprintf ch "F\n"

let tower_to_dot ch a =
dag_to_dot ch (all_brakets a) a.SCA.fusion_tower

let amplitude_to_dot ch a =
dag_to_dot ch (all_brakets a) a.SCA.fusion_dag

Phasespace

let variable wf =

M .flavor _to_string wf.A.flavor *
"[" "~ String.concat "/" (List.map p2s (P.to-ints wf.A.momentum)) ~ "1"

let below_to_channel transform ch dag wf =
let n2s wf = wariable (transform wf)

and e2s ¢ = ""in
Tree2.to_channel ch n2s e2s (A.D.dependencies dag wf)

let bra_to_channel transform ch dag wf =
let tree = A.D.dependencies dag wf in
if Tree2.is_singleton tree then
let n2s wf = wvariable (transform wf)

and e2s ¢ = ""in
Tree2.to_channel ch n2s e2s tree

else
failwith "Fusion.phase_space_channels: wrong topology!"

let ket_to_channel transform ch dag ket

Printf . fprintf ch " (";
begin match A.children ket with

=0

| [child] — below_to_channel transform ch dag child

| child :: children —
below _to_channel transform ch dag child;

List.iter
(fun child —
Printf . fprintf ch ",";
below _to_channel transform ch dag child)
children
end;
Printf . fprintf ch ")"
let phase_space_braket transform ch (bra, ket) dag
bra_to_channel transform ch dag bra;
Printf .fprintf ch " {";
begin match ket with
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1= 0
| [ket1] —

Printf . fprintf ch ",";
ket_to_channel transform ch dag ketl
| ketl :: kets —
Printf . fprintf ch ",";
ket_to_channel transform ch dag ketl;
List.iter
(fun k —
Printf . forintf ch ".\\\nouulo";
ket_to_channel transform ch dag k)
kets
end;
Printf.fprintf ch " }\n"

let phase_space_channels_transformed transform ch a =
List.iter
(fun braket — phase_space_braket transform ch braket a.A.fusion_dag)
a.A.brakets

let phase_space_channels ch a =
phase_space_channels_transformed (fun wf — wf) ch a

let exchange_momenta_list p1 p2 p =
List.map
(fun pi —
if pi = pl then
p2
else if pi = p2 then
pl
else
i)
p

let exchange_momenta pl p2 p =
P.of _ints (P.dim p) (exchange_momenta_list pl p2 (P.to_ints p))

let flip_momenta wf =
{ wf with A.momentum = exchange_-momenta 1 2 wf.A.momentum }

let phase_space_channels_flipped ch a =
phase_space_channels_transformed flip_momenta ch a

end

module Binary = Make(Tuple.Binary)(Stat-Dirac)(Topology.Binary)

15.2.5 Fusitons with Majorana Fermions

let majorana_log silent logging = logging

let majorana_log silent logging = silent

let force_legacy = true

let force_legacy = false

module Stat_Majorana (M : Model.T) : (Stat with type flavor = M .flavor) =
struct

exception Impossible

type flavor = M .flavor

Keeping Track of Fermion Lines

JRR’s algorithm doesn’t use lists of pairs representing directed arrows as in Stat_Dirac().stat above, but a list
of integers denoting the external leg a fermion line connects to:
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type stat =
| Fermion of int x int list
| AntiFermion of int x int list
| Boson of int list
| Majorana of int x int list

let sign_of _permutation lines = fst (Combinatorics.sort_signed lines)

let lines_equivalent 11 12 =
sign_of _permutation 1 = sign_of _permutation 12

let stat_to_string s =
let open Printf in
let 12s = ThoList.to_string string-of —int in
match s with
| Boson lines — sprintf "B%s" (I2s lines)
| Fermion (p, lines) — sprintf "F(%d,u%s)" p (12s lines)
| AntiFermion (p, lines) — sprintf "A(%d,u%hs)" p (12s lines)
| Majorana (p, lines) — sprintf "M(%hd,u%s)" p (12s lines)

Writing all cases explicitely is tedious, but allows exhaustiveness checking.

let equal s1 s2 =

match s, s2 with

| Boson 1, Boson 12 —
lines_equivalent 11 12

| Majorana (p1, 11), Majorana (p2, 12)

| Fermion (pl1, l1), Fermion (p2, 12)

| AntiFermion (p1, 1), AntiFermion (p2, 12) —
pl = p2 A lines_equivalent 11 12

| Boson _, (Fermion _ | AntiFermion _ | Majorana _ )
| (Fermion - | AntiFermion - | Magjorana - ), Boson -
| Majorana —, (Fermion _ | AntiFermion _)

| (Fermion _ | AntiFermion ), Majorana _

| Fermion _ , AntiFermion _

| AntiFermion _ , Fermion - — false

The final amplitude must not be fermionic!

let saturated = function
| Boson - — true
| Fermion _ | AntiFermion - | Majorana - — false

stat f p interprets the numeric fermion numbers of flavor f at external leg p at creates a leaf:

let stat f p =
match M .fermion f with
| 0 — Boson |[]
| 1 — Fermion (p, [])
| —1 — AntiFermion (p, [])
| 2 = Majorana (p, [])
| - — dnvalid_arg "Fusion.Stat_Majorana: invalid,fermion, number"

The formalism of [7] does not distinguish spinors from conjugate spinors, it is only important to know in which
direction a fermion line is calculated. So the sign is made by the calculation together with an aditional one due
to the permuation of the pairs of endpoints of fermion lines in the direction they are calculated. We propose a
“canonical” direction from the right to the left child at a fusion point so we only have to keep in mind which
external particle hangs at each side. Therefore we need not to have a list of pairs of conjugate spinors and
spinors but just a list in which the pairs are right-left-right-left and so on. Unfortunately it is unavoidable to
have couplings with clashing arrows in supersymmetric theories so we need transmutations from fermions in
antifermions and vice versa as well.

Merge Fermion Lines for Legacy Models with Implied Fermion Connections

In the legacy case with at most one fermion line, it was straight forward to determine the kind of outgoing
line from the corresponding flavor. In the general case, it is not possible to maintain this constraint, when
constructing the n-ary fusion from binary ones.
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We can break up the process into two steps however: first perform unconstrained fusions pairwise .. .

let stat_fuse_pair_unconstrained s1 s2 =
match s, s2 with
| Boson 1, Boson 12 — Boson (11 @ [2)
| (Majorana (p1, 11) | Fermion (pl, l1) | AntiFermion (p1, 1)),
(Majorana (p2, 12) | Fermion (p2, 12) | AntiFermion (p2, 12)) —
Boson ([p2; pl1] Q11 @ [2)
| Boson 1, Majorana (p, 12) — Majorana (p, 11 @ [2)
| Boson 1, Fermion (p, 12) — Fermion (p, 11 Q [2)
| Boson U1, AntiFermion (p, 12) — AntiFermion (p, 11 @ [2)
| Majorana (p, 11), Boson 12 — Majorana (p, 11 @ [2)
| Fermion (p, 11), Boson 12 — Fermion (p, 11 Q [2)
| AntiFermion (p, l1), Boson 12 — AntiFermion (p, 11 @ [2)

. and only apply the constraint to the outgoing leg.

let constrain_stat_fusion s f =
match s, M.lorentz f with
| (Majorana (p, 1) | Fermion (p, 1) | AntiFermion (p, 1)),
(Coupling.Magjorana | Coupling. Vectorspinor | Coupling.Maj_Ghost) —
Majorana (p, 1)
| (Majorana (p, 1) | Fermion (p, 1) | AntiFermion (p, 1)),
Coupling.Spinor — Fermion (p, ()
| (Majorana (p, 1) | Fermion (p, 1) | AntiFermion (p, 1)),
Coupling. ConjSpinor — AntiFermion (p, 1)
| (Majorana - | Fermion - | AntiFermion _ as s),
(Coupling.Scalar | Coupling. Vector | Coupling. Massive_ Vector
| Coupling.Tensor_1 | Coupling.Tensor_2 | Coupling. BRS _) —
invalid _arg
(Printf .sprintf
"Fusion.stat_fuse_pair_constrained: expected boson, got ks"
(stat_to_string s))
| Boson [ as s,
(Coupling. Majorana | Coupling. Vectorspinor | Coupling. Maj_Ghost
| Coupling.Spinor | Coupling.ConjSpinor) —
invalid_arg
(Printf .sprintf
"Fusion.stat_fuse_pair_constrained: expected fermion, got %s"
(stat_to_string s))
| Boson I,
(Coupling.Scalar | Coupling. Vector | Coupling. Massive_ Vector
| Coupling. Tensor_1 | Coupling.Tensor_2 | Coupling.BRS _) —
Boson 1

let stat_fuse_pair_legacy f s1 s2 =
stat_fuse_pair _unconstrained s1 s2

let stat_fuse_pair_legacy_-logging f s1 s2 =
let stat = stat_fuse_pair_legacy f s1 s2 in
Printf .eprintf
"stat_fuse_pair_legacy:y(%s,u%s)u->uhsu=u%hs\n"
(stat_to_string s1) (stat_to_string s2) (stat_to_string stat)
(M .flavor _to_string f);
stat

let stat_fuse_pair_legacy =
majorana_log stat_fuse_pair_legacy stat_fuse_pair_legacy_logging

Note that we are using List.fold _left, therefore we perform the fusions as f(f(...(f(s1,52),83),...),8n). Had

we used List.fold_right instead, we would compute f(s1, f(s2,-.-f(Sn—1,5n))). For our Dirac algorithm, this

makes no difference, but JRR’s Majorana algorithm depends on the order!

Also not that we must not apply constrain_stat _fusion here, because stat _fuse_legacy will be used in stat_keystone_legacy
again, where we always expect Boson _.
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let stat_fuse_legacy sl s23__n f =
List.fold _left (stat_fuse_pair_legacy f) sl s23__n

let stat_fuse_legacy_logging s1 s253__n f =

let stat = stat_fuse_legacy s1 s23__n f in

Printf .eprintf
"stat_fuse_legacy: uuuuuhsu->uhso=uks\n"
(ThoList.to_string stat_to_string (s1 :: s$23__n))
(stat_to_string stat)
(M .flavor _to_string f);

stat

let stat_fuse_legacy =
majorana_log stat_fuse_legacy stat_fuse_legacy_logging

Merge Fermion Lines using Explicit Fermion Connections

Partially combined stats of the incoming propagators and keeping track of the fermion lines, while we’re scanning
them.

type partial =
{ stat : stat (x the stat accumulated so far x);
fermions : int IMap.t (* a map from the indices in the vertex to open (anti)fermion lines *);
n : nt (* the number of incoming propagators *) }

We will perform two passes:

1. collect the saturated fermion lines in a Boson, while building a map from the indices in the vertex to the
open fermion lines

2. connect the open fermion lines using the int — int map fermions.

let empty_partial =
{ stat = Boson [];
fermions = IMap.empty;
n =20}

Only for debugging:

let partial_to_string p =
Printf .sprintf
"{ fermions=Ys, stat=%s, #=V%hd "
(ThoList.to_string
(fun (i, particle) — Printf.sprintf "%d@%d" particle i)
(IMap.bindings p.fermions))
(stat_to_string p.stat)
p.n
Add a list of saturated fermion lines at the top of the list of lines in a stat.
let add_lines | = function
| Boson I’ — Boson (1 Q1)
| Fermion (n, I') — Fermion (n, 1 Q1)
| AntiFermion (n, ') — AntiFermion (n, [ Q")
| Majorana (n, I') — Majorana (n, | Q)
Process one line in the first pass: add the saturated fermion lines to the partial stat p.stat and add a pointer

to an open fermion line in case of a fermion.

let add_lines_to_partial p stat =

let n = succ p.nin
match stat with
| Boson |l —
{ fermions = p.fermions;

stat = add_-lines | p.stat;

n }
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| Majorana (f, 1) —
{ fermions = IMap.add n [ p.fermions;
stat = add_lines | p.stat;
n}
| Fermion (p, 1) —
invalid _arg
"add_lines_to_partial: junexpected Fermion"
| AntiFermion (p, 1) —
invalid_arg
"add_lines_to_partial: junexpected AntiFermion"

Do it for all lines:

let partial_of _slist stat_list =
List.fold _left add_lines_to_partial empty_partial stat_list

let partial-of —rev_slist stat_list =
List.fold _left add_lines_to_partial empty_partial (List.rev stat_list)

The building blocks for a single step of the second pass: saturate a fermion line or pass it through.
The indices 7 and j refer to incoming lines: add a saturated line to p.stat and remove the corresponding open
lines from the map.

let saturate_fermion_line p i j =
match IMap.find_opt i p.fermions, IMap.find_opt j p.fermions with
| Some f, Some f' —
{ stat = add_lines [f'; f] p.stat;
fermions = IMap.remove i (IMap.remove j p.fermions);
n = pn}
| Some -, None —
tnvalid_arg "saturate_fermion_line: no open outgoing fermion line"
| None, Some - —
invalid_arg "saturate_fermion_line: no open,incoming fermion line"
| None, None —
invalid_arg "saturate_fermion_line: mno open fermion lines"

The index ¢ refers to an incoming line: add the open line to p.stat and remove it from the map.

let pass_through_fermion_line p i =
match IMap.find_opt i p.fermions, p.stat with
| Some f, Boson |l —
{ stat = Majorana (f, 1);

fermions = IMap.remove i p.fermions;
n = pn}
| Some -, (Majorana - | Fermion - | AntiFermion -) —

invalid_arg "pass_through_fermion_line: more than jone open line"
| None, - —
tnvalid_arg "pass_through_fermion_line: expected fermion not, found"

Ignoring the direction of the fermion line reproduces JRR’s algorithm.

let sort_pair (i, j) =

if i < j then
(i, 7)
else

(J, 1)
The index p.n + 1 corresponds to the outgoing line:
let is_incoming p i =
i < p.n
let match_fermion_line p (i, j) =
let i, j = sort_pair (i, j) in
if is_incoming p i A is_incoming p j then
saturate_fermion_line p i j
else if is_incoming p i then
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pass _through _fermion_line p i
else if is_incoming p j then
pass _through _fermion_line p j
else
failwith "match_fermion_line: both lines outgoing"

let match_fermion_line_logging p (i, j) =
Printf .eprintf
"match_fermion_line , %sy[hd->%d]"
(partial _to_string p) i j;

let p’ = match_fermion_line p (i, j) in

Printf .eprintf ",>>uks\n" (partial_to_string p’);
!/

p

let match_fermion_line =
majorana_log match_fermion_line match_fermion_line_logging

Combine the passes ...

let match_fermion_lines flines s1 s23__n =
List.fold _left match_fermion_line (partial_of _slist (s1 :: s23__n)) flines

. and keep only the stat.

let stat_fuse_new flines sl s23__n _ =
(match_fermion_lines flines s1 s$23__n).stat

If there is at most a single fermion line, we can compare stat against the result of stat_fuse_legacy for checking
stat_fuse_new (admittedly, this case is rather trivial) ...

let stat_fuse_new_check stat flines s1 s23__n f =
if List.length flines < 2 then
begin
let legacy = stat_fuse_legacy s1 s23__m f in
if = (equal stat legacy) then
failwith
(Printf .sprintf
"stat_fuse_new: %s,<>_%s!"
(stat_to_string stat)
(stat_to_string legacy))
end

. do it, but only when we are writing debugging output.

let stat_fuse_new_logging flines s1 s253__n f =

let stat = stat_fuse_new flines s1 s23__n f in

Printf .eprintf
"stat_fuse_new: %s: ksu->uhsu=0%ks\n"
(UFO__Lorentz.fermion_lines_to_string flines)
(ThoList.to_string stat_to_string (s1 :: s23__n))
(stat_to_string stat)
(M .flavor _to_string f);

stat_fuse_new_check stat flines s1 s23__n f;

stat

let stat_fuse_new =
majorana_log stat_fuse_new stat_fuse_new_logging

Use stat_fuse_new, whenever fermion connections are available. NB: Some [] is not the same as None!

let stat_fuse flines_opt slist f =

match slist with

| [] = invalid_arg "stat_fuse: empty"

| s1 = s23__n —

constrain_stat _ fusion

(match flines_opt with
| Some flines — stat_fuse_new flines s1 s23__n f
| None — stat_fuse_legacy sl s23__n f)
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f

let stat_fuse_logging flines_opt slist f =

let stat = stat_fuse flines_opt slist f in

Printf .eprintf
"stat_fuse: uuuuuuuuuuuuhSu->Uhsu=uks\n"
(ThoList.to_string stat_to_string slist)
(stat_to_string stat)
(M .flavor _to_string f);

stat

let stat_fuse =
magjorana-log stat_fuse stat_fuse_logging

Final Step using Implied Fermion Connections

let stat_keystone_legacy sl s23__n f =
stat_fuse_legacy s1 s253__n f

let stat_keystone_legacy_logging s1 s25__n f =

let s = stat_keystone_legacy s1 s23__n f in

Printf .eprintf
"stat_keystone_legacy: sy (%s) ksu->u%s\n"
(stat_to_string s1)
(M .flavor _to_string f)
(ThoList.to_string stat_to_string s23__n)
(stat_to_string s);

s

let stat_keystone_legacy =
magorana_-log stat_keystone_legacy stat_keystone_legacy_logging

Final Step using Ezxplicit Fermion Connections

let stat_keystone_new flines slist f =
match slist with
| [] — invalid-arg "stat_keystone: empty"
| [s] — invalid_arg "stat_keystone: singleton"
| s1 = 82 = s34--n —
let stat =
stat_fuse_pair_unconstrained s1 (stat_fuse_new flines s2 s34 __n f) in
if saturated stat then
stat
else
failwith
(Printf .sprintf
"stat_keystone: uincomplete %s!"
(stat_to_string stat))

let stat_keystone_new_check stat slist f =
match slist with
| [] — invalid-arg "stat_keystone_check: empty"
| s1 = s23_._n —
let legacy = stat_keystone_legacy s1 s23__n f in
if = (equal stat legacy) then
failwith
(Printf .sprintf
"stat_keystone_check: s <> %s!"
(stat_to_string stat)
(stat_to_string legacy))

let stat_keystone flines_opt slist f =
match flines_opt with
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| Some flines — stat_keystone_new flines slist f
| None —
begin match slist with
| [] — invalid_arg "stat_keystone: empty"
| s1 2 s23__n — stat_keystone_legacy s1 s23__n f
end

let stat_keystone_logging flines_opt slist f =

let stat = stat_keystone flines_opt slist f in

Printf .eprintf
"stat_keystone:  uuuuuuksu (hs) uhsu->uks\n"
(stat_to_string (List.hd slist))
(M .flavor_to_string f)
(ThoList.to_string stat_to_string (List.tl slist))
(stat_to_string stat);

stat _keystone_new_check stat slist f;

stat

let stat_keystone =
magorana_-log stat_keystone stat_keystone_logging

Force the legacy version w/o checking against the new implementation for comparing generated code against
the hard coded models:

let stat_fuse flines_opt slist f =
if force_legacy then
stat_fuse_legacy (List.hd slist) (List.tl slist) f
else
stat_fuse flines_opt slist f

let stat_keystone flines_opt slist f =
if force_legacy then
stat_keystone_legacy (List.hd slist) (List.tl slist) f
else
stat_keystone flines_opt slist f

Evaluate Signs from Fermion Permuations

let stat_sign = function
| Boson lines — sign_of _permutation lines
| Fermion (p, lines) — sign_of -permutation (p :: lines)
| AntiFermion (pbar, lines) — sign_of _permutation (pbar :: lines)
| Majorana (pm, lines) — sign_of _permutation (pm :: lines)

let stat_sign_logging stat =
let sign = stat_sign stat in
Printf .eprintf
"stat_sign: %su->0%d\n"
(stat_to_string stat) sign;
stgn
let stat_sign =
majorana_log stat_sign stat_sign_logging

end

module Binary_Majorana =
Make(Tuple. Binary)(Stat - Majorana)( Topology. Binary)

module Nary (B : Tuple.Bound) =

Make(Tuple. Nary(B))(Stat-Dirac)( Topology.Nary(B))
module Nary_Majorana (B : Tuple.Bound) =

Make( Tuple. Nary(B))(Stat- Majorana)( Topology.Nary(B))

module Mized23 =
Make( Tuple. Mized23)(Stat - Dirac)( Topology. Mized23)
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module Mized23_Majorana =
Make( Tuple. Mized23)(Stat - Majorana)( Topology . Mized23)

module Helac (B : Tuple.Bound) =
Make(Tuple.Nary(B))(Stat-Dirac)( Topology.Helac(B))
module Helac_Majorana (B : Tuple.Bound) =
Make(Tuple. Nary(B))(Stat-Majorana)( Topology.Helac(B))

module B2 = struct let maz_arity () = 2 end
module B8 = struct let maz_arity () = 3 end
module Helac_Binary = Helac(B2)
module Helac_Binary-Majorana = Helac(B2)
module Helac_Mized23 = Helac(B3)
module Helac_Mized23_Majorana = Helac(B3)

15.2.6  Multiple Amplitudes

module type Multi =
sig
exception Mismatch
val options : Options.t
type flavor
type process = flavor list X flavor list
type amplitude
type fusion
type wf
type selectors
type slicings
type coupling_order
type amplitudes
val amplitudes : bool — int option —
selectors — slicings option — process list — amplitudes

val empty : amplitudes
val flavors : amplitudes — process list
val vanishing_flavors : amplitudes — process list
val color_flows : amplitudes — Color.Flow.t list

Implementation of Fusion

val coupling_orders : amplitudes — (coupling_order list x int list list) option

val helicities : amplitudes — (int list X int list) list
val processes : amplitudes — amplitude list
val process_table : amplitudes — amplitude option array array

val process_table_new : amplitudes — amplitude option array array array

val fusions : amplitudes — (fusion x amplitude) list
val multiplicity : amplitudes — wf — int
val dictionary : amplitudes — amplitude — wf — int
val color_factors : amplitudes — Color.Flow.factor array array
val constraints : amplitudes — string option
val slicings : amplitudes — string list
end

module type Multi_Maker = functor (Fusion_Maker : Maker) —
functor (P : Momentum.T) —
functor (M : Model. T) —
Multi with type flavor = M .flavor
and type amplitude = Fusion_Maker(P)(M).amplitude
and type fusion = Fusion_Maker(P)(M).fusion
and type wf = Fusion_-Maker(P)(M).wf
and type selectors = Fusion_Maker(P)(M).selectors
and type slicings = Orders.Conditions(Colorize It(M)).t

and type coupling_order = Orders.Slice( Colorize. It(M)).coupling_order
module Multi (Fusion_Maker : Maker) (P : Momentum.T) (M : Model.T)

struct
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exception Mismatch

type progress_-mode =
| Quiet
| Channel of out_channel
| File of string

let progress_option = ref Quiet

module CM = Colorize. It(M)

module SCM = Orders.Slice(Colorize It(M))
module F' = Fusion_Maker(P)(M)

module C' = Cascade.Make(M)(P)

module COC = Orders.Conditions(Colorize. It(M))

@ A kludge, at best ...

let options = Options.extend F.options
[ "progress", Arg.Unit (fun () — progress_option := Channel stderr),
"Lreport progress to the standard error stream";
"progress_file", Arg.String (fun s — progress_option := File s),

"file write progress report to file" ]

type flavor = M .flavor

typep = F.p

type process = flavor list X flavor list

type amplitude = F.amplitude

type fusion = F.fusion

type wf = F.wf

type selectors = F.selectors

type slicings = COC.t

type coupling_order = SCM .coupling_order

type flavors = flavor list array
type helicities = int list array
type colors = Color.Flow.t array

type amplitudes =

{ flavors : process list;
vanishing _flavors : process list;
color _flows : Color.Flow.t list;
helicities : (int list x int list) list;
coupling_orders : (coupling_order list X int list list) option;
processes : amplitude list;
process_table : amplitude option array array;
process_table_new : amplitude option array array array;
fusions : (fusion x amplitude) list;
multiplicity = (wf — int);
dictionary : (amplitude — wf — int);
color_factors : Color.Flow.factor array array;
constraints : string option;
slicings : string list }

let flavors a = a.flavors

let vanishing_flavors a = a.vanishing_flavors
let color_flows a = a.color_flows

let helicities a = a.helicities

let coupling_orders a = a.coupling_orders
let processes a = a.processes

let process_table a = a.process_table

let process_table_new a = a.process_table_new
let fusions a = a.fusions

let multiplicity a = a.multiplicity

let dictionary a = a.dictionary
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let color_factors a = a.color_factors
let constraints a = a.constraints
let slicings a = a.slicings

let sans_colors f =
List.map CM .flavor_sans_color (List.map SCM .flavor_all_orders f)

let colors (fin, fout) =
List.map M .color (fin Q fout)

let process_sans_color a =
(sans_colors (F.incoming a), sans-colors (F.outgoing a))

let color_flow a =
SCM .flow (F.incoming a) (F.outgoing a)

let process_to_string fin fout =
String.concat "," (List.map M .flavor_to_string fin)
S ny=>" 7 String.concat " (List.map M. flavor_to_string fout)

let count_processes colored_processes =
List.length colored _processes

module FMap =
Map.Make (struct type t = process let compare = compare end)

module CMap =
Map.Make (struct type t = Color.Flow.t let compare = compare end)

Recently Product.list began to guarantee lexicographic order for sorted arguments. Anyway, we still force a
lexicographic order.

let rec order_spin_tablel s1 s2 =
match s, s2 with
| hl :: t1, h2 = t2 —

let ¢ = compare h1 h2 in
if ¢ # 0 then
c
else
order_spin_tablel t1 t2
| I, [] =0

| - — dnvalid_arg "order_spin_table: jinconsistent lengths"

let order_spin_table (s1_in, s1_out) (s2_in, s2_out) =

let ¢ = compare s1_in s2_in in
if ¢ # 0 then

c
else

order_spin_tablel s1_out s2_out

let sort_spin_table table =
List.sort order_spin_table table

let id z = 2

let pair z y = (z, y)
@ Improve support for on shell Ward identities: Coupling. Vector — [4] for one and only one external vector.

let rec hs_of _lorentz = function
| Coupling.Scalar — [0]
| Coupling.Spinor | Coupling. ConjSpinor
| Coupling. Majorana | Coupling.Maj_Ghost — [—1; 1]
| Coupling. Vector — [—1; 1]
| Coupling. Massive_ Vector — [—1; 0; 1]
| Coupling. Tensor_1 — [—1; 0; 1]
| Coupling. Vectorspinor — [-2; —1
| Coupling. Tensor_2 — [-2; —1; 0;

;15 2]
1; 2
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| Coupling. BRS f — hs_of _lorentz f

let hs_of _flavor f =
hs_of _lorentz (M .lorentz f)

let hs_of _flavors (fin, fout)
(List.map hs_of _flavor fin, List.map hs_of _flavor fout)

let rec unphysical_of _lorentz = function
| Coupling. Vector — [4]
| Coupling. Massive_ Vector — [4]
\ _ — nvalid_arg "unphysical_of_lorentz: not a vector particle"

let unphysical _of _flavor f =
unphysical _of _lorentz (M .lorentz f)

let unphysical-of _flavorsi n f_list
ThoList.mapi
(funi f — ifd
1 f_list

n then unphysical_of _flavor f else hs_of _flavor f)

let unphysical_of _flavors n (fin, fout)

Implementation of Fusion

(unphysical _of _flavors1 n fin, unphysical_of _flavors1 (n — List.length fin) fout)

let helicity_table unphysical flavors
let hs =
begin match unphysical with
| None — List.map hs_of _flavors flavors

| Some n — List.map (unphysical_of _flavors n) flavors
end in

if = (ThoList.homogeneous hs) then

invalid_arg "Fusion.helicity_table: not,,all flavors have the same_helicity states!"

else
match hs with

[ = 1]

| (hs_in, hs_out) :: _ —

sort_spin_table (Product.list2 pair (Product.list id hs_in) (Product.list id hs_out))

module Proc =

module WFMap
module WFSet2
Set.Make (struct type ¢
module WEMap2
Map.Make (struct type ¢
module WETSet =
Set.Make (struct type ¢

Process.Make(M)

Map.Make (struct type ¢ F.wf let compare

F.owf x (F.wf, F.coupling) Tree2.t let compare

(F.wf, F.coupling) Tree2.t let compare

F.owf x (F.wf, F.coupling) Tree2.t let compare

compare end)

compare end)

compare end)

compare end)

All wavefunctions are unique per amplitude. So we can use per-amplitude dependency trees without additional

internal tags to identify identical wave functions.

NB: we miss potential optimizations, because we assume all coupling to be different, while in fact we have

horizontal /family symmetries and non abelian gauge couplings are universal anyway.

let disambiguate_fusions amplitudes
let fusions =
ThoList.flatmap (fun amplitude —
List.map
(fun fusion — (fusion, F.dependencies amplitude (F.lhs fusion)))
(F.fusions amplitude))
amplitudes in
let duplicates
List.fold _left
(fun map (fusion, dependencies) —
let wf = F.lhs fusion in

let set = try WEMap.find wf map with Not_found — WFTSet.empty in

WFMap.add wf (WFTSet.add dependencies set) map)
WFMap.empty fusions in
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let multiplicity_-map =
WFMap.fold (fun wf dependencies acc —

let cardinal = WFTSet.cardinal dependencies in
if cardinal < 1 then

acc
else

WFMap.add wf cardinal acc)
duplicates WFMap.empty
and dictionary_map =
WFMap.fold (fun wf dependencies acc —
let cardinal = WFTSet.cardinal dependencies in
if cardinal < 1 then
acc
else
snd (WFTSet.fold
(fun dependency (i, acc’) —
(succ i', WFMap2.add (wf, dependency) i’ acc’))
dependencies (1, acc)))
duplicates WFMap2.empty in
let multiplicity wf =
WFEMap.find wf multiplicity-map
and dictionary amplitude wf =
WFMap2.find (wf, F.dependencies amplitude wf) dictionary_map in
(multiplicity, dictionary)

let eliminate_common_fusionsl seen_wfs amplitude =
List.fold _left
(fun (seen, acc) f —
let wf = F.lhs f in

let dependencies = F.dependencies amplitude wf in

if WESet2.mem (wf, dependencies) seen then
(seen, acc)

else

(WFSet2.add (wf, dependencies) seen, (f, amplitude) :: acc))
seen_wfs (F.fusions amplitude)

let eliminate_common_fusions processes =
let _, rev_fusions =
List.fold _left
eliminate_common_fusionsl
(WFESet2.empty, []) processes in
List.rev rev_fusions
module COPMap = Map.Make(struct type t = int list let compare = ThoList.compare ~cmp :
Stdlib.compare end)

module COBundle = Bundle.Make

(struct
type elt = (coupling_order x int) list
let compare_elt = compare
type base = coupling_order list
let compare_base = compare
let pi = List.map fst
end)
let collect_coupling-orders processes =
let bundle =

List.fold _right
(fun process —
List.fold_right (fun (orders, _) bundle — COBundle.add bundle orders) (F.brakets process))
processes COBundle.empty in
match COBundle.fibers bundle with
001 () )] — None
| [(coupling-orders, orders)] — Some (coupling_orders, List.map (List.map snd) orders)

248



Implementation of Fusion

- — invalid_arg "Fusion.Multi() .exclusive_coupling_orders: not unique"

Calculate All The Amplitudes

let amplitudes goldstones unphysical select_wf slicings processes =

Eventually, we might want to support inhomogeneous helicities. However, this makes little physics sense for
external particles on the mass shell, unless we have a model with degenerate massive fermions and bosons.

if = (ThoList.homogeneous (List.map hs_of _flavors processes)) then
tnvalid_arg "Fusion.Multi.amplitudes:_ incompatible_helicities";

let unique_uncolored_processes =
Proc.remove_duplicate_final _states (C.partition select_wf) processes in

let progress =
match !progress_option with
| Quiet — Progress.dummy
| Channel oc — Progress.channel oc (count_processes unique_uncolored_processes)
| File name — Progress.file name (count_processes unique_uncolored _processes) in

let allowed =
ThoList.flatmap
(fun (fi, fo) —
Progress.begin_step progress (process—_to_string fi fo);
let amps = F.amplitudes goldstones select_wf slicings fi fo in
begin match amps with
| [] — Progress.end_step progress "forbidden"
| - — Progress.end_step progress "allowed"
end;
amps) unique_uncolored_processes in

Progress.summary progress "all processes done";

let color_flows =
ThoList.uniq (List.sort compare (List.map color_flow allowed))
and flavors =
ThoList.uniq (List.sort compare (List.map process_sans_color allowed)) in

let vanishing_flavors =
Proc.diff processes flavors in

let helicities =
helicity-table unphysical flavors in

let allowed _coupling_orders =
collect _coupling _orders allowed in

let f_index =
fst (List.fold _left
(fun (m, i) f — (FMap.add f i m, succ 1))
(FMap.empty, 0) flavors)
and c_index =
fst (List.fold _left
(fun (m, i) ¢ = (CMap.add ¢ i m, succ i))
(CMap.empty, 0) color_flows)
and co_index =
match allowed _ coupling _orders with
| None — COPMap.empty
| Some (-, powers) —
fst (List.fold _left
(fun (m, i) ¢ — (COPMap.add ¢ i m, succ i))
(COPMap.empty, 0) powers) in

let table =
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Array.make_matriz (List.length flavors) (List.length color_flows) None in
List.iter
(funa —
let f = FMap.find (process_sans_color a) f_index
and ¢ = CMap.find (color_flow a) c-index in
table.(f).(¢) < Some (a))
allowed;

let table_new =
ThoArray.rank3 1 (List.length flavors) (List.length color_flows) None in
List.iter
(funa —
let co = 0
and f = FMap.find (process_sans_color a) f_index
and ¢ = CMap.find (color_flow a) c-index in
table_new.(co).(f).(¢) + Some (a))
allowed;

let color_factor_table = Color.Flow.factor_table color_flows in

let fusions = eliminate_common_fusions allowed
and multiplicity, dictionary = disambiguate_fusions allowed in

let slicings =
match slicings with
| None — []
| Some slicings — COC.to_strings slicings in

{ flavors = flavors;
vanishing _flavors = wanishing_flavors;
color_flows = color_flows;
helicities = helicities;
coupling_orders = allowed_coupling_orders;
processes = allowed;
process_table = table;
process_table_new = table_new;
fusions = fusions;
multiplicity = multiplicity;
dictionary = dictionary;
color_factors = color_factor_table;
constraints = C.description select_wf;
slicings = slicings }

let empty =

{ flavors = [];
vanishing_flavors = [];
color_flows = [];
helicities = [];
coupling_orders = None;
processes = |[];
process_table = Array.make_matriz 0 0 None;
process_table_new = ThoArray.rank3 0 0 0 None;
fusions = [];
multiplicity = (fun - — 1);
dictionary = (fun - - — 1);
color_factors = Array.make_matriz 0 0 Color.Flow.zero;
constraints = None;
slicings = [] }

end
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LORENTZ REPRESENTATIONS, COUPLINGS, MODELS AND
TARGETS

16.1 Interface of Coupling

The enumeration types used for communication from Models to Targets. On the physics side, the modules in
Models must implement the Feynman rules according to the conventions set up here. On the numerics side, the
modules in Targets must handle all cases according to the same conventions.

16.1.1 Propagators

The Lorentz representation of the particle. NB: O’Mega treats all lines as outgoing and particles are therefore
transforming as ConjSpinor and antiparticles as Spinor.

type lorentz =
| Scalar

| Spinor (x ¢ )

| ConjSpinor (x 1 *)

| Majorana (* x *)

| Maj-Ghost (x SUSY ghosts x)

| Vector

| Massive_ Vector

| Vectorspinor (x supersymmetric currents and gravitinos *)

| Tensor_1

| Tensor_2 (x massive gravitons (large extra dimensions) *)

| BRS of lorentz

type lorentz3 = lorentz X lorentz X lorentz

type lorentz4 = lorentz X lorentz X lorentz X lorentz
type lorentzn = lorentz list

type fermion_lines = (int x int) list

If there were no vectors or auxiliary fields, we could deduce the propagator from the Lorentz representa-
tion. While we'’re at it, we can introduce “propagators” for the contact interactions of auxiliary fields as well.
Prop_Gauge and Prop_Feynman are redundant as special cases of Prop_Rui.

The special case Only_Insertion corresponds to operator insertions that do not correspond to a propagating
field all. These are used for checking Slavnov-Taylor identities

Oy (out|WH(x)|in) = mw (out|¢(z)|in) (16.1)

of gauge theories in unitarity gauge where the Goldstone bosons are not propagating. Numerically, it would
suffice to use a vanishing propagator, but then superflous fusions would be calculated in production code in
which the Slavnov-Taylor identities are not tested.

type a propagator =
| Prop_Scalar | Prop_Ghost
| Prop_Spinor | Prop_ConjSpinor | Prop_Majorana
| Prop_Unitarity | Prop_Feynman | Prop_Gauge of a | Prop_Ruzi of «
| Prop_Tensor_2 | Prop_Tensor_pure | Prop_Vector_pure
| Prop_ Vectorspinor
| Prop_Col_Scalar | Prop_Col_Feynman | Prop_Col_Majorana
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only Dirac fermions

incl. Majorana fermions

i

Prop_Scalar | ¢(p) + m¢(?)
Prop_Spinor | ¥(p) m¢(p> v(p) Mw(p)
Prop_ConjSpinor | (p) < ¥(p) m b(p) mw@ )
Prop_Majorana N/A x(p) « ]m (p)
Prop_Unitarity | €,(p) m (_guy + p:gy) €’ (p)
Prop_Feynman | € (p) « i ”(p)

Prop_Gauge

p2 —m? Fiml"

ulp) (—gw L9

pypu) v
¢’ (p)
p2

Prop_Ruzi

i
H -
u(p) p? —m2+iml

<g;w +(1- f)pg_émg) ' (p)

PuPv

Table 16.1: Propagators. NB: The sign of the momenta in the spinor propagators comes about because O’Mega
treats all momenta as outgoing and the charge flow for Spinor is therefore opposite to the momentum, while
the charge flow for ConjSpinor is parallel to the momentum.

¢(p) < i(p)
Auz_Spinor | ¥ (p) < iv(p)
U(p) < i(p)
e (p) + ie"(p)
T (p) < iT" (p)
N/A

Auz_Scalar

Auz_ CongjSpinor

Auzx_ Vector

Aux_Tensor_1

Only_Insertion

Table 16.2: Auxiliary and non propagating fields
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| Prop_Col_Unitarity

| Auz_Scalar | Auz_Vector | Auz_Tensor_1

| Auz_Col_Scalar | Aux_Col_Vector | Aux_Col_Tensor_1
| Auz_Spinor | Auz_ConjSpinor | Auz_-Majorana

| Only_Insertion

| Prop_UFO of string

JR sez’ (regarding the Majorana Feynman rules): We don’t need different fermionic propagators as supposed
by the variable names Prop_Spinor, Prop_ ConjSpinor or Prop_Majorana. The propagator in all cases has
to be multiplied on the left hand side of the spinor out of which a new one should be built. All momenta are
treated as outgoing, so for the propagation of the different fermions the following table arises, in which the
momentum direction is always downwards and the arrows show whether the momentum and the fermion
line, respectively are parallel or antiparallel to the direction of calculation:

Fermion type \ fermion arrow \ mom. \ calc. \ sign

Dirac fermion 0 T 1 | T 1 | negative
Dirac antifermion d $ L | T | | negative
Majorana fermion - Tl - negative

So the sign of the momentum is always negative and no further distinction is needed. (JR’s probably right,
but I need to check myself ... )

type width =
| Vanishing

| Constant

| Timelike

| Running

| Fudged

| Complex_Mass

| Custom of string

16.1.2 Vertices

The combined S — P and V — A couplings (see tables 16.5, 16.6, 16.8 and 16.12) are redundant, of course,
but they allow some targets to create more efficient numerical code.! Choosing VA2 over VA will cause the
FORTRAN backend to pass the coupling as a whole array

type fermion = Psi | Chi | Grav
type fermionbar = Psibar | Chibar | Gravbar
type boson =
| SP | SPM | S| P | SL| SR | SLR | VA | V | A | VL | VR | VLR | VLRM | VAM
| TVA | TLR | TRL | TVAM | TLRM | TRLM
| POT | MOM | MOM5 | MOML | MOMR | LMOM | RMOM | VMOM | VA2 | VA3 | VASM
type boson2 = S2 | P2 | S2P | S2L | S2R | S2LR
| SV | PV | SLV | SRV | SLRV | V2 | V2LR

The integer is an additional coefficient that multiplies the respective coupling constant. This allows to reduce
the number of required coupling constants in manifestly symmetrc cases. Most of times it will be equal unity,
though.

The two vertex types PBP and BBB for the couplings of two fermions or two antifermions ("clashing arrows")
is unavoidable in supersymmetric theories.

@ ... tho doesn’t like the names and has promised to find a better mnemonics!

type « vertezd =
| FBF of int x fermionbar x boson x fermion
| PBP of int x fermion x boson X fermion
| BBB of int x fermionbar x boson X fermionbar
| GBG of int x fermionbar x boson x fermion (x gravitino-boson-fermion x)

L An additional benefit is that the counting of Feynman diagrams is not upset by a splitting of the vectorial and axial pieces of
gauge bosons.
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Gauge_Gauge_Gauge of int | Aux_Gauge_Gauge of int
I1_Gauge_Gauge_Gauge of int
Scalar_ Vector _ Vector of int
Auz _ Vector_ Vector of int | Aux_Scalar_ Vector of int
Scalar_Scalar_Scalar of int | Auz_Scalar_Scalar of int
Vector_Scalar_Scalar of int
Graviton_Scalar -Scalar of int
Graviton . Vector_ Vector of int
Graviton_Spinor_Spinor of int
DimJ _ Vector_ Vector_ Vector_T of int
Dimj, _ Vector_ Vector _ Vector _L of int
DimJ, _ Vector_ Vector _ Vector - T5 of int
DimJ, _Vector_ Vector_ Vector _L5 of int
Dim6 _Gauge_ Gauge_Gauge of int
Dimb6 - Gauge_ Gauge_Gauge_5 of int
Awz_DScalar_DScalar of int | Auz_Vector_DScalar of int
Dim5 _Scalar - Gauge2 of int (x 2¢Fy ,, F§" = —1 (ia[uﬁVL,,])(ia[“’V;]) *)
Dim& _Scalar - Gauge2 - Skew of int

(+ 0P F3Y = —4(i0,V1,,) (10, V2,0 )7 %)
Dimb _Scalar_Scalar2 of int (x ¢10,020"p3 *)
Dimb _Scalar_ Vector_ Vector - T of int (x ¢(i0,V}")(10,V3") *)
Dimb _Scalar_ Vector_ Vector_TU of int (x (19,¢)(10, V" )Vy" x)
Dimb _Scalar - Vector - Vector U of int (x (i@,,qb)(ia VIVH %)
Scalar - Vector - Vector_t of int (x (8,V, — 9,V,)? %)

Dim6 _ Vector_ Vector_ Vector_ T of int (x V{*((10, V) 1? 10,Vy)) *)
Tensor_2_Vector_Vector of int (x T* (Vy ,Va, + VI,VVZM) *)
Tensor_2_Vector_Vector_1 of int (x TH (Vi Vo, + Vi,uVau — Gu Vi Va,p) *)
Tensor-2_Vector_ Vector_cf of int (x TH (=g, VI Va,) *)
Tensor_2_Scalar_Scalar of int (x TH (0,¢10,02 + 0, $10,P2) *)
Tensor_2_Scalar _Scalar _cf of int (x T (=% gu,,0,010,02) *)
Tensor_2_Vector_Vector_t of int (x TH (V1 , Vo, + Vi V‘/Q’M GuViVa,p) *)

Dimb _Tensor_2_Vector_Vector_1 of int (x TQB(V”1<5>Q1 0 gVa,u %)
Dimb _Tensor_ 2 Vector_ Vector_ 2 of int

(% T“ﬁ(V‘Ll 9 (10, V2 o) + VI 8 o (10, V2 3)) *)
Dim7_Tensor_2_Vector_Vector_T of int (x+ TP ((10*V}Y )1%21 0 3(10,Va,,,)) *)
Dim6 _Scalar _ Vector Vector_D of int
(x ip(— (0 0" W, *) (6”8”W+)W*
+ (009, W; W, <aﬂa W)W )gh) %)
Dim6 _Scalar_ Vector Vector_DP of int
(x i((0"H) ("W, )W, + (0" H ) ("W, )W,
- ((0°H)(9,W,; )W+(3”H)(3”W+)W,I)g"”)*)
Dim6_HAZ_D of int (% ((8“8” )2y + (0P0,A) Z,g"" ) *)
Dim6_HAZ _DP of int (x i((0” )((“)“H)Z,, — (0PAL)(0,H)Z,g"") %)
Dim6_AWW _DP of int (x ((apA )W;W;g”” — (GVAH)WV_W;gW’) *)
Dim6_AWW _DW of int

(+i[(3(0P A )W, Wi — (apw VAW + (0PW ) AW, ) g
+(=3(0" AW, W — (0"W, ) AW+ ("W ) AW, ) g

+ (2(0*W,; )A W+ —2(8“W+)A#Wl, )g¥?] *)
Dim6_HHH of Z’Ilt ( ( (8”H1)(8 HQ)Hg — (8“H1)H2(8 H3) Hl(a“Hg)(aqu)) *)
Dim6 - Gauge_ Gauge_Gauge_i of int
(i(—=(0"V,)(9°V,,) (0" V) 4 (9°V,,) (0" V,,) (9 V,)
+ (=0"Vpg"? + 0"V,g"")(07V,,) (05 Vo) + (0°V,, " — 04V, 9") (07 V1) (05V)p)
+ (=0°Vug"” + 0"V,ug"?)(07V,)(05Vp)) *)
Gauge_Gauge_Gauge_i of int
Dim6_GGG of int
Dim6 _WWZ_DPWDW of int
(+ 1((DPV,) VoV, — 0PV VaV)gh — (V) Vi Vag + (9V,)VV,)g™) %)
Dim6_WWZ_DW of int
(5 (0P V)V Vy + V(00 V,)V,)g" — (0 Vi)VoV + Vi@V V,)g") )
Dim6_WWZ_D of int (x i(V,)V,(0"V,)g"" + V, V (0"*V,)g"P) *)

254



Interface of Coupling

| TensorVector_ Vector_ Vector of int

| TensorVector_ Vector_ Vector_cf of int
| TensorVector_Scalar_Scalar of int

| TensorVector_Scalar_Scalar_cf of int

| TensorScalar- Vector_ Vector of int

| TensorScalar_ Vector_ Vector_cf of int
| TensorScalar_Scalar_Scalar of int

| TensorScalar_Scalar_Scalar_cf of int

As long as we stick to renormalizable couplings, there are only three types of quartic couplings: Scalar/,
Scalar2 - Vector2 and Vector4. However, there are three inequivalent contractions for the latter and the general
vertex will be a linear combination with integer coefficients:

Scalar4 1: ¢19203¢4
Scalar2_Vector21:  ¢,6,V3'V, ,

(16.2a)
(16.2b)
Vectory [1,C-12-34]: VIV, V'V, , (16.2¢)
Vectory [1,C_13_42]: V{'VyV, V,, ( )
Vectory [1,C-14-258]:  VI'Vy'Vy V, , ( )

type contracty = C_-12_34 | C_15_42 | C_14_23

type a vertex4 =
| Scalar of int
| Scalar2_Vector2 of int
| Vector4 of (int x contracty) list
| DScalary of (int x contract4) list
| DScalar2_Vector2 of (int x contract4) list
| Dim8_Scalar2_Vector2_1 of int
| Dim8_Scalar2_Vector2_2 of int
| Dim8_Scalar2_Vector2_m_0 of int
| Dim8_Scalar2_Vector2_m_1 of int
| Dim8_Scalar2_Vector2_m_7 of int
| Dim8_Scalar4 of int
| Dim8_Vectorq _t_0 of (int x contract4) list
| Dim8_Vector/ _t_1 of (int x contract4) list
| Dim8_Vector _t_2 of (int x contract4) list
| Dim8_Vector4 _m_0 of (int x contracts) list
| Dim8_Vector4 _m_1 of (int x contract)) list
| Dim8_Vectord -m_7 of (int x contract}) list
| GBBG of int x fermionbar x boson2 x fermion

~— —

In some applications, we have to allow for contributions outside of perturbation theory. The most prominent
example is heavy gauge boson scattering at very high energies, where the perturbative expression violates
unitarity.

One solution is the ‘K-matrix’ ansatz. Such unitarizations typically introduce effective propagators and/or
vertices that violate crossing symmetry and vanish in the ¢-channel. This can be taken care of in Fusion by
filtering out vertices that have the wrong momenta.

In this case the ordering of the fields in a vertex of the Feynman rules becomes significant. In particular, we
assume that (V1, Vs, V3, Vy) implies

Va Vs Va Vs

O (16.3)
O((p1 + p2)?)

1% Vi Vi Vi
The list of pairs of parameters denotes the location and strengths of the poles in the K-matrix ansatz:

n

(Claa17627a27 .. '7Cn7an) - f(S) = Z

=1

Ci

(16.4)

S — a;
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Vector - K _Matriz _tho of int x (a x «) list

Vector/ - K _Matriz _jr of int x (int X contract]) list
Vector - K _Matriz_cf _t0 of int X (int X contract}) list

Vector4 - K - Matriz_cf _t1 of int x (int X contract)) list

Vectorq - K - Matriz_cf —t2 of int x (int x contract}) list

Vector4 - K _Matriz_cf _t_rsi of int x (int X contract)) list

Vector - K _Matriz_cf —m0 of int x (int X contracty) list
Vector - K _Matriz_cf _m1 of int X (int X contracts) list

Vector - K -Matriz_cf_m7 of int x (int X contracts) list
DScalar2_Vector2 - K - Matriz_ms of int x (int X contract}) list
DScalar2_Vector2_m_0_K _Matriz_cf of int x (int X contract}) list
DScalar2_Vector2_m_1_K _Matriz_cf of int x (int X contract]) list
DScalar2_Vector2 _m_7_K _Matriz_cf of int x (int x contract]) list
DScalary - K _Matriz_ms of int x (int x contract4) list

Dim6_H/j _P2 of int

(* i(—(0"H1)(0,H2)HsHy — (0" H1)H2(0,,H3)Hy — (0" H1)HoH3(OmuHa)
- H1(8“H2)(8#H3)H4 - H1(8”H2)H3(3uH4) - H1H2(8“H3)(8#H4)) *)
Dim6_AHWW _DPB of int (x iH((0PA,)W, W,g"" — (0" A )W, W,gHP) *)
Dim6_AHWW _DPW of int

(x i(((0P AW, W, — (0P H)A, W, W,,) g

(—(0"A )W W, + (0VH)A, W, W,)gHP) *)

Dim6_AHWW _DW of int

(x H((3(0P A )W, W, — A (0PW, )W, + AW, (0P W) g1

+ (=3(0" AW, W, — Ay (0" Wy )W, + AW, (9" W,)) g"?

+ 2(AL ("W, )W, + A W, (0FW,))) g7 ) *)

Dim6_ Vectorf _DW of int (xi(—Vi ,Va, V3V -V Vo VIRV AY

+ 2V1,#V2’“V3,DV4’V *)

Dim6 _ Vectorf - W of int

( 1(((0°V1,) V3 (07 V3,0) Vi + V1,u(07V5 ) (07 V3,) Vao

+ (aam,u)%uv3,p(apv47a) + ‘/vlw(aa%u)vi’»,p(apv&o))

(07 Vi) Vs (0 VEWao = Vi (07 Vi (07 VWi

OV Va0 Va Vi — 07V ) VoV (07Va )

+ (—(apVL#)ngu(al’Vg,p)Vf + ((‘9”/'1,#)‘/2,,,‘/237,)(3”‘/4”)

= V1,u(0°Va,) V3, (0" V') — (0" V1,.)Va,u Vs, (07 V"))
+(=(07V1,)Vo, (0" V) Vi o + V1,u(07 Vo, ) (0" V) Vi

— V1w (0"V2,, ) (07VE Wae — Viu(07 Vo, )V (0"Vi 5)

+ (V1 (0°Vo, ) (0" Vs ) )V = (9°V2,u) V2, V3,0 (0" VYY)

+ VLu(0°V2,) Vs, p(0"VY) = V1,1 (0"V2,,) V3, (0°VY))

+ ((ayvlyﬂ)%,u(auv&p)vf + ‘/'1,#(8“‘/2’1,)(8”‘/?37,))‘/2{)

+ (8”‘/1’#)‘/2’,,1/3”0(6“‘/;’)) + Vl,u(auvlu)%,p(aywp))

+ 0"V, Vo, V5 (0,VY) = (0°V1,) V3 Vi, (9, V)

+ %,u(ap‘@,u)(apv?;“)vf - V17H(6PI/2“)(8,,%7V)V4”

+ (0PV1,u)Vaw (0, V3 )V = (0°V1,u) V3 (9, V3, )V

+ V1u(0Va )V (O VL) = Vi,u(07VE)V5,(0,VY)) %)
Dim6 _Scalar2_ Vector2_D of int

(¥iH1 Ho(—(0"0"V3,1) Vi + (010, V3,,) V)

Vo (099" Vi) + Vo (070, VE)) )
Dimé6 _Scalar2 _ Vector2_DP of int

(*i((c‘)“Hl)Hg(a”ng#)wyy — (8VH1)H2(8UV37;L)V4’” + Hl(a”Hg)(aVV&u)VzLV
— Hl(é)”Hg)(a,,Vg,u)V‘l’“ + (8VH1)H2VY3’M(8“V4’V) — (8”H1)H2V§’,L(8VV47“)
+ H1y (0" H2)V3,,(0"Vaw) — Hi(0"H2) V3, (0, V) *)
Dim6 _Scalar2_ Vector2_PB of int

((H Ha (0 Va ) (00 Vi) — Hy Ha (0" Vs ) (0,V51)) )
Dim6_-HHZZ_T of int (xiH;HaV3 , V4 x)
Dim6_HWWZ_DW of int

(>k i(Hl(ﬁpr,u)W&“Z&p — H1W2’H(8PW3’“)Z4W - 2H1(3VW27M)W37VZ4’“
— H1W27M(8VW37,,)Z4’“ + H1 (8“W27M)W37,,Z4’V + 2H1W27M(8“W37,,)Z4’V) *)
Dim6_HWWZ_DPB of int

(* i(*H1W27#W3,V(aVZ4’“) + H1WQ7“W37V(8”Z4’V)) *)
Dim6_HWWZ_DDPW of int

(* i(Hl((?VWQ’H)W?”“ZzLV — H1W2}M(8VW3’”)Z4’V - H1(6VW2’IL)W3’VZ4’“
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+ H1W27HW3,V(3VZ4’”) + H1WQ’#(8HW3,V)Z4’V — H1W2’NW3’V(8“Z4’U)) *)
| Dim6_HWWZ_DPW of int

(* i(Hl(a”Wg,N)W3"‘Z4,Z, — H1W2}N<8VW3’“)Z4,V + (8”H1)W27MW3,,,Z47”

— H1(8VW271L)W37VZ4’“ — (6‘LH1)W27MW37VZ4’V + H1W2,M(6“W37V)Z4’y) *)
| Dim6_AHHZ_D of int

(% i(Hy Hy (00" A,) Z, — Hy Hy ("D, A,) Z1) %)
| Dim6_AHHZ_DP of int

(* 1((8“H1)H2(6”AM)ZV + H1(6”H2)(6”AM)Z,,

— (0¥ H1)Hy(9,A,) Z¥ — Hy (0" Hy) (0, A,) Z1) %)
| Dim6_AHHZ _PB of int

(x i(Hy Hy (9" A,) (0, Z1) — HyHy (9" A,) (0" Z,)) *)

type o vertexn =
| UFO of Algebra.QC.t x string x lorentzn x fermion_lines x Color.Vertex.t

An obvious candidate for addition to boson is T, of course.

?2 This list is sufficient for the minimal standard model, but not comprehensive enough for most of its ex-
tensions, supersymmetric or otherwise. In particular, we need a general parameterization for all trilinear
vertices. One straightforward possibility are polynomials in the momenta for each combination of fields.

@ JR sez’ (regarding the Magjorana Feynman rules): Here we use the rules which can be found in [7] and are
more properly described in Targets where the performing of the fusion rules in analytical expressions is
encoded. (JR’s probably right, but I need to check myself ... )

Signify which two of three fields are fused:
type fuse2 = F23 | F32 | F31 | F13 | F12 | F21
Signify which three of four fields are fused:

type fused =
| F123 | F231 | F312 | F132 | F321 | F213
| F124 | F241 | F412 | F142 | F/21 | F214
| F134 | F341 | F413 | F143 | F431 | F314
| F234 | F342 | F4253 | F248 | F4582 | F824

Explicit enumeration types make no sense for higher degrees.
type fusen = int list
The third member of the triplet will contain the coupling constant:

typev t =
| V3 of o vertexd x fuse2 x «
| V4 of a verterf X fuse3 x «
| Vn of o vertezn x fusen x «

16.1.3 Gauge Couplings
Dimension-4 trilinear vector boson couplings

FabeO" A% AL AG — i fapckt A% (k) AL (k) AL (K3)

i
= 7§fala2a3 CHi#z13 (kl, kz, kg)Ale (kl)AfLi (kg)AZi (kg) (165&)

with the totally antisymmetric tensor (under simultaneous permutations of all quantum numbers u; and k;)
and all momenta outgoing

Ot (K, Ry, i) = (992 (R — B42) + g0 (K™ — K + gs0s (K2 — 1)) (16.5b)

Since fq,aza; CPH#2H3 (ky, ka, k3) is totally symmetric (under simultaneous permutations of all quantum numbers
ai, w; and k;), it is easy to take the partial derivative

A" (kg + ks) = —%fabcC“P”(—kg — ks, ka, k3) A (k2) AS (ks) (16.6a)
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‘ only Dirac fermions ‘ incl. Majorana fermions
FBF (Pstbar, S, Psi): L; = gst150s
F12 | < 1i-gsinS o < i-gsynS
F21 | thy +i-ggStn P2 <1955
F13 | S < i-gsihrips S i- gy Ciy
F31 | S+ 1i-gsthoatia S i gl Cyy
F23 | 1 < i-gsSih Y1 < 1-gs5Sie
F32 | 4y < i-gsaS Py i gshaS
FBF (Psibar, P, Psi): L1 = gpi1 Pysio
F12 | g < i-gpt17sP Vo <1 gpysY1 P
F21 | thy < i-gpPir17s o i+ gpPys511
F13 | P<i-gp1ysihs P < i-gpp{ Cysis
F31 | P+ i-gp[ystha]athia P 1i-gpipg Cysehy
F23 | 1 < i-gpPystb2 1 < i-gpPys512
F32 | i1 < i-gpysieP 1 1+ gpyspaP
FBF (Psibar, V, Psi): L1 = gviyr Vo
F12 | g «i-gvinV Vo,0 < i-(—gv)¥1,8Vap
F21 | Yop < i-gvVasiia Yo i (—gv)Vi
F13 | Vi gviyuihs Vi gy (ih1)T Cyuibe
F31 |V, < i-gv[vutaathia Vi (—gv)(@2)T Cyputhr
F23 | iy < i-gvVibo VY1 i gy Vi
F32 | 1o i -gvihasVap Vi & 1-gvi2sVas
FBF (Psibar, A, Psi): L; = gath1ysAe
F12 | g i gatrys A V2,0 < 1-ga¥slrsAlas
F21 | o < i-galvsflapia | 2 < i gaysAv
F13 | Ay < i+ gav1ysyuibe A, i gaT Crysyuipe
F31 | Ay i galysyutlathia | Ay i gahd Cysyutn
F23 | 41 < i-gays Ao VY1 i gays Ao
F32 | 1o < i-gavasvsflas | Y10 < 1-gav2pl5A]0s

Table 16.3:

derivative couplings and all participating fields are different.

‘ only Dirac fermions ‘ incl. Majorana fermions

FBF (Psibar, T, Psi): L5 = grT1[v", 7] -1

F12 | g i grin [y, 7" ]-Tpw Yo+ i-gr---

F21 | 4§y i grTuihi[* 1" Yo 4—i-gr--

F13 | Ty < i+ grn [y wl-t2 Ty <= 1i-gr---

F31 | Ty i gr(lvu wl-¥2)a¥ra | Tuw < i-gr---

F23 | iy < i-grTu[y*,v"] -1 PYri-gr---

F32 | 1 < i-gr[y",v"] 2T, Y1 i-gr---

Interface of Coupling

Dimension-4 trilinear fermionic couplings. The momenta are unambiguous, because there are no

Table 16.4: Dimension-5 trilinear fermionic couplings (NB: the coefficients and signs are not fixed yet). The
momenta are unambiguous, because there are no derivative couplings and all participating fields are different.
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‘ only Dirac fermions

‘ incl. Majorana fermions

FBF (Psibar, SP, Psi): L1 = ¥1¢(gs + gp7s) U2

F12 | 3 +i-¥1(gs + gp7s)d Py —1- -
F21 | g +i- ¢¥1(gs + gps) PR R
F13 | ¢ +i-U1(gs + 9752 G-
F31 | ¢« i-[(9s+ gpys)¥2)athia | i
F23 | 1 < i ¢(gs + gpys)ib2 Py Q-
F32 | 1 i (gs + gp7s5)2¢ Py =10
FBF (Psibar, SL, Psi): L1 = gri1o(1 —5)12
F12 | by 1- g (1 —75)¢ o i
F21 | thy < i-grots(1—1s5) o =i
F13 | ¢ i grin(1— )2 G-
F31 | ¢ i go[(1 —5)¢o)athra | ¢i---
F23 | t1  i-gro(1 — 73t YL i
F32 | 1 i gr(1—5)P29 (AR R
FBF (Psibar, SR, Psi): L1 = grb10(1 + v5)bo
F12 | thy < i- grip1(1+75)0 Yo i
F21 | 3 «i-groin(1+75) o =i
F13 | ¢ < i-grip1(1+75)1hs G-
F31 | ¢« i-grl(1+75)02lathra | ¢4—i---
F28 | i1 < 1-gro(1+ v5)2 Py =i
F32 | b1 <1 gr(1+75)2d (AR R

FBF (Psibar, SLR, Psi): L1 = gri1d(1 — v5)h2 + grtb1d(1 + 45)1o

Table 16.5: Combined dimension-4 trilinear fermionic couplings.
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‘ only Dirac fermions ‘ incl. Majorana fermions
FBF (Psibar, VA, Psi): L; = 1Z(gv — gavs)i2
F12 | s < i-01Z(gv — ga7s) Yy i
Fet 752,5 —1i-[Z(gv — QA%)]aﬁ%,a Po &1+
F13 | Zy <1 ¥17u(gv — g9avs)v2 Zy =i
F31 | Zy 1 [yulgv — gavs)¥2lathra | Zy +1i----
F23 | 1 <1 Z(gv — gav5)¥2 Py =i
F32 | 10 < i-U2p[Z(9v —gavs)lag | 1 ¢ i----
FBF (Psibar, VL, Psi): L1 = grinZ(1 —~s)s
F12 | g < i-gr1 Z(1—s) Yo Q-
F21 | o p < i-gr[Z(1 = 75)]lap¥1.a Py =1+
F13 | Zy < i-grtnyu(l — 75)e Z, i
F31 | Zy i -gu[yu(1—v)to)athra | Zui---
F28 | apy < i-gZ(1 —5)h2 b1 i
F32 | 1o 19002821 —75)|as TP P
FBF (Psibar, VR, Psi): L1 = gpip1 Z(1 4 75)12
F12 | o +i-grtnZ(1+5) Yo = i---
F21 | thag 1 gr[Z(1 +75)]ap¥1,a g 1. -
F13 | Z, i grth1vu (1 + 75)12 Zy =i
F31 | Zy < i-grlvu(1+75)Ylati o Zy 1w+
F23 | by < 1-grZ(1+75)2 Py =i
F32 | tp1,a <1 gr2,s[Z (14 75)]ap Yr =i
FBF (Psibar, VLR, Psi): L1 = gryn Z(1 — v5)2 + grip1 Z(1 4 5)12

Table 16.6: Combined dimension-4 trilinear fermionic couplings continued.

FBF (Psibar, S, Chi): 1Sy

F12: x <+« ¢S F21: x <+ Sy
F13: S« yTCy F31: S« xTCy
F23: 1« Sy F32: 1+ xS
FBF (Psibar, P, Chi): 9 Pvysx
Fi2: x < vyP F21: x < Pysv
F13: P+« ¢TCysx F31: P+ x"Cys¢
F23: 1« Pysx F32: 4 < ysxP
FBF (Psibar, V, Chi): ¥V x
F12: Xa < =93V as F21: x <+ =V
F13: V, «4TCyx | F31: V, < xTC(=y1)
F23: ¢« Vyx F32: o < xsVap
FBF (Psibar, A, Chi): 97" Ay
F12: Xa < sV Alag | F21: X < AY
F18: A, < pTCy¥y,x | F31: A, xTC(¥oy0)
F23: o« 5 Ay F32: o+ XV Alas

Table 16.7: Dimension-4 trilinear couplings including one Dirac and one Majorana fermion
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FBF (Psibar, SP, Chi): ¥¢(gs + gps)x

F12: x < (95 +9pys)09 F21: x + ¢(9s + gpvys)
F13: ¢« ¢TC(gs + gpys)X F31: ¢+ xTC(gs + gpvs)X
F23: < ¢(gs + gpys)X F32: 9 < (95 + 9p75)X0

FBF (Psibar, VA, Chi): ¥vZ(gv — ga7s)x
F12: Xa < ¥slZ(=gv —gavs)lap | F21: x < Z(—gv — gays)ly
F13: Z, " Crulgy —gars)x | F31:  Z,  x"Crul(—gv — gavs)¥
F23: 4« Z(gv — gavs)X F32: o < xplZ(9v — gays)]as

Table 16.8: Combined dimension-4 trilinear fermionic couplings including one Dirac and one Majorana fermion.

FBF (Chibar, S, Psi): xS
Fi12: ¢+ xS F21: ¢+ Sx
F18: 8+ xTCy F381: S+ yTCy
F23: x <+ Sy F32: x <+ ¢S
FBF (Chibar, P, Psi): xPysy
Fi12: & vsx P F21: o+ Prysx
F13: P« xTCvysy F31: P <« ¢TCysx
F23: x <« Pys¢ F32: x <« 9P
FBF (Chibar, V, Psi): XV
F12: o < —xsVas F21: ¢+ —-Vx
F13: V, « xTCyut F31: V, + 9TC(=v,x)
F23: x < Vv F32: Xa < ¥5Vap
FBF (Chibar, A, Psi): xv° A
F12: 4o < xa[v° Alas F21: < 5 Ax
F18: A, XTC(Pyu) | F31: A, + ¢YTCyov,x
F23: x <+ Ay F32:  xa < Ys[v° Alag

Table 16.9: Dimension-4 trilinear couplings including one Dirac and one Majorana fermion

FBF (Chibar, SP, Psi): X¢(gs + gpys)w

Fi12: ¢« (gs + gp7s)X® F21: < ¢(gs + gpys)X
F13: ¢ <« xTClgs + gpvys)v F31: ¢+ ¢TClgs + gpys)X
F23:  x < ¢(gs +gp7s)v F32: x < (95 + gp7vs5)¢9

FBF (Chibar, VA, Psi): XZ(gv — ga7ys)¥
F12: o < xpl€(—gv —ga¥s)lap | F21: ¥ < Z(—gv — gavs)X
P13 Z, X" Cyulgy —gavs)¥ | F31: Z, < 9" Cyu(—gv — gars)x
F23:  x <+ Z(gv — gays)|Y F32: Xa + ¥slZ(9v — 9a75)]as

Table 16.10:  Combined dimension-4 trilinear fermionic couplings including one Dirac and one Majorana
fermion.
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FBF (Chibar, S, Chi): XaSxs

Fi12: xp+ XaS F21: xp + Sxa

F13: S <+ xTCyy F31: S« X{Cxa

F23: xo 4+ Sxp F32: xa 4+ XSp
FBF (Chibar, P, Chi): XoPystyp

F12: xp ¢ vsxaP F21: xp ¢ PysXxa

F13: P« xTCysxs F31: P+ x}CysXxa

F23: Xa <= Pysxs F32: Xa < vx0P

FBF (Chibar, V, Chi): XV X
F12: Xpa < —Xa8Vas F21: xp < —Vxa
F18: V, + xICyuxp F31: V, + —xECyuXa
F23: Xa+Vxo F32: Xaa < Xb,8Vas

FBF (Chibar, A, Chi): XaY°Axs
F12: Xoa < Xap[’Alas | F21: xo < 7V MXa
F13: A, + X?;CVS%LXZJ F31: A, + X{C(W‘S%Xa)
F23: Xa &7 Axe F32: Xaa < Xb,8[7° Alag

Table 16.11: Dimension-4 trilinear couplings of two Majorana fermions

FBF (Chibar, SP, Chi): X¢a(9s + 9p7s5)Xb

F12:  xp < (95 + 9P75)Xa® F21: Xy < ¢(9s +9PV5)Xa
F13: ¢+ xTC(gs + gpvs)Xs F31: ¢+ x!'Clgs + 9p¥5)Xa
F23:  Xa + ¢(gs + gpP75)Xb F32:  Xa < (95 + 9pP75)X0®

FBF (Chibar, VA, Chi): XoZ(9v — gav¥s)Xs
F12: Xba ¢ XapslZ(—9v —g9avs)las | F21: xp < Z(—9v — 9a75)|Xa
F13: Z, + x4t Cyulgv — 9a75)x0 F31: Z, + x4 Cyu(—9v — 9a¥s)Xa

F23: Xa < Z(9v — 9475)Xb F32: Xa,a < X0,8[Z(9v — 9a75)ap

Table 16.12: Combined dimension-4 trilinear fermionic couplings of two Majorana fermions.

Gauge_Gauge_Gauge: L1 = gfapcALALOL A
o Al i (—ig/2) - CEL7 (—ko — ks, ko, kg)AZAf,
Auz_Gauge_Gauge: L1 = gfapeXa,uw (k1) (A} (k2) A% (ks) — Ap (k) AE(ks))
F23VE32: XM (ky+ k) <1 gfavc(A} (k2) AL (ks) — Af (ko) Ak (ks))
F12VF13:  Ag (k1 4 kays) <=1 gfabeXoou(ki) AL (ka)3)
FRI1VF31:  Agu(koys + k1) < i gfavcAy(kay3)Xe (k1)

Table 16.13: Dimension-4 Vector Boson couplings with outgoing momenta. See (16.5b) and (16.6b) for the
definition of the antisymmetric tensor CH1#2#3 (ky, ko, k3).
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Scalar_ Vector_ Vector: L1 = gpV{'Va,

Fi3: +i-g--- F81: +i-g---

Fi2: <+i-g--- F21: «i-g---

F23: ¢« i-gV/'Va, | F32: ¢« i-gVa, V)

Auz_Vector_Vector: L1 = gXV{'Va,

Fi18: <«i-g--- F31: «i-g---

Fi2: <+i-g--- F21: +i-g---

F23: X i-gVi'Va, | F32: X «i-gV,V

Auz_Scalar_ Vector: L = gX ¢V,

Fi3: <i-g--- F81: «i-g---

Fi12: <«i-g--- F21: «i-g---

F23: «i.g--- F32: «i-g---
Table 16.14:

Scalar_Scalar_Scalar: L1 = gp1¢203

F18: ¢o < i-gp1¢3 | FS1: ¢ < i-gd3¢n

F12: ¢z < 1-gp1s | F21: 3 < 1-gdach

F23: @1+ i-gpag3 | F32: ¢y <+ 1i-gospa

Auz_Scalar_Scalar: L1 = gX ¢1¢2

Fi3: <+i.g--- F81: +i-g---

Fi12: <«i-g--- F21: «i-g---

F23: X < i-gp19o | F32: X < 1i-goap

Table 16.15:

Vector_Scalar_Scalar: L; = gV”(ﬁlig,j(bg

F25: V“(kz + ]ﬂg) —i- g(/ﬂg — kg)(bl (kg)(bg

ks

F32: VH(ky+k3) < 1i-g(kb — k§)pa(ks) o1

(k3)
(k2)

F12: ¢2(k1+k2)<—i-g(ku+2ku)

u(k

1)1 (
F21: ¢2 k1+k2 —i- g k#+2ku)¢)1(k2)vﬂ(k1

¢1(k2)
)

( ) (
F13:  ¢1(ky +k3) < i-g(—k} — 2k5)V,
( ) ( kﬂ — Qku)gbg ks V# kl)

F31: ¢1 k1+k3 i g

(k1) 2 (ks)
(k3)Vu(

Table 16.16:

Auz_DScalar_DScalar: L1 = gx(i0,¢1)(

$2)

(i
F23: x(ko 4 k3) < 1-g(ka - k3)en(

o+
k

2)P2(k3)
F32: x(ko+ k) <+ i-g(ks - ko)da(ks)d1(k2)
F12: ¢o(ky + ko) <1+ g((—k1 — ka) - ko) x (k1)1 (k2)
F21: ¢o(ky + ko) < i~ g(ka - (=K1 — ka))p1(k2)x (k1)
F13: ¢i(ky + k3) < i-g((—k1 — k3) k3)x (k1) 2 (ks)
F31: ¢1(ky +ks) < 1-g(ks - (—k1 — k3))pa(ks)x (k1)

Table 16.17:
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Auz_Vector_DScalar: L1 = gxV,(10"¢)

)

F32: (k’Q + k) < i- g (k3)k5V,,(k2)

Fi12: (kl + kQ) —i- gx(k1)(—k’1 - k2)MV/A(k2)

F21: ¢(ky + ko) < i-g(—ky — ko)"V,,(ka)x (k1)

F13: V(ki +ks) < i-g(—k1 — ks)ux(k1)o(ks)

F31: Vu(ky + k) « i+ g(—k1 — k3)(ks)x (k1)

Table 16.18:
with
CHP? (—ky — k3, k2, k3) = (977 (ks — k) + g (2k5 + k5) — g7 (2k35 + k3)) (16.6b)

1. €.

AV (kg + k3) = f%fabc((kg — k§) AP (kg) - A°(k3)
+ (2ks + ko) - AY(ka) A" (k3) — APF (ko) A(ks3) - (2k2 + k3))  (16.6¢)

@ Investigate the rearrangements proposed in [5] for improved numerical stability.

Non-Gauge Vector Couplings

As a basis for the dimension-4 couplings of three vector bosons, we choose “transversal” and “longitudinal”
(with respect to the first vector field) tensors that are odd and even under permutation of the second and third
argument

r(Vi, Vo, Va) = VI (Vaud8, V) = —Lop(Vi, Vs, Va) (16.72)

L
L1(V1,Va,V3) = (10, V)2, V5" = L1(V1,V3,V2) (16.7b)

Using partial integration in £, we find the convenient combinations

£T(V1, V27 VE),) + ﬁL(Vl, ‘/27 ‘/3) = —2‘4”18HV2’V‘/E>)V (16.83)
Lr(Vi,Va, Vs) = L (V1, Va2, V3) = 2V{'V3 ,i0, V5 (16.8b)

As an important example, we can rewrite the dimension-4 “anomalous” triple gauge couplings

iLrac(gr, K 9a)/gvww = V(W WHY =W W)
+ KWWV 4 g WS (VY + 9" Vi) (16.9)

as

Lrce(gr, k,g1) = g Lr(V,W -, W)

S I (e VW) + I VW)
S W v %ﬁg‘*u(wiv,ww (16.10)
CP Violation
L(Vi, Vo, Va) = Vi (Vi O Va0 )97 = +Lop(Vi, Vi, Va) (16.11a)
L;(Vi,Va,V3) = (10,V1,,)Va,, V3, 0?7 = =L (V1, V3, V5) (16.11b)

Here the notations 7' and L are clearly abuse de langage, because L;(Vi, Vs, V3) is actually the transversal
combination, due to the antisymmetry of e. Using partial integration in £;, we could again find combinations

Li(Vi,Va,Vs)+ L5 (V1,Va,V3) = =2V1 ,V5,10,V3 /P (16.12a)
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DimJ _ Vector_ Vector_ Vector_T: L = ngu‘/gwiang”

F23: Vi(ky + k) ¢ i- g(kY — K2 Vo, (ko) Vi (ks)
F32: Vi(ky + ks) ¢ i- g(kY — KV (ks) Vo, (k2)

F12: Vi(ky + ka)  1- g(2k5 + kV)Vi (ke )VE (ko)
F21: VI (ks + k) i g(2KY + kY)W (ko) Vi (k)
F13: Vi(ky + ks) < i- g(—kY — 2KV (k) V2 (ks)
F31: Vi (ky + k) ¢ i- g(—kY — 2KV (k) VY (k1)

DimJ _ Vector - Vector_ Vector_L: L; = gi@HVf‘VQ,VV?)”

F23: Vlu(k'g + k)i g(k“ + k“)VQ v (k2) VY (ks3)

F32: VI'(kg +ks) < 1-g(kh + k5)VY (k3)Va,, (k2)

F12: V3“(k1+k2) —i-g(— k‘l)Vl,,(k‘l)V”(kig)

F21: VI(ki + ko) < 1- g(—kY)VS (ko) Vi (k1)

F13: V3'(k1 + ks) < i- g(=k{)VY (k1)V5' (k3)

F31: V' (k1 + ks) < 1~ g(=kY)V (k3) VY (k1)
Table 16.19:

DimJ _Vector_ Vector_Vector_T5: L; = gVLMVg,pia}Vg S EMVPT

ET(Vli ‘/27‘/3) -

but we don’t need them, since

L;(Vi,Vo,V3) =

F23: Vl“(kg +ks)+—1i- ge’“’p"(kg v — k3, )Va (ko) V3 o (ks3)

F32: V{!(ks + k3) - getrP (ko — k3 ) Va6 (k3)Va,p(ka)

F12: V§(ki+ ko) ge“”p“(ng v+ ki )Vi (k1) Va o (ko)

F21: Vi(ki+ ko) < 1-ge"P7(2ka, + k1,,) Va0 (k2)Va p(k1)

F13: Vi§'(ki+ k3) < 1-ge"P7 (—k1,, — 2k3,)V1,p(k1)V3 o (k3)

F31: V' (ki +ks) < 1-ge"P?(—ky,, — 2ks,)V3 o (k3)Vi p(k1)
DimJ _ Vector_ Vector_Vector_L5: L = gi0, V1, V2, V3 5€"P7

F23: VI(ky+ k3) < 1-ge"?7 (koo + k3)Va,p(k2) Vi o (k3)

F32: VI (ky +ks) < 1-ge"P? (ko + k3,)Va p(k2)V3 5 (k3)

F12: V§(ki + ko) < i-ge"r7(—ky )V, p(kl)Vgg(kg)

F21: VI(ky +ka) < 1- ge"P7(—ky,,)Va,0(k2) V1 p(k1)

F13: V§'(ki+ k3) < 1-ge"P7 (—k1,,)V1 p(k1) V3,0 (k3)

F31: Vi'(ki+ks) < 1-ge"P7 (—k1,,)V3 o (k3)Vi p(k1)

Table 16.20:

—2V1,4i0, V2 p Vs o7

iLrac(ys, R)/gvww = 956Wpa(W+’”i<57W7’V)VU

is immediately recognizable as

Lrcc(gs,&)/gvww = —igsLi (V.W ™, W)+ RLA(V,W—,WT)

%V - + _uvpo
— 7WN WV € Vpo’
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Dim6 - Gauge-Gauge-Gauge: L; = gF{" Fy ,,F3
- A,f(kQ + k3) ——i- AMPU(_k2 - kSv k?? k3)A2,pAc,0'

Table 16.21:

Dim6 _Gauge_Gauge_Gauge_5: L; = g/2 - eW’\TFLWFg)TpFS’pA
F23: Allt(kz + kg) — —i- Agpa(fkg - kg, kg, kg)A27pA3’o'

F32:  Al(ky+ ks) < —i- A7 (—ky — ks, ko, k3)As s As
F12:  Af(ky + ky)  —i
F21:  AB(ky + k)  —i
F18:  Ab(ky + k3) + —i
F31:  AM(ky + k3) + —i

Table 16.22:

16.1.4 SU(2) Gauge Bosons

An important special case for table 16.13 are the two usual coordinates of SU(2)

1
Wy =— (W FiW. 16.15
+ \/ﬁ( 1 FiWs) ( )

i.e.
W—L(W + W) (16.16a)

1= V2 + - :
i

Wy = — (W — W_ 16.16b
2 \/5( + ) ( )

and
WIWy — WEWY =1 (WEWY — WEWY) (16.17)

Thus the symmtry remains after the change of basis:

CCWIWLRWE = iWE (W — Wi W)
+ W (WERWEe — W) 4 i (W W — WI2WHe) - (16.18)

16.1.5 Quartic Couplings and Auziliary Fields

Quartic couplings can be replaced by cubic couplings to a non-propagating auxiliary field. The quartic term
should get a negative sign so that it the energy is bounded from below for identical fields. In the language of
functional integrals

Los = —g 120304 =
Lxge = X*X £ gXp1¢o £ gX P30 = (X* £ gp192)(X £ gp304) — g°P1020304  (16.19a)

and in the language of Feynman diagrams

—ig? = +ig »- - - & +ig (16.19b)

The other choice of signs

o2 = — XX £ 9X 12 T gX d3¢pa = —(X* £ gd162)(X T gdsda) — g°d12¢304 (16.20)
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kyp,a
D = +ig'yHTa (16.223)
p/
1
- {
2 = 9farazas C*H1213 (K1, k2, k3) (16.22b)

_i92falazbfa304b(gH1HSgH4H2 — Gpurpua Gpapis)
*ig2fa1asbfa4a2b(9u1#49uzu3 — Gps piaGpispia) (16.22c)

2 2
—1g fa1a4bfa2a3b(guluzgu3u4 - gM1M39M4M2)

1 = - ingalazbfa3a4b(9u1#39u4u2 ~ G papaps) (16.23)

Figure 16.2: Gauge couplings.

can not be extended easily to identical particles and is therefore not used. For identical particles we have

92 4

1 g g 1 g g g9’
Lxg =5 X2+ X2+ Ix0% = - (X £24?) (Xj:f ?) - Lot (1621
Xot Ty P X ESXKT =3 2? 2¢7) — e 162D
Explain the factor 1/3 in the functional setting and its relation to the three diagrams in the graphical
setting?
Quartic Gauge Couplings
The three crossed versions of figure 16.2 reproduces the quartic coupling in figure 16.1, because
- inga1a2bfa3ﬂ4b(gltlﬂsg#um - g#1u4g#2#3)

igl’l v3 gV2 Va

= (igfala2bT#1H21V1V2) (2> (igfa3a4bTH3#47V3V4) (1624)

with TM1H27N3M4 = Guips9uape — JpipaJpaps-

16.1.6  Gravitinos and supersymmetric currents

In supergravity theories there is a fermionic partner of the graviton, the gravitino. Therefore we have introduced
the Lorentz type Vectorspinor.
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GBG (Fermbar, MOM, Ferm): v (i@ 4+ m)¢pi,

F12: gy < —(FFm)Yn S F21: 4y < =S(kFm)ir

F13: S ¢{ C(F £ m)yo F31: S+ 3 C(—(F F m)ir)

F23: by« S(J £ m)hs F32: 1 < (F£m)yeS
GBG (Fermbar, MOM5, Ferm): 1 (i £ m)dy 1o

F12: g < (F £m)yy P F21: g < P(f £ m)y5

F13: P <« pIC(} £ m)yo, F31: P <« IC(}+m)ydy;

F23: iy < P(F+m)y" ¢, F32: < (F£m)y o P

GBG (Fermbar, MOML, Ferm): 11 (i £ m)é(1 — v°)1y
F12: g —(1 = )YFFm)1o | F21:  hy «+ —d(1 — ) (F F m)n
F18: ¢« p{ C(k£m)(1 =)o | F31: ¢ < 3 C(1 = 2°)(=(F F m)y)
F23: 1 < o(F£m)(1 — )by F32: 1+ (F£m)(1 —~°)e0
GBG (Fermbar, LMOM, Ferm): 16(1 —4°)(id & m))o
F12: thg = —(FFm)1(1 =7°)p | F21: thg « —p(f Fm)(1 =)
F13: ¢ { C(L =)k £m)s | F31: ¢ < 3 C(=(F F m)(1 — "))
F28: < ¢(1 = %) (f £m)s F32: apy + (1 =")(F £ m)yagp
GBG (Fermbar, VMOM, Ferm): 11idoVs[v®,v%]12

Flg ¢2 — _[k7fya]¢lva Fg] ¢2 — _[kv‘/]wl
Fi13: Vg« 1/1{0[%,%]1#2 F31: Vg, «+ %TC(—[ka’Ya]l/Jl)
F25: 1 <k, Vo F32: < [F, eV

Table 16.23: Combined dimension-4 trilinear fermionic couplings including a momentum. Ferm stands for
Psi and Chi. The case of MOMR is identical to MOML if one substitutes 1 +~° for 1 — +°, as well as for
LMOM and RMOM. The mass term forces us to keep the chiral projector always on the left after "inverting
the line" for MOM L while on the right for LM OM.
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GBBG (Fermbar, S2LR, Ferm): 115152(9rPr + grPr)o
F123 F213 F132 F231 F312 F321: s + S1S2(grPr + g1 Pr)vn
F423 F243 F}32 F23) F342 F32): 1  S1S2(grPr, + grPr)ts
F134 F143 F314: Sy < ¢{ CSa(9LPr + grPr)vs
F124 F142 F214}: Sy« ¢{ CS1(grPrL + grPr)2
F413 F431 F341: Sy 43 CSa(9rPL + grPr)?:
F{12 F421 F241: Sy < 43 CS1(9rPL + grPr){n
GBBG (Fermbar, S2, Ferm): 11S1S27°s
F128 F218 F132 F231 F312 F321: 1)y + 51557
F423 F248 F432 F23) F342 F324: 1) <+ S1897°1s

F13 F1}3 F31}:

Sy T CSayPehs

F124 F1}2 F21:

Sy T CS17 1,

Fj13 F431 F3)1:

St 1/12TC»92751/11

Fj12 F21 F2}1:

Sy + I CS195

GBBG (Fermbar, V2, Ferm): ¥1[V1, Va]e
F123 F213 F132 F231 F312 F321: by + —[V1, V2]t
F}23 F243 F}32 F23} F342 F324: 1« [V1, Vs
F134 F148 F314: Via <+ 0T Clya, Valtbs

F124 F142 F214: Vi < YFC(—[Va, Vi)2
FJ13 F431 F341: Vi szTC(—[va,VQ})wl
F412 F421 F241: Voo + I Clya, Vilth

Table 16.24: Vertices with two fermions (Ferm stands for Psi and Chi, but not for Grav) and two bosons
(two scalars, scalar/vector, two vectors) for the BRST transformations. Part I
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GBBG (Fermbar, SV, Ferm): 11V S
F123 F218 F132 F231 F312 F321: )y + =V Sin
F423 F243 F}32 F234 F342 F324: 1 < VSt

F13/ F1438 F31}:

Va — ¢,{O’Yoc S'(/)2

F12/ F1/2 F21}:

S+ 1/J?CV1/)2

FJ13 F}31 F3/1:

Vo 1/)%10(—’)@377/}1)

Fj12 Fj21 F2}1:

S < 93 C(=Vn)

GBBG (Fermbar, PV, Ferm): 11 V~°Pis
Fi123 F213 F132 F231 F312 F321: g < V“YE’P%
F}23 F243 F432 F234 F342 F324: 1 < V’y5Pz/)2

F13) F143 F31}:

Va 91 Cyay® Py

F124 F1}2 F21/:

P ] CY 1y

F}13 F431 F3)1:

Vo = 3 Cyay® P

F/12 F}21 F2/1:

P — T CV A%

GBBG (Fermbar, S(L/R)V, Ferm): ¢V (1 F~)¢ths
F123 F213 F132 F231 F312 F321: s + —V (1 4+~°)én
F}23 F243 F}32 F234 F3,2 F32f: 1 + V(1 F+°)ot
F134 F148 F31): Vi ¢ TCya(1 F~5)dths
F124 F142 F21}: ¢+ »TCV (1 F~)1y
F413 F431 F341: Vy + T Cya(—(1 £ %) d¢y)
FJ12 Fj21 F2/1: ¢« T CV(—(1£~5)4)

Table 16.25: Vertices with two fermions (Ferm stands for Psi and Chi, but not for Grav) and two bosons
(two scalars, scalar/vector, two vectors) for the BRST transformations. Part IT
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GBG (Gravbar, POT, Psi): ,Sv"1)

F12: 4 —y"9,S F21: 1) —Sytip,
F13: S+ YT Cytp F31: S« T C(="),
F23: b, + Sy F32: by < yupS

GBG (Gravbar, S, Psi): 1, }sSy"1
F12: 1 < v fsip,S F21: )« SyFfgsy,
F13: S ¢TChsv'y F31: 8 + T Cy kst
F23: 4, + Sksv F32: by < ksvupS

GBG (Gravbar, P, Psi): ¥, fpPy ys1)

Fi12: o <y kpyspu P F21: o) < Py*Epyst,
F13: P« wgckpvﬂ%z/) F31: P+ TCy fpysy,
F253: by < PEpyuvs F32: 4, kpyus9P

GBG (Gravbar, V, Psi): ¢, [kv, VIv*vy°¢

F12: ¥y Ry, v Va | F21: ¢ 5y kv, VY,
F18: V< OICllv, v v* 7 | F31: V= T Cy¥ P [y, vl
F23: a, « [Fv, Vv y F32: v, v 7.7 Y Va

Table 16.26:

Dimension-j trilinear couplings including one Dirac, one Gravitino fermion and one additional

particle.The option POT is for the coupling of the supersymmetric current to the derivative of the quadratic
terms in the superpotential.

GBG (Psibar, POT, Grav): ¥y*Sv¢,

Fi2: v, < =48 F21: o, < =Sy

F18: S+ ¢TCyty, F31: S+ wgC(—fy“)z/)

F23: 1 < Sk, F32: b 44, S
GBG (Psibar, S, Grav): Yy*§sSi,

F12: o, + Kksv, S F21: 4, < Sksy,v

F13: S« TCy s, F31: S« ¢l Chsyy

F23: 1)« Sy ks, F32: ) < y*fsp,S

GBG (Psibar, P, Grav): Ypy*y° Pkpi,

F12: 4, —kp’yu’}/5wp F21: 4, —Pkpfyu’y5w
F13: P TCyry fpib, F31: P« T Clpyivyst
F23: o« P’y“’y‘r’}(zpzbﬂ F32: o« ’y“’yf’kpqu

GBG (Psibar, V, Grav): 1;75’}'“[%‘%‘/]1#“

F12: , « [Fv, 777 Y Va F21: apy, « [Fv, V]
F13: V, «— TCY¥yP[fv, vty | F31: Vi = L Cllv, vy
F23: < ¥y kv, V], F32: < Yy [fy, v Va

Table 16.27: Dimension-5 trilinear couplings including one conjugated Dirac, one Gravitino fermion and one

additional particle.
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GBG (Gravbar, POT, Chi): 1, Sy"x
Fi12: x < —*,S F21: x < =Svy"y,
F13: S« ¢l Cyrx F31: S+ xTC(—y")y,
F23: v, Svux F32: v, vuxS
GBG (Gravbar, S, Chi): ¥, fsSv*x
F12: x <« ~v"ksy,S F21:  x <+ Sy"ksv,
F13: S+ ¢§Ckm“x F31: S+ xTCy'ksy,
F23: 4, < Sksvux F32: < ksvuxS
GBG (Gravbar, P, Chi): ¥, fp Py ysx
F12: x < "kpvsibul F21: X« Py"Epystu
F13: P« ¢ Clpry'ysx F31: P« XTCy"fpysi
F23: by, < PEpyuvsx F32: u < kpyuvsx P
GBG (Gravbar, V, Chi): ¥,[kv, VIv*v°x
F12: x < "y v,y 1V | F21: x < " [Fv, Vit
F13: 'V, « prC[kV,'thp'y‘r’x F31: V, + XTCy¥y* kv, v.)v,
F23: ahy  [Fv, Vv'x F32: by [Fv, 711X Va

Table 16.28: Dimension-5 trilinear couplings including one Majorana, one Gravitino fermion and one additional
particle. The table is essentially the same as the one with the Dirac fermion and only written for the sake of
completeness.

GBG (Chibar, POT, Grav): xy*Si,
F12: 9, < —v.xS F21: o, =Svux
F18: S+ xTCytp, F31: S+ wEC(—'y“)X
F23: x < Sy, F32: x < ~"y,S
GBG (Chibar, S, Grav): xv*ksSv,
F12: b, < FsvuxS F21: b, < Sksvux
F18: S+ xTCy'ksy, F31: S« ¢ Clsyix
F23:  x <+ Sy"ksv, F32: x <« ~v"ksy,S
GBG (Chibar, P, Grav): xy*~v°Pkp,
F12: 9, < —kpv7°xP F21: 4, < —Pkpy,7°x
F13: P« xTCy"y5kpy, F31: P+ —wECkP’y“’yg,X
F28:  x < Py kpy, F32:  x < "y kpy, P
GBG (Chibar, V, Grav): xv°v*[fv, Vv,
F12: ¢ < [Fv, 7177 xVa F21: < [Fv, Vv x
F13: VX" CY¥y* kv, vl | F31: V= I Cllv, vu]v*7°x
F23:  x ¥ [fv, V1w F32: X < 0" [fv, 71V

Table 16.29: Dimension-5 trilinear couplings including one conjugated Majorana, one Gravitino fermion and
one additional particle. This table is not only the same as the one with the conjugated Dirac fermion but also
the same part of the Lagrangian density as the one with the Majorana particle on the right of the gravitino.
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GBBG (Gravbar, S2, Psi): 1,51 So7"1

F123 F213 F132 F231 F312 F321:

’(/} «— _’YHSlS2wp,

FJ23 F243 F}32 F23) F342 F32/:

wu <~ 7#5152w

F13) F1/3 F31}:

S1 YL C Syt

F12} F1/2 F21}:

Sa 4= 1, CS1y"y

FJ13 F/81 F341:

S+ *dJTCSQ’Y#q/}/L

F12 F}21 F241:

Sa = =T CS1y"yy

GBBG (Gravbar, SV, Psi): 1, SV~y*v%

F123 F213 F132 F231 F312 F321:

Y SV Y,

F423 F243 F432 F234 F342 F324:

¢u <~ VSVWW

F13) F1}3 F31}:

S Pl CY Pty

F12/ F1}2 F21:

Vi = CSynP 5

FJ13 F/31 F341:

S« PTCy Vi

FJ12 FJ21 F2/1:

Vi < vTCSY Py,

GBBG (Gravbar, PV, Psi): 1, PY~y"y

F123 F213 F132 F231 F312 F321: 1 « v"PV,
F428 F248 F482 F234 F342 F324: 1, < VPt
F134 F143 F314: P+ ¢TCY~*y

F12) F1/2 F21}:

Vi = b C Py~

F}13 F431 F341:

P < pTCy" Vi

FJ12 FJ21 F241:

Vi 1/JTC’P'yp'yﬂ77/1p

GBBG (Gravbar, V2, Psi): z/jufabc[V“,Vb]’y“’ﬁw

F123 F213 F132 F231 F312 F321:

¢ — fabc'75’YM [Va’ Vb}wu

FJ23 F243 F}32 F23) F32 F32):

1% <~ fabc[‘/aa V’b]’ﬂﬁ‘:’zﬂ

F134 F1/8 F31 F12/ F1}2 F21}:

Vi prCfabc Yo VOIvP P

F}18 F481 F341 F/12 Fj21 F2/1:

V: < dJTCfabc'YS'Vp[’Ym V,b]wp

Table 16.30:

Dimension-5 trilinear couplings including one Dirac, one Gravitino fermion and two additional

bosons. In each lines we list the fusion possibilities with the same order of the fermions, but the order of the
bosons is arbitrary (of course, one has to take care of this order in the mapping of the wave functions in fusion).
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Table 16.31:

GBBG (Psibar, S2, Grav): 1S1Sov"1,

F123 F213 F132 F231 F312 F321:

VY = =Y S1529

FJ23 F243 F}32 F23) F32 F32):

Y < 51520,

F13/ F143 F31/:

Sy T CSoyiy,

F12/ F1}2 F21}:

Sa = YT CS 1y,

FJ13 F/31 F3/1:

Sy —TC Syt

Fj12 F21 F241:

Sa 4= =1 CSiy"y

GBBG (Psibar, SV, Grav): @57u75v¢#

F123 F213 F132 F231 F312 F321:

VY VSyPyHy

FJ23 F243 F}32 F23) F342 F32/:

Y SV

F13) F1}3 F31}:

S <« YT Cy Yo

F124 F142 F214:

Vi« ¢TC'Y/)'Y5 5%%

FJ13 F/31 F3/1:

S = Pl CY Aoyt

F/12 F}21 F241:

Vi = 0y CSy,nyPy

GBBG (Psibar, PV, Grav): YPy*V,

F123 F213 F132 F231 F312 F321:

¢/L — V%LP@[}

FJ23 F243 F}32 F23) F3}2 F32/:

Y VP

F13) F143 F31}:

P < pTCy" Vi

F12/ F1}2 F21):

Vi ’(/JTCP’yp’yuwp

F}13 F431 F3}1:

P <1, CVy"y

FJ12 FJ21 F241:

Vi 1/),7; CPy, Y

GBBG (Psibar, V2, Grav): ¥ fape YV VO]0,

F123 F213 F132 F231 F312 F321:

U < FavelV Vo yur

F}23 F2/3 F}32 F23) F3}2 F32/:

P+ fabc’)ﬁf}/“ [va Vbhbu

F13) F1/3 F31) F12} F1}2 F21}:

Vi = T C faner™ v [y, V01,

FJ18 FJ31 F341 F/12 Fj21 F2/1:

V= I C fapelvu, VOV

Dimension-5 trilinear couplings including one conjugated Dirac, one Gravitino fermion and two

additional bosons. The couplings of Majorana fermions to the gravitino and two bosons are essentially the same
as for Dirac fermions and they are omitted here.
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1
- / K 2 K B g p2
hl“’ 0000000 = —lggwm +1§CMV7N1M2I€1 k2 (1627&)
A
2
1 K K
- / - i§m2culww2 - i§(k1 k2Cpuvpu o
hl“’ 0000000 = + D;u/,ulug (kjh k-2) (162711))
A\ + f_lElWa,ul#z (klka))
2
p
K R / /
—1=m v 1— + v + v +
hl“’ ©c0o00000 = 2 g# 8 (PY,LL(p P ) 7 (p P )# (1627(3)
/
— 29,0+ 1))
p/

Figure 16.3: Three-point graviton couplings.

16.1.7 Perturbative Quantum Gravity and Kaluza-Klein Interactions

The gravitational coupling constant and the relative strength of the dilaton coupling are abbreviated as

k=1/167Gy (16.25a)

2 2
v \/3(n ¥2) \/3(d —2)’ (16.25b)

where n = d — 4 is the number of extra space dimensions.
In (16.27-16.34), we use the notation of [14]:

Cuv,po = GupGvo + Guo9vp — Guw9po (16.26a)

Duu,po(kh k2) = guukl,okZp
- (g,uakl,uk2,p + g,upkl,akZV - gpakl,qu,u + (/1' < V)) (1626b)

Epl/,po'(kla k2) = guy(kl,pkl,o’ + k2,pk27a + kl,pk2,o)
— (Guokr,pk1p + gupko pko o + (< v)) (16.26¢)

Ful/,p(r/\(kla k2a k3> =
g,upga)\(kZ - k3)u + g,uag)\p(kS - kl)u + g,u)\gpcr(kl - kZ)V + (/i — V) (1626d)

Guu,paz\é = g/u/(gpag)\é - gp5g/\<r)
+ (g,upguzig)\o' + 9urGvo9ps — GupGrvodrs — Gur9vsYpc + (,Uf And V)) (16266)

Derivation of (16.27a)

L= %(am)(a“o:) - Ty (16.282)

oL
(@ﬁb)m = (0,9)(0,¢) (16.28b)
Ty = —gu L + (8ﬂ¢>(,}(gﬁé)+ (16.28c¢)
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Graviton_Scalar_Scalar: h,, C§" (k1, k) p162
F12| F21: ¢y i~ hyuCl (ky, —k — k) by
F18 | F31: ¢y < i~ hu Ol (—k — ko, ko) o
F28 | F32: I « i-CY (k1 ko) 12
Graviton_ Vector_ Vector: hy, C{"""2 (ky, ko, &)V, Vi,
F12 | F21: VI i-ho\CP (—k — ki, kiE)Vi,
F13 | F31: VI i hopnCP Y (—k — ko, ko, €)Va,,
F28 | F32: WM« i- CI 192 (ky ki €)Vi, Vi,
Graviton_Spinor_Spinor: h#ﬂ/_zlc’g"(kl, ko)1g
F12: )y <1i- hwﬁlC‘g”(kl, —k — k)

F21: g <i-...
Fi5: d)l <—i-hWC’i‘”(—k—k2,k2)w2
2
F31: iy <—1i-...
F25: hHv (—i‘QZJlCi“/(kl,kQ)wg
2
F32: hHY «—1i-...
Table 16.32:
O (ky, kz) = CPPM12Ly L o (16.292)
OV () ko, &) = kykoCHob1k2 o DRVER2 (Joy o) €L BRI (| ko) (16.29b)
O 0.0 =Yg+ 0 + 780+ )" = 20" B+ ) (16.29¢)

16.1.8 Dependent Parameters

This is a simple abstract syntax for parameter dependencies. Later, there will be a parser for a convenient
concrete syntax as a part of a concrete syntax for models. There is no intention to do any symbolic manipulation
with this. The expressions will be translated directly by Targets to the target language.

type o expr =
| T
| Integer of int
Float of float
Atom of «
Sum of a expr list
Diff of a expr x « expr
Neg of « expr
Prod of o expr list
Quot of o expr x « expr
Rec of « expr
Pow of o expr x int
PowX of «a expr X « expr
Sqrt of a expr
Sin of a expr
Cos of o expr
Tan of a expr
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1
{
= —iwk2m? — iwkki ko (16.30a)
\
2
1
/ . 2 . 1
= —lwKGpu, pam” — IwkE (k1 by + k2 pn k) (16.30b)
1
2
p
= —iwk2m + iwnz(ﬁ +9) (16.30c)
p/

Figure 16.4: Three-point dilaton couplings.

Dilaton_Scalar_Scalar: ¢ . ..ki1kad1 oo
F12 | F21: ¢ < i-ki(—k — k1)pd
F18 | F81: ¢y < i-(—k — ko)katdo
F23 | F32: ¢+« i kikag1oa

Dilaton_ Vector_ Vector: ¢. ..

Fi12: Va, «i-...
F21: Vo, «i-...
F18: Vi «i-...
F31: Vi, i-...

F23: ¢+i-...
F32: ¢«i-...
Dilaton _Spinor_Spinor: ¢. ..
F12: g +1i-...
F21: g 1i-...
F13: g +i-...
F31: oy «i-...
F23: ¢+i-...
F32: ¢+i-...
Table 16.33:
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2
- 777 (16.31a)
3
2
. R a
= - IQEC;LV,MSP(kl - k2)an§n1 (1631b)
3
2
- 777 (16.31c)
3
2 K raiasa:
- 9§f 293 (Cw g pn (k1 — K2) g
- + Cuvpos (B2 = k), (16.31d)
+ CW,MM (k3 - kl)uz
3 + F#V,M#z#s(kl’ k27 k3))
2
= 777 (16.31e)
3
2
K o
= lgz(cuwuap = GuwGusp)V Trin, (16.31f)

hyuw

Figure 16.5: Four-point graviton couplings. (16.31a), (16.31¢), and (?? are missing in [14], but should be
generated by standard model Higgs selfcouplings, Higgs-gaugeboson couplings, and Yukawa couplings.

278



Interface of Coupling

(16.32a)

= —iom(kl + k2)I—L3T’rLLLf,nz (1632b)
(16.32¢)
(16.32d)

(16.32e¢)

3
_i§w9’i%t3T33n2 (16.32f)

Figure 16.6: Four-point dilaton couplings. (16.32a), (16.32¢) and (16.32¢) are missing in [14], but could be
generated by standard model Higgs selfcouplings, Higgs-gaugeboson couplings, and Yukawa couplings.
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777 (16.33a)

- ig2gcw,w4 (T T 4 ToT%), (16.33b)

s 2K b
— 19 §(f alan a2a4G#V7#1H2#3#4
b b
+ fharaz f a3a4le7H1MsH2lt4 (16.330)

ba1 aq ba2 as
Jrf f G/“Altl /tzltuis)

Figure 16.7: Five-point graviton couplings. (16.33a) is missing in [14], but should be generated by standard
model Higgs selfcouplings.

o(k) (16.34a)
o (k) (16.34b)
o(k) (16.34c¢)

Figure 16.8: Five-point dilaton couplings. (16.34a) is missing in [14], but could be generated by standard
model Higgs selfcouplings.
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Dim5 _Scalar_ Vector_ Vector - T: L = g¢(i0,V}")(10,V4")

F23: (ko + ks) < i- gkl Vi i (ko)kY Vi, (ks)

F32: ¢(ka+ ks) < i- gkg‘Vg#(l{g)kng v(k2)

F12: VI(k1 + ko) - gkl (k1) (—KY — k5) Vi (ko)
F21: Vi'(ki + k2) < i- gk (—k{ — k2)vl,u(k2)¢(kl)
F13: VI'(k1 + k3) < i- gk§¢(k1)(—kY — k5) V2, (ks3)
F31: Vi"(k1 + k3) < i- gk (kY — K5) Vo, (ks)o(k1)

Table 16.34:

Interface of Model

Dimé6 _ Vector - Vector_ Vector_T: L = ngﬂ((ial,Vf)iE(iapVg”))

F23: VI'(ko +ks) < 1-g(kh — k5 k5 Vo, (ko) K5 Vs ,(ks)

F32: Vl'(ko + k) < 1i-g(kh — E§)kE V3, (ks)kEVa, p(kg)
F12: Vgu(kl + kQ) gkl"(k.l/ + 2k5)V1 u(kl)( )Vz?p(kg)
F21: Vt(kl + k‘g) —i- ki‘ ( k‘p)‘/g p(kg)(k'l + 2k2)V17U(k‘1)
F13: Vy'(ki +ks) < i gku(ky + 2K5)Viw (k) (—k7 — K5)V3,0(k3)
F31: 2’ (k’l + kg) —i- g]{i'u( k‘p)ng(ng)(kl + 2]€3)V17V(]€1)
Table 16.35:

| Cot of a expr

| Asin of a expr

| Acos of a expr

| Atan of o expr

| Atan2 of a expr X « expr

| Sinh of o expr

| Cosh of « expr

| Tanh of « expr

| Ezp of a expr

| Log of a expr

| Log10 of « expr

| Conj of « expr

| Abs of a expr

type « variable = Real of o | Complex of «
type « variable_array = Real_Array of a | Complex_Array of «

type o parameters =
{ input : (a x float) list;
derived : (« variable X « expr) list;
derived_arrays : (« variable_array X « expr list) list }

16.1.9 More Exotic Couplings
16.2  Interface of Model
16.2.1 General Quantum Field Theories

module type T' =
sig
flavor abstractly encodes all quantum numbers.

type flavor
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Tensor_2_Vector_Vector: L; = gT" (V1 Vo, +V1,V2,,.)
F238: T (ko +ks) < 1i-g(Vi pu(k2)Vau(ks) + Viu(ka)Va . (ks))
F32: TH (ko + k3) < i g(Vau(k3)Va u(ka) + Vo, (ks) Vi (k2))
F12: VJ'(ki + ko) < i-g(TH (k1) + T"" (k1)) Vi, (k2)
F21: V' (ki + ko) < 1- gV, (ko)(TH (k1) + T (ky))
F13: V}(ki +ks) < i-g(T" (k1) + T"" (k1)) Va2, (ks)
F31: VIF(ky + k3) <1 gVa, (ks)(TH (k1) + T (k1))

Table 16.36:

Dimb _Tensor_2_Vector_Vector_1: L; = gT‘X'@(V{‘i(g)ainVg @)
F23: TP(ky+ks) < i-g(ks — k§) (k5 — ki)VF (ko) Va,u(ks)
F32: TP (ko4 ks) < i- g(ks — k§) (K5 — k& )Va,,(ks) Vi (k2)
F12: VI(ky + ko) < i+ g(k® 4 2k) (K + 2k5) T (k1 )V} (k2)
F21: VI (ky + ko) < i- g(kS + 2k3) (kY + 2k )V (ko) Top (k1)
F13: VI(ky + k3) < i- g(k® + 2k) (K + 2k5) T (k1) Vi (k3)
F31: VF(ky + ks) < i- g(k$ + 2k$) (kY + 2k YV (ks) Top (k1)

Table 16.37:

Interface of Model

Dimb _Tensor_2_Vector_Vector_2: L1 = gTO‘fB(V“i? (10,V2,a) + Vfi?a(iaﬂvzg))

F23: TP(ko+ ks) < i- g(k§ — kD)kE Vi (ko) Vi (k3) + (a > B)
F32: T (ko4 ks) < i-g(k§ — kS)V(ks)khVi (ko) + (a > B)
F12: Ve (ki + ko) i gk + 2K5) (TP (ky) + TP (k1)) (kY + E5)Vi (k2
F21: V(ky + k) i~ g(k + E5)VA (ko) (K7 + 2k5) (TP (ky) + TP (ky)
F13: V& (ky + k3) < g(kﬁ + 2k (TP (ky) + TP (k) (K2 + k&) Va i (ks
F31: V@ (ky +ks) < i- g(kt + K5 )V u(ks) (k7 + 2K5) (T2 (ky) + TP (ky)

)
)
)
)

Table 16.38:

Dim7_Tensor_2_Vector_Vector_T: L1 = gTaﬁ((iaF‘Vf’)i%}ai(g)g (10, Va,))

F23: Taﬁ(kg—i-kg)%i'g

— k) (kS — KRSV (ko) kS Vi, (K3)

(k3
F32: TP(ky+ks) < i-g(kg — k§) (k5 — kDK Vo, (ks)kE VA, #(/@)

F12: VI'(ky + ko) i gkg(ka + 2k§‘)(k6 + 26N T g (kr ) (=Y — k5)Vi (ko)

F21: VI'(ky + ko) i gkl (=K — 5V, (ko) (k$ +2k2)(kﬁ + 2k Top (k1)

F13: V/'(ky +ks) < i- gkg(ka + 2k ) (K2 4 2k5) Top (k1) (— k — k) Va, (ks)

F31: VP(ky + ks) < i- gkt (=Y — k)Va., (ks) (K 4 2k$) (KD + 2k5)Top (k1)
Table 16.39:
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Color.t encodes the (SU(N)) color representation.

val color : flavor — Color.t
val nc : unit — int

The set of conserved charges.

module Ch : Charges.T
val charges : flavor — Ch.t

The PDG particle code for interfacing with Monte Carlos.
val pdg : flavor — int

The Lorentz representation of the particle.
val lorentz : flavor — Coupling.lorentz

The propagator for the particle, which can depend on a gauge parameter.

type gauge
val propagator : flavor — gauge Coupling.propagator

Not the symbol for the numerical value, but the scheme or strategy.
val width : flavor — Coupling.width

Charge conjugation, with and without color.
val conjugate : flavor — flavor

Returns 1 for fermions, —1 for anti-fermions, 2 for Majoranas and 0 otherwise.
val fermion : flavor — int

The Feynman rules. vertices and (fuse2, fuse3, fusen) are redundant, of course. However, vertices is required
for building functors for models and vertices can be recovered from (fuse2, fuse3, fusen) only at great cost.

Nevertheless: wvertices is a candidate for removal, b/c we can build a smarter Colorize functor acting on
(fuse2, fuse3, fusen). It can support an arbitrary numer of color lines. But we have to test whether it is
efficient enough. And we have to make sure that this wouldn’t break the UFO interface.

type constant

val maz_degree : unit — int
val vertices : unit —
((((flavor x flavor x flavor) X constant Coupling.vertex3 X constant) list)

X (((flavor x flavor x flavor x flavor) x constant Coupling.vertexs X constant) list)
X (((flavor list) x constant Coupling.vertexn X constant) list))

val fuse2 : flavor — flavor — (flavor x constant Coupling.t) list

val fused : flavor — flavor — flavor — (flavor x constant Coupling.t) list

val fuse : flavor list — (flavor x constant Coupling.t) list

For counting coupling orders.

type coupling_order

val all_coupling_orders : unit — coupling_order list

val coupling_order_to_string : coupling_order — string

val coupling_orders : constant — (coupling_order X int) list

The list of all known flavors.
val flavors : unit — flavor list

The flavors that can appear in incoming or outgoing states, grouped in a way that is useful for user interfaces.
val external_flavors : unit — (string x flavor list) list

The Goldstone bosons corresponding to a gauge field, if any.
val goldstone : flavor — (flavor x constant Coupling.expr) option

The dependent parameters.

val parameters : unit — constant Coupling.parameters
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Translate from and to convenient textual representations of flavors.

val flavor_of _string : string — flavor
val flavor_to_string : flavor — string

TEX and BTEX
val flavor_to_TeX : flavor — string

The following must return unique symbols that are acceptable as symbols in all programming languages under
consideration as targets. Strings of alphanumeric characters (starting with a letter) should be safe. Underscores
are also usable, but would violate strict Fortran77.

val flavor_symbol : flavor — string
val gauge_symbol : gauge — string
val mass_symbol : flavor — string
val width_symbol : flavor — string
val constant_symbol : constant — string

Model specific options.
val options : Options.t
Not ready for prime time or other warnings to be written to the source files for the amplitudes.
val caveats : unit — string list
end

In addition to hardcoded models, we can have models that are initialized at run time.

16.2.2  Mutable Quantum Field Theories

module type Mutable =

sig
include T

Pass initialization data to the model. Typically, this is the name of a UFO directory and we can specialize
Mutable with type init = string

type nit
val it @ init — unit
val write_whizard : out_channel — wunit

Export only one big initialization function to discourage partial initializations. Labels make this usable.

val setup :
color : (flavor — Color.t) —
ne: (unit — int) —
pdg : (flavor — int) —
lorentz : (flavor — Coupling.lorentz) —
propagator : (flavor — gauge Coupling.propagator) —
width : (flavor — Coupling.width) —
goldstone : (flavor — (flavor x constant Coupling.expr) option) —
conjugate : (flavor —  flavor) —
fermion : (flavor — int) —
vertices :
(unit —
((((flavor x flavor x flavor) x constant Coupling.vertex3 X constant) list)
X (((flavor x flavor x flavor x flavor) x constant Coupling.vertez] X constant) list)
x (((flavor list) x constant Coupling.vertexn x constant) list))) —
flavors : ((string x flavor list) list) —
parameters : (unit — constant Coupling.parameters) —
flavor_of _string : (string — flavor) —
flavor_to_string : (flavor — string) —
flavor_to_TeX : (flavor — string) —
flavor _symbol : (flavor — string) —
gauge_symbol : (gauge — string) —
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mass_symbol : (flavor — string) —
width_symbol : (flavor — string) —
constant_symbol : (constant — string) —
all_coupling_orders : (unit — coupling_order list) —
coupling_order_to_string : (coupling_order — string) —
coupling_orders : (constant — (coupling_order X int) list) —
unit

end

16.2.3 Gauge Field Theories

The following signatures are used only for model building. The diagrammatics and numerics is supposed to be
completely ignorant about the detail of the models and expected to rely on the interface T exclusively.

@ In the end, we might have functors (M : T) — Gauge, but we will need to add the quantum numbers to
T.

module type Gauge =

sig
include T

Matter field carry conserved quantum numbers and can be replicated in generations without changing the gauge
sector.

type matter_field

Gauge bosons proper.
type gauge_boson

Higgses, Goldstones and all the rest:
type other

We can query the kind of field

type field =
| Matter of matter_field
| Gauge of gauge_boson
| Other of other

val field : flavor — field

and we can build new fields of a given kind:

val matter_field : matter_field — flavor
val gauge_boson : gauge_boson — flavor
val other : other — flavor

end

16.2.4 Gauge Field Theories with Broken Gauge Symmetries
Both are carefully crafted as subtypes of Gauge so that they can be used in place of Gauge and T everywhere:

module type Broken_Gauge =

sig
include Gauge

type massless
type massive
type goldstone

type kind =
| Massless of massless
| Massive of massive
| Goldstone of goldstone
val kind : gauge_boson — kind

val massless : massive — gauge_boson
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val massive : massive — gauge_boson
val goldstone : goldstone — gauge_boson

end

module type Unitarity_Gauge =
sig
include Gauge

type massless
type massive

type kind =
| Massless of massless
| Massive of massive
val kind : gauge_boson — kind

val massless : massive — gauge_boson
val massive : massive — gauge_boson

end
module type Colorized =
sig
include T
type flavor_sans_color

val flavor_sans_color : flavor — flavor_sans_color
val conjugate_sans_color : flavor_sans_color — flavor_sans_color

amplitude does not compute the amplitude, but returns all possible color combinations for the given flavor.
These will be used by the functions in Fusion.

val amplitude : flavor_sans_color list — flavor_sans_color list —
(flavor list x flavor list) list
val flow : flavor list — flavor list — Color.Flow.t

val flavor_equal : flavor — flavor — bool
end

module type Colorized - Gauge =
sig
include Gauge
type flavor_sans_color

val flavor_sans_color : flavor — flavor_sans_color
val conjugate_sans_color : flavor_sans_color — flavor_sans_color

val amplitude : flavor_sans_color list — flavor_sans_color list —
(flavor list x flavor list) list
val flow : flavor list — flavor list — Color.Flow.t

val flavor_equal : flavor — flavor — bool
end

module type Sliced_by_Orders =
sig

include Colorized

type flavor_all_orders
val flavor_all_orders : flavor — flavor_all_orders
val conjugate_all_orders : flavor_all_orders — flavor_all_orders

type orders

val orders : flavor — orders

val add_orders : orders — orders — orders
val incr_orders : orders — orders — orders
val orders_to_string : orders — string
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val orders_symbol : orders — string
val trivial : flavor_all_orders — flavor

val amplitude : orders — flavor_all_orders list — flavor_all_orders list —
flavor list x flavor list
val flow : flavor list — flavor list — Color.Flow.t

end

16.3 Interface of Dirac

16.3.1 Dirac y-matrices

module type T' =
sig

Matrices with complex rational entries.

type q¢ = Algebra.QC.t
type t = gc array array

Complex rational constants.

val zero : qc

val one : qc

val minus_one : qc
val i : qc

val minus_i : gc

Basic y-matrices.

val unit : t
val null : t
val gamma0 :
val gammal
val gamma?2 :
val gamma3 :
val gammad :

Sk R R o

(Y0, 71572, 73)

val gamma : t array
Charge conjugation

val cc @t

Algebraic operations on y-matrices

val neg : t — ¢

valadd : t - t — t

val sub : t - t — t

val mul : t — t — ¢

val times : g¢ — t — t

val transpose : t — t

val adjoint : t — t

val conj : t — t

val product : t list — t
Toplevel

val pp : Format.formatter — t — wunit
Unit tests

val test_suite : OUnit.test
end

module Chiral : T
module Dirac : T
module Majorana : T
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16.4 Implementation of Dirac
16.4.1 Dirac y-matrices

module type T' =

sig
type q¢ = Algebra.QC.t
type t = qc array array

val zero : qc

val one : qc

val minus_one : qc

val i : gc

val minus_i : gc

val unit : t

val null : t

val gamma0 : t

val gammal : t

val gamma?2 : t

val gamma3d : t

val gammad : t
val gamma : t array
val cc : t
val neg : t
val add : t
val sub : t
val mul : ¢ t
val times : qc —
val transpose : t
val adjoint : t — t
val conj : t — t
val product : t list — t
val pp : Format.formatter — t — unit
val test_suite : OUnit.test

end

Matrices with complex rational entries
module Q = Algebra.Q
module QC = Algebra.QC
type complex _rational = QC'.t

let zero = QC.null
let one = QC.unit

let minus_one = QC.neg one

let i = QC.make Q.null Q.unit

let minus_i = QC.conj i

type matrix = complex_rational array array

Dirac y-matrices

module type R =

sig
type q¢c = complex_rational
type t = matriz

val gamma0 :
val gammal
val gamma?2 :
val gamma3 :
val gammad :

R N S
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val cc : ¢
val cc_is_i_gamma2_gamma_-0 : bool
end
module Make (R : R) : T =
struct
type q¢c = complex_rational
type t = matrixz
let zero = zero
let one = one
let minus_one = minus_one
let i = 1
let minus_¢ = minus_1
let null =

[| [| zero; zero; zero; zero |];
[| zero; zero; zero; zero |];
[| zero; zero; zero; zero |;
[| zero; zero; zero; zero || |]

let unit =
[| [| one; zero; zero; zero |;
[| zero; one; zero; zero |];
[| zero; zero; one; zero |l;
[| zero; zero; zero; one |] |]

let gamma0 = R.gamma0
let gammal = R.gammal
let gamma2 = R.gamma?2
let gamma3 = R.gamma3
let gammab = R.gammad
let gamma = [| gamma0; gammal; gamma2; gamma3 ||
let cc = R.cc
let neg g =
let ¢ = Array.make_matriz 4 4 zero in

fort = 0to3do
forj = 0to3do
9'.(4).(7) < QC.neg g.(4).(j)
done

done;
/

g

let add g1 g2 =
let g12 = Array.make_matriz 4 4 zero in
fori = 0to3do
forj = 0to3do
912.i).(j)  QC.add g1.(i).(j) 92.()-(j)
done
done;
gl2

let sub g1 g2 =
let g12 = Array.make_matriz 4 4 zero in
fori = 0to3do
forj = 0to3do
912.(3).(j) « QC.sub g1.(1).(j) 92.(1)-G)
done
done;
g12

let mul g1 g2 =
let g12 = Array.make_matriz 4 4 zero in
fori = 0to3do
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for k = 0to3do
for j = 0to3do
g12.(1).(k) + QC.add g12.(3).(k) (QC.mul g1.(1).(5) 92.(5).(k))
done
done
done;
gl2

let times q g =
let ¢/ = Array.make_matriz 4 4 zero in
fori = 0to3do
forj = 0to3do

g'.(1).(j) < QC.mul q g.(i).(4)

done
done;
g/
let transpose g =
let ¢’ = Array.make_matriz 4 4 zero in

fori = 0to3do
forj = 0to3do

9'.(i).G) < g.()-(i)

done
done;
g/
let adjoint g =
let ¢ = Array.make_matriz 4 4 zero in

fort = 0to3do
forj = 0to3do
g.(0)-G) « QC.conj g.(j).(3)
done

done;
/

g

let conj g =
let ¢/ = Array.make_matriz 4 4 zero in
fori = 0to3do
forj = 0to 3 do
¢().G) « QC.conj g.(i).()
done

done;
/

g

let product glist =
List.fold_right mul glist unit

let pp fmt g =
let pp_row i =
forj = 0to3do
Format.fprintf fmt " h8s" (QC.to_string ¢.(i).(j))
done in
Format.fprintf fmt "\n,/";
pp-row 0;
Format.fprintf fmt ", \\\n";
fori = 1to2do
Format.fprintf fmt ", |";
pp-row i;
Format.fprintf fmt ", |\n"
done;
Format.fprintf fmt " \\";
pp-row 3;
Format.fprintf fmt ",/\n"

open OUnit
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let two = QC.make (Q.make 2 1) Q.null
let half = QC.make (Q.make 12) Q.null
let two_unit = times two unit

let ac_lhs mu nu =
add (mul gamma.(mu) gamma.(nu)) (mul gamma.(nu) gamma.(mu))

let ac_rhs mu nu =

if mu = nu then
if mu = 0 then
two_unait
else
neg two_unit
else
null

let test_ac mu nu =
(ac_lhs mu nu) = (ac_rhs mu nu)

let ac_lhs_all =
let Ihs = Array.make_matriz 4 4 null in
for mu = 0to 3 do
for nu = 0to 3 do
lhs.(mu).(nu) < ac-lhs mu nu

done
done;
lhs
let ac_rhs_all =
let rhs = Array.make_matriz 4 4 null in
for mu = 0to 3 do

for nu = 0to 3 do
rhs.(mu).(nu) < ac-rhs mu nu
done
done;
Ths

let dump2 lhs rhs =
for i = 0to3do
forj = 0to 3 do
Printf .printf
"Loodu=uhd, uju=hd s uksutuks* Il uksutuks*I\n "
t]
(Q.to_string (QC.re lhs.(1).(4)))
(Q.to_string (QC.im lhs.(i).(4)))
(Q.to_string (QC.re rhs.(i).(4)))
(Q-to_string (QC.im rhs.(i).(5)))
done
done

let dump2_all lhs rhs =
for mu = 0to 3 do
for nu = 0to 3 do
Printf .printf "mu =_%d, nu_=%d:_ \n" mu nu;
dump2 lhs.(mu).(nu) rhs.(mu).(nu)
done
done

let anticommute =
"anticommutation relations" >::
(fun () —
assert_bool
nn
(if ac_lhs_all = ac_rhs_all then
true
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else
begin
dump2_all ac_lhs_all ac_rhs_all;
false
end))

let equal_or_dump2 lhs rhs =
if lhs = rhs then
true
else
begin
dump?2 lhs rhs;
false
end

let gammad_def =
"gammab5" >::
(fun () —
assert_bool
"definition"
(equal - or_dump2
gammad
(times i (product [gamma0; gammal; gamma2; gamma3]))))

let self —adjoint =
"(anti)selfadjointness" >::
[ "gammaO" >::
(fun () —
assert_bool
"gammal" >::
(fun () —
assert_bool
"gamma2" >::
(fun () —
assert_bool
"gamma3" >::
(fun () —
assert_bool
"gammab" >::
(fun () —
assert_bool "self" (equal_or_dump2 gammad (adjoint gamma5))) |

"self" (equal_or_dump2 gamma0 (adjoint gamma0)));
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"anti" (equal_or_dump2 gammal (neg (adjoint gammal))));

"anti" (equal_or_dump2 gamma?2 (neg (adjoint gamma2))));

"anti" (equal_or_dump2 gamma3 (neg (adjoint gammas3))));

C? = —1 is not true in all realizations, but we assume it at several points in UFO_Lorentz. Therefore we must

test it here for all realizations that are implemented.

let cc_inv = mneg cc

Verify that ['" = —~CT'C~! using the actual matrix transpose:

let cc_gamma g
equal _or_dump?2 (neg (transpose g)) (product [cc; g; cc_inv)])

Of course, C' = i?4? is also not true in all realizations. But it is true in the chiral representation used here

and we can test it.

let charge_conjugation
"charge conjugation" >::
[ "inverse" >

(fun () —
assert_bool "" (equal_or_dump2 (mul cc cc_inv) unit));
"gammaO" >:: (fun () — assert_bool "" (cc_gamma gamma0));
"gammal" >:: (fun () — assert_bool "" (cc_gamma gammal));
"gamma2" >:: (fun () — assert_bool "" (cc_gamma gamma2));
"gamma3" >:: (fun () — assert_bool "" (cc-gamma gamma3));
"gammab" >::
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(fun () —

assert_bool "" (equal_or_dump2 (transpose gammab)

(product [cc; gammab; cc_inv])));
"=ixg2*xg0" >::

(fun () —

skip_if (= R.cc_is_i_gamma2_gamma_0)

"representation dependence";
assert_bool "" (equal_or_dump2 cc (times i (mul gamma2 gamma0))))

]

let test_suite =
"Dirac Matrices" >:::
[anticommute;
gammad _def;
self _adjoint;
charge_conjugation)

end
module Chiral_-R : R =
struct
type gc = complex_rational
type t = matrix
let gammal =
[| [| zero; zero; one; zero |];
[| zero; zero; zero; ome |l;
[| one; zero; zero; zero |];
[| zero; one; zero; zero |] |]
let gammal =
[| [| zero; zero; zero; ome |];
[| zero; zero; one; zero |l;
[| zero; minus_one; zero; zero |;
[| minus_one; zero; zero; zero || |]
let gamma2 =
[| [| zero; zero; zero; minus_i |];
[| zero; zero; i; zero |;
[| zero; i; zero; zero |;
[| minus_i; zero; zero; zero || |]
let gammald =
[| [| zero; zero; one; zero |];
[| zero; zero; zero; minus_one ||;
[| minus_one; zero; zero; zero |;
[| zero; one; zero; zero |] |]
let gammab =
[| [| minus_one; zero; zero; zero ||;
[| zero; minus_one; zero; zero |;
[| zero; zero; one; zero |];
[| zero; zero; zero; one |] |]
let cc =
[| [| zero; one; zero; zero |];
[| minus_one; zero; zero; zero |;
[| zero; zero; zero; minus_one ||;
[| zero; zero; one; zero |] |]
let cc_is_i_gamma2_gamma_0 = true
end
module Dirac_R : R =
struct
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type q¢c = complex_rational
type t = matrixz
let gammal =

[| [| one; zero; zero; zero |];
[| zero; one; zero; zero |;
[| zero; zero; minus_one; zero ||;
[| zero; zero; zero; minus_one |] |]

let gammal = Chiral-R.gammal
let gamma2 = Chiral-R.gamma?2
let gammad = Chiral_R.gamma3
let gammad =

[| [| zero; zero; one; zero |];
[| zero; zero; zero; ome |l;
[| one; zero; zero; zero |;
[| zero; one; zero; zero |] |]

let cc =
[| [| zero; zero; zero; minus_one |];
[| zero; zero; one; zero |l;
[| zero; minus_one; zero; zero |;
[| one; zero; zero; zero |] |]

let cc_is_i_gamma2_gamma_0 = true
end

module Majorana-R : R =

struct
type q¢c = complex _rational
type t = matriz
let gammal0 =

[| [| zero; zero; zero; minus_i |[;
[| zero; zero; i; zero |;
[| zero; minus_i; zero; zero ||;
[| i; zero; zero; zero |] |]

let gammal =
[| [| 4; zero; zero; zero |];
[| zero; minus_i; zero; zero ||;
[| zero; zero; i; zero |;
[| zero; zero; zero; minus_i |] |]

let gamma2 =
[| [| zero; zero; zero; i |;
[| zero; zero; minus_i; zero ||;
[| zero; minus_i; zero; zero ||;
[| i; zero; zero; zero |] |]

let gammald =
[| [| zero; minus_i; zero; zero ||;
[| minus_i; zero; zero; zero ||;
[| zero; zero; zero; minus_i |];
[| zero; zero; minus-i; zero |] |]

let gammabs =
[| [| zero; minus_i; zero; zero ||;
[| 4; zero; zero; zero |;
[| zero; zero; zero; i |;
[| zero; zero; minus-i; zero |] |]

let cc =
[| [| zero; zero; zero; minus_one |;
[| zero; zero; one; zero |];
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[| zero; minus_one; zero; zero |;
[| one; zero; zero; zero |] |]

let cc_is_i_gamma2_gamma_0 = false
end

module Chiral = Make (Chiral_R)
module Dirac = Make (Dirac_R)
module Majorana = Make (Majorana_R)

16.5 Interface of Target

module type T' =

sig
type amplitudes

val options : Options.t
type diagnostic = All | Arguments | Momenta | Gauge

Format the amplitudes as a sequence of strings.

val amplitudes_to_channel : string — out_channel —
(diagnostic x bool) list — amplitudes — unit

val parameters_to_channel : out_channel — wunit
end

module type Maker =
functor (F : Fusion.Maker) —
functor (P : Momentum.T) — functor (M : Model.T) —
T with type amplitudes = Fusion.Multi(F)(P)(M).amplitudes
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CONSERVED QUANTUM NUMBERS

17.1 Interface of Charges
17.1.1 Abstract Type
module type T =
sig
The abstract type of the set of conserved charges or additive quantum numbers.
type ¢
Add the quantum numbers of a pair or a list of particles.

valadd : t — t — t
val sum : t list — t

Test the charge conservation.
val is_null : t — bool

end

17.1.2 Trivial Realisation

module Null : T with type t = unit

17.1.3 Nontrivial Realisations

Z
module Z : T with type t = int
ZXZx---x17Z
module ZZ : T with type t = int list
Q

module @ : T with type t = Algebra.Small_Rational.t

QxQxxQ

module QQ : T with type t = Algebra.Small_Rational.t list
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17.2  Implementation of Charges

module type T' =
sig
type ¢
valadd : t — t — t
val sum : ¢ list — t

val is_null : t — bool
end

module Null : T with type t = unit =
struct
type t = wunit
let add () () = ()
let sum - = (
let is_null - = true
end

—

module Z : T with type t =
struct
type t = nt
let add = ( + )
let sum = List.fold_left add O

let is_null n = (n 0)
end

mnt =

module ZZ : T with type ¢
struct
type t = int list
let add = List.map2 ( + )
let sum = function
| =l
| [charges] — charges

| charges :: rest — List.fold_left add charges rest

let is_null = List.for_all (funn — n = 0)
end

it list =

module Rat = Algebra.Small_Rational
module @ : T with type t = Rat.t
struct
type t = Rat.t
let add = Rat.add
let sum = List.fold_left Rat.add Rat.null

let is_null = Rat.is_null
end

module QQ : T with type t = Rat.t list =
struct

type t = Rat.t list

let add = List.map2 Rat.add
let sum = function

| {1 =]

| [charges] — charges

| charges :: rest — List.fold_left add charges rest

let is_null = List.for_all Rat.is_null
end

297

Implementation of Charges



PROCESSES

18.1 Interface of Process

module type T' =
sig
type flavor

@ Eventually this should become an abstract type:

type t = flavor list X flavor list

val incoming : t — flavor list
val outgoing : t — flavor list

parse_decay s decodes a decay description "a_ ->_byc,...", where each word is split into a bag of flavors
separated by 7 :’s.

type decay
val parse_decay : string — decay
val expand_decays : decay list — t list

parse_scattering s decodes a scattering description "a_ b, ,->_cdy. . .", where each word is split into a bag of
flavors separated by ?:’s.

type scattering
val parse_scattering : string — scattering
val expand_scatterings : scattering list — t list

parse_process s decodes process descriptions

"a b cd"= Any [a; b; ¢; d] (18.1a)
"a -> b ¢ d" = Decay (a, [b; ¢; d]) (18.1b)
"a b -> ¢ 4" = Scattering (a, b, [c; d]) (18.1c¢)

where each word is split into a bag of flavors separated by ‘:’s.

type any
type process = Any of any | Decay of decay | Scattering of scattering

val parse_process : string — process

remove_duplicate_final _states partition processes removes duplicates from processes, which differ only by a
permutation of final state particles. The permutation must respect the partitioning given by the offset 1
integers in partition.

val remove_duplicate_final_states : int list list — t list — t list

diff setl set2 returns the processes in set! with the processes in set2 removed. set2 does not need to be a
subset of set1.

val diff : t list — ¢ list — t list

Not functional yet. Interface subject to change. Should be moved to Fusion.Multi, because we will want to
cross colored matrix elements.
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Factor amplitudes that are related by crossing symmetry.
val crossing : t list — (flavor list x int list x t) list
end

module Make (M : Model.T) : T with type flavor = M .flavor

18.2  Implementation of Process

module type T' =

sig
type flavor
type t = flavor list X flavor list
val incoming : t — flavor list
val outgoing : t — flavor list
type decay
val parse_decay : string — decay
val expand_decays : decay list — t list
type scattering
val parse_scattering : string — scattering
val expand_scatterings : scattering list — t list
type any
type process = Any of any | Decay of decay | Scattering of scattering
val parse_process : string — process
val remove_duplicate_final_states : int list list — t list — t list
val diff : t list — ¢ list — t list
val crossing : t list — (flavor list x int list x t) list

end

module Make (M : Model.T) =
struct

type flavor = M .flavor
type t = flavor list x flavor list

let incoming (fin, - ) = fin
let outgoing (-, fout) = fout

18.2.1 Select Charge Conserving Processes

let allowed (fin, fout) =
M .Ch.is_null (M.Ch.sum (List.map M .charges (List.map M .conjugate fin @ fout)))

18.2.2 Parsing Process Descriptions

type a bag = « list

type any = flavor bag list
type decay = flavor bag x flavor bag list
type scattering = flavor bag X flavor bag X flavor bag list

type process =
| Any of any
| Decay of decay
| Scattering of scattering

let unique_flavors f_bags =
List.for_all (function [f] — true | - — false) f_bags

let unique_final_state = function
| Any fs — unique_flavors fs
| Decay (-, fs) — wunique_flavors fs
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| Scattering (-, -, fs) — wunique_flavors fs

let parse_process process =
let last = String.length process — 1
and flavor off len = M.flavor_of _string (String.sub process off len) in

let add_flavors flavors = function
| Any l — Any (List.rev flavors :: )
| Decay (i, f) — Decay (i, List.rev flavors :: f)
| Scattering (i1, 12, f) — Scattering (i1, i2, List.rev flavors :: f)in

let rec scan_list so_far n =

if n > last then
so_far

else
let n = succ nin
match process.[n] with
| > > | ’\n’> — scan_list so_far n’
| ’-? — scan_gtr so_far n’
| ¢ = scan_flavors so_far [] n n’

and scan_flavors so_far flavors w n =

if n > last then
add_flavors (flavor w (last — w + 1) :: flavors) so_far

else
let n’ = succ n in
match process.[n] with
‘ ) | 7\n: —

scan_list (add_flavors (flavor w (n — w) :: flavors) so_far) n

| 7:? — scan_flavors so_far (flavor w (n — w) :: flavors) n' n’
| - — scan_flavors so_far flavors w n’'

/

and scan_gtr so_far n =
if n > last then
invalid_arg "expecting *>’"

else
let ' = succ nin
match process.[n] with

‘ IS BN
begin match so_far with
| Any [i] — scan_list (Decay (i, [])) n
| Any [i2; i1] — scan_list (Scattering (i1, i2, [])) n’/
| Any - — invalid_arg "only,l or 2 particles,in,|in>"
| - — invalid_arg "too many ‘->’s"
end

| - — invalid_arg "expecting,“>"" in

!

match scan_list (Any []) O with

| Any I — Any (List.rev 1)

| Decay (i, f) — Decay (i, List.rev f)

| Scattering (i1, i2, f) — Scattering (i1, i2, List.rev f)

let parse_decay process =
match parse_process process with
| Any (1 = f) —
prerr_endline "missing,‘->’_in process description, assuming decay.";
(i, f)
| Decay (i, f) — (i, f)

| - — dnvalid_arg "expecting decay description: got,scattering"

let parse_scattering process =
match parse_process process with
| Any (i1 = 2 = f) —
prerr_endline "missing,‘->’ in process description, assuming ;scattering.";

(i1, 2, f)
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| Scattering (i1, i2, f) — (i1, i2, f)
| - — dnvalid_arg "expecting scattering description: got,decay"

let expand_scatterings scatterings =
ThoList.flatmap
(function (fin1, fin2, fout) —
Product.fold
(fun flist acc —
match flist with
| finl’ = fin2' = fout’ —
let fin_fout’ = ([finl’; fin2'], fout’) in
if allowed fin_fout’ then
fin_fout’ :: acc
else
acc
| [-] | [] — failwith "Omega.expand_scatterings: can’t happen")
(fin1 = fin2 = fout) []) scatterings

let expand_decays decays =
ThoList.flatmap
(function (fin, fout) —
Product.fold
(fun flist acc —
match flist with
| fin' = fout’ —
let fin_fout’ = ([fin], fout’) in
if allowed fin_fout’ then
fin_fout’ :: acc
else
acc
| [] — failwith "Omega.expand_decays: can’t happen")
(fin = fout) []) decays

18.2.3 Remove Duplicate Final States

Test if all final states are the same. Identical to ThoList.homogeneous o (List.map snd).

let rec homogeneous_final_state = function
| [] [ [-] = true
| (o, fs1) = ((-, fs2) = - as rest) —
if fs1 # fs2 then
false
else
homogeneous_final _state rest

let by_color f1 f2 =
let ¢ = Color.compare (M .color f1) (M.color f2) in
if ¢ # 0 then
¢
else
compare f1 f2

module Pre_Bundle =
struct

type elt = t
type base = elt

let compare_elt (finl, foutl) (fin2, fout2) =
let ¢ = TholList.compare ~cmp : by_color finl fin2 in
if ¢ # 0 then
c
else
ThoList.compare ~cmp : by_color foutl fout2
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let compare_base b1 b2 = compare_elt b2 bl

end

module Process_Bundle = Bundle.Dyn (Pre_Bundle)

let to_string (fin, fout) =
String.concat "," (List.map M .flavor_to_string fin)
S ML->" C String.concat "L (List.map M.flavor_to_string fout)

let fiber _to_string (base, fiber) =
(to—string base) ~ " ->,[" "
(String.concat ", " (List.map to_string fiber)) ~ "1"

let bundle_to_strings list =
List.map fiber_to_string list

Subtract n + 1 from each element in index_set and drop all negative numbers from the result.

let shift_left_pred’ n index_set =
List.fold _right
(fun i acc — leti’ = 4 — n — Linif i < 0then accelse i’ :: acc)
index _set []
Convert 1-based indices for initial and final state to 0-based indices for the final state only. (NB: ThoList.partitioned_sort

expects 0-based indices.)

let shift_left_pred fin index_sets =
let n = match finwith[.] — 1 | [.;2] = 2| - = Oin
List.fold _right
(fun iset acc —
match shift_left _pred’ n iset with
| [] = acc
| iset’ — iset’ :: acc)
index_sets []
module FSet = Set.Make (struct type ¢ = flavor let compare = compare end)

Take a list of final states and return a list of sets of flavors appearing in each slot.

let flavors = function
| ] = 1]
| fs = fs_list —
List.fold _right (List.map2 FSet.add) fs_list (List.map FSet.singleton fs)

let flavor_sums flavor_sets =
let _, result =
List.fold_left
(fun (n, acc) flavors —
if FSet.cardinal flavors = 1 then
(succ n, acc)
else
(succ n, (n, flavors) :: acc))
(0, []) flavor_sets in
List.rev result

let overlapping sl s2 =
- (FSet.is_empty (FSet.inter s1 s2))

let rec merge_overlapping (n, flavors) = function
1] = [(n], flavors)
| (n_list, flavor_set) :: rest —
if overlapping flavors flavor_set then
(n:: n_list, FSet.union flavors flavor_set) :: rest
else
(n_list, flavor_set) :: merge_overlapping (n, flavors) rest

let overlapping_flavor _sums flavor_sums =
List.rev_map
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(fun (n_list, flavor_set) — (n_list, FSet.elements flavor_set))
(List.fold _right merge_overlapping flavor_sums [])
let integer_range n1 n2 =
let rec integer _range’ acc n’ =
if n’ < nl then
acc
else

integer _range’ (Sets.Int.add n' acc) (pred n') in
integer _range’ Sets.Int.empty n2

let coarsest_partition = function

| [] — invalid_arg "coarsest_partition: empty process list"
| (=, fs) == -) as proc_list —

let fs_list = List.map snd proc_list in
let overlaps =

List.map fst (overlapping_flavor_sums (flavor_sums (flavors fs_list))) in
let singletons =

Sets.Int.elements
(List.fold _right Sets.Int.remove

(List.concat overlaps) (integer_range 0 (pred (List.length fs)))) in
List.map (fun n — [n]) singletons @ overlaps

module [PowSet =
PowSet. Make (struct type ¢

int let compare = compare let to_string

string_of —int end)
let merge_partitions p_list =

IPowSet.to_lists (IPowSet.basis (IPowSet.union (List.map IPowSet.of _lists p_list)))

let remove_duplicate_final_states cascade_partition = function
{1 =[]
| [process] — [process]
| list —
if homogeneous_final_state list then
list
else

let partition coarsest_partition list in
let pi (fin, fout) =
let partition’ =

merge_partitions [partition; shift_left_pred fin cascade_partition] in
(fin, ThoList.partitioned_sort by_color partition’ fout) in

Process_Bundle.base (Process_Bundle.of _list pi list)
typet’ =t
module PSet = Set.Make (struct type ¢
let set list =

List.fold_right PSet.add list PSet.empty
let diff listl list2 =

PSet.elements (PSet.diff (set listl) (set list2))

@ Not functional yet.

t’ let compare =

compare end)

module Crossing_ Projection =
struct
type elt = t

type base = flavor list x int list X t

let compare_elt (finl, foutl) (fin2, fout2) =

let ¢ = ThoList.compare ~cmp : by_color finl fin2 in
if ¢ # 0 then

c
else

ThoList.compare ~cmp : by_color foutl fout2
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let compare_base (f1, -, -) (f2, -, -) =
ThoList.compare ~cmp : by_color f1 f2

let pi (fin, fout as process) =
let flist, indices =
ThoList.ariadne_sort ~cmp : by_color (List.map M .conjugate fin @ fout) in
(flist, indices, process)

end
module Crossing-Bundle = Bundle.Make (Crossing_-Projection)

let crossing processes =
List.map
(fun (fin, fout as process) —
(List.map M .conjugate fin Q fout, [], process))
processes

end
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19—
UFO MODELS

19.1 Interface of UFOx_syntax
19.1.1 UFO FEztensions

We accept the following extensions to the UFO format:

1. Young tableaux: they are representated as a list of lists of integers using “,” as separators. E. g.

13
- (19.1)
is written as [[1,3], [2]]. The contents of cells in a Young tableau for the representation of a particle
must be consecutive positive integers starting with 1. The representation for the anti particle has all
integers negated, e.g. [[-1,-3],[-2]].

2. Young tableaux for particles and anti particles can appear in the new optional attribute color_young. If

color_young is present, color should be set to the non-standard value 0.

. Young tableaux for particles (but not for anti particles!) can also appear in the color attribute of vertices

as the first argument of the new tensors Delta and TY, representing the Kronecker-é and the generator T,
in the given representation. The gauge vertex in the above representation would be written

color = [’TY([[1,3],[2]1,3,1,2)]
where the gluon would be at position 3, the particle at position 1 and the anti particle at position 2.

The numbers in the Young tableau and the numbers denoting the position of the particles are completely
unrelated, of course.

Note that the cells in the Young tableaux used internally by O’Mega start from 0. Using this in the UFO files
would have required to introduce even more special syntax for charge conjugation.

19.1.2  Abstract Syntax

exception Syntazx_Error of string X Lexing.position X Lexing.position

type expr =

Integer of int

Float of float

Variable of string

Quoted of string

Young_Tableau of int Young.tableau
Sum of expr x expr
Difference of expr X expr
Product of expr x expr
Quotient of expr X expr
Power of expr X expr
Application of string x expr list

val integer : int — expr
val float : float — expr
val variable : string — expr
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val quoted : string — expr

val young_tableau : int Young.tableau — expr
val add : expr — expr — expr

val subtract : expr — expr — expr

val multiply : expr — expr — expr

val divide : expr — expr — expr

val power : expr — expr — expr

val apply : string — expr list — expr

Return the sets of variable and function names referenced in the expression.

val variables : expr — Sets.String_Caseless.t
val functions : expr — Sets.String_Caseless.t

19.2  Implementation of UFOz_syntax

19.2.1 Abstract Syntaz

exception Syntax_Error of string x Lexing.position X Lexing.position

type expr =
| Integer of int
| Float of float
| Variable of string
| Quoted of string
| Young_Tableau of int Young.tableau
| Sum of expr x expr
| Difference of expr x expr
| Product of expr X expr
| Quotient of expr x expr
| Power of expr x expr
| Application of string x expr list

let integer i =
Integer 1

let float z =
Float x

let variable s =
Variable s

let quoted s =
Quoted s

let young_tableau y =
Young_ Tableau y

let add el e2 =
Sum (el, e2)

let subtract el e2 =
Difference (el, e2)

This smart constructor is required since we parse negative numbers as unary minus applied to a positive number.
UFOz.Lorentz_Atom’.of _expr and UFOz.Color_Atom’.of _expr expect negative numbers as summation indices
and not expressions. Strictly speaking, we only need the case el = Integer (—1) for this, but the rest is natural.

There used to be a special rule in the grammar, but this cause reduce/reduce conflicts, that harmless, but
annoying.

let multiply el e2 =
match el, e2 with
| Integer i1, Integer i2 — Integer (il X i2)
| Integer i, Float x | Float z, Integer i — Float (float_of —int i *. x)
| Float z1, Float 2 — Float (z1 *. z2)
| el, e2 — Product (el, e2)
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let divide el e2 =
Quotient (el, e2)

let power e p =
Power (e, p)

let apply f args =
Application (f, args)

module CSet = Sets.String_Caseless

let rec variables = function
| Integer _ | Float - | Quoted - | Young_Tableau - — CSet.empty
| Variable name — CSet.singleton name
| Sum (el, e2) | Difference (el, e2)
| Product (el, e2) | Quotient (el, e2)
| Power (el, e2) — CSet.union (variables el) (variables e2)
| Application (-, elist) —
List.fold _left CSet.union CSet.empty (List.map variables elist)

let rec functions = function
| Integer _ | Float - | Variable - | Quoted _ | Young_Tableau - — CSet.empty
| Sum (el, e2) | Difference (el, e2)
| Product (el, e2) | Quotient (el, e2)
| Power (el, e2) — CSet.union (functions el) (functions e2)
| Application (f, elist) —
List.fold _left CSet.union (CSet.singleton f) (List.map functions elist)

19.3  FExpression Lexer

{
open Lexing
open UFOx_parser

let string_of _char ¢ =
String.make 1 ¢

let init_position fname lexbuf =
let curr_p = lexbuf.lex_curr_p in
lexbuf .lex _curr_p <
{ curr_p with

pos_fname = fname;
pos_lnum = 1;
pos_bol = curr_p.pos_cnum };
lexbuf
}
let digit = [70°—97]
let upper = [PA’—27]
let lower = [Pa’-’z’]
let char = wupper | lower
let word = char | digit | *_°
let white = [> > *\t’ ’\n’]
rule token = parse

white { token lexbuf } (x skip blanks x)
| >C { LPAREN }

| »)’ { RPAREN }

| °[> { LBRACKET }
| °1° { RBRACKET }
| »,> { COMMA }

| »x> x> { POWER }
| >+> { TIMES }

| /> { DIV }
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| >+ { PLUS }
| o> { MINUS }
| (digit™ asi) (2.2 20°%)7?

{ INT (int-of _string i) }
| ( digit | digit* *.> digit*

| digit*™ ».? digit* ) ( [’E>’e?] *-’7 digit™ )? as x

{ FLOAT (float_of _string z) }
| °\?? (char word™ as s) *\??

{ QUOTED s}
| char word™ (>.’ char word™ )7 as s

{ID s}
| °\\? > [’ (word™ as stem) 1’ (word” as suffiz)

{ ID (UFO_tools.mathematica_symbol stem suffiz) }
| _ as ¢ { raise (UFO_tools.Lexical - Error

("invalid character,‘" " string_of _char ¢ ~ "’",
} lexbuf lex_start_p, lexbuf.lex_curr_p)) }

| eof { END

19.4 Expression Parser

Right recursion is more convenient for constructing the value. Since the lists will always be short, there is no
performace or stack size reason for prefering left recursion.

Header

module X = UFOzx_syntax

let parse_error msg =
raise (UFOz_syntax.Syntaz _Error
(msg, symbol_start_pos (), symbol_end_pos ()))

let invalid_parameter_attr () =
parse_error "invalid parameter attribute"

Token declarations

%token < int > INT

%token < float > FLOAT

%token < string > ID QUOTED

%token PLUS MINUS TIMES POWER DIV

%token LPAREN RPAREN LBRACKET RBRACKET COMMA

%token END

Y%left PLUS MINUS
%left TIMES DIV
%nonassoc UNARY
%right POWER

Y%start input
%type < UFOzx_syntax.expr > input

Grammar rules

mput =
| expr END { $1 }
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expr =
| INT { X.integer $1 }
| FLOAT { X .float $1 }
| ID { X.variable $1 }
| QUOTED { X.quoted $1 }
| young_tableau { X.young_tableau $1 }
| expr PLUS expr { X.add $1 $3 }
| expr MINUS expr { X.subtract $1 $3 }
| expr TIMES expr { X.multiply $1 $3 }
| expr DIV expr { X.divide $1 $3 }
| PLUS expr %prec UNARY { $2 }
| MINUS expr %prec UNARY { X.multiply (X .integer (—1)) $2 }
| expr POWER expr { X.power $1 $3 }
| LPAREN expr RPAREN { $2 }
| ID LPAREN RPAREN { X.apply $1[] }
| ID LPAREN args RPAREN { X.apply $1 $3 }

args =
| expr { [$1] }
| expr COMMA args { $1 :: $3 }

young -tableau ::=
| LBRACKET RBRACKET { [] }
| LBRACKET integer_lists RBRACKET { $2 }

integer _lists ;1=
| integer_list { [$1] }
| integer_list COMMA integer_lists { $1 :: $3 }

integer_list ::=
| LBRACKET RBRACKET { [] }
| LBRACKET integers RBRACKET { $2 }

integers 1=
| integer { [$1] }
| integer COMMA integers { $1 :: $3 }

mteger =
| INT { $1}
| MINUS INT { — $2 }

19.5 Interface of UFOx

module Expr :

sig
type ¢
val of _string : string — t
val of _strings : string list — t
val substitute : string — t — t — t
val rename : (string X string) list - t —
val map_names : (string — string) — t — t
val half : string — t
val variables : t — Sets.String_-Caseless.t
val functions : t — Sets.String_Caseless.t

end
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module Value :
sig
type ¢
val of _expr : Expr.t — t
val to_string : t — string
val to_coupling : (string — ) — t — B Coupling.expr
end

UFO represents rank-2 indices (7, j) as 1000-j+4. This should be replaced by a proper union type eventually.
Unfortunately, this requires many changes in the Atoms in UFOx. Therefore, we try a quick’n’dirty proof
of principle first.

module type Index =

sig
type t = int

val position : t — int

val factor : t — int

val unpack : t — int X int

val pack : int — int — t

val map_position : (int — int) — t —
val to_string : t — string

val list_to_string : t list — string

Indices are represented by a pair int x p, where p denotes the representation the index belongs to.
free indices returns all free indices in the list indices, i.e. all positive indices.

val free : (¢t x p) list = (t x p) list

summation indices returns all summation indices in the list indices, i.e. all negative indices.
val summation : (t x p) list = (¢t x p) list
val classes_to_string : (p — string) — (t X p) list = string

Generate summation indices, starting from —1001. TODO: check that there are no clashes with explicitely
named indices.

val fresh_summation : unit — t
val named_summation : string — unit — t

end
module Index : Index

module type Tensor =
sig
type atom

A tensor is a linear combination of products of atoms with rational coefficients. The following could be refined by
introducing scalar atoms and restricting the denominators to (scalar list x Algebra.QC'.t) list. At the moment,
this restriction is implemented dynamically by of _expr and not statically in the type system. Polymorphic
variants appear to be the right tool, either directly or as phantom types. However, this is certainly only
nice-to-have and is not essential.

type « linear = (« list x Algebra.QC'.t) list
type t =

| Linear of atom linear

| Ratios of (atom linear x atom linear) list

We might need to replace atoms if the syntax is not context free.
val map_atoms : (atom — atom) — t — ¢

We need to rename indices to implement permutations . ..
val map_indices : (int — int) — t — t

. but in order to to clean up inconsistencies in the syntax of lorentz.py and propagators.py we also need
to rename indices without touching the second argument of P, the argument of Mass etc.
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val rename_indices : (int — int) — t — t
We need scale coeflicients.
val map_coeff : (Algebra.QC.t — Algebra.QC.t) — t — t

Try to contract adjacent pairs of atoms as allowed but Atom.contract_pair. This is not exhaustive, but helps
a lot with invariant squares of momenta in applications of Lorentz.

val contract_pairs : t — t

The list of variable referenced in the tensor expression, that will need to be imported by the numerical code.
val variables : t — string list

Parsing and unparsing. Lists of strings are interpreted as sums.

val of _expr : UFOz_syntax.expr — t
val of _string : string — t

val of _strings : string list — t

val to_string : t — string

The supported representations.

type r

val classify_indices : t — (int X r) list

val rep_to_string : r — string

val rep_to_string_whizard : r — string

val rep_of _int : bool — int — r

val rep_of _int_or_young_tableau : bool — int option — int Young.tableau option — r
val rep_conjugate : r — r

val rep_trivial : r — bool

There is not a 1-to-1 mapping between the representations in the model files and the representations used by
O’'Mega, e.g. in Coupling.lorentz. We might need to use heuristics.

type r_omega
val omega : v — r_omega

end

module type Atom =

sig
type ¢
val map_indices : (int — int) — t —
val rename_indices : (int — int) — t
val contract_pair : t — t — t option
val variable : t — string option
val scalar : t — bool
val is_unit : t — bool
val invertible : t — bool
val invert : t — t
val of _expr : string — UFOx_syntax.expr list — t list
val to_string : t — string
type r
val classify_indices : t list — (int x r) list
val disambiguate_indices : t list — t list
val rep_to_string : r — string
val rep_to_string_whizard : r — string
val rep_of _int : bool — int — r
val rep_of _int_or_young_tableau : bool — int option — int Young.tableau option — r
val rep_conjugate : r — T
val rep_trivial : r — bool
type r_omega
val omega : r — r_omega

end

t
— t

module type Lorentz_Atom
sig
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type dirac = private
| C of int x int
| Gamma of int X int X int
| Gamma5 of int x int
| Identity of int X int
| ProjP of int x int
| ProjM of int x int
| Sigma of int x int x int X int
type vector = (x private x)
| Epsilon of int x int x int X int
| Metric of int x int
| P of int x int

type scalar = (x private x)
| Mass of int
| Width of int
| P2 of int
| P12 of int x int
| Variable of string
| Coeff of Value.t

t = (x private %)
Dirac of dirac
Vector of wvector
Scalar of scalar

type
\
\
\
| Inverse of scalar

val map_indices_scalar : (int — int) — scalar — scalar
val map_indices_vector : (int — int) — wvector — wvector
val rename_indices_vector : (int — int) — wvector — wvector

end
module Lorentz_Atom : Lorentz_Atom

module Lorentz : Tensor
with type atom = Lorentz_Atom.t and type r_omega

module type Color_Atom =
sig

type t = (x private x)
| Identity of int x int
Identity8 of int x int

Delta of int Young.tableau X int X int

T of int X int X int

TY of int Young.tableau x int X int X int

|

|

|

|

| F of int x int x int

| D of int x int x int

| Epsilon of int x int x int
| EpsilonBar of int x int x int
| T6 of int x int X int

| K6 of int x int X int

| K6Bar of int X int x int

end
module Color_Atom : Color_Atom

module Color : Tensor
with type atom = Color_Atom.t and type r_omega

module type Test =
sig

val suite : OUnit.test

end
module Test : Test

Coupling.lorentz

Interface of UFOz
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19.6  Implementation of UFOx

let error_in_string text start_pos end_pos =
let i = max 0 start_pos.Lexing.pos_cnum in
let j = min (String.length text) (maz (i + 1) end_pos.Lexing.pos_cnum) in
String.sub text i (j — 1)

let error_in_file name start_pos end_pos =

Printf .sprintf
"hs:hd. hd-%d. %Kd"

name
start_pos.Lexing.pos_Ilnum

(start_pos.Lexing.pos_cnum — start_pos.Lexing.pos_bol)
end _pos.Lexing.pos_Ilnum

(end_pos.Lexing.pos_cnum — end_pos.Lexing.pos_bol)

module SMap = Map.Make(String)

module Ezpr =
struct

type t = UFOzx_syntaz.expr

let of _string text =
try
UFOx _parser.input
UFOzx _lexer.token
(UFOzx _lexer.init _position "" (Lexing.from_string text))
with
| UFO_tools.Lexical_ Error (msg, start_pos, end_pos) —
invalid_arg (Printf.sprintf "lexical error,(%s)yat: ‘%s’"
msg (error_in_string text start_pos end_pos))
| UFOz_syntax.Syntax_Error (msg, start_pos, end_pos) —
invalid_arg (Printf.sprintf "syntax error,(%s) at: %s’"
msg (error_in_string text start_pos end_pos))
| Parsing.Parse_error —
invalid_arg ("parse error:," " text)

let of _strings = function
| [] = UFOz_syntaz.integer O
| string :: strings —
List.fold_right
(fun s acc — UFOz_syntaz.add (of —string s) acc)
strings (of —string string)

open UFOx_syntax

let rec map f = function
| Integer _ | Float - | Quoted - | Young_Tableau _as e — e
| Variable s as e —
begin match f s with
| Some value — walue
| None — e
end
| Sum (el, e2) — Sum (map f el, map f e2)
| Difference (el, e2) — Difference (map f el, map f e2)
| Product (el, e2) — Product (map f el, map f e2)
| Quotient (el, e2) — Quotient (map f el, map [ e2)
| Power (el, e2) — Power (map f el, map f e2)
| Application (s, el) — Application (s, List.map (map f) el)

let substitute name value expr =
map (fun s — if s = name then Some value else None) expr

let renamel name_map name =
try Some (Variable (SMap.find name name_map)) with Not_found — None
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let rename alist_names value =
let name_map =
List.fold_left

(fun acc (name, name’) — SMap.add name name’ acc)

SMap.empty alist_names in
map (renamel name_map) value

let map_namel f name =
Some (Variable (f name))

let map_names [ value =

map (fun name — Some (Variable (f name))) value

let half name =
Quotient (Variable name, Integer 2)

let variables = UFOx_syntax.variables
let functions = UFOx_syntax.functions
end

Implementation of UFOz

It might seem to be a hack to base the decision of whether a sign or parentheses are required on the textual rep-
resentation of a term. However we control the textual representation, it’s efficient and we can avoid duplicating

quite a bit of code testing for terms that might produce minus signs.

let starts_with_a_sign s =
String.length s > 0 A let ¢ = s.[0]inec = -2 V

let starts_with_a_plus s =
String.length s > 0 A s.[0] = *+°

let starts_with_a_minus s =
String.length s > 0 A s.[0] = *-?

let prepend _binary_plus s =
if starts_with_a_sign s then
S
else
|l+l| ~ S

The safe version that might produce terms like —(—a).

let prepend_binary_minus s =
if starts_with_a_sign s then
n_(mr g nomyn
else

non o~ g

C

The version that produces fewer parentheses, but must assume that a leading minus sign always applies to the

whole term!

let prepend_binary_minus s =
if starts_with_a_plus s then
n_n " String.sub s 1 (String.length s — 1)
else if starts_with_a_minus s then
"~ String.sub s 1 (String.length s — 1)
else

non o~ g

module Value =
struct

module S = UFOz_syntax
module Q = Algebra.Q

type builtin =

| Sqrt

| Exp | Log | Log10
| Sin | Asin

| Cos | Acos
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| Tan | Atan

| Sinh | Asinh

| Cosh | Acosh

| Tanh | Atanh

| Sec | Asec

| Csc | Acsc

| Conj | Abs

let builtin_to_string = function

Sqrt — "sqrt"
Exp — "exp"
Log — "log"

|

|

|

| Log10 — "logiO"
| Sin — "sin"

| Cos — "cos"

| Tan — "tan"

| Asin — "asin"

| Acos — "acos"

| Atan — "atan"

| Sinh — "sinh"

| Cosh — "cosh"

| Tanh — "tanh"
| Asinh — "asinh"
| Acosh — "acosh"
| Atanh — "atanh"
| Sec — "sec"

| Csc — "csc"

| Asec — "asec"

| Acsc — "acsc"

| Conj — "conjg"
| Abs — "abs"

let builtin_of _string = function

"cmath.sqrt" — Sgrt
"cmath.exp" — Ezp
"cmath.log" — Log
"cmath.logl0" — Logl0
"cmath.sin" — Sin
"cmath.cos" — Cos
"cmath.tan" — Tan

"cmath.asin" — Asin
"cmath.acos" — Acos
"cmath.atan" — Atan
"cmath.sinh" — Sinh

— Cosh
"cmath.tanh" — Tanh

|

|

|

|

|

|

|

|

|

|

|

| "cmath.cosh"

|

| "cmath.asinh" — Asinh

| "cmath.acosh" — Acosh

| "cmath.atanh" — Atanh

| "sec" — Sec

| "csc" = Csc

| "asec" — Asec

| "acsc" — Acsc

| "complexconjugate" — Conj

| "abs" — Abs

| name — failwith ("UFOx.Value: unsupported function:, " ~ name)

type t =
| Integer of int
| Rational of Q.t
| Real of float
| Complex of float x float
| Variable of string
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| Sum of t list

| Difference of t x t

| Product of t list

| Quotient of t x ¢

| Power of t x t

| Application of builtin x t list

At first sight, unparsing appears to be simpler than parsing. Nevertheless, it can become tricky and error prone
if one wants to produce readable output that is not cluttered by too many parentheses.

let signed_string_of _float © =
(if z < 0.0 then "-" else "+") " string_of -float (abs_float z)

Collect the numerical factors in a Product in order to reduce the number of parentheses required.

@ We could include Rational, but is it worth it?

let collect_factors elist =
let rec collect_factors’ factor elist_rev elist =
match factor, elist with
| (Integer 1| Real 1.), [] — List.rev elist_rev
| -, [] — factor :: List.rev elist_rev
| Integer i1, Integer i2 :: elist’ —
collect_factors’ (Integer (il x 1i2)) elist_rev elist’
| Integer i, Real x :: elist’ | Real x, Integer i :: elist’ —
collect_factors’ (Real (float i *. x)) elist_rev elist’
| Real z1, Real z2 :: elist’ —
collect_factors’ (Real (x1 * . x2)) elist_rev elist’
| _, e = elist' — collect_factors’ factor (e :: elist_rev) elist’ in
collect_factors’ (Integer 1) [] elist

let rec to_string = function
| Integer i — string_of _int i
| Rational ¢ — Q.to_string q
| Real x — string_of _float x
| Complex (0.0, 1.0) — "I"
| Complex (0.0, i) — group_product (Product [Real i; Complex (0.0, 1.0)])
| Complex (r, 0.0) — to_string (Real r)
| Complex (r, i) — group_sum (Sum [Real r; Product [Real i; Complex (0.0, 1.0)]])
| Variable s — s
| Sum [] — "oO"
| Sum [e] — to_string e
| Sum (e::es) — to_string e ~ String.concat "" (List.map with_binary_plus es)
| Difference (el, e2) — to_string el "~ prepend_binary_minus (group_sum e2)
| Product [|] — "1"
| Product es —
begin match collect_factors es with

| (Integer (—=1) | Real (—1.)) = es — "-" " to_string (Product es)
| es — String.concat "*" (List.map group_sum es)
end
| Quotient (el, e2) — group_numerator el ~ "/" " group_denominator e2

| Power ((Power (-, -) as el, (Power (_, _) as e2))) —
(" " group_product el ~ ")~ (" " to_string e2 "~ ")"
| Power ((Power (-, -) as el, e2)) —
(" " group_product el ~ ")"" " to_string e2
| Power (el, (Power (-, _) as e2)) —

group_product el ~ "~ (" * to_string e2 > ")"
| Power ((Integer i as e), Integer p) —
if p < 0 then

group_product (Real (float_of _int i)) ~ "~ (" * string_of _int p ~ ")"
else if p = 0 then

"1"
else if p < 4 then
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group_product e ~ """ " string_of _int p
else
group_product (Real (float_of _int i)) ~ """ " string_of _int p

| Power (el, e2) — group_product el ~ """ " group_product e2
| Application (f, [Integer i]) — to_string (Application (f, [Real (float i)]))
| Application (f, es) —
builtin_to_string f ~ " (" ~ String.concat "," (List.map to_string es) ~ ")"

Expressions that appear as arguments of Powers must be enclosed in parentheses, unless they are singletons.
In a denominator, we don’t have to put function applications in parentheses.

g% Check this with Whizard’s parser, since this is the main (only?) consumer of our output.

and group_product = function
| Application (-, -) as e — "(" " to_string e ~ ")"
| e — group_denominator e

In numerators, we must be careful not to leave an unprotected minus sign, since they can appear inside products.

and group_numerator = function
| Product (- :: _ases) —
begin match collect_factors es with
| (Integer (—1) | Real (—1.)) :: es — "(-" " to_string (Product es) ~ ")"
| es — String.concat "*" (List.map group_sum es)
end
| e = group_denominator e

and group_denominator = function
| Sum [e] | Product [e] — group_product e
| Sum (- = _) | Difference (-, -)
| Product ( - :: _) | Quotient (-, -) ase — "(" " to_string e ~ ")"

| e — to_string e

Sums that appear in Products must be enclosed in parentheses, unless they are singletons.

and group_sum = function
| Sum [e] | Product [e] — group_sum e
| Sum (- = _) | Difference (-, -) as e — "(" " to_string e ~ ")"

| e — to_string e
Add a >+’ at the front of a term iff if has no sign.

and with_binary_plus e =
prepend _binary _plus (to_string e)

let rec to_coupling atom = function
| Integer i — Coupling.Integer i
| Rational ¢ —
let n, d = Q.to_ratio ¢ in
Coupling. Quot (Coupling.Integer n, Coupling.Integer d)
| Real x — Coupling.Float x
| Product es — Coupling.Prod (List.map (to_coupling atom) es)
| Variable s — Coupling.Atom (atom s)
| Complex (r, 0.0) — Coupling.Float r
| Complex
|
|
|

(00 1.0) — Coupling.I
Complez (0.0, —1.0) — Coupling.Prod [Coupling.I; Coupling.Integer (—1)]
Complez (0.0, i) — Coupling.Prod [Coupling.I; Coupling.Float i
Complex (r, 1

0) —
Coupling.Sum [Co
| Complex (r, —1.0) —
Coupling. Diff (Coupling.Float r, Coupling.I)
| Complex (r, i) —
Coupling.Sum [Coupling.Float r;
Coupling.Prod [Coupling.I; Coupling.Float i]]
| Sum es — Coupling.Sum (List.map (to_coupling atom) es)
| Difference (el, e2) —

upling. Float r; Coupling.I]

317



Implementation of UFOz

Coupling. Diff (to_coupling atom el, to_coupling atom e2)
Quotient (el, e2) —

Coupling. Quot (to_coupling atom el, to_coupling atom e2)
| Power (el, Integer e2) —

Coupling.Pow (to_coupling atom el, e2)

Power (el, e2) —

Coupling. PowX (to_coupling atom el, to_coupling atom e2)
Application (f, [e]) — applyl (to-coupling atom e) f
Application (f, []) —

failwith

("UFOx.Value.to_coupling: " " builtin_to_string f °
": empty argument list")
Application (f, — - _) —
failwith
("UFOx.Value.to_coupling: " " builtin_to_string f ~
": more than one argument in list ")

and applyl e = function
| Sgrt — Coupling.Sqrt e
| Exzp — Coupling.Exp e
| Log — Coupling.Log e
| Log10 — Coupling.Log10 e
| Sin — Coupling.Sin e
| Cos — Coupling.Cos e
| Tan — Coupling.Tan e
| Asin — Coupling.Asin e
| Acos — Coupling.Acos e
| Atan — Coupling.Atan e
| Sinh — Coupling.Sinh e
| Cosh — Coupling.Cosh e
| Tanh — Coupling. Tanh e
| Sec — Coupling.Quot (Coupling.Integer 1, Coupling.Cos e)
| Csc — Coupling.Quot (Coupling.Integer 1, Coupling.Sin e)
| Asec — Coupling.Acos (Coupling. Quot (Coupling.Integer 1, e))
| Acsc — Coupling.Asin (Coupling. Quot (Coupling.Integer 1, e))
| Conj — Coupling.Conj e
| Abs — Coupling.Abs e
| (Asinh | Acosh | Atanh as f) —
failwith
("UFOX .Value.to_coupling: function;‘"
* builtin_to_string f ~ "’ _not_supported, yet!")

The constant propagation here is incomplete. S.Quotient and S.Power are not yet handled and in S.Sum
and S.Product only adjacent constants are combined.

@ We could include Rational, but is it worth it?

let compress terms = terms

let rec of _expr e =
compress (of —expr’ ¢e)

and of _expr’ = function
| S.Integer i — Integer i
| S.Float © — Real
| S.Variable "cmath.pi" — Variable "pi"
| S.Quoted name —
invalid_arg ("UFOX .Value.of _expr: junexpected quoted variable, ’" ~
name " "")
| S.Young_Tableau y —
invalid _arg ("UFOX .Value.of _expr: junexpected Young tableau,’" ~
Young.tableau_to_string string-of —int y ~ "’")
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| S.Variable name — Variable name
| S.Sum (el, e2) —
begin match of _expr el, of _expr e2 with

Integer i1, Integer i2 — Integer (il + i2)
Integer i, Real x | Real x, Integer i — Real (float_of —int i + . x)

Real z1, Real 22 — Real (z1 +. z2)
(Integer 0 | Real 0.), e — e
e, (Integer 0 | Real 0.) — e
Sum el, Sum e2 — Sum (el Q e2)

el, Sum e2 — Sum (el ::

e2)

Sum el, e2 — Sum (el Q [e2])

el, e2 — Sum [el; e2]

end
| S.Difference (el, e2) —
begin match of _expr el, of _expr e2 with

Integer i1, Integer i2 — Integer (il — i2)
Integer i, Real z — Real (float_of _int i — . x)
Real z, Integer i — Real (x — . float_of _int i)

Real z1, Real 2 — Real (z1 —. z2)
el, (Integer 0 | Real 0.) — el
el, e2 — Difference (el, e2)

| S.Product (el, e2) —
begin match of _expr el, of _expr e2 with

Integer i1, Integer i2 — Integer (il x i2)
Integer i, Real z | Real x, Integer i — Real (float_of _int i *. x)

Real z1, Real 22 — Real (z1 *. x2)

(Integer 0 | Real 0.), _
_, (Integer 0 | Real 0.)
(Integer 1 | Real 1.), e
e, (Integer 1 | Real 1.)
Product el, Product e2

—
%
%
_>

—

Integer 0
Integer O
e
e

Product (el Q e2)

el, Product e2 — Product (el :: e2)

Product el, e2 — Product (el @ [e2])
el, e2 — Product [el; e2]

end
| S.Quotient (el, e2) —
begin match of _expr el, of _expr e2 with

| e1, (Integer 0 | Real 0.) —

tnvalid_arg "UF0x.Value: divide by 0"
el, (Integer 1 | Real 1.) — el

Integer i1, Integer i2 — Rational (Q.make il i2)

Real z, Integer i — Real (z /. float 1)
Integer i, Real x — Real (float i /. x)
Real 21, Real 22 — Real (21 /. 22)
el, e2 — Quotient (el, e2)

| S.Power (e, p) —
begin match of _expr e, of _expr p with

(Integer 0 | Real 0.), (Integer 0 | Real 0.) —

tnvalid_arg "UF0x.Value: 070"
-, (Integer 0 | Real 0.) — Integer 1
e, (Integer 1 | Real 1.) — e

Integer e, Integer p —
if p < 0 then

Power (Real (float_of _int e), Integer p)

else if p = 0 then
Integer 1
else if p < 4 then

Power (Integer e, Integer p)

else
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Power (Real (float_of _int e), Integer p)
| e, p — Power (e, p)
end
| S.Application ("complex", [r; i]) —
begin match of _expr r, of _expr i with
| 7, (Integer 0 | Real 0.0) — r
| Real r, Real i — Complex (r, i)
| Integer r, Real i — Complex (float_of _int r, i)
| Real r, Integer i — Complex (r, float_of _int i)
| Integer r, Integer i — Complex (float_of _int r, float_of _int i)
| - — nvalid_arg "UF0x.Value: complex expects two numeric arguments"
end
| S.Application ("complex", _) —
invalid _arg "UF0x.Value: complex expects two arguments"
| S.Application ("complexconjugate", [e¢]) —
Application (Cong, [of —expr e])
| S.Application ("complexconjugate", -) —
tnvalid_arg "UF0x.Value: complexconjugate_ expects single argument"
| S.Application ("cmath.sqrt", [e]) —
Application (Sqrt, [of —expr e])
| S.Application ("cmath.sqrt", ) —
invalid_arg "UF0x.Value: sqrt expects_ single argument"
| S.Application (name, args) —
Application (builtin_of _string name, List.map of _expr args)

end

let positive integers =
List.filter (fun (i, =) — ¢ > 0) integers

let not_positive integers =
List.filter (fun (i, =) — ¢ < 0) integers

module type Index =
sig

type t = int

val position : t — int

val factor : t — int

val unpack : t — int X int

val pack : int — int — ¢

val map_position : (int — int) — t — ¢
val to_string : t — string

val list_to_string : t list — string

val free : (t x p) list = (t x p) list
val summation : (t x p) list = (t x p) list
val classes_to_string : (p — string) — (t X p) list — string

val fresh_summation : unit — t
val named_summation : string — unit — t

end

module Index : Inder =

struct
type t = nt
let free i = positive i
let summation i = not_positive i

let position i =
if 7 > 0 then
7 mod 1000

else

1
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let factor i =

if ¢ > 0 then
i / 1000
else
invalid_arg "UFOx.Index.factor: jargument not positive"
let unpack 1 =
if © > 0 then
(position 4, factor i)
else
(4, 0)
let pack i j =
if 7 > 0 then
if # > 0 then
1000 x j + 4
else
invalid-arg "UFOx.Index.pack: jposition not positive"

else if j = 0 then

1
else
tnvalid_arg "UF0x.Index.pack: factor negative"

let map_position f i
let pos, fac = wunpack i in

pack (f pos) fac

let to_string i
let pos, fac = unpack i in
if fac = 0 then

Printf .sprintf "%d" pos

else
Printf.sprintf "%d.%d" pos fac
string - of —int

let to_string’
let list_to_string is =
v[" " String.concat ", " (List.map to_string is) ~ "1"

let classes_to_string rep_to_string index_classes

let reps =
ThoList.uniq (List.sort compare (List.map snd index_classes)) in

n [Il ~
String.concat ", "
(List.map
(fun r —
(rep_to_string r) ~ "=" "
(list_to_string
(List.map

fst
(List.filter (fun (-, ') — r ') index _classes))))

~ II] n

reps)

type factory =
{ mutable named : int SMap.t;
mutable used : Sets.Int.t }

let factory =
{ named = SMap.empty;
Sets.Int.empty }

— 1001

used =

let first_anonymous

let fresh_summation ()
let next_anonymous =

try
pred (Sets.Int.min_elt factory.used)
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with

| Not_found — first_anonymous in
factory.used <+ Sets.Int.add next_anonymous factory.used;
next_anonymous

let named_summation name () =

try
SMap.find name factory.named
with
| Not_found —
begin
let next_named = fresh_summation () in
factory.named < SMap.add name next_named factory.named;
next_named
end
end

module type Atom =

sig
type ¢
val map_indices : (int — int) — t —
val rename_indices : (int — int) — t
val contract_pair : t — t — t option
val variable : t — string option
val scalar : t — bool
val is_unit : t — bool
val invertible : t — bool
val invert : t —
val of _expr : string — UFOx_syntax.expr list — t list
val to_string : t — string
type r
val classify—indices : t list — (Index.t x r) list
val disambiguate_indices : t list — t list
val rep_to_string : r — string
val rep_to_string_whizard : r — string
val rep_of _int : bool — int — r
val rep_of _int_or_young_tableau : bool — int option — int Young.tableau option — r
val rep_conjugate : r — r
val rep_trivial : r — bool
type r_omega
val omega : v — r_omega

end

t
— 1

module type Tensor =
sig
type atom
type « linear = (« list x Algebra.QC.t) list
type t =
| Linear of atom linear
| Ratios of (atom linear x atom linear) list
val map_atoms : (atom — atom) — t —
val map_indices : (int — int) — t — ¢
val rename_indices : (int — int) — t — ¢
val map_coeff : (Algebra.QC.t — Algebra.QC.t) — t — t
val contract_pairs : t — t
val variables : t — string list
val of _expr : UFOzxz_syntax.expr — t
val of _string : string — t
val of _strings : string list — t
val to_string : t — string
type r
val classify_indices : t — (Index.t X r) list
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val rep_to_string : r — string
val rep_to_string_whizard : r — string
val rep_of _int : bool — int — r
val rep_of _int_or_young_tableau : bool — int option — int Young.tableau option — r
val rep_conjugate : r — r
val rep_trivial : r — bool
type r_omega
val omega : v — r_omega
end

module Tensor (A : Atom) : Tensor

with type atom = A.t and type r = A.r and type r_omega = A.r_omega =
struct

module S = UFOz_syntax
(* TODO: we have to switch to Algebra.QC to support complex coefficients, as used in custom propagators.

module Q = Algebra.Q
module QC = Algebra.QC

type atom = A.t
type « linear = (« list x Algebra.QC'.t) list
type t =

| Linear of atom linear

| Ratios of (atom linear x atom linear) list

let term_to_string (tensors, ¢) =
if QC.is_null c then
else
match tensors with
| [] = QC.to_string ¢
| tensors —
String.concat
"k ((if QClis—unit c then [] else [QC .to_string c]) @
List.map A.to_string tensors)

let linear_to_string = function
‘ [] — nn
| term :: terms —

term_to_string term °
String.concat "" (List.map (fun t — prepend_binary_plus (term_to_string t)) terms)

let to_string = function
| Linear terms — linear_to_string terms
| Ratios ratios —
String.concat
"|_|+|_|"
(List.map
(fun (n, d) —
Printf .sprintf " (%hs)/ (hs)"
(linear _to_string n) (linear_to_string d)) ratios)

let variables_of _atoms atoms =
List.fold _left
(fun acc a —
match A.variable a with
| None — acc
| Some name — Sets.String.add name acc)
Sets.String.empty atoms

let variables_of _linear linear =
List.fold _left

(fun acc (atoms, ) — Sets.String.union (variables_of _atoms atoms) acc)
Sets.String.empty linear
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let variables_set = function
| Linear linear — wvariables_of _linear linear
| Ratios ratios —
List.fold_left
(fun acc (numerator, denominator) —
Sets.String.union
(variables_of _linear numerator)
(Sets.String.union (variables_of _linear denominator) acc))
Sets.String.empty ratios

let variables t =
Sets.String.elements (variables_set t)

let map_ratios f = function
| Linear n — Linear (f n)
| Ratios ratios — Ratios (List.map (fun (n, d) — (f n, f d)) ratios)

let map_summands f t =
map_ratios (List.map f) t

let map_numerators f = function
| Linear n — Linear (List.map f n)
| Ratios ratios —
Ratios (List.map (fun (n, d) — (List.map f n, d)) ratios)

let map_atoms f t =
map_summands (fun (atoms, q) — (List.map f atoms, q)) t

let map_indices f t =
map_atoms (A.map_indices f) t

let rename_indices f t =
map_atoms (A.rename_indices f) ¢

let map_coeff f t =
map_numerators (fun (atoms, q) — (atoms, f q)) t

type result =
| Matched of atom list
| Unmatched of atom list

contract_pair a rev_prefix suffix returns Unmatched (a ::  List.rev_append rev_prefix suffix if there is no
match (as defined by A.contract_pair) and Matched with the reduced list otherwise.

let rec contract_pair a rev_prefix = function
| [] = Unmatched (a :: List.rev rev_prefix)
| o = suffic —

begin match A.contract_pair a o' with
| None — contract_pair a (a' :: rev_prefix) suffiz
| Some o’ —
if A.is_unit o” then
Matched (List.rev_append rev_prefix suffiz)
else
Matched (List.rev_append rev_prefix (a” :: suffix))
end

Use contract_pair to find all pairs that match according to A.contract_pair.

let rec contract_pairsl = function
| ({1 [ast) — ¢
| @ =t —

begin match contract_pair a [] ¢ with
| Unmatched ([]) — []

| Unmatched (¢’ :: t') — o = contract_pairsl t'
| Matched t' — contract_pairsl ¢’
end

let contract_pairs t =
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map_summands (fun (t', ¢) — (contract_pairsl t', c)) t

let add t1 t2 =
match ¢1, t2 with
| Linear 11, Linear 12 — Linear (11 Q [2)
| Ratios v, Linear | | Linear I, Ratios r —
Ratios ((1, [([], QC.unit)]) == r)
| Ratios r1, Ratios 12 — Ratios (r1 Q r2)

let multiply? (t1, c1) (12, c2) =
(List.sort compare (t1 @Q t2), QC.mul cl c2)

let multiply2 t1 t2 =
Product.list2 multiplyl t1 t2

let multiply t1 t2 =

match t1, t2 with
| Linear 1, Linear 12 — Linear (multiply2 11 12)
| Ratios v, Linear | | Linear I, Ratios r —

Ratios (List.map (fun (n, d) — (multiply2 I n, d)) r)
| Ratios r1, Ratios r2 —

Ratios (Product.list2

(fun (n1, d1) (n2, d2) —
(multiply2 n1 n2, multiply2 d1 d2))

rl r2)
let rec power n t =

if n < 0 then

invalid_arg "UFOx.Tensor.power: n, < 0"
else if n = 0 then

Linear [([], QC.unit)]
else if n = 1 then

t
else

multiply t (power (pred n) t)

let compress ratios =
map_ratios
(fun terms —
List.map (fun (¢, cs) — (¢, QC.sum cs)) (ThoList.factorize terms))
ratios

let rec of _expr e =
contract_pairs (compress (of _expr’ e))

and of —expr’ = function

| S.Integer i — Linear [([], QC.make (Q.make i 1) Q.null)]
| S.Float - — invalid_arg "UFOx.Tensor.of _expr: junexpected float"
| S.Quoted name —

invalid_arg ("UFOX.Tensor.of_expr:uunexpecteduquoted._,variable._,’" -

name ~ "? n)

| S.Young-Tableau y —

invalid_arg ("UFOx.Tensor.of _expr: junexpected top,level Young tableau " "

Young.tableau_to_string string_of _int y ~ "*")

| S.Variable name —

(* There should be a gatekeeper here or in A.of _expr: x)

Linear [(A.of —expr name [], QC.unit)]
| S.Application ("complex", [re; im]) —

begin match of _expr re, of _expr im with

| Linear [([], re)], Linear [([], im)] —

if QC.is_real re N QC.is_real im then
Linear [([], QC.make (QC.re re) (QC.re im))]
else
invalid - arg ("UFOX .Tensor.of_expr: uargument._,of._lcomplexuis._,complex")
| - —
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invalid_arg "UFOx.Tensor.of _expr: junexpected argument of complex"
end

| S.Application (name, args) —
Linear [(A.of —expr name args, QC.unit)]
| S.Sum (el, e2) — add (of —expr el) (of —expr e2)
| S.Difference (el, e2) —
add (of —expr el) (of —expr (S.Product (S.Integer (—1), e2)))
| S.Product (el, e2) — multiply (of —expr el) (of _expr e2)
| S.Quotient (n, d) —
begin match of _expr n, of _expr d with
| n, Linear [] —
invalid_arg "UF0x.Tensor.of _expr: zero denominator"
| n, Linear [([], q)] — map—coeff (fun ¢ — QC.div c ¢) n
| n, Linear ([(invertibles, q)] as d) —
if List.for_all A.invertible invertibles then

let inverses = List.map A.invert invertibles in
multiply (Linear [(inverses, QC.inv q)]) n
else

multiply (Ratios [[([], QC.unit)], d]) n
| n, (Linear d as d') —
if List.for_all (fun (¢, -) — List.for_all A.scalar t) d then
multiply (Ratios [[([], QC.unit)], d]) n
else
invalid _arg ("UFOx.Tensor.of _expr: non scalar denominator: " *
to_string d’)
| n, (Ratios - as d) —
mvalid —arg ("UFDX .Tensor.of _expr: illegal denominator: " ~
to_string d)
end
| S.Power (e, p) —
begin match of _expr e, of —expr p with
| Linear (([], @)}, Lincar [([], p)] —
if QC.is_real p then
let re_.p = QC.re pin
if Q.is_integer re_p then
Linear [([], QC.pow q (Q.to-integer re_p))]
else

invalid_arg "UFOx.Tensor.of _expr: rational, power of number"
else
invalid_arg "UFOx.Tensor.of _expr: complex power of number"
| Linear [([], ¢)], - —
invalid_arg "UFOx.Tensor.of _expr: non-numeric, power of number"
| ¢, Linear [([], p)] —
if QC.is_integer p then
power (Q.to_integer (QC.re p)) t
else
invalid-arg "UFOx.Tensor.of _expr: non,integer power of tensor"
| - — nvalid_arg "UF0Ox.Tensor.of _expr: mnon numeric power of tensor"

end
typer = A.r
let rep_to_string = A.rep_to_string
let rep_to_string_whizard = A.rep_to_string_whizard
let rep_of _int A.rep_of _int
let rep_of _int_or_young_tableau = A.rep_of _int_or_young_tableau
let rep_conjugate = A.rep_conjugate
let rep_trivial = A.rep_trivial
let numerators = function

| Linear tensors — tensors
| Ratios ratios — ThoList.flatmap fst ratios
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let classify_indices’ filter tensors =
ThoList.uniq
(List.sort compare
(List.map
(fun (¢, ¢) — filter (A.classify_indices t))
(numerators tensors)))

NB: the number of summation indices is not guarateed to be the same! Therefore it was foolish to try to check

for uniqueness ...

let classify_indices tensors =
match classify_indices’ Index.free tensors with
[l =
(* There’s always at least an empty list! *)
failwith "UFOx.Tensor.classify_indices: can’t happen!"
| f] = 7F
| - —
invalid_arg "UF0x.Tensor.classify_indices: incompatible free indices!"

let disambiguate_indicesl (atoms, q) =
(A.disambiguate _indices atoms, q)

let disambiguate_indices tensors =
map_ratios (List.map disambiguate_indicesl) tensors

let check_indices t =
ignore (classify_indices t)

let of _expr e =

let t = disambiguate_indices (of _expr €) in
check _indices t;
t

let of _string s =

of —expr (Expr.of _string s)
let of _strings s =

of —expr (Ezpr.of _strings s)

type r_omega = A.r_omega
let omega = A.omega
end

module type Lorentz_Atom =

sig
type dirac = private
| C of int x int
| Gamma of int x int x int
| Gamma5b of int x int
| Identity of int x int
| ProjP of int x int
| ProjM of int x int
| Sigma of int x int x int x int
type vector = (x private *)
| Epsilon of int X int x int x int
| Metric of int x int
| P of int x int
type scalar = (x private *)
Mass of int
Width of int
P2 of int

Variable of string

|
|
| P12 of int x int
|
| Coeff of Value.t
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type t = (x private x)
| Dirac of dirac
| Vector of wvector
| Scalar of scalar
| Inverse of scalar

val map_indices_scalar : (int — int) — scalar — scalar
val map_indices_vector : (int — int) — wvector — wvector
val rename_indices_vector : (int — int) — wvector — wvector

end

module Lorentz_Atom =
struct

type dirac =

C of int x int
| Gamma of int x int x int
| Gamma5 of int x int
| Identity of int x int
| ProjP of int x int
|
|

ProjM of int x int
Sigma of int x int X int X int

type vector =
| Epsilon of int X int X int x int
| Metric of int x int
| P of int x int

type scalar =

| Mass of int

| Width of int

| P2 of int
| P12 of int x int
| Variable of string
| Coeff of Value.t

type t =
| Dirac of dirac
| Vector of wvector
| Scalar of scalar
| Inverse of scalar
let map_indices_scalar f = function
| Mass i — Mass (f 1)
| Width i — Width (f i)
| P2i — P2 (f i)
| P12 (i, j) — P12 (f i, [ J)
| (Variable - | Coeff —ass) — s

let map_indices_vector f = function
| Epsilon (mu, nu, ka, la) — Epsilon (f mu, f nu, f ka, f la)
| Metric (mu, nu) — Metric (f mu, f nu)
| P (mu, n) — P (f mu, fn)

let rename_indices_vector f = function
| Epsilon (mu, nu, ka, la) — Epsilon (f mu, [ nu, f ka, [ la)
| Metric (mu, nu) — Metric (f mu, f nu)
| P (mu, n) — P (f mu, n)

end

module Lorentz_Atom’ : Atom
with type t = Lorentz_Atom.t and type r_omega = Coupling.lorentz =
struct

type t = Lorentz_Atom.t
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open Lorentz_Atom

let map_indices_dirac f = function
| C (i, j) = C(fi, [])
| Gamma (mu, i, j) — Gamma (f mu, f i, fj)
| Gamma5 (i, j) — Gammab (f i, f 7)
| Identity (i, j) — Identity (f i, [ j)
| ProjP (i, §) — ProjP (f i, f j)
| ProjM (i, j) — ProjM (f i, [ j)
| Sigma (mu, nu, i, j) — Sigma (f mu, f nu, f i, [ j)

let rename_indices_dirac = map_indices_dirac

let map_indices_scalar f = function
| Mass i — Mass (f i)
| Width i — Width (f i)
| P2i — P2 (f1)
| P12 (i, j) — P12 (f i, f J)
| Variable s — Variable s
| Coeff ¢ — Coeff ¢

let map_indices f = function
| Dirac d — Dirac (map_indices_dirac [ d)
| Vector v — Vector (map-indices_vector f v)
| Scalar s — Scalar (map_indices_scalar f )
| Inverse s — Inverse (map_indices_scalar f s)

let rename—indices2 fd fv = function
| Dirac d — Dirac (rename_indices_dirac fd d)
| Vector v — Vector (rename_indices_vector fu v)
| Scalar s — Scalar s
| Inverse s — Inverse s

let rename—indices f atom =
rename_indices2 [ f atom

let contract_pair al a2 =
match al, a2 with
| Vector (P (mul, il)), Vector (P (mu2, i2)) —
if mul < 0 A mul = mu2 then
if i1 = i2 then
Some (Scalar (P2 il1))
else
Some (Scalar (P12 (i, i2)))
else
None
| Scalar s, Inverse s’ | Inverse s, Scalar s’ —
if s = s’ then
Some (Scalar (Coeff (Value.Integer 1)))
else
None
| -~ — None

let variable = function
| Scalar (Variable s) | Inverse (Variable s) — Some s
| - — None

let scalar = function
| Dirac - | Vector - — false
| Scalar _ | Inverse _ — true

let is_unit = function
| Scalar (Coeff ¢) | Inverse (Coeff ¢) —
begin match ¢ with
| Value.Integer 1 — true
| Value.Rational ¢ — Algebra.Q.is_unit q
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| - — false
end
| - — false

let invertible = scalar

let invert = function
| Dirac - — invalid_arg "UF0x.Lorentz_Atom.invert Dirac"
| Vector - — invalid_arg "UFOx.Lorentz_Atom.invert Vector"
| Scalar s — Inverse s
| Inverse s — Scalar s

let i2s = Index.to_string
let dirac_to_string = function
| C (i, j) =

Printf.sprintf "C(hs,%s)" (i2s i) (i2s j)
| Gamma (mu, i, j) —
Printf.sprintf "Gamma (%s,%s,%s)" (i2s mu) (i2s i) (i2s j)
| Gamma5 (i, j) —
Printf.sprintf "Gammab (%s,%s)" (i2s i) (i2s j)
| Identity (i, j) —
Printf.sprintf "Identity (%s,%s)" (i2s i) (i2s j)
| ProjP (i, j) —
Printf.sprintf "ProjP(%s,%s)" (i2s i) (i2s j)
| ProjM (i, j) —
Printf.sprintf "ProjM(%s,%s)" (i2s i) (i2s j)
| Sigma (mu, nu, i, j) —
Printf.sprintf "Sigma(%s,%s,%s,%s)" (i2s mu) (i2s nu) (i2s i) (i2s j)

let vector_to_string = function
| Epsilon (mu, nu, ka, la) —
Printf.sprintf "Epsilon(%s,%s,%s,%s)" (i2s mu) (i2s nu) (i2s ka) (i2s la)
| Metric (mu, nu) —
Printf.sprintf "Metric(%s,%s)" (i2s mu) (i2s nu)
| P (mu, n) —
Printf.sprintf "P(%s,%d)" (i2s mu) n

let scalar_to_string = function

| Mass id — Printf.sprintf "Mass(%d)" id

| Width id — Printf.sprintf "Width(%d)" id

| P2 id — Printf.sprintf "P(%d)**2" id

| P12 (id1, id2) — Printf.sprintf "P(hd)*P(%d)" id1 id2
| Variable s — s
| Coeff ¢ — Value.to_string ¢

let to_string = function
| Dirac d — dirac_to_string d
| Vector v — wector_to_string v
| Scalar s — scalar_to_string s
| Inverse s — "1/" ° scalar_to_string s

module S = UFOz_syntax

Here we handle some special cases in order to be able to parse propagators. This needs to be made more
general, but unfortunately the syntax for the propagator extension is not well documented and appears to
be a bit chaotic!

let quoted_index s =
Index.named - summation s ()

let integer_or_id = function
| S.Integer n — n
| S.Variable "id" — 1
| - — failwith "UFOx.Lorentz_Atom.integer_or_id: impossible"
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let vector_index = function
| S.Integer n — n
| S.Quoted mu — quoted_indexr mu
| S.Variable id —
let I = String.length id in
if [ > 1 then
if 4d.[0] = ’1’ then
int_of _string (String.sub id 1 (pred 1))
else
invalid _arg ("UFOx.Lorentz_Atom.vector_index:," " id)
else
invalid_arg "UFOx.Lorentz_Atom.vector_index: empty_variable"
| - — 4nvalid_arg "UFOx.Lorentz_Atom.vector_index"

let spinor_index = function
| S.Integer n — n
| S.Variable id —
let [ = String.length id in
if I > 1 then
if id.[0] = ’s’ then
int_of _string (String.sub id 1 (pred 1))
else
invalid_arg ("UFOx.Lorentz_Atom.spinor_index: " " id)
else
invalid_arg "UFOx.Lorentz_Atom.spinor_index: empty_ variable"
| - — dnvalid_arg "UFOx.Lorentz_Atom.spinor_index"

let of _expr name args =

match name, args with
| "c", [¢; j] — [Dirac (C (spinor_index i, spinor_index j))]
‘ ncn, N

invalid_arg "UF0x.Lorentz.of _expr: invalid, arguments to ,C()"
| "Epsilon", [mu; nu; ka; la] —

[Vector (Epsilon (vector_index mu, vector_index nu,

vector_index ka, vector_indez la))]

| "Epsilon", - —

invalid_-arg "UF0x.Lorentz.of _expr: invalid, arguments to_Epsilon()"
| "Gamma", [mu; i; j] —

[Dirac (Gamma (vector_index mu, spinor_index i, spinor_indez j))]
| "Gamma", - —

tnvalid_arg "UFOx.Lorentz.of _expr: invalid arguments to Gamma()"
| "Gamma5", [i; j] — [Dirac (Gammab (spinor_index i, spinor_indez j))]
| "Gamma5", - —

invalid_arg "UFOx.Lorentz.of _expr: invalid, arguments,to ,Gamma5()"
| "Identity", [i; j] — [Dirac (Identity (spinor_index i, spinor_index j))]
| "Identity", - —

invalid_arg "UF0x.Lorentz.of _expr: invalid, arguments to Identity ()"
| "Metric", [mu; nu] — [Vector (Metric (vector_index mu, vector_inder nu))]
| "Metric", - —

invalid_arg "UFOx.Lorentz.of _expr: invalid, arguments to Metric()"
| "P", [mu; id] — [Vector (P (vector_index mu, integer_or_id id))]
| "P", - —

invalid_-arg "UF0x.Lorentz.of _expr:_invalid, arguments to P ()"
| "ProjP", [i; j] — [Dirac (ProjP (spinor_index i, spinor_index j))]
| "ProjP", - —

invalid_arg "UF0x.Lorentz.of _expr: invalid, arguments to ProjP()"
| "ProjM", [i; j] — [Dirac (ProjM (spinor_index i, spinor_indez j))]
| "ProjM", - —

invalid-arg "UF0x.Lorentz.of _expr: invalid, arguments to ProjM()"
| "Sigma", [mu; nu; i; j] —

if mu # nu then

[Dirac (Sigma (vector_index mu, vector_index nu,
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spinor_index i, spinor_indez j))]

else
invalid_arg "UFOx.Lorentz.of _expr: implausible arguments to Sigma()"
| "Sigma", - —

invalid_arg "UFOx.Lorentz.of _expr: invalid arguments, to Sigma()"
| "PSlash", [i; j; id] —
let mu = Index.fresh_summation () in
[Dirac (Gamma (mu, spinor_index i, spinor_index j));
Vector (P (mu, integer_or_id id))]
| "PSlash", - —
invalid_arg "UFOx.Lorentz.of _expr: invalid, arguments to ,PSlash()"
| "Mass", [id] — [Scalar (Mass (integer_or_id id))]
| "Mass", - —
invalid_arg "UF0x.Lorentz.of _expr: invalid, arguments to Mass()"
| "Width", [id] — [Scalar (Width (integer-or_id id))]
‘ "Width", - —
invalid_arg "UF0x.Lorentz.of _expr: invalid arguments to Width()"
| name, [] —
[Scalar (Variable name)]
| name, - —
inwvalid_arg ("UFOX.Lorentz.of_expr:Uinvalidutensoru’" " name ""')

typer = S | V| T | Sp| CSp | Mag | VSp | CVSp | VMaj | Ghost

let rep_trivial = function
| S | Ghost — true
| V.| T | Sp| CSp | Maj | VSp | CVSp | VMaj — false

let rep_to_string = function
‘ S — non
V _> Il1ll
T _> II2’I
Sp — ||1/2||

|

|

|

| CSp — "1/2bar"

| Maj — "1/2M"

| VSp — "3/2"

| CVSp — "3/2bar"
| VMaj — "3/2Mv

| Ghost — "Ghost"

let rep_to_string_whizard = function
‘ S — non
V _) Illll
T % |I2l|

VSp | CVSp | VMaj — "3/2"

|
|
| Sp | CSp | Maj — "1/2"
|
| Ghost — "Ghost"

let rep_of —int neutral = function
| —1 — Ghost
|1 —- 8
| 2 — if neutral then Maj else Sp
| —2 — if neutral then Maj else CSp (x used by UFO.Particle.force_conjspinor x)
| 3 = V
| 4 — if neutral then VMaj else VSp
| —4 — if neutral then VMaj else CVSp (x used by UFO.Particle.force_conjspinor )
| 5 = T
| swhens > 0 —
failwith "UFOx.Lorentz:spin > 2 not_ supported!"
| - —
invalid_arg "UF0x.Lorentz: jinvalid, non-positive spin value"

let rep_of _int_or_young_tableau neutral i yt =
match ¢, yt with
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| Some i, None — rep_of_int neutral
| None, None — S
\ _, Some _ — invalid_arg "UFOx.Lorentz: ,Young  tableau not,supported"

let rep_conjugate = function

|

|

|

| CSp (x 777 )
| CSp — Sp (x 777 %)
| Maj — Maj

| VSp — CVSp

| CVSp — VSp

| VMaj — VMayj

| Ghost — Ghost

let classify_vector _indices] = function
| Epsilon (mu, nu, ka, la) — [(mu, V); (nu, V); (ka, V); (la, V)]
| Metric (mu, nu) — [(mu, V); (nu, V)]
| P (mu, n) = [(mu, V)]

let classify dirac_indices] = function
| C (i, j) — [(i, CSp); (5, Sp)] (x 777 %)
| Gamma5 (i, j) | Identity (i, j)
| ProjP (i, J) | ProjM (i, j) — [(4, CSp); (j, Sp)]
| Gamma (mu, i, j) — [(mu, V); (¢, CSp); (j, Sp)]
| Sigma (mu, nu, i, j) — [(mu, V); (nu, V); (i, CSp); (j, Sp)]

let classify_indices1 = function
| Dirac d — classify_dirac_indices1 d
| Vector v — classify_vector_indicesl v
| Scalar _ | Inverse - — []

module IMap = Map.Make(Int)
exception Incompatible_factors of r x r

let product repl rep2 =
match repl, rep2 with
| V.,V - T

| V, Sp — VSp

| V, CSp — CVSp

| V, Maj — VMaj

| Sp, V. — VSp

| CSp, V. — CVSp

| Maj, V. — VMaj

| -, - — raise (Incompatible_factors (repl, rep2))

let combine_or_add_index (i, rep) map =
let pos, fac = Index.unpack i in
try
let fac’, rep’ = IMap.find pos map in
if pos < 0 then
IMap.add pos (fac, rep) map
else if fac # fac’ then
IMap.add pos (0, product rep rep’) map
else if rep # rep’ then (x Can be disambiguated! *)
IMap.add pos (0, product rep rep’) map
else
invalid _arg (Printf.sprintf "UF0:_duplicate_ subindex %d" pos)
with
| Not_found — IMap.add pos (fac, rep) map
| Incompatible_factors (repl, rep2) —
invalid_arg
(Printf .sprintf
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"UF0:_ incompatible factors,(%s,%s) at %hd"
(rep_to_string repl) (rep_to_string rep2) pos)

let combine_or_add_indices atom map =
List.fold _right combine_or_add_index (classify_indicesl atom) map

let project_factors (pos, (fac, rep)) =

if fac = 0 then
(pos, rep)
else

invalid _arg (Printf.sprintf "UF0:_ leftover,subindex %d.%d" pos fac)

let classify_indices atoms =
List.map
project _factors
(IMap.bindings (List.fold_right combine_or_add_indices atoms IMap.empty))

let add_factor fac indices pos =
if pos > 0 then
if Sets.Int.mem pos indices then
Index.pack pos fac
else
pos
else
oS

let disambiguate_indicesl indices atom =
rename_indices2 (add_factor 1 indices) (add_factor 2 indices) atom

let vectorspinors atoms =
List.fold _left
(fun acc (i, ) —
match r with
| S| V| T ]| Sp| CSp | Maj | Ghost — acc
| VSp | CVSp | VMaj — Sets.Int.add i acc)
Sets.Int.empty (classify-indices atoms)

let disambiguate_indices atoms =
let vectorspinor_indices = wvectorspinors atoms in
List.map (disambiguate_indices1 vectorspinor_indices) atoms

type r_omega = Coupling.lorentz
let omega = function
| § — Coupling.Scalar
| V. — Coupling. Vector
| T — Coupling.Tensor_2
| Sp — Coupling.Spinor
| CSp — Coupling.ConjSpinor
| Maj — Coupling.Majorana
| VSp — Coupling. Vectorspinor
| CVSp — Coupling. Vectorspinor (x TODO: not really! )
| VMaj — Coupling. Vectorspinor (+ TODO: not really! x)
| Ghost — Coupling.Scalar

end
module Lorentz = Tensor(Lorentz_Atom’)

module type Color_Atom =
sig
type t = (x private %)

| Identity of int x int
| Identity8 of int x int
| Delta of int Young.tableau x int x int
| T of int x int x int
| TY of int Young.tableau X int X int X int
| F of int x int x int
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| D of int x int x int

| Epsilon of int X int X int

| EpsilonBar of int x int X int

| T6 of int x int X int

| K6 of int x int x int

| K6Bar of int x int x int
end

module Color_Atom =

struct

type t =
| Identity of int X int

| Identity8 of int x int
| Delta of int Young.tableau X int x int
| T of int x int x int
| TY of int Young.tableau x int X int x int
| F of int x int x int
| D of int x int x int
| Epsilon of int x int x int
| EpsilonBar of int x int X int
| T6 of int x int X int
| K6 of int x int X int
| K6Bar of int x int x int
end

module Color_Atom’ : Atom
with type t = Color_Atom.t and type r_omega = Color.t =
struct

type t = Color_Atom.t
module S = UFOz_syntax
open Color_Atom

let map_indices f = function
| Identity (i, j) — Identity (f 4, f j)
| Identity8 (a, b) — Identity8 (f a, f b)
| Delta (y, a, b) — Delta (y, f a, f b)
| TY (y, a, 4, j) = TY (y, fa, [ i, [])
| F(a, i, j) = F(fa, fi, [])
| D (a, i, 7) = D(fa fi, [j)
| Epsilon (i, j, k) — Epsilon (f i, [ j, [ k)
| EpsilonBar (i, j, k) — EpsilonBar (f i, f j, [ k)
| 16 (a, @', j') — T6 (f a, fi', f])
| K6 (i, j, k) — K6 (f4, fJ, [k)
| K6Bar (i', j, k) — K6Bar (f i, f j, f k)

let rename_indices = map_indices
let contract_pair _ - = None

let variable _ = None

let scalar - = false

let snvertible - = false

let is_unit _ = false

let invert _ =

invalid_arg "UFO0x.Color_Atom.invert"

let young_tableau_valid _particle y =
Young.standard _tableau ~offset : 1 y

let of —_exprl name args =
match name, args with
| "Identity", [S.Integer i; S.Integer j| — Identity (i, j)
| "Identity", - —
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invalid_arg "UF0x.Color.of _expr:invalid arguments to_Identity()"
| "Delta", [S.Young_Tableau y; S.Integer i; S.Integer j] —
if young_tableau_valid_particle y then
Delta (y, 4, j)
else
invalid_arg ("UFOx.Color.of _expr: invalid Young tableau,in Delta: "
Young.tableau_to_string string_of _int y)

~

| "Delta", - —

invalid-arg "UF0x.Color.of _expr:invalid, arguments to Identity ()"
| "T", [S.Integer a; S.Integer i; S.Integer j1 — T (a, i, j)
| "T", - —

invalid_arg "UF0x.Color.of _expr:invalid arguments, to T(O"
| "TY", [S.Young_Tableau y; S.Integer a; S.Integer i; S.Integer j| —

if young_tableau_valid_particle y then

TY (ya a, 1, .])
else
invalid_arg ("UFOx.Color.of_expr: invalid,Young tableau,in TY: " °
Young.tableau_to_string string_of _int y)

| "TY, L -

invalid_arg "UF0x.Color.of _expr:invalid, arguments_ to TY()"
| "f", [S.Integer a; S.Integer b; S.Integer c¢] — F (a, b, c)
| "f" - —

tnvalid_arg "UF0x.Color.of _expr:invalid arguments to f("
| "d", [S.Integer a; S.Integer b; S.Integer c¢] — D (a, b, ¢)
‘ "d", N

invalid_arg "UF0x.Color.of _expr:invalid, arguments to,d()"
| "Epsilon", [S.Integer i; S.Integer j; S.Integer k] —

Epsilon (i, j, k)
| "Epsilon", - —

invalid_arg "UF0x.Color.of _expr: invalid, arguments to_Epsilon()"
| "EpsilonBar", [S.Integer i; S.Integer j; S.Integer k] —

EpsilonBar (i, j, k)
‘ "EpsilonBar", - —

tnvalid_arg "UF0x.Color.of _expr:invalid arguments to EpsilonBar ()"
| "Teé", [S.Integer a; S.Integer i’; S.Integer j'| — T6 (a, ', j')
‘ "TG", N

invalid_—arg "UFOx.Color.of _expr: invalid arguments to T6()"
| "K6", [S.Integer i'; S.Integer j; S.Integer k] — K6 (i, j, k)
| "K6", _ —

invalid_arg "UF0x.Color.of _expr: invalid, arguments to K6()"
| "K6Bar", [S.Integer i’; S.Integer j; S.Integer k] — K6Bar (i, j, k)

| "KéBar", - —
invalid_arg "UF0x.Color.of _expr: invalid arguments to_K6Bar()"
| name, - —

invalid_arg ("UFOx.Color.of _expr: invalid tensor,’" ~ name "~ "’")

let of _expr name args =
[of —exprl name args]

let to_string = function
| Identity (i, j) — Printf.sprintf "Identity (%d,%d)" i j
| Identity8 (a, b) — Printf.sprintf "Identity8(%d,%d)" a b
| Delta (y, a, b) — Printf.sprintf "Delta(}s,%d,%d)" (Young.tableau_to_string string_of —int y) a b
| T (a, i, j) — Printf.sprintf "T(%d,%d,%d)" a i j
| TY (y, a, i, j) — Printf.sprintf "TY (%s,%d,%d, %" (Young.tableau_to_string string_of _int y) a i j
| F (a, b, ¢c) — Printf.sprintf "£(hd,%d,%d)" a b ¢
| D (a, b, ¢) — Printf.sprintf "d(%d,%d, %" a b c
| Epsilon (i, j, k) — Printf.sprintf "Epsilon(%d,%d,%d)" i j k
| EpsilonBar (i, j, k) — Printf.sprintf "EpsilonBar (%d,%d,%d)" i j k
| T6 (a, i/, j') — Printf.sprintf "T6(%d,%d, %" a i’ j’
| K6 (i', j, k) — Printf.sprintf "K6(hd,%d,%d)" i/ j k
| K6Bar (i, j, k) — Printf.sprintf "K6Bar (%d,%d,%d)" i’ j k
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let conjugate_tableau y =
Young.map (=) y

let young_tableau_valid_UFO y =
young _tableaw _valid _particle y V
young-tableau_valid _particle (conjugate_tableau y)

let young_to_string y =
ThoList.to_string (ThoList.to_string string_of _int) y

let rep_trivial = function
| S| YT[] | YT — true
| F | C| A| YT _ — false

let rep_to_string = function

| § — "1

| F — "3"

| ¢ — "3bar"

| A — na"

| YT y — young_to_string y
let rep_to_string_whizard = function

| § — "

| F — "3"

‘ C . n_3n

| A — "a"

| YT y — young_to_string y
let rep_of _int neutral = function

|1 —- S

| 3 - F

| =3 > C

| 8 = A

| 6 — YT [[1;2]]

| —6 ;

|

|

—10 - YT [[-1;-2;-3]]

invalid _arg
(Printf .sprintf

"UF0x.Color: impossible representation color = %d!" n)

let simplify_young_tableau = function

0= S
| [[d]] —
if i < 0 then
C
else
F
ly = YTy

let rep_of _int_or_young_tableau neutral i = function
| None —
begin match 7 with
| Some i — rep_of _int neutral i
| None —
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Printf.eprintf "UF0:_warning: missing required attribute color!\n";

S
end
| Somey —
if young_tableau_valid_UFO y then
begin match ¢ with
| None | Some0 — YTy
| Some i —
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let i = rep_of _int neutral i in

if i = simplify_young_tableau y then
0

else

invalid_arg
(Printf .sprintf
"UF0x.Color.rep_of _int_or_young_tableau: color = %d,!=,color_young = %s"
i (young_to_string y))
end
else
invalid _arg

("UFOx.Color.rep_of_int_or_young_tableau:._lnot._la._,standardutableau:\_," " young_to_string y)

let rep_conjugate = function
| § = S
| C - F
| F — C
| A — A
| YT y — YT (conjugate_tableau y)

@ Check the particle/anti-particle assignments for the sextets!

let classify_indices1 = function
Identity (i, j) — [(i, C); (j, F)]
[(a,

Identity8 (a, b) A); (b, A)]
[(a, YT (conjugate_tableau y)); (b, YT y)]

4)
Delta (y, a, b) —
T (a, i, j) — [(i, F); (4, C); (a, A)]

|

\

}

| TY (y, a, i, j) — [(i, YT y); (4, YT (conjugate_tableau y)); (a, A)]
| Color-Atom.F (a, b, c) | D (a, b, ¢) = [(a, A); (b, 4); (¢, A)]

| Epsilon (4, j, k) — [(4, F); (4, F); (k, F)]

| EpsilonBar (i, j, k) — [(¢, C); (j, C); (k, C)]

| T6 (a, i, j) — [(a, A); (3, YT [[1;2]]); (5, YT [[-1;-2]])]

| K6 (i, j, k) — [(¢, YT [-1;-2]]); (4§, F); (k, F)]

| K6Bar (i, j, k) — [(i, YT [[1;2]]); (5, C); (k, O)]

let classify_indices tensors =
List.sort compare
(List.fold_right
(fun v ace — classify_indices] v Q acc)
tensors [])

let disambiguate_indices atoms =
atoms

type r_omega = Color.t

Our encoding of charge conjugation only works if the indices start from 1. In SU3, we use tableau with indices
that start from 0.

FIXME: N¢ = 3 should not be hardcoded!

let omega = function
| S — Color.Singlet
| F — Color.SUN (3)
| ¢ — Color.SUN (-3)
| A — Color.AdjSUN (3)
| YT [] | YT[]] — Color.Singlet
|
|

YT ([] == -asy) — failwith ("UFOx.Color.omega: invalid tableau: " "~ young_to_string y)
YT ((i0 = _) = _asy) —
let y = Young.map (funi — absi — 1) yin
if 10 < 0 then
Color.YTC y
else
Color. YT y
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end
module Color = Tensor(Color_Atom’)
module type Test =
sig
val suite : OUnit.test
end

module Test : Test =
struct

open OUnit

let parse_unparse s =
Value.to_string (Value.of _expr (Expr.of _string s))

let apup unparsed expr =
assert_equal ~printer : (fun s — s) unparsed (parse_unparse expr)

let apup_id expr =
apup erpr expr
let suite_arithmetic =

"arithmetic" >::
[ "1I_I+\_I2" (fun () apup ngn u1+2||);

"1,-02" > (fun () — apup "o "1—2");
"3.k.2" > (fun () — apup "6" "3%2");

113‘_‘ I_l( 2)11 (fun () — apup n_gn ||3*(_2) n);
"3u/u2" > (fun () = apup "(3/2)" "3/2");
"4,,/,12" >:: (fun () apup "(1/3)" "4/12");

*>
"4I_I/I_I(_6)” > (fun () — apup ||(_2/3)n Il4/(_6)ll);

"3|_|*I_I(6|_|/u12)" > (fun () — apup "3*(1/2) n "3*(6/12)"),
" (BukuB)/ul12) " > (fun () — apup " 3/2)" "(3*6)/12")]

let suite_complex =
"complex" >::
[ "1+I" >:: (fun () — apup "1+I" "1+complex(0,1)");
"1-I" > (fun () — apup "1-I" "1-complex(0,1)");
"1-I°" > (fun () — apup "1+(-I)" "1+complex(0,-1)");
"1+ > (fun () — apup "1-(-I)" "1-complex(0,-1)");
)
)
)

"1+1.+I" > (fun () — apup "1+(1.+I)" "l+complex(1,1)");
"1+1.-I" >:: (fun () — apup "1+(1.-I)" "1+complex(1,-1)");
"1-1.-I" >:: (fun () — apup "1-(1.+I)" "1-complex(1,1)");
"1-1.4I" > (fun () — apup "1-(1.-I)" "1-complex(1,-1)");
"2-I" > (fun () — apup "1-(1.+I)" "1-complex(1,1)");
"_I+1" > (fun () — apup "-I+1" "-complex(0,1)+1");
"1.-I+1" > (fun () — apup "(1.-I)+1" "complex(1l,-1)+1");
"1/I" > (fun () — apup "1/I" "1/complex(0,1)");

"1/1" > (fun () — apup "1" "1/complex(1,0)");

"1/(-1)" >:: (fun () — apup "-1" "1/complex(-1,0)");
"1/(-I)" >:: (fun () — apup "1/(-I)" "1/complex(0,-1)");
"1/(2+I)" > (fun () — apup "1/(2.%I)" "1/complex(0,2)");
"1/(1+I)" > (fun () — apup "1/(1.+I)" "1/complex(1,1)");
"1/(1- I)" > (fun () — apup "1/(1.-I1)" "1/complex(1,-1)");
"I/2" >: (fun () — apup "I/2" "complex(0,1)/2");

"1/2" > (fun () — apup "(1/2)" "complex(1,0)/2");
"-1/2" > (fun () — apup "(-1/2)" "complex(-1,0)/2");
"-I/2" > (fun () — apup "(-I)/2" "complex(0,-1)/2");

"(2uxuI)u/u2" > (fun () — apup "(2.%I)/2" "complex(0,2)/2");
(gD u/u2" > (fun () — apup "(1.+I)/2" "complex(1,1)/2");
"(1y-uDu/u2" > (fun () — apup "(1.-I)/2" "complex(1l,-1)/2") ]

let suite_product =
"product" >::
[ "C-a)u*u(-b)" > (fun () — apup "axb" "(-a)*(-b)");
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"a xy(-2%b) " > (fun () — apup "-2%axb" "a*x(-2*b)");
"a xy(-2/3*%b)" > (fun () — apup "ax(-2/3)*b" "ax(-2/3%b)");
"(-2%a) *,(-2%b) " > (fun () — apup "d*xaxb" "(-2xa)*(-2*%b)") ]

let suite_power =
"power" >::

[ "a"d"c™d" > (fun () — apup "a” (b~ (c"d))" "ax*brxck*kd");
"(a"b)"c”d" > (fun () — apup "(@"b) " (c™d)" " (akxb)**cH*d");
"(a"b) " (cA)" > (fun () — apup "(@"D)"(c”A)" "(a¥*b)*x*(cx*d)");
"((a"b)~c)"d" > (fun () — apup "((a"b) "c)"d" "((a**b)**c)**d") |

let suite_apply =
"apply" >::
["sin(x)*ucos(x)**2" > (fun () — apup "sin(x)*(cos(x)) 2" "cmath.sin(x)*cmath.cos(x)**2");
"sin(x)yu/ucos (x)**2" > (fun () — apup "sin(x)/(cos(x)) 2" "cmath.sin(x)/cmath.cos(x)**2");
"(sin(x)yu/ucos(x))**2" > (fun () — apup "(sin(x)/cos(x))"2" "(cmath.sin(x)/cmath.cos(x))**2") ]

let suite_expr =
"unparse/parse" >

[ "a + b" > (fun () apup_id "a+b");
"a - b" > ( un () — apup_id "a-b");
"a+tubu-uc" > (fun () — apup-id "a+tb-c");
"a,-ubu-uc" > (fun () — apup_id "a-b-c");
"—a tuby-ue" > (fun () — apup-id "-atb-c");
"—a - bu-uc" > (fun () — apup_id "-a-b-c");
"(ay-ub)u/ue" > (fun () — apup-id "(a-b)/c");
"(ay-ub) /L leutud) "™ > (fun () — apup-id "(a-b)/(c+d)");
"(agtuby-ue)u/ud" > (fun () — apup-id "(a+b-c)/d");
"a“by/ue" > (fun () — apup "ab/c" "a*x*b/c");

"(ag*ub) “eu/ud" > (fun () — apup "(axb) “c/d" "(axb)**c/d");
"(ag*b) " (c/dD)" > (fun () — apup "(a*b) " (c/d)" "(a*xb)**(c/d)");
"(au/ub) “ey/ud" > (fun () — apup "(a/b)"c/d" "(a/b)**c/d");
"(agtb) “eu/ud" > (fun () — apup "(a+b) “c/d" "(a+b)*xc/d");
"(ay-ub) “cu/Ld" > (fun () — apup "(a-b) “c/d" "(a-b)**c/d");

"-a”2" > (fun () — apup "-a"2" "-axx2");

"(-a)"2" > (fun () — apup "(-a) 2" "(-a)**2");

"a-b 2" >:: (fun () — apup "a-b 2" "a-b*x2");

"-a”2 H+ubutue" > (fun () — apup "-at2+b+c" "-ak*2+b+c");
"a,-ub2utue" > (fun () — apup "a-bT2+c" "a-b¥*2+c") |

let suite_bugreports =
"bug reports" >::
[ "S2HDMIV:lami" >
(fun () —
apup
"(Mh17~2*RA1x1"2+Mh2"2*RA2x172+Mh3"2+%RA3x1"2-musq*SB~2) / (CB~2*vH"2) "
" (Mh1**2*RA1x1%*2 7+ Mh2**2*RA2x1%*2 7+ Mh3**2+RA3x1**2 - musq*SB**2) / (CBx*2xvHx*2) ");
"loop_sm:AxialZUp" >::
(fun () — apup "(3/2)*(-eexsw) /(6%cw) - (1/2) *cwxee/ (2xsw) " "(3.0/2.0) *(-(ee*xsw)/(6.%cw))-(1.0/°
"loop_sm:AxialZUp’" >:: (fun () — apup "(3/2)*(-ee*xsw)/(6%cw)" "(3.0/2.0)*(-(eexsw)/(6.*cw))");
"loop-_sm:AxialZUp’" >:: (fun () — apup "(3/2)*(-ee)/2" "(3.0/2.0)*(-ee/2)") |

let suite =
"UFOx" >:::

[suite - arithmetic;
suite_complex;
suite_product;
sutte_power;
suite _apply;
suite_expr;
suite_bugreports|

end
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19.7 Interface of UFO _syntax
19.7.1 Abstract Syntaz

exception Syntax_Error of string x Lexing.position X Lexing.position
type name = string list

type string_atom =
| Macro of name
| Literal of string

type value =
| Name of name
| Integer of int
| Float of float
| Fraction of int X int
| String of string
| String-Expr of string_atom list
| Empty_List
| Name_List of name list
| Integer_List of int list
| String_List of string list
| Young-Tableau of int Young.tableau
| Order_Dictionary of (string x int) list
| Coupling_Dictionary of (int X int X name) list
| Decay_Dictionary of (name list x string) list

type attrib =
{ a-name : string;
a_value : value }

type declaration =

{ name : string;

kind : name;
attribs : attrib list }

type t = declaration list

Interface of UFO _syntax

A macro expansion is encoded as a special declaration, with kind = "$" and a single attribute. There should

not never be the risk of a name clash.
val macro : string — wvalue — declaration

val to_strings : t — string list

19.8 Implementation of UFO_syntax
19.8.1 Abstract Syntax

exception Syntaz_Error of string x Lexing.position X Lexing.position
type name = string list

type string_atom =
| Macro of name
| Literal of string

type value =
| Name of name
| Integer of int
| Float of float
| Fraction of int x int
| String of string
| String_Expr of string_atom list
| Empty_List
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| Name_List of name list

| Integer_List of int list

| String_List of string list

| Young_Tableau of int Young.tableau

| Order_Dictionary of (string x int) list

| Coupling_Dictionary of (int X int X name) list
| Decay-Dictionary of (name list x string) list

type attrib =
{ a-name : string;
a_value : value }

type declaration =

{ name : string;

kind : name;
attribs : attrib list }

type t = declaration list

let macro name expansion =
{ name;
kind = ["$"];

attribs = [ { a—_name = name; a_value = expansion } | }

let to_strings declarations =

[]

19.9 Lexer
{

open Lexing
open UFO_parser

let string_of _char ¢ =
String.make 1 ¢

let init_position fname lexbuf =
let curr_p = lexbuf.lex_curr_p in
lexbuf .lex_curr_p <+
{ curr_p with

pos_fname = fname;

pos_lnum = 1;

pos_bol = curr_p.pos_cnum };
lexbuf

}
let digit = [70°—297]
let upper = [PA’—227]

let lower = [*a’—’z’]

let char = wupper | lower

let word char | digit | °_?
let white = [> > *\t’]

let esc = [P\?7 2" 2\\”]

let erlf = [’\r’ ’\n’]

let not_crlf = ["’\r’> ’\n’|
rule token = parse

white { token lexbuf } (* skip blanks x)
| *# not_crif* { token lezbuf } (x skip comments x)
| crlf { new_line lexbuf; token lexbuf }
| "from" not_crlf* { token lexbuf } (* skip imports x)
| "import" not_crif* { token lexbuf } (x skip imports (for now) x)
| "try:" not_crif* { token lexbuf } (* skip imports (for now) x)
| "except" not_crif* { token lexbuf } (* skip imports (for now) x)
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| "pass" { token lexbuf } (x skip imports (for now) *)
| >’ { LPAREN }
| *)* { RPAREN }
| »{> { LBRACE }
| *}» { RBRACE }
| >’ { LBRACKET }
| ’1° { RBRACKET }
| 2= { BQUAL}
| >+ { PLUS }
| 2o0 { MINUS }
| °/> { DIV }
| .2 { DOT }
| >, { COMMA }
| >:» { COLON }
| 227 (digitt . digit™ | digit* * .’ digit" )
([’E’’e’] 7-27 digit" )? as z
{ FLOAT (float_of _string z) }
| =27 digit* as i { INT (int_of _string 1) }
| char word* as s { ID s }
| >\\? * [’ (word™® as stem) *1° (word™ as suffiz)
{ ID (UFO_tools.mathematica_symbol stem suffix) }
| >\ { let sbuf = Buffer.create 20 in
STRING (stringl sbuf lexbuf) }
| > { let sbuf = Buffer.create 20 in
STRING (string2 sbuf lexbuf) }
| — as ¢ { raise (UFO_tools.Lexical - Error
("invalid,character ‘" " string_of _char ¢ ~ "’",
lezbuf .lex_start_p, lexbuf.lex_curr_p)) }
| eof { END }
and stringl sbuf = parse
’\?> { Buffer.contents sbuf }
| °\\? crlf " { new_line lexbuf; stringl sbuf lezbuf }
| >\\’ (esc as ¢) { Buffer.add_char sbuf c¢; stringl sbuf lexbuf }
| eof { raise End_of _file }
| °\\? * [ (word™ as stem) *1° (word™ as suffiz)
{ Buffer.add_string
sbuf (UFO_tools.mathematica_symbol stem suffix);
stringl sbuf lexbuf }
| _ as ¢ { Buffer.add_char sbuf c; stringl sbuf lexbuf }
and string2 sbuf = parse
»w> L Buffer.contents sbuf }
| \\? crlf " { new_line lexbuf; string2 sbuf lezbuf }
| >\\’ (esc as ¢) { Buffer.add_char sbuf c; string2 sbuf lexbuf }
| eof { raise End_of _file }
| >\\? * [ (word™ as stem) *1° (word™ as suffix)
{ Buffer.add_string
sbuf (UFO_tools.mathematica_symbol stem suffiz);
string2 sbuf lexbuf }
_ as ¢ { Buffer.add_char sbuf c; string2 sbuf lexbuf }

19.10 Parser

Right recursion is more convenient for constructing the value. Since the lists will always be short, there is no
performace or stack size reason for prefering left recursion.

Header

module U = UFO_syntax
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let parse_error msg =
raise (UFO _syntaz.Syntaz_Error
(msg, symbol_start_pos (), symbol_end_pos ()))

let invalid_parameter_attr () =
parse_error "invalid parameter attribute"

Token declarations

%token < int > INT

%token < float > FLOAT

%token < string > STRING ID
%token DOT COMMA COLON
%token EQUAL PLUS MINUS DIV
%token LPAREN RPAREN

%token LBRACE RBRACE

%token LBRACKET RBRACKET

%token END

Ystart file
%type < UFO_syntax.t > file

Grammar rules

file ::=
| declarations END { $1 }
declarations ::=
{1}
| declaration declarations { $1 :: $2 }
declaration ::=
| ID EQUAL name LPAREN RPAREN { { U.name = $1;
U.kind = $3;
U.attribs = [] } }
| ID EQUAL name LPAREN attributes RPAREN { { U.name = $1;
U.kind = $3;

U.attribs = $5 } }
| ID EQUAL STRING { U.macro $1 (U.String $3) }
| ID EQUAL string-expr { U.macro $1 (U.String-Ezpr $3) }

name ::=
| 1D { [31] }
| name DOT ID { $3 :: 81 }

attributes ::=
| attribute { [$1] }
| attribute COMMA attributes { $1 :: $3 }

attribute ::=

| ID EQUAL value { { U.a_name = $1; U.a_value = $3 } }

| ID EQUAL list { { U.a—name = $1; U.a_value = $3 } }

| ID EQUAL dictionary { { U.a—name = $1; U.a_value = $3 } }

value ::=
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| INT { U.Integer $1 }

| INT DIV INT { U.Fraction ($1, $3) }
| FLOAT { U.Float $1 }

| string { U.String $1 }

| string_expr { U.String-Expr $1 }

| name { U.Name $1 }

list ©:=
| LBRACKET RBRACKET { U.Empty_List }
| LBRACKET names RBRACKET { U.Name_List $2 }
| LBRACKET strings RBRACKET { U.String-List $2 }
| LBRACKET integers RBRACKET { U.Integer_List $2 }
| LBRACKET integer_lists RBRACKET { U.Young_Tableau $2 }

integer _list ::=
| LBRACKET RBRACKET { [] }
| LBRACKET integers RBRACKET { $2 }

dictionary 1=

| LBRACE orders RBRACE { U.Order_Dictionary $2 }

| LBRACE couplings RBRACE { U.Coupling_Dictionary $2 }
| LBRACE decays RBRACE { U.Decay_Dictionary $2 }

names ::=
| name { [$1] }
| name COMMA names { $1 :: $3 }

mtegers 1=
| INT { [$1] }
| INT COMMA integers { $1 :: $3 }

integer _lists ;1=
| integer_list { [$1] }
| integer_list COMMA integer_lists { $1 :: $3 }

We demand that a U.String_Expr contains no adjacent literal strings. Instead, they are concatenated already
in the parser. Note that a U.String_FEzpr must have at least two elements: singletons are parsed as U.Name
or U.String instead.

string_expr 1=
| literal —string_expr { $1 }
| macro_string_expr { $1 }

literal _string_expr ::=
| string PLUS name { [U.Literal $1; U.Macro $3] }
| string PLUS macro_string_expr { U.Literal $1 :: $3 }

macro-string - expr ::=
| name PLUS string { [U.Macro $1; U.Literal $3] }
| name PLUS string_expr { U.Macro $1 :: $3 }

strings 1=
| string { [$1] }
| string COMMA strings { $1 :: $3 }

string =
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| STRING { $1}
| string PLUS STRING { $1 ~ $3 }

orders ::=
| order { [$1] }
| order COMMA orders { $1 :: $3 }

order ::=
| STRING COLON INT { (%1, $3) }

couplings ::=

| coupling { [$1] }
| coupling COMMA couplings { $1 :: $3 }

coupling ==

| LPAREN INT COMMA INT RPAREN COLON name { ($2, $4, $7) }

decays ::=
| decay { [31] }
| decay COMMA decays { $1 :: $3 }

decay 1=
| LPAREN names RPAREN COLON STRING { (%2, $5) }

19.11 Interface of UFO_Lorentz

19.11.1 Processed UFO Lorentz Structures

Just like UFOz.Lorentz_Atom.dirac, but without the Dirac matrix indices.

type dirac = (* private x)
| Gammab
| ProjM
| ProjP
| Gamma of int
| Sigma of int x int
|
|

C

Minus

A sandwich of a string of «-matrices. bra and ket are positions of fields in the vertex, not spinor indices.

type dirac_string = (x private *)
{ bra : int;
ket : int;

conjugated : bool;
gammas : dirac list }

In the case of Majorana spinors, we have to insert charge conjugation matrices.
'—» -It

val minus : dirac_string — dirac_string

I - CT:

val cc_times : dirac_string — dirac_string

- -IcC:

val times_minus_cc : dirac_string — dirac_string
r—-r7T:

val transpose : dirac_string — dirac_string
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I - Ccro—*

val conjugate : dirac_string — dirac_string

I' = CTTC~1, i.e. the composition of conjugate and transpose:
val conjugate_transpose : dirac_string — dirac_string

The Lorentz indices appearing in a term are either negative internal summation indices or positive external
polarization indices. Note that the external indices are not really indices, but denote the position of the particle
in the vertex.

type o term = (* private x)
{ indices : int list;
atom : «a}

Split the list of indices into summation and polarization indices.
val classify_indices : int list — int list x int list

Replace the atom keeping the associated indices.

val map_atom : (a« — B) — «aterm — B term

A contraction consists of a (possibly empty) product of Dirac strings and a (possibly empty) product of Lorentz
tensors with a rational coefficient. The denominator is required for the poorly documented propagator exten-
sions. The type atom linear is a list and an empty list is interpreted as 1.

The denominator is a contraction list to allow code reuse, though a (A.scalar list x A.scalar list x QC.t) list
would suffice.

type contraction = (x private %)
{ coeff : Algebra.QCt;
dirac : dirac_string term list;
vector : UFOx.Lorentz_Atom.vector term list;
scalar : UFOx.Lorentz_Atom.scalar list;
inverse : UFOz.Lorentz_Atom.scalar list;
denominator : contraction list }

A sum of contractions.

type t = contraction list

Fermion line connections.

val fermion_lines : t — Coupling.fermion_lines

r—corct

val charge_conjugate : int X int — t — t

parse spins lorentz uses the spins to parse the UFO lorentz structure as a list of contractions.
val parse : ?allow_denominator :bool — Coupling.lorentz list — UFOz.Lorentz.t — t
map-indices f lorentz applies the map f to the free indices in lorentz.

val map_indices : (int — int) — t — t
val map_fermion_lines :
(int — int) — Coupling.fermion_lines — Coupling.fermion_lines

Create a readable representation for debugging and documenting generated code.

val to_string : t — string
val fermion_lines_to_string : Coupling.fermion_lines — string

Punting ...

val dummy : t

More debugging and documenting.

val dirac_string_to_string : dirac_string — string

dirac_string _to_matriz substitute ds take a string of v-matrices ds, applies substitute to the indices and returns
the product as a matrix.
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val dirac_string_to_matriz : (int — int) — dirac_string — Dirac.Chiral.t

module type Test =
sig
val suite : OUnit.test
end

module Test : Test

19.12  Implementation of UFO_Lorentz
19.12.1 Processed UFO Lorentz Structures

module @ = Algebra.Q

module QC = Algebra.QC
module A = UFOx.Lorentz_Atom
module D = Dirac.Chiral

Take a A.t list and return the corresponding pair A.dirac list x A.vector list x A.scalar list x A.scalar list,
without preserving the order (currently, the order is reversed).

let split_atoms atoms =
List.fold _left
(fun (d, v, s, i) — function
| A.Vector v/ — (d, v = v, s, 7)
| A.Dirac d' — (d' = d, v, s, i)
| A.Scalar s — (d, v, 8" = s, 9)
| A.Inverse i' — (d, v, s, i = 1))

(11, 11, [1, [1) atoms

Just like UFOz.Lorentz_Atom.dirac, but without the Dirac matrix indices.

type dirac =
| Gammab
| ProjM
| ProjP
| Gamma of int
| Sigma of int x int
| C
|

Minus

let map_indices_gamma f = function
| (Gamma5 | ProjM | ProjP | C | Minus as g) — g¢
| Gamma mu — Gamma (f mu)
| Sigma (mu, nu) — Sigma (f mu, f nu)

A sandwich of a string of y-matrices. bra and ket are positions of fields in the vertex.

type dirac_string =
{ bra : int;
ket : int;
conjugated : bool;
gammas : dirac list }

let map_indices_dirac f d =
{bra = f d.bra;

ket = [ d.ket;
conjugated = d.conjugated;
gammas = List.map (map_indices_gamma ) d.gammas }

let toggle_conjugated ds =
{ ds with conjugated = — ds.conjugated }

let flip_bra_ket ds =
{ ds with bra = ds.ket; ket = ds.bra }
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The implementation of couplings for Dirac spinors in omega_spinors uses conjspinor_spinor which is a
straightforward positive inner product

psibar0 * psil = gt = Zz/;o,alh,a- (19.2)
«

Note that the row spinor 1) is the actual argument, it is not conjugated and multplied by ~o! In contrast,
JRR’s implementation of couplings for Majorana spinors uses spinor_product in omega_bispinors

chi0 * chil = x§ Cx1 (19.3)
with a charge antisymmetric and unitary conjugation matrix: C~' = Ct and €T = —C. This product is
obviously antisymmetric:

chi0 * chil = x4 Cx1 = X1 CTxo = —x¥Cxo = - chil * chi0. (19.4)
In the following, we assume to be in a realization with C~' = —C, i.e. C% = —1:

let inv_C' = [Minus; C]

In JRR’s implementation of Majorana fermions (see page 412), all fermion-boson fusions are realized with the
f_¢f (g,phi,chi) functions, where ¢ € {v,a,...}. This is different from the original Dirac implementation,
where both f_¢f (g,phi,psi) and f_f¢(g,psibar,phi) are used. However, the latter plays nicer with the
permutations in the UFO version of fuse. Therefore, we can attempt to automatically map f_¢f (g,phi,chi)
to f_f¢(g,chi,phi) by an appropriate transformation of the ~-matrices involved.
Starting from

f_¢f (g,phi,chi) =[x (19.5)

where I'y is the contraction of the bosonic field ¢ with the appropriate product of y-matrices, we obtain a

condition on the corresponding matrix f‘¢ that appears in £_f¢:

~ ~ T,
£-£6(g,chi,phi) = T4 = ((T)"x) £ (To0)" . (19.6)

This amounts to requiring I =TI7, as one might have expected. Below we will see that this is not the correct
approach.
In any case, we can use the standard charge conjugation matrix relations

1" =1 (19.7a)
vh = —Cy,C! (19.7b)
ol,=C0,,C" =—Co,,C7! (19.7¢)
(1570)T = 7EE = =CyuysC7! = Cys7,C7 1 (19.7d)
7 =CysC! (19.7¢)
to perform the transpositions symbolically. For the chiral projectors
Y+ =1%x75 (19.8)
this means'
1 =1%7)" =C1+5)C7" =CraC (19.9a)
(uve)" =7ivE = —CreyuC ' = —CryxC! (19.9b)
(Yu £ 775) T = =C(yu F yu75)C ! (19.9¢)
and of course
T =—C. (19.10)

The implementation starts from transposing a single factor using (19.7) and (19.9):

let transposel = function
| (Gamma5 | ProjM | ProjP as g) — [C; g] Q@ inv_C
| (Gamma - | Sigma (-, =) as g) — [Minus] Q [C; ¢] Q inv_-C

1The final two equations are two different ways to obtain the same result, of course.
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| C — [Minus; C]
| Minus — [Minus)]

In general, this will leave more than one Minus in the result and we can pull these out:

let rec collect_signs_rev (negative, acc) = function
| [] — (negative, acc)
| Minus :: g_list — collect_signs_rev (- negative, acc) g-list
| g == g-list — collect_signs_rev (negative, g = acc) g-list

Also, there will be products CC inside the result, these can be canceled, since we assume C? = —1:

let rec compress_ccs_rev (negative, acc) = function

| [] = (negative, acc)

| C == C = g_list — compress_ccs_rev (- negative, acc) g-list
| g == g-list — compress_ccs_rev (negative, g :: acc) g_list

Compose collect_signs_rev and compress_ccs_rev. The two list reversals will cancel.

let compress_signs g_list =
let negative, g_list_rev = collect_signs_rev (false, []) g-list in
match compress_ccs_rev (negative, []) g-list_rev with
| true, g_list — Minus :: g-list
| false, g_list — g_list

Transpose all factors in reverse order and clean up:

let transpose d =
{ d with
gammas = compress—_signs (ThoList.rev_flatmap transposel d.gammas) }

We can also easily flip the sign:

let minus d =
{ d with gammas = compress_signs (Minus :: d.gammas) }

Also in omega_spinors B
¢_ff(g,psibarl,psi2) = Y1 Ly1)2, (19.11)

while in omega_bispinors
¢_£f(g,chil,chi2) = x{ CTyxa - (19.12)

The latter has mixed symmetry, depending on the y-matrices in I'y according to (19.7) and (19.9)

$-t£(g,chi2,chil) = x3 CTyx1 = XlTFZ;CTXQ = _X{FZCXQ = +x]{ CT4C ' 'Cx2 = X1 CTyx2. (19.13)

19.12.2 Testing for Self-Consistency Numerically

In the tests keystones_omegalib and keystones_UF0, we check that the vertex 1/_JOF¢,11/)2 can be expressed in
three ways, which must all agree. In the case of keystones_omegalib, the equivalences are

psibar0 * f_¢f (g,phil,psi2) = Yol 12 (19.14a)
f_f¢(g,psibar0,phil) * psi2 = ¢y, o (19.14b)
phil * ¢_ff(g,psibar0,psi2) = oLy, s . (19.14c¢)

In the case of keystones_UF0, we use cyclic permutations to match the use in UFO_targets, as described in
the table following (19.26)

psibar0 * f¢f_p012(g,phil,psi2) = Ly, Vo (19.15a)
f¢f_p201(g,psibar0,phil) * psi2 = ¢y, ¥o (19.15b)
phil * f£¢f_p120(g,psi2,psibar0) = tr (Ly, s ® ) = Yol 2. (19.15¢)

In both cases, there is no ambiguity regarding the position of spinors and conjugate spinors, since the inner
product conjspinor_spinor is not symmetrical.

Note that, from the point of view of permutations, the notation tr(I'Y ® 1) is more natural than the
equivalent ¢I'y)’ that inspired the ¢_ff functions in the omegalib more than 20 years ago.
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We would like to perform the same tests in keystones_omegalib_bispinors and keystones_UFO_bispinors,
but now we have to be more careful in positioning the Majorana spinors, because we can not rely on the Fortran
type system to catch cofusions of spinor and conjspinor fields. In addition, we must make sure to insert
charge conjugation matrices in the proper places [7].

Regarding the tests in keystones_omegalib_bispinors, we observe

chi0 * f_¢f(g,phil,chi2) = xj CTy, X2 (19.16a)
phil * ¢_ff(g,chi0,chi2) = x{ CTy, x2 (19.16b)
and

chi2 * £_£¢(g,chi0,phi1) = x5 C(xg 1% )" = x5 C(I% ) x0 = x3 CTy, X0 (19.17a)
phil * ¢_ff(g,chi2,chi0) = x2 CTy, x0, (19.17b)

while

) . nTE L TpT _ T

f_f¢(g,chi0,phil) * chi2 = x; 'y, Cx2 = xo 'y, Ox2 = (Fg,x0)” Cx2 (19.18)

is different. JRR solved this problem by abandoning f_f¢ altogether and using ¢_ff only in the form
¢-ff(g,chi0,chi2). Turning to the tests in keystones_UF0_bispinors, it would be convenient to be able to
use

chi0 * f¢f_p012(g,phil,chi2) = XgCT%QXQ (19.19a)
£¢f_p201(g,chi0,phil) * chi2 = xJT3'Cx2 (19.19b)
phil * fof_p120(g,chi2,chi0) = tr (F(ﬁoxg ® Xg) = ng‘éfoxg = Xg(l“(lzﬁo)TXo, (19.19c¢)
where I'%'2 = T is the string of y-matrices as written in the Lagrangian. Obviously, we should require
M =or'? =cr (19.20)
as expected from omega_bispinors.
let cc_times d =
{ d with gammas = compress_signs (C' :: d.gammas) }
For I'?°! we must require?
¢ =cr"? =cr (19.21)
ie.
2t —corc—t £17. (19.22)
let conjugate d =
{ d with gammas = compress_signs (C :: d.gammas @ inv_C) }
let conjugate_transpose d =
conjugate (transpose d)
let times_minus_cc d =
{ d with gammas = compress_signs (d.gammas Q [Minus; C]) }

19.12.3  From Dirac Strings to 4 x 4 Matrices

dirac_string bind ds applies the mapping bind to the indices of 7, and o, and multiplies the resulting matrices
in order using complex rational arithmetic.

module type To_Matrizx =
sig

2Note that we don’t get anything new, if we reverse the scalar product
chi2 * f¢f_p201(g,chiO,phil) = XgC(XgFigl T = ngiglchg.

We would find the condition

_FQOlc — FQOlcT —CTr
i.e. only a sign

F201 — 7CFC_1 ?ﬁ FT7

as was to be expected from the antisymmetry of spinor_product, of course.
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val dirac_string : (int — int) — dirac_string — D.t
end

module To_Matriz : To_Matriz =
struct

let half = QC.make (Q.make 12) Q.null
let half-i = QC.make Q.null (Q.make 1 2)

let gamma_L = D.times half (D.sub D.unit D.gamma5)
let gamma_-R = D.times half (D.add D.unit D.gammad)

let sigma = Array.make_matriz 4 4 D.null
let () =
for mu = 0to 3 do

for nu = 0to 3 do
sigma.(mu).(nu)
D .times
half _i
(D.sub
(D.mul D.gamma.(mu) D.gamma.(nu))
(D.mul D.gamma.(nu) D.gamma.(mu)))
done
done

let dirac bind_indices = function
| Gamma5 — D.gamma5
| ProfM — gamma-L
| ProjP — gamma_R
| Gamma (mu) — D.gamma.(bind_indices mu)
| Sigma (mu, nu) — sigma.(bind_indices mu).(bind_indices nu)
| C — D.cc
| Minus — D.neg D.unit

let dirac_string bind_indices ds =
D.product (List.map (dirac bind_indices) ds.gammas)

end

let dirac—_string_to_matrix = To_Matrix.dirac_string

Implementation of UFO_Lorentz

The Lorentz indices appearing in a term are either negative internal summation indices or positive external
polarization indices. Note that the external indices are not really indices, but denote the position of the particle

in the vertex.

type a term =
{ indices : int list;
atom : « }

let map_atom f term =
{ term with atom = f term.atom }

let map_term f_index f_atom term =
{ indices = List.map f_index term.indices;
atom = f_atom term.atom }

Return a pair of lists: first the (negative) summation indices, second the (positive) external indices.

let classify_indices ilist =
List.partition
(funi —
if ¢ < 0 then
true
else if i+ > 0 then
false
else
invalid_arg "classify_indices")
tlist
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Recursions on this type only stop when we come across an empty denominator. In practice, this is no problem
(we never construct values that recurse more than once), but it would be cleaner to use polymorphic variants
as suggested for UFOzx.Tensor.t.

type contraction =
{ coeff : QC.t;
dirac : dirac_string term list;
vector : A.vector term list;
scalar : A.scalar list;
inverse : A.scalar list;
denominator : contraction list }

let fermion_lines_of _contraction contraction =
List.sort
compare
(List.map (fun term — (term.atom.ket, term.atom.bra)) contraction.dirac)

let rec map_indices_contraction f ¢ =

{ coeff = c.coeff;

dirac List.map (map_term f (map_indices_dirac f)) c.dirac;
vector = List.map (map_term f (A.map_indices_vector f)) c.vector;
scalar = List.map (A.map_indices_scalar ) c.scalar;
inverse = List.map (A.map_indices_scalar f) c.inverse;
denominator = List.map (map-indices-contraction f) c.denominator }
type t = contraction list
let dummy =
[]
let rec charge_conjugate_dirac (ket, bra as fermion_line) = function
| [] = 1]
| dirac :: dirac_list —
if dirac.atom.bra = bra A dirac.atom.ket = ket then
map-atom toggle_conjugated dirac :: dirac_list
else

dirac :: charge_conjugate_dirac fermion_line dirac_list

let charge_conjugate_contraction fermion_line ¢ =
{ ¢ with dirac = charge_conjugate_dirac fermion_line c.dirac }

let charge_conjugate fermion_line | =
List.map (charge_conjugate_contraction fermion_line) |

let fermion_lines contractions =
let pairs = List.map fermion_lines_of _contraction contractions in
match ThoList.uniq (List.sort compare pairs) with
| [] — 4nvalid-arg "UFO_Lorentz.fermion_lines: impossible"
| [pairs] — pairs
| - — invalid_arg "UFO_Lorentz.fermion_lines: ambiguous"

let map_indices f contractions =
List.map (map-indices_contraction f) contractions

let map_fermion_lines f pairs =
List.map (fun (i, 7) — (f 4, f j)) pairs

let dirac_of _atom = function
| A.Identity (-, ) — []
| AC (-, -) = [C]
| A.Gammab (-, -) — [Gamma5)
| A.ProjP (-, -) — [ProjP]
| A.ProjM (-, -) — [ProjM]
|
|

A.Gamma (mu, -, -) — [Gamma mul]
A.Sigma (mu, nu, -, =) — [Sigma (mu, nu)
let dirac_indices = function

| A.Identity (i, j) | A.C (i, j)
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| A.Gammab (i, j) | A.ProjP (i, j) | A.ProjM (i, j)

| A.Gamma (-, i, j) | A.Sigma (-, -, 1, j) — (3, J)
let rec scan_for_dirac_string stack = function
] =

(* We're done with this pass. There must be no leftover atoms on the stack of spinor atoms, but we’ll
check this in the calling function. x*)
(None, List.rev stack)

| atom :: atoms —
let i, j = dirac_indices atom in
if ¢ > 0 then
if 7 > 0 then
(* That’s an atomic Dirac string. Collect all atoms for further processing. *)
(Some { bra = 1i; ket = j; conjugated = false;
gammas = dirac_of _atom atom },
List.rev_append stack atoms)
else
(* That’s the start of a new Dirac string. Search for the remaining elements, not forgetting matrices
that we might pushed on the stack earlier. x)
collect _dirac_string
i j (dirac_of _atom atom) [] (List.rev_append stack atoms)

else
(* The interior of a Dirac string. Push it on the stack until we find the start. *)
scan_for_dirac_string (atom :: stack) atoms

Complete the string starting with ¢ and the current summation index j.
and collect_dirac_string i j rev_ds stack = function

=

(* We have consumed all atoms without finding the end of the string. x)
invalid_arg "collect_dirac_string: opengstring"

| atom :: atoms —

let i', 7/ = dirac-indices atom in
if 7/ = 7 then
if 7/ > 0 then

(* Found the conclusion. Collect all atoms on the stack for further processing. *)
(Some { bra = i; ket = j'; conjugated = false;
gammas = List.rev_append rev_ds (dirac-of —atom atom)},
List.rev_append stack atoms)
else
(* Found the continuation. Pop the stack of open indices, since we're looking for a new one. )
collect _dirac_string
i j' (dirac-of —atom atom Q rev_ds) [| (List.rev_append stack atoms)
else
(+ Either the start of another Dirac string or a non-matching continuation. Push it on the stack until
we’re done with the current one. *)
collect _dirac_string © j rev_ds (atom :: stack) atoms

let dirac_string_of _dirac_atoms atoms =
scan—for_dirac_string [] atoms

let rec dirac_strings_of —dirac_atoms’ rev_ds atoms =
match dirac_string_of _dirac_atoms atoms with
| (None, []) — List.rev rev_ds
| (None, _) — invalid_arg "dirac_string_of_dirac_atoms: leftover atoms"
| (Some ds, atoms) — dirac_strings_of _dirac_atoms’ (ds :: rev_ds) atoms

let dirac_strings_of _dirac_atoms atoms =
dirac_strings_of —dirac_atoms’ [] atoms

let indices_of —vector = function
| A.Epsilon (mul, mu2, mu8, mui) — [mul; mu2; mud; muj]
| A.Metric (mul, mu2) — [mul; mu2]
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| A.P (mu, n) —
if n > 0 then
[mau]
else
invalid_arg "indices_of _vector: invalid, momentum"

let classify_vector atom =

{ indices = indices_of _vector atom;
atom }
let indices_of —dirac = function

| Gammab | ProjM | ProjP | C | Minus — []
| Gamma (mu) — [mu]
| Sigma (mu, nu) — [mu; nu]

let indices—of _dirac_string ds =
ThoList.flatmap indices_of _dirac ds.gammas

let classify_dirac atom =
{ indices = indices_of _dirac_string atom;
atom }

let contraction_of _lorentz_atoms denominator (atoms, coeff) =
let dirac_atoms, vector_atoms, scalar, inverse = split_atoms atoms in
let dirac =
List.map classify_dirac (dirac_strings_of _dirac_atoms dirac_atoms)
and vector =
List.map classify_vector vector_atoms in
{ coeff; dirac; vector; scalar; inverse; denominator }

type redundancy =
| Trace of int
| Replace of int x int

let rec redundant_metric’ rev_atoms = function
| [] — (None, List.rev rev_atoms)
| { atom = A.Metric (mu, nu) } as atom :: atoms —
if mu < 1 then
if nu = mu then
(Some (Trace mu), List.rev_append rev_atoms atoms)
else

(Some (Replace (mu, nu)), List.rev_append rev_atoms atoms)
else if nu < 0 then
(Some (Replace (nu, mu)), List.rev_append rev_atoms atoms)
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else
redundant_metric’ (atom :: rev_atoms) atoms
| { atom = (A.Epsilon (-, -, -, =) | A.P (-, ) ) } as atom :: aloms —

redundant_metric’ (atom :: rev_atoms) atoms

let redundant_metric atoms =
redundant_metric’ [] atoms

Substitude any occurance of the index mu by the index nu:

let substitute_index _vectorl mu nu = function
| A.Epsilon (mul, mu2, mu3, mus) as eps —
if mu = mul then
A.Epsilon (nu, mu2, mu3, muj)
else if mu = mu2 then
A.Epsilon (mul, nu, mu3, muj)
else if mu = mu3 then
A.Epsilon (mul, mu2, nu, muj)
else if mu = mu4 then
A.Epsilon (mul, mu2, mu3, nu)
else
eps
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| A.Metric (mul, mu2) as g —
if mu = mul then
A.Metric (nu, mu2)
else if mu = mu? then
A.Metric (mul, nu)
else

9
| A.P (mul, n)asp —

if mu = mul then
A.P (nu, n)

else
p

let remove a alist =
List.filter ((#) a) alist

let substitute_indexrl mu nu mul =
if mu = mul then
nu
else
mul

let substitute_index mu nu indices =
List.map (substitute_index! mu nu) indices

This assumes that mu is a summation index and nu is a polarization index.

let substitute_index _vector mu nu vectors =

List.map
(funv —
{ indices = substitute_index mu nu v.indices;
atom = substitute_index _vector! mu nu v.atom })
vectors

Substitude any occurance of the index mu by the index nu:

let substitute_index _diracl mu nu = function
| (Gamma5 | ProjM | ProjP | C | Minus)asg — g¢
| Gamma (mul)as g —
if mu = mul then
Gamma (nu)
else
g
| Sigma (mul, mu2)asg —
if mu = mul then
Sigma (nu, mu2)
else if mu = mu2 then
Sigma (mul, nu)
else
g

This assumes that mu is a summation index and nu is a polarization index.

let substitute_index _dirac mu nu dirac_strings =

List.map
(fun ds —
{ indices = substitute_index mu nu ds.indices;
atom = { ds.atom with
gammas =
List.map

(substitute_index _diracl mu nu)
ds.atom.gammas } })
dirac_strings

let trace_metric = QC.make (Q.make 4 1) Q.null
FIXME: can this be made typesafe by mapping to a type that only contains P and Epsilon?
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let rec compress_metrics ¢ =
match redundant_metric c.vector with
| Nome, - — ¢
| Some (Trace mu), vector’ —
compress_metrics

{ coeff = QC.mul trace_metric c.coeff;
dirac = c.dirac;
vector = wector’;
scalar = c.scalar;
INVerse = C.INVErse;
denominator = c.denominator }

| Some (Replace (mu, nu)), vector’ —
compress_metrics

{ coeff = c.coeff;

dirac = substitute_index_dirac mu nu c.dirac;
vector substitute_index _vector mu nu vector’;
scalar = c.scalar;

mnverse = C.1nverse;

denominator = c.denominator }

let compress_denominator = function

| [([], q)] as denominator — if QC.is_unit q then [] else denominator
| denominator — denominator

let parsel spins denominator atom =
compress_metrics (contraction_of _lorentz_atoms denominator atom)

let parse ?(allow_denominator =false) spins = function
| UFOzx.Lorentz.Linear | — List.map (parsel spins []) 1
| UFOz.Lorentz.Ratios v —
ThoList.flatmap
(fun (numerator, denominator) —
match compress_denominator denominator with
| [] — List.map (parsel spins []) numerator
| d —
if allow_denominator then
let parsed_denominator =
List.map
(parsel [Coupling.Scalar; Coupling.Scalar] [])
denominator in
List.map (parsel spins parsed_denominator) numerator
else
inwvalid-arg
(Printf .sprintf
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"UFO_Lorentz.parse: denominator,%s,in %s not allowed here!"

(UFOz.Lorentz.to_string (UFOz.Lorentz. Linear d))

(UFOz.Lorentz.to_string (UFOx.Lorentz.Ratios r))))
-

let i2s = UFOz.Index.to_string

let vector_to_string = function
| A.Epsilon (mu, nu, ka, la) —

Printf.sprintf "Epsilon(%s,%s,%s,%s)" (i2s mu) (i2s nu) (i2s ka) (i2s la)

| A.Metric (mu, nu) —

Printf.sprintf "Metric(%s,%s)" (i2s mu) (i2s nu)
| A.P (mu, n) —
Printf.sprintf "P(%s,%d)" (i2s mu) n
let dirac_to_string = function
| Gamma5 — "gb"
| ProjM — "(1-gb)/2"
| ProjP — "(1+gb)/2"
| Gamma (mu) — Printf.sprintf "g(hs)" (i2s mu)
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| Sigma (mu, nu) — Printf.sprintf "s(%s,%s)" (i2s mu) (i2s nu)

‘ C —y ngn
| Minus — "-1"

let dirac_string_to_string ds =
match ds.gammas with
| [] — Printf.sprintf "<hs|%s>" (i2s ds.bra) (i2s ds.ket)
| gammas —
Printf .sprintf
"<hslhs|hs>"
(i2s ds.bra)
(String.concat "x" (List.map dirac-to_string gammas))

(i2s ds.ket)

let scalar_to_string = function
| A.Mass - — "m"
| A.Width - — "w"
| A.P2 i — Printf.sprintf "phd**2" i
| A.P12 (i, j) — Printf.sprintf "phd*phd" i j
| A.Variable s — s
| A.Coeff ¢ — UFOz.Value.to_string c

let rec contraction_to_string ¢ =
String.concat
"\_’*‘_J"
(List.concat
[if QC.is_unit c.coeff then
[]
else
[QC .to_string c.coeff];

List.map (fun ds — dirac_string_to_string ds.atom) c.dirac;

List.map (fun v — wector_to_string v.atom) c.vector;
List.map scalar_to_string c.scalar]) *

(match c.inverse with

| H —y nn

| inverse —
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"u/u(" " String.concat "x" (List.map scalar_to_string inverse) ~ ")")

(match c.denominator with
| H —y nn
| denominator — "/u(" " to_string denominator ~ ")")

and to_string contractions =

String.concat " +," (List.map contraction_to_string contractions)

let fermion_lines_to_string fermion_lines =
ThoList.to_string

(fun (ket, bra) — Printf.sprintf "hs->%s" (i2s ket) (i2s bra))

fermion_lines

module type Test =

sig
val suite : OUnit.test
end

module Test : Test =
struct

open OUnit

let braket gammas =
{ bra = 11; ket = 22; conjugated = false; gammas }

let assert_transpose gt g =
assert_equal ~printer : dirac_string_to_string
(braket gt) (transpose (braket g))

let assert_conjugate_transpose gct g =
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assert_equal ~printer : dirac_string_to_string
(braket gct) (conjugate_transpose (braket g))

let suite_transpose
"transpose" >:u:

[ "identity" >::
(fun () —

assert_transpose [] []);

"gamma_mu" >::
(fun () —

assert_transpose [C; Gamma 1; C] [Gamma 1]);

"sigma_munu" >::
(fun () —
assert_transpose [C; Sigma (1, 2); C] [Sigma (1, 2)]);

"gamma_5*gamma_mu" >::
(fun () —
assert_transpose
[C; Gamma 1; Gammab; C]
[Gammas; Gamma 1]);

"gammab" >::
(fun () —

assert_transpose [Minus; C; Gamma5d; C] [Gammad));

"gamma+" >::
(fun () —
assert_transpose [Minus; C; ProjP; C] [ProjP]);

"gamma-" >::
(fun () —
assert_transpose [Minus; C; ProjM; C] [ProjM]);

"gamma_mu*gamma_nu" >::
(fun () —
assert_transpose
[Minus; C; Gamma 2; Gamma 1; C]
[Gamma 1; Gamma 2]);

"gamma_mu*gamma_nu*gamma_la" >::
(fun () —
assert_transpose
[C; Gamma 3; Gamma 2; Gamma 1; C]
[Gamma 1; Gamma 2; Gamma 3));

"gamma_mu*gamma+" >::
(fun () —
assert_transpose
[C; ProjP; Gamma 1; C]
[Gamma 1; ProjP));
"gamma_mu*gamma-" >::
(fun () —
assert_transpose
[C; ProjM; Gamma 1; C]
[Gamma 1; ProjM]) |

let suite_conjugate_transpose =
"conjugate_transpose" >:::
[ "identity" >:
(fun () —

assert _conjugate_transpose [] []);

"gamma_mu" >::

(fun () —
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assert_conjugate_transpose [Minus; Gamma 1] [Gamma 1]);

"sigma_munu" >::
(fun () —
assert_conjugate _transpose [Minus; Sigma (1, 2)] [Sigma (1,2)]);

"gamma_muxgammab" >::
(fun () —
assert_conjugate_transpose
[Minus; Gammad; Gamma 1] [Gamma 1; Gamma5]);

"gammab" >::
(fun () —

assert _conjugate_transpose [Gammas] [Gamma5]) |

let suite =
"UFO_Lorentz" >:::
[suite_transpose;
sugte - conjugate_transpose|

end

19.18 Interface of UFO

val parse_string : string — UFO_syntax.t

val parse_file : string — UFO_syntax.t

These are the contents of the Python files after lexical analysis as context-free variable declarations, before any
semantic interpretation.

module type Files =
sig
type t = private
{ particles : UFO_syntax.t;
couplings : UFO_syntax.t;
coupling _orders : UFO_syntaz.t;
vertices : UFO_syntax.t;
lorentz : UFO_syntax.t;
parameters : UFO_syntax.t;
propagators : UFO_syntaz.t;
decays : UFO_syntaz.t }

val parse_directory : string — t
end

type ¢
exception Unhandled of string

If we want we can switch the implementation from type init = string X string list to type init = string X flag list
with a structured flag type.

module Model : Model. Mutable with type init = string x string list
val parse_directory : string — t

module type Fortran_Target =

sig
fuse c v s fl g wfs ps fusion fuses the wavefunctions named wfs with momenta named ps using the vertex named
v with legs reordered according to fusion. The overall coupling constant named g is multiplied by the rational
coefficient ¢. The list of spins s and the fermion lines flI are used for selecting the appropriately transformed
version of the vertex v.

val fuse :
Algebra.QC.t — string —
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Coupling.lorentzn — Coupling.fermion_lines —
string — string list — string list — Coupling.fusen — wunit

val lorentz_module :

Tonly : Sets.String.t — 7Tname :string —
?fortran_module :string — ?parameter_module :string —
Format_Fortran.formatter — unit — unit

end

module Targets :
sig
module Fortran : Fortran_Target
end

Export some functions for testing:

module Propagator_UFO :
sig
type t = (x private %)
{ name : string;
numerator : UFOzx.Lorentz.t;
denominator : UFOz.Lorentz.t }
end

module Propagator :
sig
type t = (x private x)
{ name : string;

spins : Coupling.lorentz x Coupling.lorentz;

numerator : UFO_Lorentz.t;
denominator : UFO_Lorentz.t;
variables : string list }

val of _propagator_UFO : ?majorana :bool — Propagator_UFO.t — t

val transpose : t — t
end

module type Test =

sig
val suite : OUnit.test
end

module Test : Test

19.14 Implementation of UFO

Implementation of UFO

Unfortunately, ocamlweb will not typeset all multi character operators nicely. E.g. f @< gcomesoutasf @ < g.

let (<x>)fgaz =
f (g )

let (<*x>)fgaxy =
flgzy)

module SMap = Map.Make(String)
module SSet = Sets.String

module CMap =
Map.Make
(struct
type t = string

let compare = ThoString.compare_caseless

end)
module CSet = Sets.String- Caseless

let error_in_string text start_pos end_pos
let i = start_pos.Lexing.pos_cnum
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and j = end_pos.Lexing.pos_cnum in
String.sub text i (j — 1)

let error_in_file name start_pos end_pos =
Printf .sprintf
"Yhs:%d. hd-%d. %d"

name

start_pos.Lexing.pos_Inum

(start_pos.Lexing.pos_cnum — start_pos.Lexing.pos_bol)
end_pos.Lexing.pos_Inum

(end_pos.Lexing.pos_cnum — end_pos.Lexing.pos_bol)

let parse_string text =
try
UFO _parser.file
UFO _lexer.token
(UFO_lexer.init_position "" (Lexing.from_string text))
with
| UFO_tools.Lezical - Error (msg, start_pos, end_pos) —
invalid _arg (Printf.sprintf "lexical error, (%s) at:, %s’"
msg (error_in_string text start_pos end_pos))
| UFO_syntaz.Syntax_Error (msg, start_pos, end_pos) —
invalid_arg (Printf.sprintf "syntax errory (%s) at:,%s’"
msg (error_in_string text start_pos end_pos))
| Parsing.Parse_error —
invalid_arg ("parse_error: " " text)

exception File_missing of string
let parse_file name =
let ic =
try open_in name with
| Sys_error msg as exc —

if msg = name ~ ": Noysuch file jor directory" then
raise (File_missing name)
else
raise exc in
let result =
begin
try

UFO _parser.file
UFO _lexer.token
(UFO _lezer.init _position name (Lexing.from_channel ic))
with
| UFO_tools.Lexical_ Error (msg, start_pos, end_pos) —
begin
close_in ic;
invalid _arg (Printf .sprintf
"Y%s:lexical error, (%s)"
(error_in_file name start_pos end_pos) msgq)
end
| UFO_syntax.Syntaz_Error (msg, start_pos, end_pos) —
begin
close_in ic;
invalid_arg (Printf .sprintf
"%sy, (or immediately afterwards) : syntax error  (%s)"
(error_in_file name start_pos end_pos) msg)
end
| Parsing.Parse_error —
begin
close_in ic;
invalid_arg ("parse error:," " name)
end
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end in
close_in ic;
result

These are the contents of the Python files after lexical analysis as context-free variable declarations, before any

semantic interpretation.

module type Files =
sig
type t = private
{ particles : UFO_syntax.t;
couplings : UFO_syntax.t;
coupling_orders : UFO_syntax.t;
vertices : UFO_syntaz.t;
lorentz : UFO_syntax.t;
parameters : UFO_syntaz.t;
propagators : UFO_syntaz.t;
decays : UFO_syntaz.t }

val parse_directory : string — t
end

module Files : Files =
struct

type t =

{ particles : UFO_syntax.t;
couplings : UFO_syntax.t;
coupling_orders : UFO_syntaz.t;
vertices : UFO_syntax.t;
lorentz : UFO_syntax.t;
parameters : UFO_syntax.t;
propagators : UFO_syntaz.t;
decays : UFO_syntaz.t }

let parse_directory dir =

let filename stem = Filename.concat dir (stem ~ ".py") in
let parse stem = parse_file (filename stem) in
let parse_optional stem =
try parse stem with File_missing - — [] in
{ particles = parse "particles";
couplings = parse "couplings";
coupling_orders = parse_optional "coupling_orders";
vertices = parse "vertices";
lorentz = parse "lorentz";
parameters = parse "parameters";
propagators = parse_optional "propagators";
decays = parse_optional "decays" }
end

let dump_file pfr f =
List.iter
(fun s — print_endline (pfr ~ ":u" " s))
(UFO_syntazx.to_strings f)

type charge =
| Q-Integer of int
| Q-Fraction of int x int

let charge_to_string = function
| Q_Integer i — Printf.sprintf "%d" i
| Q-Fraction (n, d) — Printf.sprintf "%d/%d" n d

module S = UFO_syntax
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let find_attrib name attribs =
try
(List.find (fun a — name = a.S.a_name) attribs).S.a_value
with
| Not_found — failwith ("UFO.find_attrib: \"" " name ~ "\"_not_found")

let find_attrib name attribs =
(List.find (fun @ — name = a.S.a_name) attribs).S.a_value

let name_to_string ?strip name =
let stripped =
begin match strip, List.rev name with
| Some pfr, head :: tail —
if pft = head then
tail
else
failwith ("UF0.name_to_string: expected prefix ’" " pfz
"o goty’" " head " MM)
| -, name — name
end in
String.concat " ." stripped

~

let name_attrib 7strip name attribs =
match find_attrib name attribs with
| S.Name n — mname_to_string 7strip n
| - — dnvalid_arg ("UFO.name_attrib: "

name)

let integer_attrib name attribs =
match find_attrib name attribs with
| S.Integer i — i
| - — dnvalid_arg ("UFO.integer_attrib: " "~ name)

let charge_attrib name attribs =
match find_attrib name attribs with
| S.Integer i — Q_Integer i
| S.Fraction (n, d) — @Q-Fraction (n, d)
| - — dnvalid_arg ("UFO.charge_attrib:" ~ name)

let string_attrib name attribs =
match find_attrib name attribs with
| S.String s — s
| - — i4nvalid_arg ("UFO.string_attrib:" ~ name)

let string_expr_attrib name attribs =
match find_attrib name attribs with
| S.Name n — [S.Macro n]
| S.String s — [S.Literal s]
| S.String_Ezpr e — e
| - — dnvalid_arg ("UFO.string_expr_attrib:" ~ name)

let young_tableau—attrib name attribs =
match find_attrib name attribs with
| S.Young_Tableau y — vy
| - — i4nvalid_arg ("UF0.young_tableau_attrib: " ~ name)

let boolean_attrib name attribs =
try
match ThoString.lowercase (name-attrib name attribs) with
| "true" — true
| "false" — false
| - — dnvalid_arg ("UFO.boolean_attrib:," "~ name)
with
| Not_found — false

type value =
| Integer of int

364

Implementation of UFO



Implementation of UFO

| Fraction of int x int
| Float of float

| Ezpr of UFOx.Expr.t
| Name of string list

let map_expr [ default = function
| Integer - | Fraction (-, -) | Float - | Name - — default
| Expre — fe

let variables = map_expr UFOx.Ezpr.variables CSet.empty
let functions = map_expr UFOx.Ezpr.functions CSet.empty

let add_to_set_in_map key element map =
let set = try CMap.find key map with Not_found — CSet.empty in
CMap.add key (CSet.add element set) map

Add all variables in value to the map from variables to the names in which they appear, indicating that name
depends on these variables.

let dependency name value map =
CSet.fold
(fun variable acc — add_to_set_in_map variable name acc)
(variables value)
map

let dependencies name_value_list =
List.fold _left
(fun acc (name, value) — dependency name value acc)
CMap.empty
name_value_list

let dependency_to_string (variable, appearences) =
Printf .sprintf
"hsu->u{%s}"
variable (String.concat ",," (CSet.elements appearences))

let dependencies_to_strings map =
List.map dependency_to_string (CMap.bindings map)

let expr_to_string =
UFOzx.Value.to_string < x > UFOzx.Value.of _expr

let value_to_string = function
| Integer i — Printf.sprintf "%d" i
| Fraction (n, d) — Printf.sprintf "%d/%d" n d
| Float x — string_of _float x
| Expre — """ expr_to_string e ~ """
| Name n — name_to_string n

let value_to_expr substitutions = function
| Integer i — Printf.sprintf "%d" i
| Fraction (n, d) — Printf.sprintf "%d/%d" n d
| Float © — string_of _float x
| Exzpr e — expr_to_string (substitutions e)
| Name n — name_to_string n

let value_to_coupling substitutions atom = function
| Integer i — Coupling.Integer i
| Fraction (n, d) — Coupling.Quot (Coupling.Integer n, Coupling.Integer d)
| Float © — Coupling.Float
| Expr e —
UFOz. Value.to-coupling atom (UFOz.Value.of —expr (substitutions e))
| Name n — failwith "UFQ.value_to_coupling: Name not supported yet!"

let value_to_numeric = function
| Integer i — Printf.sprintf "%d" i
| Fraction (n, d) — Printf.sprintf "%g" (float n /. float d)
| Float x — Printf.sprintf "hg" x
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| Expr e — invalid_arg ("UFO.value_to_numeric: expr =" "~ (expr_to_string e))
| Name n — invalid_arg ("UF0.value_to_numeric: name, =" ~ name_to_string n)

let value_to_float = function
| Integer i — float i
| Fraction (n, d) — float n /. float d
| Float x —
| Ezpr e — invalid_arg ("UF0.value_to_float: string =" " (expr_to_string e))
| Name n — invalid_arg ("UF0.value_to_float: name =" ~ name_to_string n)

let value_attrib name attribs =
match find_attrib name attribs with
| S.Integer i — Integer i
| S.Fraction (n, d) — Fraction (n, d)
| S.Float x — Float x
| S.String s — FExpr (UFOx.Ezpr.of _string s)
| S.Name n — Name n
| - — invalid_arg ("UFO.value_attrib:," " name)

let string_list_attrib name attribs =
match find_attrib name attribs with
| S.String_List I — 1
| - — invalid_arg ("UFO.string_list_attrib: " " name)

let name_list_attrib ~strip name attribs =
match find_attrib name attribs with
| S.Name_List I — List.map (name_to_string ~strip) |
| - — dnvalid_arg ("UFO.name_list_attrib: " ~ name)

let integer_list_attrib name attribs =
match find_attrib name attribs with
| S.Integer_List I — 1
| - — dnvalid_arg ("UFO.integer_list_attrib:," "~ name)

let order_dictionary_attrib name attribs =
match find_attrib name attribs with
| S.Order_Dictionary d — d
| - — dnvalid_arg ("UFO.order_dictionary_attrib:," "~ name)

let coupling_dictionary_attrib ~strip name attribs =
match find_attrib name attribs with
| S.Coupling_Dictionary d —
List.map (fun (i, j, ¢) — (i, j, name_to_string ~strip c)) d
| - — dnvalid_arg ("UFO.coupling_dictionary_attrib:" ~ name)

let decay-dictionary—_attrib name attribs =
match find_attrib name attribs with
| S.Decay_Dictionary d —
List.map (fun (p, w) — (List.map List.hd p, w)) d
| - — dnvalid_arg ("UF0.decay_dictionary_attrib:"

name)

let required _handler kind symbol attribs query name =

try

query name attribs
with
| Not_found —

invalid_arg
(Printf .sprintf
"fatal UFO_error: mandatory attribute ‘s’ missing for Js ‘%s’!"
name kind symbol)

let optional_handler attribs query name default =
try
query name attribs
with
| Not_found — default
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The UFO paper [18] is not clear on the question whether the name attribute of an instance must match its
Python name. While the examples appear to imply this, there are examples of UFO files in the wild that
violate this constraint.

let warn_symbol_name file symbol name =
if name # symbol then
Printf .eprintf
"UF0: warning:symbol,,’%s’ <> name.’%s’in %s.py:u\
uuuuuuuwhile legal in UFO, it is unusual and, ,can cause problems!\n"
symbol name file

let valid_fortran_id kind name =
if = (ThoString.valid - fortran_id name) then
mvalid _arg
(Printf .sprintf
"fatal_ UFO_error: the_ %s,‘%s’ is not a valid_fortran id!"
kind name)

let map_to_alist map =
SMap.fold (fun key value acc — (key, value) :: acc) map []

let keys map =
SMap.fold (fun key - acc — key :: acc) map []

let keys_caseless map =
CMap.fold (fun key _ acc — key :: acc) map []

let values map =
SMap.fold (fun - value acc — walue :: acc) map []

module SKey =
struct
type t = string
let hash = Hashtbl.hash
let equal = (=)
end
module SHash = Hashtbl.Make (SKey)

module type Particle =
sig

type t = private
{ pdg_code : int;
name : string;
antiname : string;
spin : UFOx.Lorentz.r;
color : UFOzx.Color.r;
mass : string;
width : string;
propagator : string option;
texname : string;
antitexname : string;
charge : charge;
ghost_number : int;
lepton_number : int;
y @ charge;
goldstone : bool;
propagating : bool; (+* NOT HANDLED YET! %)
line : string option; (+* NOT HANDLED YET! %)
is_anti : bool }

val of _file : S.t — t SMap.t

val to_string : string — t — string

val conjugate : t — t

val map_mass_and_width : (string — string) — t — t
val force_spinor : t — t
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val force_conjgspinor : t — t

val force_majorana : t — t

val is_majorana : t — bool

val is_ghost : t — bool

val is_goldstone : t — bool

val is_physical : t — bool

val filter : (t — bool) — t SMap.t — t SMap.t

end

module Particle : Particle =
struct

type t =

{ pdg_code : int;
name : string;
antiname : string;
spin : UFOz.Lorentz.r;
color : UFOx.Color.r;
mass : string;
width : string;
propagator : string option;
texname : string;
antitexname : string;
charge : charge;
ghost_number : int;
lepton_number : int;
y : charge;
goldstone : bool;
propagating : bool; (+ NOT HANDLED YET! %)
line : string option; (+x NOT HANDLED YET! x)
is—anti : bool }

let to_string symbol p =
Printf .sprintf
"particle: ks =>y[pdg =u%d, mame =_’%s’/’%s’,u\
I N N I A T ITTY |Spin|_|=|_,%S sucolor =%s,u\

LLLLLLLLLLULLULLLULULLUOLUMAsSSu=uhs , uwidthy= %s , hsu\
LuuLLLLLLLLLLLULLLLULUODLUOOLAL=LAS , LGL=Ukd , LLu=U%d, LYL=0%s , U\
N |Texl_|=|_|,‘yﬂs ’/ ,%S ,%S] "
symbol p.pdg_code p.name p.antiname
(UFOz.Lorentz.rep_to_string p.spin)
(UFOz.Color.rep_to_string p.color)
p.mass p.width
(match p.propagator with
| None — ""
| Some p — "_propagator_=,""p " ",")
(charge_to_string p.charge)
p.ghost_number p.lepton_number
(charge_to_string p.y)
p.texname p.antitexname
(if p.goldstone then ", ,GB" else "")

let conjugate_charge = function
| Q-Integer i — Q_Integer (—1)
| Q_Fraction (n, d) — Q_Fraction (—n, d)

let is_neutral p =
(p.name = p.antiname)

We must not mess with pdg-code and color if the particle is neutral!

let conjugate p =
if is_neutral p then
p
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else
{ pdg_code = — p.pdg_code;
name = p.antiname;
antiname = p.name;
spin = UFOzx.Lorentz.rep_conjugate p.spin;
color = UFOz.Color.rep_conjugate p.color;
mass = p.mass;

width = p.width;

propagator = p.propagator;

texname = p.antitexname;
antitexname = p.texname;

charge = conjugate_charge p.charge;
ghost_number = — p.ghost_number;
lepton_number = — p.lepton_number;
y = conjugate_charge p.y;

goldstone = p.goldstone;
propagating = p.propagating;

line = p.line;

is_anti = - p.s_anti }

let map_mass_and_width f p =
{ p with mass = f p.mass; width = f p.width }

let of _filel map d =
let symbol = d.S.name in
match d.S.kind, d.S.attribs with
| [ "Particle" ], attribs —
let required query mame =
required _handler "particle" symbol attribs query name
and optional query name default =
optional _handler attribs query name default in

let name = required string_attrib "name"
and antiname = required string_attrib "antiname" in
let neutral = (name = antiname) in

let pdg_code = required integer_attrib "pdg_code" in
SMap.add symbol
{ (* The required attributes per UFO docs. *)
pdg - code;
name; antiname;
spin =
UFOz.Lorentz.rep_of _int neutral (required integer_attrib "spin");
color =
UFOz.Color.rep_of _int_or_young -tableau neutral
(try Some (integer_attrib "color" attribs) with - — None)
(try Some (young_tableau_attrib "color_young" attribs) with - — None);

mass = required (name_attrib ~strip :"Param") "mass";
width = required (name_attrib ~strip :"Param") "width";
texname = required string_attrib "texname";

antitexname = required string_attrib "antitexname";
charge = required charge_attrib "charge";

(* The optional attributes per UFO docs. *)

ghost_number = optional integer_attrib "GhostNumber" 0;
lepton_number = optional integer_attrib "LeptonNumber" 0;
y = optional charge_attrib "Y" (Q_Integer 0);

goldstone = optional boolean_attrib "goldstone" false;
propagating = optional boolean_attrib "propagating" true;
line =

(try Some (name_attrib "line" attribs) with - — None);
(* Undocumented extensions. x*)
propagator =

(try Some (name_attrib ~strip :"Prop" "propagator" atlribs) with - — None);
(* O’Mega extensions. *)
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(* Instead of “first come is particle” rely on a negative PDG code to identify antiparticles. x)
is—anti = pdg_code < 0} map
| [rantivp), [] -
begin
try
SMap.add symbol (conjugate (SMap.find p map)) map
with
| Not_found —
inwvalid-arg
("Particle.of_file: " " p "~ ".anti() not yet defined!")
end
| - — dnvalid_arg ("Particle.of_file:" " name_to-string d.S.kind)

let of _file particles =
List.fold_left of _file1 SMap.empty particles

let is_spinor p =
match UFOz.Lorentz.omega p.spin with
| Coupling.Spinor | Coupling.ConjSpinor | Coupling. Majorana — true
| - — false

@ TODO: this is a bit of a hack: try to expose the type UFOzx.Lorentz_Atom’.r instead.

let force_spinor p =
if is_spinor p then
{ p with spin = UFOz.Lorentz.rep_of _int false 2 }
else

p

let force_conjspinor p =
if is_spinor p then
{ p with spin = UFOzx.Lorentz.rep_of _int false (—2) }
else

p

let force_majorana p =
if is_spinor p then
{ p with spin = UFOz.Lorentz.rep_of _int true 2 }
else

p
let is-majorana p =
match UFOz.Lorentz.omega p.spin with
| Coupling. Majorana | Coupling. Vectorspinor | Coupling. Maj_Ghost — true
| - — false

let is_ghost p =
p.ghost_number # 0

let is_goldstone p =
p.goldstone

let is_physical p =
- (is_ghost p V is_goldstone p)

let filter predicate map =
SMap.filter (fun symbol p — predicate p) map

end

module type UFO_Coupling =
sig
type t = private
{ name : string;
value : UFOx.FExpr.t;
order : (string x int) list }
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val of _file : S.t — t SMap.t
val to_string : string — t — string

end

module UFO_Coupling : UFO_Coupling =
struct

type t =
{ name : string;
value : UFOz.Ezpr.t;
order : (string x int) list }
let order_to_string orders =
String.concat ", "

(List.map (fun (s, i) — Printf.sprintf ">%s’:%d" s i) orders)

let to_string symbol ¢ =
Printf .sprintf

"coupling: ks =>y[name = ’%s’, value =.,’%s’, order =, [%hs]]"
symbol c.name (expr_to_string c.value) (order_to_string c.order)
let of _filel map d =
let symbol = d.S.name in
match d.S.kind, d.S.attribs with
| [ "Coupling" |, attribs —
let required query name =
required _handler "coupling" symbol attribs query name in
let name = required string_attrib "name" in
warn_symbol_name "couplings" symbol name;
valid _fortran_id "coupling" name;
SMap.add symbol
{ name;

value = UFOz.Expr.of _string (required string_attrib "value");

order = required order_dictionary-attrib "order" } map
| - — invalid_arg ("UFO_Coupling.of_file: " ~
let of _file couplings =
List.fold _left of _filel SMap.empty couplings
end

module type Coupling_Order
sig

type t = private
{ name : string;
expansion_order : int;
hierarchy : int }

val of _file : S.t — t SMap.t
val to_string : string — t — string

end

module Coupling_Order : Coupling_Order =
struct
type t =
{ name : string;
expansion_order : int;
hierarchy : int }
let to_string symbol ¢ =
Printf .sprintf
"coupling_order: %s =>_[name =_’%s’, \
uu\_1uuuu\_1uuu\_1\_1uuuuuuuuuuuuuuuuuuuexpansion—order\_Fu’%d’ »u\

I N I I I I | I M A |hierarChYu=|_|%d] "
symbol c.name c.expansion_order c.hierarchy
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let of _filel map d =
let symbol = d.S.name in
match d.S.kind, d.S.attribs with
| [ "CouplingOrder" |, attribs —
let required query name =
required _handler "coupling order" symbol attribs query name in
let name = required string_attrib "name" in

warn_symbol_name "coupling_orders" symbol name;
SMap.add symbol

{ name;
expansion_order required integer_attrib "expansion_order";
hierarchy = required integer_attrib "hierarchy" } map
| - — dnvalid_arg ("Coupling_order.of_file: " "~ name_to_string d.S.kind)

let of _file coupling_orders =

List.fold_left of _filel SMap.empty coupling-orders
end

module type Lorentz_UFO =
sig

If the name attribute of a Lorentz object does mot match the the name of the object, we need the latter for
weeding out unused Lorentz structures (see Vertex.contains below). Therefore, we keep it around.

type t = private
{ name : string;
symbol : string;
spins : int list;
structure : UFOz.Lorentz.t }

val of _file : S.t — t SMap.t
val to_string : string — t — string

end

module Lorentz_UFO : Lorentz_UFO =
struct

type t =
{ name : string;
symbol : string;
spins : int list;
structure : UFOz.Lorentz.t }

let to_string symbol | =
Printf .sprintf
"lorentz: ks =>, [name =,’%s’,uspins =, [%s], .\
LULLLULLULLULULULLLULLUULuS tructure = %s] "
symbol l.name
(String.concat ", " (List.map string_of _int l.spins))
(UFOz.Lorentz.to-string l.structure)

let of _filel map d
let symbol = d.S.name in
match d.S.kind, d.S.attribs with
| [ "Lorentz" ], attribs —
let required query name =
required -handler "lorentz" symbol attribs query name in
let name = required string_attrib "name" in
warn.-symbol_name "lorentz" symbol name;
valid _fortran_id "lorentz" symbol;
SMap.add symbol
{ name;
symbol,
spins = required integer_list_attrib "spins";
structure =
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UFOz.Lorentz.of _string (required string_attrib "structure") } map
| - — dnvalid_arg ("Lorentz.of_file: " ~ name_to_string d.S.kind)

let of _file lorentz =
List.fold_left of _filel SMap.empty lorentz

end

module type Verter =
sig

type lcc = private (* Lorentz-color-coupling )
{ lorentz : string;
color : UFOz.Color.t;
coupling : string }

type t = private
{ name : string;
particles : string array;
lec @ lec list }

val of _file : Particle.t SMap.t — S.t — t SMap.t
val to_string : string — t — string
val to_string_expanded :

Lorentz_UFO.t SMap.t — UFO_Coupling.t SMap.t — t — string
val contains : Particle.t SMap.t — (Particle.t — bool) — t — bool
val filter : (t — bool) — t SMap.t — t SMap.t

end

module Vertex : Vertex =
struct

type lcc =
{ lorentz : string;
color : UFOz.Color.t;
coupling : string }

type t =
{ name : string;
particles : string array;
lec @ lec list }

let to_string symbol ¢ =
Printf .sprintf
"vertex: ks =>y[name_ =_’%s’, particles, =, [%s],u\
LULLLLLLLLLLLLLLLLULLULLLULLOTrentz-color-couplings =y (s
symbol c.name
(String.concat
",u" (Array.to_list c.particles))
(String.concat
n s |_|"
(List.map
(fun lec —
Printf .sprintf
"hsu*uhsukuhs"
lec.coupling lcc.lorentz
(UFOzx.Color.to_string lcc.color))
c.lee))

let to_string_expanded lorentz couplings ¢ =
let expand_lorentz s =
try
UFOzx.Lorentz.to_string (SMap.find s lorentz).Lorentz - UFO.structure
with
| Not_found — "7"in
Printf .sprintf
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"expanded:, [%s],->,{ lorentz-color-couplings = [%s]_ }"
(String.concat ", " (Array.to_list c.particles))
(String.concat

n n
s U

(List.map
(fun lec —
Printf .sprintf
"hsu*LhSL* %S "
lee.coupling (expand_-lorentz lcc.lorentz)
(UFOzx.Color.to_string lcc.color))

c.lee))

let contains particles predicate v =
let p = w.particles in
let rec contains’ i =
if i < 0 then
false
else if predicate (SMap.find p.(1) particles) then
true
else
contains’ (pred i) in
contains’ (Array.length p — 1)

let force_adj_identityl adj_indices = function

| UFOz.Color_Atom.Identity (a, b) as atom —
begin match List.mem a adj_indices, List.mem b adj_indices with
| true, true — UFOz.Color_Atom.Identity8 (a, b)
| false, false — atom
| true, false | false, true —

tnvalid_arg "force_adj_identity: mixed representations!"

end

| atom — atom

let force_adj_identity adj_indices tensor =
UFOz.Color.map_atoms (force_adj_identityl adj_indices) tensor

let find_adj_indices map particles =
let adj_indices = ref []in
Array.iteri
(funip —
(* We must pattern match against the O’Mega representation, because UFOz.Color.r is abstract.

match UFOzx.Color.omega (SMap.find p map).Particle.color with
| Color . AdjSUN _ — adj_indices = succ i :: ladj_indices
|- = 0)
particles;
ladj _indices

let classify_color_indices map particles =

let fund _indices = ref []
and conj_indices = ref []
and adj_indices = ref []in
Array.iteri

(funip —

(* We must pattern match against the O’Mega representation, because UFOz.Color.r is abstract.

match UFOz.Color.omega (SMap.find p map).Particle.color with
| Color.SUN n —

if n > 0 then

fund_indices = succ i :: !fund_indices
else if n < 0 then

conj_indices = succ i : lconj_indices
else

failwith "classify_color_indices:,SU(0)"
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| Color.AdjSUN n —

if n # 0 then
adj_indices := succ i : ladj_indices
else

failwith "classify_color_indices: SU(0)"
- 50
particles;
(Ifund _indices, !conj_indices, ladj_indices)

FIXME: would have expected the opposite order ...

let force_identityl (fund_indices, conj_indices, adj_indices) = function
| UFOz.Color_Atom.Identity (a, b) as atom —
if List.mem a fund_indices then
begin
if List.mem b conj_indices then
UFOzx.Color_Atom.Identity (b, a)
else
invalid_arg "force_adj_identity: mixed representations!"
end
else if List.mem a conj_indices then
begin
if List.mem b fund_indices then
UFOz.Color_Atom.Identity (a, b)
else
invalid_arg "force_adj_identity: mixed, representations!"
end else if List.mem a adj-indices then begin
if List.mem b adj_indices then
UFOz.Color_Atom.Identity8 (a, b)
else
invalid_arg "force_adj_identity: mixed_ representations!"
end
else
atom
| atom — atom

let force_identity indices tensor =
UFOz.Color.map-atoms (force_identityl indices) tensor

Here we don’t have the Lorentz structures available yet. Thus we set fermion_lines = [] for now and correct
this later.

let of _filel particle_—map map d =
let symbol = d.S.name in
match d.S.kind, d.S.attribs with
| [ "Vertex" |, attribs —
let required query name =
required _handler "vertex" symbol attribs query name in
let name = required string_attrib "name" in
warn_symbol_name "vertices" symbol name;
let particles =
Array.of _list (required (name_list_attrib ~strip :"P") "particles") in
let color =
let indices = classify_color_indices particle_map particles in
Array.of _list
(List.map
(force_identity indices < x > UFOzx.Color.of _string)
(required string_list_attrib "color"))
and lorentz =
Array.of _list (required (name_list_attrib ~strip :"L") "lorentz")
and couplings_alist =
required (coupling_dictionary_attrib ~strip :"C") "couplings" in
let lec =
List.map
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(fun (i, 4, ¢) -
{ lorentz = lorentz.(j);
color = color.(1);
coupling = ¢ })
couplings _alist in
SMap.add symbol { name; particles; lec } map
| - — invalid_arg ("Vertex.of_file:" "~ name_to_string d.S.kind)

let of _file particles vertices =
List.fold _left (of _filel particles) SMap.empty vertices

let filter predicate map =
SMap.filter (fun symbol p — predicate p) map

end

module type Parameter =
sig

type nature = private Internal | External
type ptype = private Real | Complex

type t = private

{ name : string;
nature : nature;
ptype : ptype;
value : walue;
texname : string;
lhablock : string option;
lhacode : int list option;
sequence : int }

val of _file : S.t — t SMap.t
val to_string : string — t — string

val missing : string — t
val map_names : (string — string) — t — t

end

module Parameter : Parameter =
struct

type nature = Internal | External

let nature_to_string = function
| Internal — "internal"
| External — "external"

let nature_of _string = function
| "internal" — Internal
| "external" — Futernal
| s — invalid_arg ("Parameter.nature_of_string: " "~ s)

type ptype = Real | Complex

let ptype_to_string = function
| Real — "real"
| Compler — "complex"

let ptype_of _string = function
| "real" — Real
| "complex" — Complex
| s — invalid_arg ("Parameter.ptype_of_string: " " s)

type t =
{ name : string;
nature : nature;
ptype : ptype;
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value : walue;

texname : string;
lhablock : string option;
lhacode : int list option;
sequence : int }

let to_string symbol p =
Printf .sprintf
"parameter: %s_=>_[#/d, name =,’%s’ , nature_=_%s, typeL=u%s,u\
LLLLLLLLLLLLLLLULLUULLUUULLYalue =y ks , ytexname =1’ %S, L\
LLLLLLLLLLLLLLULULLULLULLULUULUULhablock = %s , L lhacode =y [%s]]"
symbol p.sequence p.name
(nature_to_string p.nature)
(ptype_to_string p.ptype)
(value_to_string p.value) p.texname
(match p.lhablock with None — "??7?" | Some s — s)
(match p.lhacode with
| None — "
| Some ¢ — String.concat ",," (List.map string_of _int c))

let of _filel (map, n) d =

let symbol = d.S.name in

match d.S.kind, d.S.attribs with

| [ "Parameter" |, attribs —
let required query name =

required _handler "particle" symbol attribs query mame in

let name = required string_attrib "name" in
warn_symbol_name "parameters" symbol name;

valid _fortran_id "parameter" name;
(SMap.add symbol

{ name;
nature = nature_of _string (required string_attrib "nature");
ptype ptype_of _string (required string_attrib "type");
value = required value_attrib "value";
texname = required string_attrib "texname";
lhablock =

(try Some (string_attrib "1lhablock" attribs) with
Not_found — None);
lhacode =
(try Some (integer_list_attrib "lhacode" attribs) with
Not_found — None);
sequence = n } map, succ n)
| - — dnvalid_arg ("Parameter.of_file:," ~ name_to_string d.S.kind)

let of _file parameters =
let map, - = List.fold_left of _filel (SMap.empty, 0) parameters in
map

let missing name =

{ name;
nature = Faxternal;
ptype = Real,
value = Integer 0;

texname = Printf.sprintf "\\texttt{%s}" name;
lhablock = None;

lhacode = None;

sequence = 0 }

If the Name has a prefix, apply f only to the last component.

let map_value f = function
| (Integer _ | Fraction (-, ) | Float _ as v) — v
| Name n —
begin match List.rev n with
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| [] — Name []

| stem :: prefit — Name (List.rev (f stem :: prefiz))
end

| Expr e — FExpr (UFOz.Expr.map_-names f e)

let map_names f p =
{ p with name = [ p.name; value = map_value f p.value }

end

Macros are encoded as a special S.declaration with S.kind = "$". This is slightly hackish, but general enough
and the overhead of a special union type is probably not worth the effort.

module type Macro =
sig
type ¢
val empty : t

The domains and codomains are still a bit too much ad hoc, but it does the job.

val define : t — string — S.value — ¢
val expand_string : t — string — S.value
val expand_expr : t — S.string_atom list — string

Only for documentation:

val expand_atom : t — S.string_atom — string
end

module Macro : Macro =
struct

type t = S.value SMap.t
let empty = SMap.empty

let define macros name expansion =
SMap.add name expansion macros

let expand_string macros name =
SMap.find name macros

let rec expand_atom macros = function
| S.Literal s — s
| S.Macro [name] —
begin
try
begin match SMap.find name macros with
| S.String s — s
| S.String_Expr expr — expand_expr macros expr
| - — idnvalid_arg ("expand_atom: not a string: " ~ name)
end
with
| Not_found — invalid_arg ("expand_atom: not, found: " "~ name)
end
| S.Macro [| — invalid_arg "expand_atom: empty"
| S.Macro name —
invalid _arg ("expand_atom:ucompounduname:|_," "~ String.concat "." name)

and expand_expr macros expr =
String.concat "" (List.map (expand_atom macros) expr)

end

module type Propagator_UFO =
sig

type t = (x private x)
{ name : string;
numerator : UFOz.Lorentz.t;
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denominator : UFOz.Lorentz.t }
val of _file : S.t — t SMap.t
val to_string : string — t — string
end
module Propagator_UFO : Propagator_-UFO =
struct
type t =
{ name : string;
numerator : UFOz.Lorentz.t;
denominator : UFOz.Lorentz.t }
let to_string symbol p =
Printf .sprintf

"propagator: %s,=>[name =’%s’, numerator =,’%s’,u\

LLLLLULLULLLLLULLULLULLULUUuudenominator =, s 1"
symbol p.name

(UFOz.Lorentz.to_string p.numerator)
(UFOz.Lorentz.to_string p.denominator)

The denominator attribute is optional and there is a default (cf. arXiv:1308.1668)
let default_denominator =
"P( ‘mu’ ,Uid)u*up( ‘mu’ ,\_,id)u\
uuuuuuu-uMass (1d) kg Mass (1d) o\
uuuuuu|_|+ucomplex (O N 1) |_|*|_,M8.SS (ld) u*qudth(ld) "
let of _string _with_error_correction symbol num_or_den s
try

UFOz.Lorentz.of _string s
with

| Invalid-argument msg —
begin
let fized = s~ ")"in
try

let tensor = UFOx.Lorentz.of _string fized in
Printf .eprintf
"UF0.Propagator.of _string: ,added, missing ,closing parenthesis \
vuuuuuuuuouuuoouing%spof ks (N "%s\ " \n"
num_or_den symbol s;
tensor
with
| Invalid_argument - —
invalid _arg
(Printf .sprintf
"UFO.Propagator.of_string: %s_of %s: %suin \"%s\"\n"

num_or_den symbol msg fized)
end

let of _filel (macros, map) d =
let symbol = d.S.name in
match d.S.kind, d.S.attribs with

| [ "Propagator" |, attribs —
let required query name =

required _handler "particle" symbol attribs query mame
and optional query name default

optional_handler attribs query name default in
let name = required string_attrib "name" in

warn_symbol_name "propagators" symbol name;

let num_string_expr = required string_expr_attrib "numerator"
and den_string =

begin match optional find_attrib "denominator"

(5.String default_denominator) with
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| S.String s — s

| S.Name [n] —
begin match Macro.expand_string macros n with
| S.String s — s
| - — invalid_arg "Propagator.denominator"

end
| - — invalid_arg "Propagator.denominator: "
end in
let num_string = Macro.expand_expr macros num_string_expr in

let numerator =
of _string _with_error_correction symbol "numerator" num._string
and denominator =
of _string _with_error_correction symbol "denominator" den_string in
(macros, SMap.add symbol { name; numerator; denominator } map)
| ["$" ], [ macro] —
begin match macro.S.a_value with
| S.String - as s —
(Macro.define macros symbol s, map);
| S.String_Ezpr expr —
let expanded = S.String (Macro.expand_expr macros expr) in
(Macro.define macros symbol expanded, map)
| - — invalid_arg ("Propagator:of_file: not,a string," ~ symbol)

end
L] [ =

invalid_arg ("Propagator:of_file: empty_declaration, " ~ symbol)
‘ [ ||$n ]’ N

invalid_arg ("Propagator:of_file: multiple declaration," " symbol)
| - — dnvalid_arg ("Propagator:of_file:" " name_to_string d.S.kind)

let of _file propagators =
let _, propagators’ =
List.fold_left of _filel (Macro.empty, SMap.empty) propagators in
propagators’

end

module type Decay =
sig

type t = private
{ name : string;
particle : string;
widths : (string list x string) list }

val of _file : S.t — t SMap.t
val to_string : string — t — string

end

module Decay : Decay =
struct

type t =
{ name : string;
particle : string;
widths : (string list x string) list }

let width_to_string ws =
String.concat ", "

(List.map
(fun (ps, w) —
(o String.concat "Lt ps © =00 S w u:u)
ws)

let to_string symbol d =
Printf .sprintf
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"decay:yhsu=>>y[name =_’%s’, particle =_’%s’, widths =, [%s]]"
symbol d.name d.particle (width_to_string d.widths)

let of _filel map d
let symbol = d.S.name in
match d.S.kind, d.S.attribs with
| [ "Decay" |, attribs —
let required query name =
required _handler "particle" symbol attribs query mame in
let name = required string_attrib "name" in
warn_symbol_name "decays" symbol name;
SMap.add symbol
{ name;

particle = required (name_attrib ~strip :"P") "particle";
widths = required decay_dictionary_attrib "partial_widths" } map
| - — invalid_arg ("Decay.of_file:" "~ name_to_string d.S.kind)

let of _file decays =
List.fold _left of _filel SMap.empty decays

end
We can read the spinor representations off the vertices to check for consistency.

@ Note that we have to conjugate the representations!

let collect_spinor_reps_of _vertex particles lorentz v sets =
List.fold _left
(fun sets’ lecc —
let I = (SMap.find lcc. Vertex.lorentz lorentz).Lorentz - UFO.structure in
List.fold_left
(fun (spinors, conj_spinors as sets”) (i, rep) —
let p = wv.Vertex.particles.(pred i) in
match UFOz.Lorentz.omega rep with
| Coupling. ConjSpinor — (SSet.add p spinors, conj_spinors)
| Coupling.Spinor — (spinors, SSet.add p conj_spinors)
| - — sets”)
sets’ (UFOzx.Lorentz.classify-indices 1))
sets v. Vertex.lcc

let collect_spinor_reps_of _vertices particles lorentz vertices =
SMap.fold

(fun _ v — collect_spinor_reps_of —vertex particles lorentz v)
vertices (SSet.empty, SSet.empty)

let lorentz_reps_of —vertex particles v =
ThoList.alist_of _list ~predicate : (- < x > UFOz.Lorentz.rep_trivial) ~offset : 1
(List.map

(funp —
(* Why do we need to conjugate??? x)
UFOzx.Lorentz.rep_ conjugate

(SMap.find p particles).Particle.spin)
(Array.to_list v.Vertex.particles))

let rep_compatible rep_vertex rep_particle =
let open UFOzx.Lorentz in
let open Coupling in
match omega rep_vertex, omega rep_particle with
| (Spinor | ConjSpinor), Majorana — true
| r1, 12 = r1 = r2

let reps_compatible reps_vertex reps_particles =
List.for_all2

(fun (v, ™) (ip, rp) — i = ip N rep_compatible rv rp)
reps_vertex reps_particles
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let check_lorentz_reps_of _vertex particles lorentz v =
let reps_particles =
List.sort compare (lorentz_reps_of _vertex particles v) in

List.iter
(fun lec —
let I = (SMap.find lcc. Vertex.lorentz lorentz).Lorentz - UFO.structure in
let reps_vertex = List.sort compare (UFOz.Lorentz.classify_indices 1) in

if = (reps_compatible reps_vertex reps_particles) then begin
Printf .eprintf "%hsu<>u%syu[%s]\n"
(UFOzx.Index.classes_to_string
UFOzx.Lorentz.rep_to_string reps_particles)
(UFOz.Index.classes_to_string
UFOz.Lorentz.rep_to_string reps_vertez)
v. Vertex.name (x (Vertex.to_string v.Vertex.name v) *);
(* invalid_arg "check_lorentz_reps_of_vertex" x) ()
end)
v. Vertex.lcc

let color_reps_of _vertex particles v =
ThoList.alist_of _list ~predicate : (- < x > UFOz.Color.rep_trivial) ~offset : 1
(List.map
(fun p — (SMap.find p particles).Particle.color)
(Array.to_list v. Vertex.particles))

let check_color_reps_of _vertex particles v =
let reps_particles =
List.sort compare (color_reps_of _vertex particles v) in
List.iter
(fun lecc —
let reps_vertexr =
List.sort compare (UFOz.Color.classify_indices lcc. Vertex.color) in
if reps_vertex # reps_particles then begin
Printf.eprintf "particles: )s\n<>_ vertex: %s\n"
(UFOz.Index.classes_to_string UFOx.Color.rep_to_string reps_particles)
(UFOzx.Index.classes_to_string UFOz.Color.rep_to_string reps_verter);
invalid_arg "check_color_reps_of_vertex"
end)
v. Vertex.lcc

module P = Permutation. Default

module type Lorentz =
sig

type spins = private
| Unused
| Unique of Coupling.lorentz array
| Ambiguous of Coupling.lorentz array SMap.t

type t = private
{ name : string;
n : nt;
Spins 1 spins;
structure : UFO_Lorentz.t;
fermion_lines : Coupling.fermion_lines;
variables : string list }

val required_charge_conjugates : t — t list
val permute : Pt — t — t

val of _lorentz_UFO :
Particle.t SMap.t — Vertex.t SMap.t —
Lorentz_UFO.t SMap.t — t SMap.t

val lorentz_to_string : Coupling.lorentz — string
val to_string : string — t — string
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end

module Lorentz : Lorentz =
struct

let rec lorentz_to_string = function
| Coupling.Scalar — "Scalar"
| Coupling.Spinor — "Spinor"
| Coupling.ConjSpinor — "ConjSpinor"
| Coupling. Majorana — "Majorana"
| Coupling. Maj_Ghost — "Maj_Ghost"
| Coupling. Vector — "Vector"
| Coupling. Massive_ Vector — "Massive_Vector"
| Coupling. Vectorspinor — "Vectorspinor"
| Coupling. Tensor_1 — "Tensor_1"
| Coupling. Tensor_2 — "Tensor_2"
| Coupling. BRS | — "BRS(" " lorentz_to_string [ ~ ")"

Unlike UFO, O’Mega distinguishes bewteen spinors and conjugate spinors. However, we can inspect the particles
in the vertices in which a Lorentz structure is used to determine the correct quantum numbers.

Most model files in the real world contain unused Lorentz structures. This is not a problem, we can just
ignore them.

type spins =
| Unused
| Unique of Coupling.lorentz array
| Ambiguous of Coupling.lorentz array SMap.t

Use UFO-_targets.Fortran.fusion_name below in order to avoid communication problems. Or even move
away from strings alltogether.

type t =
{ name : string;
n : nt;
SpINS : SPins;
structure : UFO_Lorentz.t;
fermion_lines : Coupling.fermion_lines;
variables : string list }

Add one charge conjugated fermion lines.

let charge—conjugatel 1 (ket, bra as fermion_line) =
{ name = l.name ~ Printf.sprintf "_chxhx" ket bra;
n = l.n;
spins = l.spins;
structure = UFO_Lorentz.charge_conjugate fermion_line l.structure;
fermion_lines = l.fermion_lines;
variables = l.variables }

Add several charge conjugated fermion lines.

let charge_conjugate | fermion_lines =
List.fold _left charge_conjugatel 1 fermion_lines

Add all combinations of charge conjugated fermion lines that don’t leave the fusion.

let required _charge_conjugates | =
let saturated_fermion_lines =
List.filter
(fun (ket, bra) — ket £ 1 A bra £ 1)
l.fermion_lines in
List.map (charge_conjugate 1) (ThoList.power saturated_fermion_lines)

let permute_spins p = function
| Unused — Unused
| Unique s — Unique (P.array p s)

383



Implementation of UFO

| Ambiguous map — Ambiguous (SMap.map (P.array p) map)

Note that we apply the inverse permutation to the indices in order to match the permutation of the parti-
cles/spins.
let permute_structure n p (I, f) =

let permuted = P.array (P.inverse p) (Array.init n succ) in
let permute_index i =

if ¢ > 0 then

UFOz.Index.map_position (fun pos — permuted.(pred pos)) i
else

1in
(UFO_Lorentz.map_indices permute_index I,
UFO_Lorentz.map_fermion_lines permute_indez f)

let permute p I =
let structure, fermion_lines =
permute_structure l.n p (l.structure, l.fermion_lines) in

{ name = l.name ~ "_p" "~ P.to_string (P.inverse p);
n = l.n;
Spins permute_spins p l.spins;
structure;
fermion_lines;
variables = l.variables }

let omega_lorentz_reps n alist =

let reps Array.make n Coupling.Scalar in

List.iter
(fun (4, rep) — reps.(pred i) < UFOz.Lorentz.omega rep)
alist;

reps

let contained lorentz vertex =
List.exists

(fun lcc! — lecl . Vertes.lorentz = lorentz.Lorentz_ UFO.symbol)
vertex. Vertex.lcc

Find all vertices in with the Lorentz structure lorentz is used and build a map from those vertices to the
O’Mega Lorentz representations inferred from UFO’s Lorentz structure and the particles involved. Then scan
the bindings and check that we have inferred the same Lorentz representation from all vertices.

let lorentz_reps_of _structure particles vertices lorentz
let uses =

SMap.fold
(fun name v acc —
if contained lorentz v then
SMap.add

name

(omega_lorentz_reps
(Array.length v. Vertex.particles)
(lorentz_reps_of _vertex particles v)) acc

else
acc) vertices SMap.empty in
let variants =

ThoList.uniq (List.sort compare (List.map snd (SMap.bindings uses))) in
match variants with

| [] = Unused
| [s] — Unique s
| - —

Printf.eprintf "UF0.Lorentz.lorentz_reps_of_structure: ,AMBIGUOUS!\n";
List.iter

(fun variant —
Printf .eprintf
"UFO.Lorentz.lorentz_reps_of_structure: %s\n"
(ThoList.to_string lorentz_to_string (Array.to_list variant)))
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variants;
Ambiguous uses

let of _lorentz_tensor spins lorentz
match spins with
| Unique s —
begin
try
Some (UFO_Lorentz.parse (Array.to_list s) lorentz)
with
| Failure msg —
begin
prerr_endline msg;
Some (UFO_Lorentz.dummy)
end
end
| Unused —
Printf .eprintf
"UFO.Lorentz: stripping unused,structure %s\n"
(UFOz.Lorentz.to_string lorentz);
None

| Ambiguous - — invalid_arg "UF0.Lorentz.of_lorentz_tensor: Ambiguous"

NB: if the name attribute of a Lorentz object does not match the the name of the object, the former has a
better chance to correspond to a valid Fortran name. Therefore we use it.

let of _lorentz_UFO particles vertices lorentz_UFO =

SMap.fold
(fun name 1 acc —
let spins = lorentz_reps_of _structure particles vertices 1 in

match of _lorentz_tensor spins l.Lorentz _ UFO.structure with
| None — acc

| Some structure —
SMap.add
name
{ name = l.Lorentz_UFO.symbol;
n = List.length [.Lorentz_UFQO.spins;

spins;

structure;

fermion_lines = UFO_Lorentz.fermion_lines structure;

variables = UFOz.Lorentz.variables l.Lorentz_UFO.structure }
acc)

lorentz_UFO SMap.empty

let to_string symbol | =
Printf .sprintf
"lorentz: s =>, [name =,’%s’,uspins = %s, 0\

O OO I I 00 O I L | O .structureu=._|%s ,ufermion_linesu=u%s] "
symbol l.name

(match [.spins with
| Unique s —
"[" ~ String.concat
",u" (List.map lorentz_to_string (Array.to_list s)) ~ "]"

| Ambiguous - — "AMBIGUOUS!"

| Unused — "UNUSED!")
(UFO_Lorentz.to_string l.structure)
(UFO_Lorentz.fermion_lines_to_string l.fermion_lines)

end

According to arxiv:1308:1668, there should not be a factor of ¢ in the numerators of propagators, but the
(unused) propagators.py in most models violate this rule!

let divide_propagators_by_i = ref false
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module type Propagator =
sig

type t = (x private x)
{ name : string;
spins : Coupling.lorentz x Coupling.lorentz;
numerator : UFO_Lorentz.t;
denominator : UFO_Lorentz.t;
variables : string list }

val of _propagator_UFO : ?majorana :bool — Propagator_UFO.t — t
val of _propagators_UFO : 7majorana :bool — Propagator_UFO.t SMap.t — t SMap.t
val transpose : t — t

val to_string : string — t — string

end

module Propagator : Propagator =
struct

type t = (x private x)
{ name : string;
spins : Coupling.lorentz x Coupling.lorentz;
numerator : UFO_Lorentz.t;
denominator : UFO_Lorentz.t;
variables : string list }

let lorentz_rep_at rep_classes i =
try

UFOz.Lorentz.omega (List.assoc i rep_classes)

with

| Not_found — Coupling.Scalar

let imaginary = Algebra.QC.make Algebra.Q.null Algebra.Q.unit
let scalars = [Coupling.Scalar; Coupling.Scalar]

If 51 and 52 show up as indices, we must map (1,51) — (1001,2001) and (2,52) — (1002,2002), as per the
UFO conventions for Lorentz structures.

This does not work yet, because UFOz.Lorentz.map_indices affects also the position argument of P, Mass
and Width.

let contains_51_52 tensor =
List.exists
(fun (4, -) — ¢ = 51 V i = 52)
(UFOz.Lorentz.classify_indices tensor)
let remap_51_52 = function
| 1 — 1001 | 51 — 2001
| 2 — 1002 | 52 — 2002
| @ — 1
let canonicalize_51_52 tensor =
if contains_51_52 tensor then
UFOzx.Lorentz.rename_indices remap_-51_52 tensor

else
tensor
let force_majorana = function
| Coupling.Spinor | Coupling.ConjSpinor — Coupling. Majorana
| s — s

let string_list_union 1 12 =
Sets.String.elements
(Sets.String.union

(Sets.String.of _list 11)
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(Sets.String.of _list 12))
In the current conventions, the factor of ¢ is not included:

let of _propagator_UFO ?(majorana =false) p =
let numerator = canonicalize_51_52 p.Propagator_UFO.numerator in
let lorentz_reps = UFOx.Lorentz.classify_indices numerator in
let spinl = lorentz_rep_at lorentz_reps 1
and spin2 = lorentz_rep_at lorentz_reps 2 in
let numerator_sans_i
if |divide_propagators_by_i then

UFOz.Lorentz.map_coeff (fun ¢ — Algebra.QC.div q imaginary) numerator
else

numerator in
{ name p.Propagator _UFO.name;
spins =
if majorana then
(force_magjorana spini, force_majorana spin2)

else
(spinl, spin2);
numerator =
UFO_Lorentz.parse ~allow_denominator :true [spinl; spin2] numerator_sans_i;
denominator = UFO_Lorentz.parse scalars p.Propagator - UFO.denominator;
variables =

string _list_union

(UFOz.Lorentz.variables p.Propagator - UFO.denominator)
(UFOz.Lorentz.variables numerator_sans_i) }

let of _propagators_ UFO ?majorana propagators-UFO =
SMap.fold

(fun name p acc — SMap.add name (of _propagator_UFO ?majorana p) acc)
propagators_ UFO SMap.empty

let permutel2 = function
| 1 — 2
| 2 — 1
| n = n

let transpose_positions t =
UFOzx.Index.map_position permutel?2 t

let transpose p =
{ name = p.name;

spins = (snd p.spins, fst p.spins);
numerator

UFO_Lorentz.map_indices transpose_positions p.numerator;
denominator = p.denominator;

variables = p.variables }

let to_string symbol p =
Printf .sprintf
"propagator: ks =>, [name =,’%s’,uspin_=,’ (%s,u%s) ’,unumerator/I =,’%s’, \
LLLLLLLLLLULLLLULULLULLULULUUULdenominator =’ %s 1"
symbol p.name
(Lorentz.lorentz _to_string (fst p.spins))
(Lorentz.lorentz _to_string (snd p.spins))
(UFO_-Lorentz.to_string p.numerator)
(UFO__Lorentz.to_string p.denominator)

end

type t =
{ particles : Particle.t SMap.t;
particle_array : Particle.t array; (x for diagnostics )
couplings : UFO_Coupling.t SMap.t;
coupling_orders : Coupling_Order.t SMap.t;
vertices : Vertex.t SMap.t;
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lorentz_UFO : Lorentz_UFO.t SMap.t;
lorentz : Lorentz.t SMap.t;
parameters : Parameter.t SMap.t;
propagators-UFO : Propagator_UFO.t SMap.t;
propagators : Propagator.t SMap.t;
decays : Decay.t SMap.t;
ne : int }

let use_majorana_spinors = ref false

let fallback_to_majorana_if —necessary particles vertices lorentz_UFO =
let majoranas =
SMap.fold
(fun p particle acc —
if Particle.is_majorana particle then
SSet.add p acc
else
acc)
particles SSet.empty in
let spinors, conj_spinors =
collect_spinor_reps_of _vertices particles lorentz_UFO wvertices in
let ambiguous =
SSet.diff (SSet.inter spinors conj_spinors) majoranas in

let no_majoranas = SSet.is_empty majoranas

and no_ambiguities = SSet.is_empty ambiguous in

if no_majoranas N no_ambiguities N — luse_majorana_spinors then
(SMap.mapi

(fun p particle —
if SSet.mem p spinors then
Particle.force_spinor particle
else if SSet.mem p conj_spinors then
Particle.force - conjspinor particle
else
particle)
particles,
false)
else
begin
if luse_majorana_spinors then
Printf.eprintf "0’Mega: Majorana fermions requested.\n";
if = no_majoranas then
Printf.eprintf "0’Mega:found Majorana fermions!\n";
if = no_ambiguities then
Printf .eprintf
"0’Mega:found ambiguous spinor representations, for ’s!\n"
(String.concat ", " (SSet.elements ambiguous));
Printf .eprintf
"0’Mega: ,falling back to the Majorana representation for ,all fermions.\n";
(SMap.map Particle.force_majorana particles,
true)
end

let nc_of _particles particles =
let nc_set =
List.fold_left
(fun nc_set (-, p) —
match UFOz.Color.omega p.Particle.color with
| Color.Singlet | Color.YT _ | Color.YTC - — nc_set
| Color.SUN nc — Sets.Int.add (abs nc) nc_set
| Color.AdjSUN nc — Sets.Int.add (abs nc) nc-set)
Sets.Int.empty (SMap.bindings particles) in
match Sets.Int.elements nc_set with
| [] =0
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| [n] — n
| nc_list —
tnvalid _arg
("UFO .Model: more than, one value of N_C: "
String.concat " ,," (List.map string-of —int nc_list))

~

let of _file u =
let particles = Particle.of _file u.Files.particles in
let vertices = Vertex.of _file particles u.Files.vertices

and lorentz_UFO = Lorentz_UFO.of _file u.Files.lorentz
and propagators-UFO = Propagator_UFO.of _file u.Files.propagators in
let particles, majorana =
fallback_to_magjorana_if _necessary particles vertices lorentz_UFO in
let particle_array = Array.of _list (values particles)
and lorentz = Lorentz.of _lorentz_UFO particles vertices lorentz_ UFO
and propagators = Propagator.of _propagators_-UFO ~majorana propagators_UFO in
let model =
{ particles;
particle_array;
couplings = UFO_Coupling.of _file u.Files.couplings;
coupling_orders = Coupling_-Order.of _file u.Files.coupling_orders;
vertices;
lorentz_UFO;
lorentz;
parameters = Parameter.of _file u.Files.parameters;
propagators_- UFO;
propagators;
decays = Decay.of _file u.Files.decays;
nc = nc_of _particles particles } in
SMap.iter
(fun v —
check_color_reps_of _vertex model.particles v;
check _lorentz_reps_of _vertex model.particles model.lorentz_UFO v)
model.vertices;
model

let map_parameter_names f m =

{ m with
particles = SMap.map (Particle.map_mass_and_width f) m.particles;
particle_array = Array.map (Particle.map_mass_and_width f) m.particle_array;
parameters = SMap.map (Parameter.map_names f) m.parameters }

let parse_directory dir =
of _file (Files.parse_directory dir)

let dump model =
Printf .printf "NC_=_%d\n" model.nc;
SMap.iter (print_endline < xx > Particle.to_string) model.particles;
SMap.iter (print_endline < xx > UFO_Coupling.to_string) model.couplings;
SMap.iter (print_endline < xx > Coupling_Order.to_string) model.coupling_orders;
(* SMap.iter (print_endline < %% > Vertex.to_string) model.vertices; *)
SMap.iter
(fun symbol v —
(print_endline < xx > Vertex.to_string) symbol v;
print_endline
(Vertex.to_string - ezpanded model.lorentz_UFO model.couplings v))
model.vertices;
SMap.iter (print_endline
SMap.iter (print_endline
SMap.iter (print_endline
SMap.iter (print_endline
(
(

xx > Lorentz_UFO.to_string) model.lorentz_ UFO;

xx > Lorentz.to_string) model.lorentz;

xx > Parameter.to_string) model.parameters;

xx > Propagator_UFO.to_string) model.propagators_UFO;
xx > Propagator.to_string) model.propagators;

xx > Decay.to_string) model.decays;

SMap.iter (print_endline
SMap.iter (print_endline

ANNNNNNAN
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SMap.iter
(fun symbol d —
List.iter (fun (-, w) — ignore (UFOz.Expr.of _string w)) d.Decay.widths)
model.decays

exception Unhandled of string
let unhandled s = raise (Unhandled s)

module Model =
struct

NB: we could use type flavor = Particle.t, but that would be very inefficient, because we will use flavor as a
key for maps below.

type flavor = int

type constant = string

type coupling_order = string
type gauge = wunit

module M =

Modeltools. Mutable (struct type f = flavor type ¢ = gauge type ¢ = constant type co = string end)
let setup = M .setup

let flavors = M .flavors

let external_flavors = M .external_flavors

let lorentz = M .lorentz

let all_coupling_orders = M .all_coupling_orders
let coupling_orders = M .coupling_orders

let coupling_order_to_string co = co

let color = M.color

let nc = M.nc

let propagator = M .propagator
let width = M .width
let goldstone = M .goldstone

let conjugate = M .conjugate
let fermion = M.fermion
let vertices = M .vertices

let fuse2 = M.fuse2

let fuse3 = M.fuse3

let fuse = M.fuse

let max_degree = M .max_degree

let parameters = M .parameters

let flavor_of _string = M .flavor_of _string
let flavor_to_string = M .flavor_to_string
let flavor_to_TeX = M.flavor_to_TeX
let flavor_symbol = M .flavor_symbol

let gauge_symbol = M .gauge_symbol

let pdg = M.pdg

let mass_symbol = M .mass_symbol
let width_symbol = M .width_symbol
let constant_symbol = M .constant_symbol

module Ch = M.Ch
let charges = M .charges

let rec fermion_of _lorentz = function
| Coupling.Spinor — 1
| Coupling.ConjSpinor — —1
| Coupling. Majorana — 2
| Coupling. Maj_Ghost — 2
| Coupling. Vectorspinor — 1
| Coupling. Vector | Coupling. Massive_ Vector — 0
| Coupling.Scalar | Coupling.Tensor_1 | Coupling. Tensor_2 — 0
| Coupling. BRS f — fermion_of _lorentz f

module Q = Algebra.Q
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module QC = Algebra.QC

let dummy_tensor8 = Coupling.Scalar_Scalar_Scalar 1
let dummy_tensor4 = Coupling.Scalarj 1

let triplet p = (p.(0), p.(1), p.(2))
let quartet p = (p.(0), p-(1), p.(2), p.(3))
let half _times q1 q2 =

Q.-mul (Q.make 1 2) (Q.mul q1 ¢2)

let name g =
g.UFO_Coupling.name

let fractional_coupling g v =
let ¢ = mame g in
match Q.to_ratio r with
| 0, - — "0.0_default"
| L, 1 =g
| —1, 1 — Printf.sprintf "(-%s)" g
| n, 1 — Printf.sprintf "(%dx%s)" n g
| 1, d — Printf.sprintf " (%s/%hd" g d
| —1, d — Printf.sprintf "(-%s/%" g d
| n, d — Printf.sprintf " (hd*%s/%d)" n g d

let lorentz_of _symbol model symbol =
try
SMap.find symbol model.lorentz
with
| Not_found — invalid_arg ("lorentz_of_symbol: " " symbol)

let lorentz_UFO _of _symbol model symbol =
try
SMap.find symbol model.lorentz_ UFO
with
| Not_found — invalid_arg ("lorentz_UFO_of_symbol: " ~ symbol)

let coupling_of _symbol model symbol =
try
SMap.find symbol model.couplings
with
| Not_found — invalid_arg ("coupling_of _symbol: " " symbol)

let spin_triplet model name =
match (lorentz_of _symbol model name).Lorentz.spins with
| Lorentz.Unique [|s0; s1; s2|] — (s0, si, s2)
| Lorentz.Unique - — invalid_arg "spin_triplet: wrong number of spins"
| Lorentz.Unused — invalid_arg "spin_triplet: Unused"
| Lorentz. Ambiguous - — invalid_arg "spin_triplet: Ambiguous"

let spin_quartet model name =
match (lorentz_of _symbol model name).Lorentz.spins with
| Lorentz. Unique [|s0; s1; s2; s3|]] — (s0, s, s2, s3)
| Lorentz.Unique - — invalid_arg "spin_quartet: wrong number of spins"
| Lorentz.Unused — invalid_arg "spin_quartet: Unused"
| Lorentz. Ambiguous - — invalid_arg "spin_quartet: Ambiguous"

let spin_multiplet model name =
match (lorentz_of _symbol model name).Lorentz.spins with
| Lorentz. Unique sarray — sarray

| Lorentz.Unused — invalid_arg "spin_multiplet: Unused"
| Lorentz. Ambiguous - — invalid_arg "spin_multiplet: Ambiguous"

If we have reason to belive that a §,p-vertex is an effective tr(7T,T})-vertex generated at loop level, like gg — H . ..
in the SM, we should interpret it as such and use the expression (6.2) from [17].

AFAIK, there is no way to distinguish these cases directly in a UFO file. Instead we rely in a heuristic, in which
each massless color octet vector particle or ghost is a gluon and colorless scalars are potential Higgses.
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let is_massless p =
match ThoString.uppercase p.Particle.mass with
| "ZERQ" — true
| - — false

let is_gluon model f =
let p = model.particle_array.(f) in
match UFOz.Color.omega p.Particle.color,
UFOzx.Lorentz.omega p.Particle.spin with
| Color.AdjSUN _, Coupling.Vector — is_massless p
| Color.AdjSUN _, Coupling.Scalar —
if p.Particle.ghost_number # 0 then
1s-massless p
else
false
| - — false

let is_color_singlet model f =
let p = model.particle_array.(f) in
match UFOz.Color.omega p.Particle.color with
| Color.Singlet — true
| - — false

let is_higgs_gluon_vertex model p adjoints =
if Array.length p > List.length adjoints then
List.for_all
(fun (i, p) —
if List.mem i adjoints then
is-gluon model p
else
is_color_singlet model p)
(ThoList.enumerate 1 (Array.to_list p))
else
false

let delta8_heuristics model p a b =
if is_higgs_gluon_vertex model p [a; b] then
Color. Vertex.delta8 _loop a b
else
Color. Vertex.delta8 a b

let verbatim_higgs_glue = ref false

let yt_to_omega y =
Young.map pred y

let translate_color _atom model p = function
| UFOz.Color_Atom.Identity (i, j) — Color.Vertex.delta3 j i
| UFOz.Color_Atom.Identity8 (a, b) —
if lverbatim_higgs_glue then
Color. Vertex.delta8 a b
else
delta8 _heuristics model p a b
| UFOz.Color_Atom.Delta (y, a, b) — Color.Vertex.delta_of _tableau (yt_to_omega y) a b
| UFOz.Color_Atom.T (a, i, j) — Color.Vertex.t a i j
| UFOxz.Color_Atom.TY (y, a, i, j) — Color.Vertex.t_of _tableau (yt_to_omega y) a i j
| UFOz.Color_Atom.F (a, b, ¢) — Color.Vertex.f a b ¢
| UFOz.Color_Atom.D (a, b, ¢) — Color.Vertex.d a b ¢
| UFOz.Color_Atom.Epsilon (i, j, k) — Color.Vertex.epsilon [i; j; k]
| UFOz.Color_Atom.EpsilonBar (i, j, k) — Color.Vertex.epsilon_bar [i; j; k]
| UFOz.Color-Atom.T6 (a, i, j) — Color.Vertex.t6 a i j
| UFOz.Color_Atom.K6 (i, j, k) — Color.Vertex.k6 i j k
| UFOz.Color_Atom.K6Bar (i, j, k) — Color.Vertex.k6bar i j k

let translate_color_term model p = function
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| [], ¢ — Birdtracks.scale q Birdtracks.one
| [atom], ¢ — Birdtracks.scale q (translate_color_atom model p atom)
| atoms, ¢ —

let atoms = List.map (translate_color_atom model p) atoms in
Birdtracks.scale q (Birdtracks.multiply atoms)

let translate_color model p terms =
match terms with
| [] — invalid-arg "translate_color: empty"
| [term ]| — translate_color_term model p term
| terms — Birdtracks.sum (List.map (translate_color_term model p) terms)

let translate_coupling-1 model p lecc =
let [ = lcc. Vertex.lorentz in
let s = Array.to_list (spin_multiplet model 1)
and fl = (SMap.find | model.lorentz).Lorentz.fermion_lines

and ¢ = name (coupling_of _symbol model lcc. Vertex.coupling) in
match lcc. Vertex.color with

| UFOz.Color.Linear color —

let col = translate_color model p color in

(Array.to_list p, Coupling. UFO (QC.unit, 1, s, fl, col), c)
| UFOz.Color.Ratios _ as color —

invalid_arg

("UFO .Model.translate_coupling:invalid,color structure" ~
UFOz.Color.to_string color)

let translate_coupling model p lcc =

List.map (translate_coupling_1 model p) lec
let long_flavors = ref false

module type Lookup
sig
type f = private
{ flavors : flavor list;
flavor_of _string : string — flavor;
flavor_of _symbol : string — flavor;
particle : flavor — Particle.t;
flavor _symbol : flavor — string;
conjugate : flavor — flavor }
type flavor_format =
| Long

| Decimal
| Hezadecimal
val flavor_format : flavor_format ref

val of _model : t — f
end

module Lookup : Lookup =
struct

type f =
{ flavors : flavor list;
flavor_of _string : string — flavor;
flavor_of _symbol : string — flavor;
particle : flavor — Particle.t;
flavor_symbol : flavor — string;
conjugate : flavor — flavor }
type flavor_format =
| Long
| Decimal
| Hezadecimal

let flavor_format = ref Hexadecimal
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let conjugate_of _particle_array particles =

Array.init

(Array.length particles)

(funi —
let f' = Particle.conjugate particles.(7) in
match ThoArray.match_all f' particles with
| ['] =
=

invalid_arg ("no,charge conjugate:," " f’.Particle.name)

| - —

invalid_arg ("multiple charge conjugates: " ~ f’.Particle.name))

let invert_flavor _array a =
let table = SHash.create 37 in
Array.iteri (fun i s — SHash.add table s i) a;
(fun name —
try
SHash.find table name
with
| Not_found — invalid_arg ("not_found: " "~ name))

let digits base n =
let rec digits’ acc n =
if n < 1 then
acc
else
digits’ (succ acc) (n / base) in
if n < 0 then
digits’ 1 (—n)
else if n = 0 then
1
else
digits’ 0 n
let of —model model =
let particle_array = Array.of _list (values model.particles) in
let conjugate_array = conjugate_of _particle_array particle_array
and name_array = Array.map (fun f — f.Particle.name) particle_array
and symbol_array = Array.of _list (keys model.particles) in
let flavor_symbol f =
begin match !flavor_format with
| Long — symbol_array.(f)
| Decimal —
let w = digits 10 (Array.length particle_array — 1) in
Printf.sprintf "%0*d" w f
| Hezadecimal —
let w = digits 16 (Array.length particle_array — 1) in
Printf.sprintf "%40*X" w f

end in

{ flavors = ThoList.range 0 (Array.length particle_array — 1);
flavor_of _string = invert_flavor_array name_array;
flavor_of _symbol = invert_flavor_array symbol_array;
particle = Array.get particle_array;
flavor _symbol = flavor_symbol;
conjugate = Array.get conjugate_array }

end

@ We appear to need to conjugate all flavors. Why???

let translate_vertices model tables =
let vn =
List.fold_left
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(fun acc v —
let p = Array.map tables.Lookup.flavor_of _symbol v. Vertex.particles
and lecc = wv.Vertez.lcc in
let p = Array.map conjugate p in (x FIXME: why? %)
translate_coupling model p lcc @ acc)

[] (values model.vertices) in

([}, [, vn)

let propagator_of _lorentz = function
| Coupling.Scalar — Coupling. Prop_Scalar
| Coupling.Spinor — Coupling.Prop_Spinor
| Coupling. ConjSpinor — Coupling. Prop_ ConjSpinor
| Coupling. Majorana — Coupling. Prop_Majorana
| Coupling.Maj_Ghost — invalid_arg
"UF0.Model.propagator_of_lorentz: ,SUSY ,ghosts do_not propagate"
| Coupling. Vector — Coupling.Prop_Feynman
| Coupling. Massive_Vector — Coupling. Prop_ Unitarity
| Coupling. Tensor_2 — Coupling.Prop_Tensor_2
| Coupling. Vectorspinor — invalid_arg
"UFO.Model .propagator_of_lorentz: Vectorspinor"
| Coupling. Tensor_1 — invalid_arg
"UF0.Model .propagator_of_lorentz: Tensor_1"
| Coupling. BRS - — invalid_arg
"UFO.Model .propagator_of_lorentz: no BRST"

let filter _unphysical model =
let physical _particles =
Particle.filter Particle.is_physical model.particles in
let physical _particle_array =
Array.of _list (values physical _particles) in
let physical _vertices =
Vertex.filter
(= < x> (Vertex.contains model.particles (— < x > Particle.is_physical)))
model.vertices in
{ model with
particles = physical -particles;
particle_array = physical _particle_array;
vertices = physical _vertices }

let whizard_constants =
SSet.of _list
[ "ZERO n ]

let filter _constants parameters =
List.filter
(funp —
- (SSet.mem (ThoString.uppercase p.Parameter.name) whizard - constants))
parameters

let add_name set parameter =
CSet.add parameter.Parameter.name set

let hardcoded _parameters =
CSet.of _list
["cmath.pi"]

let missing_parameters input derived couplings =

let input_parameters =

List.fold_left add_name hardcoded _parameters input in
let all_parameters =

List.fold_left add_name input_parameters derived in
let derived - dependencies =

dependencies

(List.map
(fun p — (p.Parameter.name, p.Parameter.value))
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derived) in
let coupling_dependencies =
dependencies
(List.map
(fun p — (p.UFO_Coupling.name, Expr p.UFO_Coupling.value))
(values couplings)) in
let missing_input =
CMayp.filter
(fun parameter derived_parameters —
- (CSet.mem parameter all_parameters))
derived - dependencies
and missing =
CMayp.filter
(fun parameter couplings —
- (CSet.mem parameter all_parameters))
coupling - dependencies in
CMap.iter
(fun parameter derived_parameters —
Printf .eprintf
"UFO_warning: jundefined,,input, parameter, js appears,in derived,\
Luuuuuuuuuuuuparameters {%s}:will, be ,added, jto jthe list of input parameters!\n"
parameter (String.concat " ;" (CSet.elements derived_-parameters)))
missing —input;
CMap.iter
(fun parameter couplings —
Printf .eprintf
"UFO_warning: jundefined, parameter,%s appears,in couplings {%s}:_\
Luuuuuuuuuouuwill beadded, tothe list of input parameters!\n"
parameter (String.concat " ;" (CSet.elements couplings)))
missing;
keys_caseless missing_input Q keys_caseless missing

let classify_parameters model =
let compare_parameters pl p2 =
compare pl.Parameter.sequence p2.Parameter.sequence in
let input, derived =
List.fold_left
(fun (input, derived) p —
match p.Parameter.nature with
| Parameter.Internal — (input, p :: derived)
| Parameter.External —
begin match p.Parameter.ptype with
| Parameter.Real — ()
| Parameter.Complex —
Printf .eprintf
"UFO_warning:_invalid,,complex declaration of input,\
LULLLLLLLULLLULULLULLParameter ¢ %S’ uignored! \n"
p.Parameter.name

end;
(p = input, derived))
([1, [ (filter-constants (values model.parameters)) in
let additional = missing_parameters input derived model.couplings in

(List.sort compare_parameters input @ List.map Parameter.missing additional,
List.sort compare_parameters derived)

let translate_input p =
(p.Parameter.name, value_to_float p.Parameter.value)

let alpha_s_half e =
UFOzx.Expr.substitute "aS" (UFOx.Expr.half "aS") e

let translate_derived p =
let make_atom s = s in
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let ¢ = make_atom p.Parameter.name

and v = walue_to_coupling alpha_s_half make_atom p.Parameter.value in
match p.Parameter.ptype with

| Parameter.Real — (Coupling.Real ¢, v)

| Parameter.Complex — (Coupling. Complex ¢, v)

let translate_coupling_constant ¢ =
let make_atom s = s in

(Coupling. Complex ¢.UFO _Coupling.name,
Coupling. Quot (value_to_coupling alpha_s_half make_atom (Expr c¢. UFO_Coupling.value), Coupling.I))

module Lowercase_Parameters =
struct
type elt = string
type base = string
let compare_elt = compare
let compare_base = compare
let pi = ThoString.lowercase
end

module Lowercase_Bundle = Bundle.Make (Lowercase_Parameters)

let coupling_names model =
SMap.fold
(fun = ¢ acc — ¢.UFO_Coupling.name :: acc)
model.couplings ]

let parameter _—names model =
SMap.fold
(fun - ¢ acc — c.Parameter.name :: acc)
model.parameters ||

let ambiguous_parameters model =

let all_names =
List.rev_append (coupling_names model) (parameter _names model) in

let lc_bundle = Lowercase_Bundle.of _list all_names in
let lc_set =
List.fold_left
(fun acc s — SSet.add s acc)
SSet.empty (Lowercase_Bundle.base lc_bundle)
and ambiguities =

List.filter
(fun (=, names) — List.length names > 1)

(Lowercase_Bundle.fibers lc_bundle) in
(le_set, ambiguities)

let disambiguatel lc_set name =
let rec disambiguatel’ i =
let name’ = Printf.sprintf "%s_-%d" name i in
let lc_name’ = ThoString.lowercase name’ in
if SSet.mem lc_name’ lc_set then
disambiguatel’ (succ 1)

else
(SSet.add lc_name’ lc_set, name’) in

disambiguatel’ 1

let disambiguate lc_set names =
let _, replacements =

List.fold_left
(fun (lc_set’, acc) name —
let lc_set”, name’ = disambiguatel lc_set’ name in

(le_set”, SMap.add name name’ acc))
(le_set, SMap.empty) names in
replacements

let omegalib_names =
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[nun; "ubar"; "V"; "vbar"; "eps"]

let replacement_map model =
let lc_set, ambiguities = ambiguous_parameters model in
let replacement_list =
disambiguate lc_set (ThoList.flatmap snd ambiguities) in
SMap.iter
(Printf .eprintf
"UFO_warning: ,case sensitive jparameter names: renaming,’ %hs’L->00%s? \n")
replacement _list;
List.fold _left
(fun acc name — SMap.add name ("UFO_" " name) acc)
replacement _list omegalib_names

let translated _parameters model =

let input_parameters, derived_parameters = classify_parameters model
and couplings = wvalues model.couplings in
{ Coupling.input = List.map translate_input input_parameters;

Coupling.derived =
List.map translate_derived derived _parameters Q
List.map translate_coupling - constant couplings;
Coupling.derived _arrays = [] }

UFO requires us to look up the mass parameter to distinguish between massless and massive vectors.
TODO: this is a candidate for another lookup table.

let lorentz_of _particle p =

match UFOz.Lorentz.omega p.Particle.spin with

| Coupling. Vector —
begin match ThoString.uppercase p.Particle.mass with
| "ZERQ" — Coupling. Vector
| - — Coupling. Massive_ Vector
end

| s — s

type state =
{ directory : string;
model : t}

let initialized = ref None

let is_initialized _from dir =
match linitialized with
| None — false
| Some state — dir = state.directory

let dump_raw = ref false

Using translated _parameters only to extract the parameters, without affecting the corresponding changes in the
model tables couldn’t work! (Cf. https://answers.launchpad.net/whizard/+question/706815 and https:
//gitlab.tp.nt.uni-siegen.de/whizard/development/-/issues/450)

let map_names map name =
match SMap.find_opt name map with
| None — name
| Some name — name

type init = string x string list

let init (dir, flags) =
if List.mem "dump" flags then
dump_raw := true;
let model = filter —unphysical (parse_directory dir) in
if 'dump_raw then
dump model,
let replacements = replacement_map model in
let model = map_parameter _names (map_names replacements) model in
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let parameters = translated_parameters model in
let tables = Lookup.of _model model in

let vertices () = translate_vertices model tables in
let particle f = tables.Lookup.particle f in

let lorentz f = lorentz_of _particle (particle f) in

let propagator f =
let p = particle f in
match p.Particle.propagator with
| None — propagator_of _lorentz (lorentz_of _particle p)
| Some s — Coupling.Prop_UFO s in
let gauge_symbol () = "?GAUGE?" in
let constant_symbol s = s in
let all_coupling_orders () =
List.map fst (SMap.bindings model.coupling_orders)
and coupling_orders ¢ =
(coupling—of _symbol model ¢).UFO_Coupling.order
and coupling_order_to_string co = co in
M .setup
“color : (fun f — UFOz.Color.omega (particle f).Particle.color)
“ne: (fun () — model.nc)
“pdg : (fun f — (particle f).Particle.pdg-code)
“lorentz
“propagator
“width : (fun f — Coupling.Constant)
“goldstone : (fun f — None)
“conjugate : tables.Lookup.conjugate
“fermion : (fun f —  fermion_of _lorentz (lorentz f))
“wvertices
“flavors : [("A11_Flavors", tables.Lookup.flavors)]
“parameters : (fun () — parameters)
“flavor_of _string : tables. Lookup.flavor_of _string
“flavor _to_string : (fun f — (particle f).Particle.name)
“flavor_to_TeX : (fun f — (particle f).Particle.texname)
~ flavor _symbol : tables.Lookup.flavor_symbol
“gauge_symbol
“mass—_symbol : (fun f — (particle f).Particle.mass)
“width_symbol : (fun f — (particle f).Particle.width)
~constant _symbol
“all_coupling - orders
“coupling _orders
“coupling _order _to_string;

initialized = Some { directory = dir; model = model }
let ufo_directory = ref Config.default- UFO_dir
let load () =

if is_initialized_from 'ufo_directory then
0

else
init (‘ufo_directory, [])

let include_all_fusions = ref false

In case of Majorana spinors, also generate all combinations of charge conjugated fermion lines. The naming
convention is to append _cnm if the y-matrices of the fermion line n — m has been charge conjugated (this
could become impractical for too many fermions at a vertex, but shouldn’t matter in real life).

Here we alway generate all charge conjugations, because we treat all fermions as Majorana fermion, if there is
at least one Majorana fermion in the model!

let is-majorana = function
| Coupling. Majorana | Coupling. Vectorspinor | Coupling. Maj_Ghost — true
| - — false

let name_spins_structure spins | =
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(I.Lorentz.name, spins, l.Lorentz.structure)

let fusions_of _model ?only model

let include_fusion =
match linclude_all_fusions, only with

| true, _
| false, None — (fun name — true)
| false, Some names — (fun name — SSet.mem name names)

in
SMap.fold
(fun name 1 acc —
if include_fusion name then
List.fold _left
(fun acc p —
let I’ = Lorentz.permute p [ in
match I’. Lorentz.spins with
| Lorentz.Unused — acc

| Lorentz.Unique spins —
if Array.exists is_majorana spins then

List.map
(name_spins_structure spins)
(Lorentz.required _charge_ conjugates 1)

Q ace

else
name_spins_structure spins I’ :: acc
| Lorentz.Ambiguous - — failwith "fusions: Lorentz.Ambiguous")

[] (Permutation.Default.cyclic 1. Lorentz.n) @Q acc

else
acc)
model.lorentz []

let fusions Tonly () =
match linitialized with

| None — []
model } — fusions_of _model ?only model

| Some { model =

let propagators_of _model ?only model =

let include_propagator =
match linclude_all_fusions, only with

| true, _
| false, None — (fun name — true)
| false, Some names — (fun name — SSet.mem name names)

in
SMap.fold
(fun name p acc —
if include_propagator name then
(name, p) :: acc
else
acc)
model.propagators []

let propagators Tonly ()
match linitialized with

| None — []
| Some { model = model } — propagators_of —model ?only model
let include_hadrons = ref true

let caveats () = []
module Whizard : sig val write :
struct

let write_header oc dir =
let open Printf in

out_channel — unit end =
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forintf oc "#_ WHIZARD Model file derived, from UFO_directory\n";
forintf oc "#_00°%s’ \n\n" dir;

List.iter (fun s — fprintf oc "#,%s\n" s) (M .caveats ());

forintf oc "model \"%s\"\n\n" (Filename.basename dir)

let write_input_parameters oc parameters =
let open Printf in
let open Parameter in
forintf oc "#,Independent,,(input) Parameters\n";
List.iter
(funp —
forintf oc
"parameter s = %s"
p.name (value_to_numeric p.value);
begin match p.lhablock, p.lhacode with
| None, None — ()
| Some name, Some (index :: indices) —
forintf oc " slha_entry ks %d" name index;
List.iter (fun i — fprintf oc " %d" i) indices
| Some name, None —
eprintf "UFO: jparameter, s: slhablock s without, slhacode\n" p.name name
| Some name, Some [|] —
eprintf "UFO: parameter s: slhablock s with empty,slhacode\n" p.name name
| None, Some - —
eprintf "UFO: parameter js: slhacode without_ slhablock\n" p.name
end;
forintf oc "\n")
parameters;
forintf oc "\n"

let write_derived_parameters oc parameters =
let open Printf in
let open Parameter in
forintf oc "#_Dependent,,(derived) Parameters\n";
List.iter
(funp —
forintf oc
"derived,%s =uhs\n"
p.name (value_to_expr alpha_s_half p.value))
parameters

let write_particles oc particles =
let open Printf in
let open Particle in
fprintf oc "# Particles\n";
forintf oc "#_NB: hypercharge assignments appear to_ be_unreliable\n";
forintf oc "#u uLutherefore we can’t infer the isospin\n";
forintf oc "#_NB: jparton-, gauge- & handedness are unavailable\n";
List.iter
(funp —
if = p.is_anti then begin
forintf oc
"particle \"%s\"_%d_###_ parton? gauge? left?\n"
p.name p.pdg-code;
forintf oc
"Luuspingdsycharge %sycolor js ### isospin?\n"
(UFOz.Lorentz.rep_to_string _whizard p.spin)
(charge_to_string p.charge)
(UFOz.Color.rep_to_string _whizard p.color);
forintf oc " name \"%s\"\n" p.name;
if p.antiname # p.name then
forintf oc "uuantip\"%s\"\n" p.antiname;
forintf oc "Lutex_name \"%s\"\n" p.tezname;
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if p.antiname # p.name then

forintf oc ", tex_anti \"%s\"\n" p.antitexname;

forintf oc " mass %s width %s\n\n" p.mass p.width
end)

(values particles);

forintf oc

n \nll

let write_hadrons oc =
let open Printf in

forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc
forintf oc

"#_Hadrons,, (protons and beam remnants)\n";
"#_NB: jthese are NOT_part of the UFO_model\n";
"#_uuuubutadded for (WHIZARD’s ,convenience!\n";
"particle PROTON,2212\n";
"uusping1/2,,charge 1\n";

n uunameupu\ llp+\ n \nll ;
"Luanti_pbar,\"p-\"\n";

"particle HADRON_REMNANT ,90\n";
"Luname_hr\n";

"Lutex_name \"had_r\"\n";

"particle HADRON_REMNANT_SINGLET_ 91\n";

" uname_hri\n";

" utex_name \"had_r~{(1)}\"\n";

"particle HADRON_REMNANT_TRIPLET,92\n";
"Lucolor,3\n";

"Luname_hr3\n";

"Lutex_name \"had_r~{(3)}\"\n",;

"Luanti hr3bar\n";

"yotex_anti \"had_r"{(\\bar_ 3)}\"\n";
"particle HADRON_REMNANT_OCTET_93\n";
"Lucolor,,8\n";

" uname_hr8\n";

" tex_name \"had_r"{(8) }\"\n";

n \Il"

let vertex_to_string model v =
String.concat

n.n
(]

(List.map
(fun s —
"\"" * (SMap.find s model.particles).Particle.name ~ "\"")
(Array.to_list v.Vertex.particles))

let write_vertices3 oc model vertices =
let open Printf in

forintf oc

"#_ Vertices (for phasespace generation only)\n";

Implementation of UFO

forintf oc "#_NB: uparticles should be sorted increasing in mass.\n";

forintf oc
List.iter

"#uuuuuThiSuiSuNDTuimplementeduyet ! \n“;

(funv —
if Array.length v.Vertex.particles = 3 then
forintf oc "vertex,%s\n" (vertex_to_string model v))
(values vertices);

forintf oc

n \nll

let write_vertices_higher oc model vertices =
let open Printf in

forintf oc

"# Higher Order Vertices, (ignored, by phasespace generation)\n";

List.iter

(funv —
if Array.length v.Vertex.particles # 3 then
forintf oc "#_ vertex ks\n" (vertex_to_string model v))
(values vertices);
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forintf oc "\n"

let write_vertices oc model vertices =
write_verticesd oc model vertices;
write_vertices_higher oc model vertices

let write oc =
match linitialized with
| None — failwith "UF0.Whizard.write: UFO_model not_initialized"
| Some { directory = dir; model = model } —
let input_parameters, derived_parameters =
classify_parameters model in
write_header oc dir;
write _input_parameters oc inpul_parameters;
write_derived _parameters oc derived_parameters;
write_particles oc model.particles;
if linclude_hadrons then
write_hadrons oc;
write_vertices oc model model.vertices;
exit 0

end
let write_whizard = Whizard.write

let coupling_order_option co =

let s = M.coupling_order_to_string co in
("-order:" " s,
Arg.Int

(funn —

Printf.eprintf "coupling_order (%s)_=_%d\n" s n;
flush stderr (x; M.set_coupling_order co n x) ),
Printf.sprintf "n set %sycoupling order n,[>=0]_(still ignored)" s)

let coupling_order_options () =
Arg.align (List.map coupling_order_option (all-coupling_orders ()))

let flavor_list_to_string f_list =
String.concat " |" (List.map flavor_to_string f_list)

let all_flavors () =
try
ThoList.flatmap snd (external_flavors ())
with
| Modeltools. Uninitialized - — ]

let load_and_update_cmdline () =
load () (x; Options.global := !Options.global @ (coupling_order_options ()); Options.usage := "usage:," "~ Sys.arg
" [options][-scatter|-decay] process {flavors: " ~ flavor_list_to_string (all_flavors ()) ~ "}" %)

let options =
Options.create
[ ("UFO_dir", Arg.String (fun name — wufo_directory = name),

"dir UFO_model directory,(default: " " lufo_directory ~ ")");
("Majorana", Arg.Set use_majorana_spinors,

"Luse Majorana spinors, (must come,_before_ exec!) ");
("divide_propagators_by_i", Arg.Set divide_propagators_by_i,

" divide propagators by,I (pre 2013 FeynRules convention) ");
("verbatim_Hg", Arg.Set verbatim_higgs_glue,
"udon’t._lcorrectutheucoloruflowsuforueffectiveuHiggsuGluonucouplings");
("write_WHIZARD", Arg.Unit (fun () — Whizard.write stdout),

" write the WHIZARD model file,,(required, once per model)");
("long_flavors",

Arg.Unit (fun () — Lookup.flavor_format := Lookup.Long),
"uwriteuuseuthquFOuflavoruna.mes\_,instead._lofl_,integers");
("dump", Arg.Set dump_raw,
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" dump_ UF0, model  for debugging, the parser,(must come ,_before_ exec!)");
("all_fusions", Arg.Set include_all_fusions,
"L,includeuall._,fusions._linutheufortran._,module");
("no_hadrons", Arg.Clear include_hadrons,
"L,don’tuadduanyuparticleunotuinuthquFDufile");
("add_hadrons", Arg.Set include_hadrons,
"._ladduprotons\_,and._lbea.muremantsuforuWHIZARD");
("exec", Arg.Unit load_and_update_cmdline,
", load,;the UFO_model files (required ,_before_ using particles names) ");
("help", Arg.Unit (fun () — prerr_endline "..."),
" print,information on the model")]

end

module type Fortran_Target =
sig

val fuse :
Algebra.QC.t — string —
Coupling.lorentzn — Coupling.fermion_lines —
string — string list — string list — Coupling.fusen — wunit

val lorentz_module :
Tonly : SSet.t — 7Tname :string —
?fortran_module :string — ?parameter _module :string —
Format_Fortran.formatter — unit — unit

end

module Targets =
struct

module Fortran : Fortran_Target =
struct

open Format_Fortran
let fuse = UFO_targets.Fortran.fuse

let lorentz_functions ff fusions () =
List.iter
(fun (name, s, 1) —
UFO_targets.Fortran.lorentz [f name s 1)
fusions

let propagator_functions ff parameter_module propagators () =
List.iter
(fun (name, p) —
UFO _targets. Fortran.propagator
If name
parameter _module p.Propagator.variables
p.Propagator.spins
p.Propagator.numerator p.Propagator.denominator)
propagators

let lorentz_module

?only ?(name ="omega_amplitude_ufo")
?(fortran-module ="omega95")
?(parameter —module ="parameter_module") ff () =

let printf fmt = fprintf [f fmt

and nl = pp_newline ff in

printf "module %s" name; nl ();

printf "L use kinds"; nl ();

printf "Lousey%s" fortran_module; nl ();

printf ",,implicit none"; nl ();

printf ", private"; nl ();

let fusions = Model.fusions ?only ()
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and propagators = Model.propagators () in

List.iter
(fun (name, _, ) — printf "Lupublicy:: %s" name; nl ()
fusions;

List.iter
(fun (name, -) — printf "Lupublicy: :upr-U_%s" name; nl ())
propagators;

UFO _targets.Fortran.epss —g4 - g44 —decl ff ();

UFO _targets.Fortran.eps/ g4 - g44 —init ff ();

printf "contains"; nl ();

UFO _targets. Fortran.inner _product _functions ff ();

lorentz _functions ff fusions ();

propagator_functions ff parameter_module propagators ();

printf "end module %s" name; nl ();

pp-flush ff ()

end
end

module type Test =

sig
val suite : OUnit.test

end

module Test : Test =
struct

open OUnit

let lexer s =
UFO _lezxer.token (UFO _lexer.init_position "" (Lexing.from_string s))

let suite_lezer_escapes =
"escapes" >::
[ "single-quote" >::
(fun () —
assert_equal (UFO_parser.STRING "a’b’c") (lexer "?a\\’b\\’c’"));

"unterminated" >::
(fun () —
assert_raises End_of _file (fun () — lexer "2a\\’b\\’c")) ]

let suite_lezer =
"lexer" >::
[suite_lexer _escapes]
let suite =
"UFQ" >:::
[suite_lezer]

end

19.15 Targets

19.16 Interface of UFO _targets
19.16.1 Generating Code for UFO Lorentz Structures

module type T' =

sig
lorentz ff name spins lorentz writes the Fortran code implementing the fusion corresponding to the Lorentz
structure lorentz to ff. NB: The spins : int list element of UFO.Lorentz.t from the UFO file is not sufficient to
determine the domain and codomain of the function. We had to inspect the flavors, where the Lorentz structure
is referenced to heuristically compute the spins as a Coupling.lorentz array .
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val lorentz :
Format_Fortran.formatter — string —
Coupling.lorentz array — UFO_Lorentz.t — wunit

val propagator :
Format_Fortran.formatter — string — string — string list —
Coupling.lorentz x Coupling.lorentz —
UFO_Lorentz.t — UFO_Lorentz.t — unit

fusion_name name perm cc_list forms a name for the fusion name with the permutations perm and charge
conjugations applied to the fermion lines cc_list.

val fusion_name :
string — Permutation.Default.t — Coupling.fermion_lines — string

fuse c v s fl g wfs ps fusion fuses the wavefunctions named wfs with momenta named ps using the vertex named
v with legs reordered according to fusion. The overall coupling constant named ¢ is multiplied by the rational
coefficient ¢. The list of spins s and the fermion lines fI are used for selecting the appropriately transformed
version of the vertex v.

val fuse :
Algebra.QC.t — string —
Coupling.lorentzn — Coupling.fermion_lines —
string — string list — string list — Coupling.fusen — unit

val eps/ _g4 _g44 -decl : Format_Fortran.formatter — wunit — wunit

val eps4 _gf_g44 _init : Format_Fortran.formatter — wunit — wunit

val inner_product _functions : Format_Fortran.formatter — unit — unit
module type Test =

sig
val suite : OUnit.test
end

module Test : Test
end

module Fortran : T

19.17 Implementation of UFO _targets

19.17.1 Generating Code for UFO Lorentz Structures

O’Caml before 4.02 had a module typing bug that forced us to put these definitions outside of Lorentz_ Fusion.
Since then, they might have appeared in more places. Investigate, if it is worthwhile to encapsulate them
again.

module @ = Algebra.Q
module QC = Algebra.QC

module type T' =
sig

lorentz formatter name spins v writes a representation of the Lorentz structure v of particles with the Lorentz
representations spins as a (Fortran) function name to formatter.

val lorentz :
Format_Fortran.formatter — string —
Coupling.lorentz array — UFO_Lorentz.t — wunit

val propagator :
Format_Fortran.formatter — string — string — string list —
Coupling.lorentz x Coupling.lorentz —
UFO_Lorentz.t — UFO_Lorentz.t — wunit

val fusion_name :
string — Permutation.Default.t — Coupling.fermion_lines — string
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val fuse :
Algebra.QC.t — string —
Coupling.lorentzn — Coupling.fermion_lines —
string — string list — string list — Coupling.fusen — wunit

val eps4 _g4_g44 _decl : Format_Fortran.formatter — unit — unit
val eps4 _gf_g44 _init : Format_Fortran.formatter — wunit — wunit
val inner_product _functions : Format_Fortran.formatter — wunit — unit

module type Test =
sig
val suite : OUnit.test
end

module Test : Test
end

module Fortran : T =
struct

open Format_Fortran

let pp_divide ?(indent =0) ff () =
forintf ff "%*xst ks" indent "" (String.make (70 — indent) >-7);
pp-newline ff ()

let conjugate = function
| Coupling.Spinor — Coupling. ConjSpinor
| Coupling. ConjSpinor — Coupling.Spinor
| m = r

let spin_mnemonic = function
| Coupling.Scalar — "phi"
| Coupling.Spinor — "psi"
| Coupling.ConjSpinor — "psibar"
| Coupling. Majorana — "chi"
| Coupling. Maj_Ghost —
invalid_arg "UFO_targets: Maj_Ghost"
| Coupling. Vector — "a"
| Coupling. Massive_ Vector — "v"
| Coupling. Vectorspinor — "grav" (x itino )
| Coupling. Tensor_1 —
tnvalid_arg "UF0_targets: Tensor_1"
| Coupling. Tensor_2 — "h"
| Coupling. BRS | —
invalid_arg "UF0_targets: BRS"

let fortran_type = function
| Coupling.Scalar — "complex(kind=default)"
| Coupling.Spinor — "type(spinor)"
| Coupling.ConjSpinor — "type(conjspinor)"
| Coupling. Majorana — "type(bispinor)"
| Coupling. Maj_Ghost —
tnvalid_arg "UFO_targets: Maj_Ghost"
| Coupling. Vector — "type(vector)"
| Coupling. Massive_ Vector — "type(vector)"
| Coupling. Vectorspinor — "type(vectorspinor)"
| Coupling. Tensor_1 —
tnvalid_arg "UFO_targets: Tensor_1"
| Coupling. Tensor_2 — "type(tensor)"
| Coupling. BRS | —
invalid_arg "UFO_targets: BRS"

The omegalib separates time from space. Maybe not a good idea after all. Mend it locally ...

type wf =
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{ pos : int;
spin : Coupling.lorentz;
name : string;
local_array : string option;
momentum : string;
momentum_array : string;
fortran_type : string }

let wf _table spins =
Array.mapi

(funis —
let spin =
if i = 0 then
conjugate s
else
s in
let pos = succ i in
let ¢ = string_of —int pos in
let name = spin_mnemonic s * i in

let local _array =
begin match spin with
| Coupling. Vector | Coupling. Massive_Vector — Some (name "~ "a")
| - — None
end in
{ pos;
spin;
name;
local —array;
momentum = "k" " g
momentum_array = "p" " i;
fortran_type = fortran_type spin } )
Spins

module L = UFO_Lorentz
Format rational (Q.t) and complex rational (QC'.t) numbers as fortran values.

let format_rational ¢ =
if Q.is_integer q then
string_of _int (Q.to_integer q)
else
let n, d = Q.to_ratio ¢ in
Printf.sprintf "%d.0_default/%d" n d

let format_complex _rational cq =
let real = QC.re cq
and imag = QC.im cq in
if Q.is_null imag then
begin
if Q.is_negative real then
(" " format_rational real ~ ")"
else
format_rational real
end
else if Q.is_integer real N Q.is_integer imag then
Printf .sprintf " (%d, %) " (Q.to_integer real) (Q.to_integer imag)
else
Printf .sprintf
"cmplx (%s,%s,kind=default)"
(format_rational real) (format_rational imag)

Optimize the representation if used as a prefactor of a summand in a sum.

let format_rational _factor ¢ =
if Q.is_unit g then
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|l+u||
else if Q.is_unit (Q.neg q) then

L
else if Q.is_negative ¢ then

"_u" " format_rational (Q.neg q) ~ "*"
else

"+," " format_rational q¢ © "*"

let format_complex _rational _factor cq =
let real = QC.re cq
and imag = QC.im cq in
if Q.is_null imag then

begin
if Q.is_unit real then
Il+ul|
else if @Q.is_unit (Q.neg real) then
-u

else if Q.is_negative real then
"""~ format_rational (Q.neg real) ~ "*"
else
"+.," * format_rational real ~ "*"
end
else if Q.is_integer real N Q.is_integer imag then

Printf .sprintf "+,(%d,%d) *" (Q.to_integer real) (Q.to_integer imag)
else

Printf .sprintf
"+ ,cmplx (%s,%s,kind=default) *"
(format_rational real) (format_rational imag)

Append a formatted list of indices to name.

let append_indices name = function
| [] = name
| indices —
name ~ " (" " String.concat "," (List.map string_of —int indices) "~ ")"

Dirac string variables and their names.

type dsv =
| Ket of int
| Bra of int
| Braket of int

let dsv_name = function
| Ket n — Printf.sprintf "ket%02d" n
| Bra n — Printf.sprintf "bra}02d" n
| Braket n — Printf.sprintf "bkt%02d" n

let dirac_dimension dsv indices =
let tail ilist =
String.concat "," (List.map (fun - — "0:3") glist) ~ ")" in
match dsv, indices with
| Braket _, [] — ""
| (Ket - | Bra -), [] — ",udimension(1:4)"
| Braket _, indices — ", dimension(" " tail indices
| (Ket _ | Bra ), indices — ", dimension(1:4," " tail indices

Write Fortran code to decl and eval: apply the Dirac matrix gamma with complex rational entries to the spinor
ket from the left. ket must be the name of a scalar variable and cannot be an array element. The result is
stored in dsv_name (Ket n) which can have additional indices. Return Ket n for further processing.

let dirac_ket_to_fortran_decl ff n indices =
let printf fmt = fprintf ff fmt
and nl = pp_newline ff in
let dsv = Ket nin

printf
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"Luuw@[<2>complex (kind=default) s : : Q@ %s@]"
(dirac_dimension dsv indices) (dsv_name dsv);

nl ()

let dirac_ket_to_fortran_eval ff n indices gamma ket =
let printf fmt = fprintf ff fmt
and nl = pp_newline ff in
let dsv = Ket nin
fori = 0to3do
let name = append_indices (dsv_name dsv) (succ i :: indices) in
printf "Louu@[<%d>%s=u0" (String.length name + 4) name;
forj = 0to3do
if = (QC.is_null gamma.(3).(j)) then
printf
"Quhshshha (hd) "
(format - complex _rational - factor gamma.(i).(5))
ket.name (succ j)
done;
printf "@]";
nl ()
done;
dsv
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The same as dirac_ket_to_fortran, but apply the Dirac matrix gamma to bra from the right and return Bra n.

let dirac_bra_to_fortran_decl ff n indices
let printf fmt = fprintf [f fmt
and nl = pp_newline ff in
let dsv = Bra n in
printf
"Uuuw@[<2>complex (kind=default) s, : : @ %s@]"
(dirac_dimension dsv indices) (dsv_name dsv);

nl ()

let dirac_bra_to_fortran_eval ff n indices bra gamma =
let printf fmt = fprintf ff fmt
and nl = pp_newline ff in

let dsv = Bra nin
forj = 0to 3do
let name = append_indices (dsv_name dsv) (succ j :: indices) in

printf "Luuu@l<%d>%s =L0" (String.length name + 4) name;
fori = 0to3do
if = (QC.is_null gamma.(i).(j)) then
printf
"@ukshshha (hd) "
(format_complex _rational _factor gamma.(i).(5))
bra.name (succ 1)
done;
printf "@]";
i ()
done;
dsv

More of the same, but evaluating a spinor sandwich and returning Braket n.

let dirac_braket_to_fortran_decl ff n indices =
let printf fmt = fprintf [ fmt
and nl = pp_newline ff in
let dsv = Braket n in
printf
"Luuw@[<2>complex (kind=default) s, : : @ %s@]"
(dirac_dimension dsv indices) (dsv_name dsv);

nl ()

let dirac_braket_to_fortran_eval ff n indices bra gamma ket =
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let printf fmt = fprintf [f fmt

and nl = pp_newline ff in
let dsv = Braket n in
let name = append_indices (dsv_name dsv) indices in

printf "Louu@[<%d>%s =u0" (String.length name + 4) name;
fori = 0to3do
forj = 0to 3 do
if = (QC.is_null gamma.(3).(j)) then
printf
"Quhshshha (hd) *hshna (%d) "
(format _complex _rational _factor gamma.(i).(5))
bra.name (succ i) ket.name (succ j)
done
done;
printf "@]";
nl ();

dsv

Choose among the previous functions according to the position of bra and ket among the wavefunctions. If any
is in the first position evaluate the spinor expression with the corresponding spinor removed, otherwise evaluate
the spinir sandwich.

let dirac_bra_or_ket_to_fortran_decl ff n indices bra ket =
if bra = 1 then
dirac_ket_to_fortran_decl ff n indices
else if ket = 1 then
dirac_bra_to_fortran_decl ff n indices
else
dirac_braket _to_fortran_decl ff n indices

let dirac_bra_or_ket_to_fortran_eval [f n indices wfs bra gamma ket =

if bra = 1 then

dirac_ket _to_fortran_eval ff n indices gamma wfs.(pred ket)
else if ket = 1 then

dirac_bra_to_fortran_eval ff n indices wfs.(pred bra) gamma
else

dirac_braket _to_fortran_eval

ff n indices wfs.(pred bra) gamma wfs.(pred ket)

UFO summation indices are negative integers. Derive a valid Fortran variable name.

let prefiz _summation = "mu"
let prefiz_polarization = "nu"
let index_spinor = "alpha"

let index_tensor = "nu"

let index _variable mu =
if mu < O then
Printf .sprintf "%s%hd" prefiz_summation (— mu)

else if mu = 0 then
prefix _polarization
else

Printf.sprintf "%shd" prefiz_polarization mu

let format_indices indices =
String.concat " ," (List.map index_variable indices)

module IntPM =
Partial. Make (struct type t = int let compare = compare end)

type tensor =
| DS of dsv
| V of string
| T of UFOx.Lorentz_Atom.vector
| S of UFOz.Lorentz_Atom.scalar
| Inv of UFOz.Lorentz_Atom.scalar
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Transform the Dirac strings if we have Majorana fermions involved, in order to implement the algorithm from
JRR’s thesis. NB: The following is for reference only, to better understand what JRR was doing. . .
If the vertex is (suppressing the Lorentz indices of ¢ and T')

QZFQSQ/J = Fozﬁ'l/_)ozd)wﬁ (1923)
(cf. Coupling. FBF in the hardcoded O’Mega models), then this is the version implemented by fuse below.

let tho_print_dirac_current f ¢ wfl wf2 fusion =
match fusion with

| [1; 3] — printf "hs_££Chs,%s,%hs)" [ ¢ wfl wf2 (* Dapihrathap *)
| [3; 1] — printf "hs_££(hs,%s,%s)" [ ¢ wf2 wfl (x Topthr,atha g *)
| [2, 3] — printf "£_Y%st(Us,%s,hs)" f c wfl wf2 (x Tappribap *)

| [3; 2] — printf "£_%stChs,%s,%hs)" f ¢ wf2 wfl (* Tapgripap *)

| [1; 2] — printf "f_£%hs (s, %s,%s)" f ¢ wfl wf2 (x Tapthrade *)

| 25 1] — printf "£_£%s(hs,%s,%)" [ ¢ wf2 wfl (* Tapthr,adz *)
- =0

The corresponding UFO fuse exchanges the arguments in the case of two fermions. This is the natural choice
for cyclic permutations.

let tho_print_ FBF _current f ¢ wfl wf2 fusion =
match fusion with

| [3; 1] — printf "£%sf_p120(Uhs,%s,%s)" f ¢ wfl wf2 (x Topir, ,87;20( *)
| [1; 3] — printf "£%sf_p120(hs,%s,%s)" f ¢ wf2 wfl (x Tapthr g2 *)
| [2; 3] — printf "£%sf_p012(hs,%s,%s)" f ¢ wfl wf2 (x Dagdrthap *)

| [3; 2] — printf "£%sf_p012(%s,%s,%s)" f ¢ wf2 wfl (x Tapprihap *)

| [1; 2] — printf "£%sf_p201(hs,%s,%s)" [ ¢ wfl wf2 (x Tupth1,ad2 *)

| [2; 1] — printf "£%sf_p201(%s,%s,%s)" f ¢ wf2 wfl (* Tapthr ada *)
S0

This is how JRR implemented (see subsection AB.26.1) the Dirac matrices that don’t change sign under
CTTC~' =T, i.e. 1, v5 and Y5V (see Targets.Fortran_Majorana_Fermions.print_fermion_current)

e In the case of two fermions, the second wave function wf2 is always put into the second slot, as described
in JRR’s thesis.

e In the case of a boson and a fermion, there is no need for both "f_%sf" and "f_£%s", since the latter can
be obtained by exchanging arguments.

let jrr_print_majorana_current_S_P_A f ¢ wfl wf2 fusion =
match fusion with

| [1; 3] — printf "%s_££(hs,%s,%)" f ¢ wfl wf2 (* (CT)apt1.ata.5 = CT ¥)

| [3; 1] — printf "%s_££Chs,%s,%)" f ¢ wfl wf2 (* (CT)apt1,atas =2 CT = CCTTC™! %)
\ [2, 3] — printf "£_%sf s, %s,%)" f ¢ wfl wf2 (* Tapdrbn g =T %)

| [3; 2] — printf "£_%sf(%s,%s,%s)" [ ¢ wf2 wfl (x Dapdribap =T %)

| [1; 2] — printf "£_%sf (s, %s,%s)" [ ¢ wf2 wfl (x Dapdrihap =T = CITC™! %)

| [2; 1] — printf "£_%sf (hs,%s,%s)" f ¢ wfl wf2 (x Tapprihe s =T =CTTC™! )

- =0

This is how JRR implemented the Dirac matrices that do change sign under CI7C~! = —T', i.e. 7, and oy,
(see Targets.Fortran_Majorana-Fermions.print_fermion_current _vector).

let jrr_print_majorana_current_V f ¢ wfl wf2 fusion =
match fusion with

[1; 3] — printf "hs_££(%s,%s,%8)" f ¢ wfl wf2 (x (CT)agthr,athap = CT *)
| [3; 1] — printf "%s_££(-%s,%s,%)" f ¢ wfl wf2 (x+ —(CT)apth1,athap = —CL = CCTTC! %)
| [2, 3] — printf "£_%st(Uhs,%s,hs)" [ c wfl wf2 (x Tagdpripeg =T *)
| [3; 2] — printf "£_%sf(Uhs,%s,%s)" f ¢ wf2 wfl (* Taphrtheps =T *)
| [1; 2] — printf "£_%st(-%s,%s,%)" [ ¢ wf2 wfl (x+ —Tapdithop =~ =CITC!
| [2; 1] — printf "£_%st(<%s,%s,%)" f ¢ wfl wf2 (x —Tapdihog = T =CTTC! *)

- =0

These two can be unified, if the _c functions implement IV = CTTC~!, but we must make sure that the
multiplication with C' from the left happens after the transformation I' — T".
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let jrr_print_majorana_current f ¢ wfl wf2 fusion =
match fusion with

| [1; 3] — printf "Us_f£u0(hs,%s,%s)" [ ¢ wfl wf2 (% (CT)apth1,atha,p = CT %)
| [3; 1] — printf "%s_££f_c(%s,%s,%s)" f ¢ wfl wf2 (x (CT)apt1.at2s = CT = C CTTC™! )
| [2, 3] — printf "f st s, %hs,%s)" f ¢ wfl wf2 (x Tappriba g =T %)
| [3; 2] — printf "£_%sfuu(hs,%s,%)" f ¢ wf2 wfl (x Dapdrpap =T )
| [1; 2] — printf "£_%sf_c(hs,%s,%s)" f c wf2 wfl (x I, 501025 21" = CTTC! %)
| [2; 1] — printf "£_%sf_c(%s,%s,%hs)" f ¢ wfl wf2 (x aBgZSﬂZ)Q,g ~1'=CrTC—1 %)
-0
Since we may assume C~! = —C = C7, this can be rewritten if the _c functions implement

" = (crfe ' = (¢ ' re” = cro! (19.24)

instead.

let jrr_print_majorana- current_transposing f ¢ wfl wf2 fusion =
match fusion with

| [1; 3] — printf "4s_f£u0(hs,%s,%s)" [ ¢ wfl wf2 (% (CT)apth1,athap = CT %)

| [3; 1] — printf "hs_£f_cChs,%s,%s)" f ¢ wf2 wfl (x (Crl)a[ﬂh atha g 2 (CT)T = —CT %)
| [2; 3] — printf "£_%stuu(hs,%s,%s)" f ¢ wfl wf2 (x Tappriheps =T *)

| [3; 2] — printf "£_Y%sfu,(hs,%hs,%hs)" f ¢ wf2 wfl (x FQBQZ)lngﬂ > %)

| [1; 2] — printf "f_fhs_c(hs,%hs,hs)" f ¢ wfl wf2 (x I 51/11 a0 2T'T = CTC™1 %)

| 25 1] — printf "£_fhs_c(hs,%s,%s)" f ¢ wf2 wfl (x T b1 ade =TT = CTC™! %)

- = 0

where we have used

()T =1"7cT = crc-'c” = crCY(~C) = —CT.. (19.25)

This puts the arguments in the same slots as tho_print_dirac_current above and can be implemented by fuse,
iff we inject the proper transformations in dennerize below. We notice that we do not need the conjugated
version for all combinations, but only for the case of two fermions. In the two cases of one column spinor v,
only the original version appears and in the two cases of one row spinor 1, only the conjugated version appears.
Before we continue, we must however generalize from the assumption (19.23) that the fields in the vertex are
always ordered as in Coupling. FBF. First, even in this case the slots of the fermions must be exchanged to
accomodate the cyclic permutations. Therefore we exchange the arguments of the [1; 3] and [3; 1] fusions.

let jrr_print_majorana-FBF f ¢ wfl wf2 fusion =
match fusion with (x fline = (3, 1) %)

2; 1
| - —

printf "£%sf_p201,,(hs,%s,%s)" f ¢ wf2 wfl (x Faﬂwl a2 2T'T = CTC~1 %)

| [3; 1] — printf "£%sf_p120_c(%s,%s,%s)" f ¢ wfl wf2 (x (CI")EﬂwLBq/—)M =~ (CT)T = —CT %)
| [1; 3] — printf "£hsf_p120,u(%s,%s,%s)" f ¢ wf2 wfl (x (CT)apt1, ﬁﬂ/_)za >~ CT %)
| [2, 3] — printf "£h%sf_p012,,(%hs,%s,%hs)" f ¢ wfl wf2 (x Toapdrba g =T %)
| [3; 2] — printf "£hsf_p012.,,(%s,%s,%s)" f ¢ wf2 wfl (* Fa[g(élz/)gﬁ > T x)
| [1; 2] — printf "£hsf_p201,,(%hs,%s,%s)" f c wfl wf2 (* Faﬁwl a2 2T'T = CTC™1 %)
|2 1] — (
0

The other two permutations:

let jrr_print_majorana_-FFB f ¢ wfl wf2 fusion =

match fusion with (x fline = (1, 2) %)

| [3; 1] — printf "££%s_p120,,(%s,%s,%s)" f ¢ wfl wf2 (* Tapprihe g =T *)
| [1; 3] — printf "££%s_p120u,(hs,%s,%s)" f ¢ wf2 wfl (x ram”pz 52T )
| [ | — printf "f£%s_p012,,(%s,%s,%s)" f ¢ wfl wf2 (x Faﬁwl a2 2T'T = CTC1 %)
| [3; 2] — printf "f£%s_p012u,(%s,%s, %) " [ ¢ wf2 wfl (x TG age = T'T = CTC™! %)
| [1; 2] — printf "££%s_p201.,(%s,%s,%s)" f ¢ wfl wf2 (x (CT)apth1 pt2,q = CT %)
| 25 1] — printf "££%s_p201_c(%s,%s,%s)" f ¢ wf2 wfl (x (CT')L 591 52,0 = (CT)T = —CT %)
| 0
let jrr_print_majorana-BFF f ¢ wfl wf2 fusion =

match fusion with (x fline = (2, 3) %)

| [3; 1] — printf "%sff_p120u,(%s,%s,%)" [ ¢ wfl wf2 (x TG age = T'T = CTC™! %)

| [1; 3] — printf "%sff_p120u,(%s,%s,%s)" f c wf2 wfl (* Faﬁwl a2 2T'T = CTC1 %)

| [2; 3] — printf "%sff_p012,,(%s,%s,%s)" f ¢ wfl wf2 (x (CT)apth1 pihaa = CT x)
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| [3; 2] — printf "hstf_p012_c(%s,%s,%s)" f ¢ wf2 wfl (x (CF’)gﬂwLm{_}Q’a ~ (CT)T = —CT %)

| [1; 2] — printf "%hsEf_p201,,(%hs,%s,%hs)" f ¢ wfl wf2 (x Tapdrtbap =T %)

| [2; 1] — printf "%hsEf_p201,,(%hs,%s,%hs)" f ¢ wf2 wfl (x Tapprpa g =T %)

- =0

In the model, the necessary information is provided as Coupling.fermion_lines, encoded as (right, left) in the
usual direction of the lines. E.g. the case of (19.23) is (3,1). Equivalent information is available as (ket, bra)

in UFO_Lorentz.dirac_string.

let is-majorana = function
| Coupling. Majorana | Coupling. Vectorspinor | Coupling. Maj_Ghost — true
| - — false
let is_dirac = function
| Coupling.Spinor | Coupling.ConjSpinor — true
| - — false

let dennerize ~eval wfs atom =
let printf fmt = fprintf eval fmi
and nl = pp_newline eval in
if is_majorana wfs.(pred atom.L.bra).spin V
is-majorana wfs.(pred atom.L.ket).spin then
if atom.L.bra = 1 then
(* Fusing one or more bosons with a ket like fermion: x < I'y. *)
(* Don’t do anything, as per subsection AB.26.1. )
atom
else if atom.L.ket = 1 then
(* We fuse one or more bosons with a bra like fermion: y < xI'. *)
(xT — CTC™1 %)
begin
let atom = L.conjugate atom in
printf "Louu'uconjugated for Majorana"; nl ();
printf "uouu!uhs" (L.dirac_string_to_string atom); nl ();
atom
end
else if = atom.L.conjugated then
(* We fuse zero or more bosons with a sandwich of fermions. ¢ + yyyx.*)
(* Multiply by C from the left, as per subsection AB.26.1. %)
begin
let atom = L.cc_times atom in
printf "Louu!umultiplied, by CC for Majorana"; nl ();
printf "uoon'uhs" (L.dirac_string _to_string atom); nl ();

atom
end
else
(+ Transposed: multiply by —C' from the left. *)
begin
let atom = L.minus (L.cc_times atom) in

printf "Louu!umultiplied by -CCLfor Majorana"; nl ();
printf "uouu!uhs" (L.dirac_string _to_string atom); nl ();
atom
end
else
atom

Write the ¢th Dirac string ds as Fortran code to ewval, including a shorthand representation as a comment.
Return ds with ds.L.atom replaced by the dirac string variable, i,e. DS dsv annotated with the internal and
external indices. In addition write the declaration to decl.

let dirac_string_to_fortran ~decl ~eval i wfs ds =
let printf fmt = fprintf eval fmt
and nl = pp_newline eval in
let bra = ds.L.atom.L.bra
and ket = ds.L.atom.L.ket in

414



Implementation of UFO_targets

pp-divide ~indent : 4 eval ();
printf "uouu!uhs" (L.dirac_string_to_string ds.L.atom); nl ();

let atom = dennerize ~eval wfs ds.L.atom in
begin match ds.L.indices with
=

let gamma

L.dirac_string_to_matriz (fun - — 0) atom in
dirac_bra_or_ket_to_fortran_decl decl i [] bra ket;
let dsv =

dirac_bra_or_ket_to_fortran_eval eval i [] wfs bra gamma ket in
L.map_atom (fun - — DS dsv) ds
| indices —
dirac_bra_or_ket_to_fortran_decl decl i indices bra ket;
let combinations = Product.power (List.length indices) [0; 1; 2; 3] in

let dsv =
List.map
(fun combination —
let substitution = IntPM .of _lists indices combination in
let substitute = IntPM .apply substitution in
let indices = List.map substitute indices in
let gamma =

L.dirac_string_to_matriz substitute atom in

dirac_bra_or_ket_to_fortran_eval eval i indices wfs bra gamma ket)
combinations in

begin match ThoList.uniq (List.sort compare dsv) with

| [dsv] — L.map_atom (fun - — DS dsv) ds

| - — failwith "dirac_string_to_fortran: impossible"
end

end

Write the Dirac strings in the list ds_list as Fortran code to ewval, including shorthand representations as
comments. Return the list of variables and corresponding indices to be contracted.

let dirac_strings_to_fortran ~decl ~eval wfs last ds_list =
List.fold _left
(fun (i, acc) ds —
let i = succ iin

(4, dirac_string_to_fortran ~decl ~eval i wfs ds :: acc))
(last, []) ds-list

Perform a nested sum of terms, as printed by print_term (which takes the number of spaces to indent as only
argument) of the cartesian product of indices running from 0 to 3.

let nested_sums ~decl ~eval initial_indent indices print_term

let rec nested_sums’ indent = function
| [] — print_term indent
| index :: indices —
let var = index_variable index in

forintf eval "%*s@[<2>do %s_=.0,.3@]" indent "" var;
pp_newline eval ();

nested_sums’ (indent + 2) indices; pp-newline eval ();
fprintf eval "Y*xs@[<2>end ,do@]" indent "" in
nested_sums’ (initial_indent + 2) indices

Polarization indices also need to be summed over, but they appear only once.

let indices—of _contractions contractions =
let index_pairs, polarizations =
L.classify-indices

(ThoList.flatmap (fun ds — ds.L.indices) contractions) in
try

ThoList.pairs index_pairs @ ThoList.uniq (List.sort compare polarizations)
with

| Invalid-argument s —
invalid _arg

("indices_of_contractions: " °
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ThoList.to_string string_of _int index _pairs)

let format_dsv dsv indices =
match dsv, indices with
| Braket -, [] — dsv_name dsv
| Braket _, ilist —
Printf.sprintf "%hs(%s)" (dsv_name dsv) (format_indices indices)
| (Bra - | Ket _), [] —
Printf.sprintf "%s(%s)" (dsv_name dsv) index_spinor
| (Bra - | Ket _), ilist —
Printf .sprintf
"%s (%s,%s)" (dsv_name dsv) index_spinor (format_indices indices)

let denominator_name = "denom_"
let mass_name = "m_"
let width_name = "w_"

let format_tensor t =

let indices = t.L.indices in

match t.L.atom with

| DS dsv — format_dsv dsv indices

| V wector — Printf.sprintf "%s(%hs)" vector (format_indices indices)

| T UFOx.Lorentz_Atom.P (mu, n) —
Printf .sprintf "phd(%s)" n (index_variable mu)
T UFOz.Lorentz_Atom.Epsilon (mul, mu2, mu3, mu4) —
Printf .sprintf "eps4_(%s)" (format_indices [mul; mu2; mu3; mu4))
| T UFOx.Lorentz_Atom.Metric (mul, mu2) —

if mul > 0 A mu2 > 0 then

Printf.sprintf "gad_(%s)" (format_indices [mul; mu2])
else
failwith "format_tensor: ucompress_metrics has failed!"

| S (UFOz.Lorentz_Atom.Mass -) — mass_name
| S (UFOz.Lorentz_Atom.Width -) — width_name
| S (UFOzx.Lorentz_Atom.P2 i) — Printf.sprintf "g2_(phd)" i
| S (UFOz.Lorentz_Atom.P12 (i, j)) — Printf.sprintf "g12_(p%hd,phd)" i j
| Inv (UFOz.Lorentz_Atom.Mass -) — "1/" ~ mass_name
|
|
|

Inv (UFOz.Lorentz_Atom. Width _) — "1/" " width_name

Inv (UFOz.Lorentz-Atom.P2 i) — Printf.sprintf "1/g2_(phd)" i

Inv (UFOz.Lorentz_Atom.P12 (i, j)) —

Printf.sprintf "1/g12_(phd,phd)" ¢ j

| S (UFOzx.Lorentz_Atom.Variable s) — s
| Inv (UFOz.Lorentz_Atom.Variable s) — "1/" " s
| S (UFOzx.Lorentz_Atom.Coeff ¢) — UFOz.Value.to_string c
| Inv (UFOzx.Lorentz_Atom.Coeff ¢) — "1/(" ~ UFOx.Value.to_string ¢ ~ ")"

let rec multiply_tensors ~decl ~“eval = function
| [] = forintf eval "1";
| [t] — fprintf eval "%s" (format_tensor t)
| t = tensors —
forintf eval "%s@,*" (format_tensor t);
multiply -tensors ~decl ~eval tensors

let pseudo_wfs_for_denominator =

Array.init
2
(funi —
let it = string_of —int i in
{ pos = i
spin = Coupling.Scalar;
name = denominator_name;
local_array = None;
momentum = "k" " 4;
momentum-array = "p" " ii;

fortran_type = fortran_type Coupling.Scalar })
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let contract_indices ~decl ~eval indent wf _indices wfs (fusion, contractees) =
let printf fmt = fprintf eval fmt
and nl = pp_newline eval in
let sum_var =
begin match wf _indices with
| [] = wfs.(0).name

| ilist —
let indices = String.concat "," ilist in
begin match wfs.(0).local-array with
| None —

let component =
begin match wfs.(0).spin with
| Coupling.Spinor | Coupling.ConjSpinor | Coupling. Majorana — "a"
| Coupling.Tensor_2 — "t"
| Coupling. Vector | Coupling. Massive_ Vector —
failwith "contract_indices: expected, local_array for vectors"
| - — failwith "contract_indices: junexpected spin"
end in
Printf .sprintf "%hshhhs (%s)" wfs.(0).name component indices
| Some a — Printf.sprintf "%s(%s)" a indices
end
end in
let indices =
List.filter
(fun i@ — UFOz.Index.position i # 1)
(indices_of —contractions contractees) in
nested _sums
“decl ~eval
indent indices
(fun indent —
printf "“h*xs@[<2>%s =_%s" indent "" sum_var sum-_var;
printf "Q %s" (format_complex _rational_factor fusion.L.coeff);
List.iter (fun i — printf "@,g4_(%s)*" (index_variable 1)) indices;

printf "@, (";
multiply _tensors ~decl ~eval contractees;
printf ")";

begin match fusion.L.denominator with
=0
| d — pringf "u/Lhs" denominator _name
end;
printf "@1");

printf "@]";

nl ()

let scalar_expressionl ~decl ~eval fusion =
let printf fmt = fprintf eval fmt in
match fusion.L.dirac, fusion.L.vector with
{0 =
let scalars =
List.map (funt — { L.atom = S t; L.indices = [] }) fusion.L.scalar
and inverses =
List.map (fun t — { L.atom = Inv t; L.indices = []| }) fusion.L.inverse in
let contractees = scalars @ inverses in
printf "Q_%s" (format_complex_rational _factor fusion.L.coeff);
multiply _tensors ~decl ~eval contractees
|- [ =
tnvalid _arg
"UFO_targets.Fortran.scalar_expressionl: junexpected ;spinor indices"
o
invalid _arg
"UFO_targets.Fortran.scalar_expressionl: junexpected vector indices"
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R
invalid _arg
"UFO_targets.Fortran.scalar_expressionl: junexpected  ;indices"

let scalar_expression ~decl ~eval indent name fusions =
let printf fmt = fprintf eval fmi
and nl = pp_newline eval in
let sum_var = name in
printf "%*xs@[<2>%s =" indent "" sum_var;
List.iter (scalar_expressionl ~decl ~eval) fusions;
printf "@]";

nl ()

let local _vector_copies ~decl ~eval wfs =
begin match wfs.(0).local_array with

| None — ()
| Some a —
forintf

decl " L@ [<2>complex (kind=default) ,@ dimension(0:3)::@_ %s@]" a;
pp-_newline decl ()
end;
let n = Array.length wfs in
fori = 1ton — 1do
match wfs.(7).local _array with

| None — ()
| Some a —
forintf

decl "Luu@[<2>complex (kind=default) ,@ dimension(0:3)::0_%s@]" a;
pp_newline decl ();
forintf eval " L@ [<2>%s (0) L=uhs%ht@]" a wfs.(i).name;
pp_newline eval ();
forintf eval "LLuL@[<2>%s (1:3) u=u%s%%x@]1" a wfs.(i).name;
pp_newline eval ()
done

let return_vector ff wfs =

let printf fmt = fprintf ff fmt

and nl = pp_newline ff in

match wfs.(0).local-array with

| None — ()

| Some a —
pp_divide “indent : 4 ff ();
printf "uouu@[<2>%shhtu=0%s(0) @1 " wfs.(0).name a; nl ();
printf "Luouu@[<2>%shhxu=u%s (1:3)@]" wfs.(0).name a; nl ()

let multiply_coupling _and_scalars ff g_opt wfs =
let printf fmt = fprintf ff fmt
and nl = pp_newline ff in
pp-divide “indent : 4 ff ();
let g =
match g_opt with
| None — "
| Some g — g~ "*"in
let wfsOname =
match wfs.(0).local—array with
| None — wfs.(0).name
| Some a — ain
printf "Louu@[<2>%s =u%s%hs" wfsOname g wfsOname;
for i = 1to Array.length wfs — 1 do
match wfs.(7).spin with
| Coupling.Scalar — printf "@,*%s" wfs.(i).name
-0

done;
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printf "@1"; nl ()

let local_momentum_copies ~decl ~eval wfs =
let n = Array.length wfs in
forintf
decl " @ [<2>real(kind=default),@ dimension(0:3)::0 %s"
wfs.(0).momentum_array;
fori = 1ton — 1do
forintf decl ",0_%s" wfs.(1).momentum_array;
forintf
eval " LLuL@[<2>%s (0) =uhshite] "
wfs.(i).momentum_array wfs.(i).momentum;
pp-newline eval ();
forintf
eval "LuuL@[<2>%s (1:3) = %s%h%x@] "
wfs.(i).momentum_array wfs.(i).momentum;
pp-_newline eval ()
done;
forintf eval "LLLL@L<2>%su=" wfs.(0).momentum _array;
fori = 1ton — 1do
forintf eval "0,-_%hs" wfs.(i).momentum_array
done;
forintf decl "@]";
pp-newline decl ();
forintf eval "@]";
pp_newline eval ()

let contractees_of _fusion
“decl ~eval wfs (max_dsv, indices_seen, contractees) fusion =
let maz_dsv’, dirac_strings =
dirac_strings_to_fortran ~decl ~eval wfs max_dsv fusion.L.dirac
and vectors =
List.fold _left
(fun acc wf —
match wf.spin, wf.local_array with
| Coupling.Tensor_2, None —
{ L.atom =
V' (Printf .sprintf "%shdhht" (spin_mnemonic wf.spin) wf.pos);
L.indices = [UFOx.Index.pack wf.pos 1;
UFOz.Index.pack wf.pos 2] } :: acc
| -, None — acc
| -, Some a — { L.atom = V a; L.ndices = [wf.pos] } :: acc)
[] (List.tl (Array.to_list wfs))
and tensors =
List.map (L.map_atom (funt — T t)) fusion.L.vector
and scalars =

List.map (funt — { L.atom = S t; L.indices = []}) fusion.L.scalar
and inverses =

List.map (fun t — { L.atom = Inv t; L.indices = [] }) fusion.L.inverse in
let contractees’ = dirac_strings @ vectors @Q tensors @ scalars @ inverses in

let indices_seen’ =
Sets.Int.of _list (indices—of —contractions contractees’) in

(maz_dsv’,
Sets.Int.union indices_seen indices_seen’,
(fusion, contractees’) :: contractees)

let local_name wf =
match wf.local - array with
| Some a — a
| None —
match wf.spin with
| Coupling.Spinor | Coupling.ConjSpinor | Coupling. Majorana —
wf.name "~ "%a"
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| Coupling.Scalar — wf.name
| Coupling. Tensor_2 — wf.name ~ "%t"
| Coupling. Vector | Coupling.Massive_ Vector —
failwith "UFO_targets.Fortran.local_name: junexpected,spin, 1"
| - —
failwith "UFO_targets.Fortran.local_name: unhandled spin"

let external_wf _loop ~decl ~eval ~indent wfs (fusion, _ as contractees) =
pp_divide ~indent eval ();
forintf eval "Y%xs' hs" indent """ (L.to_string [fusion]); pp-newline eval ();
pp-divide ~indent eval ();
begin match fusion.L.denominator with
[ = 0
| denominator —
scalar_expression ~decl ~eval 4 denominator_name denominator
end;
match wfs.(0).spin with
| Coupling.Scalar —
contract _indices ~decl ~eval 2 [] wfs contractees
| Coupling.Spinor | Coupling.ConjSpinor | Coupling. Majorana —
let ide = index_spinor in
forintf eval "%*s@[<2>doks,=u1,.,40]" indent "" idz; pp-_newline eval ();
contract _indices ~decl ~eval 4 [idz] wfs contractees;
forintf eval "Y*send do@]" indent ""; pp_newline eval ()
| Coupling. Vector | Coupling.Massive_ Vector —
let idz = index_variable 1 in
forintf eval "%*s@[<2>doy ks =.0,,30]" indent "" idz; pp-newline eval ();
contract _indices ~decl ~eval 4 [idz] wfs contractees;
forintf eval "Y%*send do@]" indent ""; pp_newline eval ()
| Coupling. Tensor_2 —
let idz! = index_variable (UFOzx.Index.pack 1 1)
and idz2 = index_variable (UFOzx.Index.pack 1 2) in
forintf eval "“Y*xs@[<2>do %s=,0,.3@]" indent "" idxl;
pp_newline eval ();
forintf eval "f*s@[<2>do %s,=.0,,3@]1" (indent + 2) "" idz2;
pp_newline eval ();
contract_indices ~decl ~eval 6 [idzl; idz2] wfs contractees;
forintf eval "Y%*send do@]" (indent + 2) ""; pp_newline eval ();
forintf eval "Y%*send do@]" indent ""; pp_newline eval ()
| Coupling. Vectorspinor —
failwith "external_wf_loop: Vectorspinor not,supported, yet!"
| Coupling.Maj_Ghost —
failwith "external_wf_loop: junexpected Maj_Ghost"
| Coupling. Tensor_1 —
failwith "external _wf_loop: junexpected Tensor_1"
| Coupling. BRS _ —
failwith "external_wf_loop: junexpected, BRS"

let fusions_to_fortran ~decl ~eval wfs ?(denominator = []) ?coupling fusions =
local —vector _copies ~decl ~eval wfs;
local_momentum_copies ~decl ~eval wfs;
begin match denominator with
1= 0
| - —
forintf decl "Lu@[<2>complex (kind=default): :%s@]" denominator_name;
pp_newline decl ()
end;
let max_dsv, indices_used, contractions =
List.fold_left
(contractees_of _fusion ~decl ~eval wfs)
(0, Sets.Int.empty, [])
fusions in
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Sets.Int.iter
(fun index —
forintf decl "LLLu@[<2>integer,,: :@ %s@]" (index_variable index);
pp-newline decl ())
indices _used;
begin match wfs.(0).spin with
| Coupling.Spinor | Coupling.ConjSpinor | Coupling. Majorana —
forintf decl " L@ [<2>integer,,: : @ %s@]" index_spinor;
pp-newline decl ()

- =0

end;

pp-divide ~indent : 4 eval ();

let wfsOname = local_name wfs.(0) in

forintf eval " _LuuohsL=00" wfisOname;
pp-newline eval ();
List.iter (external_wf _loop ~decl ~eval ~indent : 4 wfs) contractions;
multiply - coupling —and _scalars eval coupling wfs;
begin match denominator with
1= 0
| denominator —
pp-divide “indent : 4 eval ();
forintf eval "%xst %s" 4 "" (L.to_string denominator);
pp_newline eval ();
scalar_expression ~decl ~eval 4 denominator_name denominator;
forintf eval
"ouu@[<2>%s =0 %sL/u%hs@] " wfsOname wfsOname demominator_name;
pp-newline eval ()
end;
return_vector eval wfs

TODO: eventually, we should include the momentum among the arguments only if required. But this can wait
for another day.

let lorentz ff name spins lorentz =

let printf fmt = fprintf ff fmt
and nl = pp_newline ff in
let wfs = wf_table spins in
let n = Array.length wfs in
printf ",,@[<4>pure function, %s@,(g,0," name;
fori = 1ton — 2do

printf "%s,0.%s,0," wfs.(i).name wfs.(i).momentum
done;
printf "%hs,0.%s" wfs.(n — 1).name wfs.(n — 1).momentum;
printf ")@uresult, (%s)@]1" wfs.(0).name; nl ();
printf "Luuu@[<2>%sy: 10 %s@] " wfs.(0).fortran_type wfs.(0).name; nl();
printf "Luuu@[<2>complex (kind=default),@ intent (in): :@Lgel"; nl();
fori = 1ton — 1do

printf

"Luuw@[<2>%s, uintent (in)y: : %s@I"
wfs.(i).fortran_type wfs.(i).name; nl();

done;
printf "LLuu@[<2>type (momentum) , intent (in) :: @ %s" wfs.(1).momentum;
fori = 2ton — 1do

printf ",@u%s" wfs.(i).momentum
done;
printf "@1";
nl ();
let width = 80 in (x get this from the default formatter instead! )
let decl_buf = Buffer.create 1024
and eval_buf = Buffer.create 1024 in
let decl = formatter_of _buffer ~width decl_buf
and eval = formatter_of _buffer ~width eval_buf in
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fusions_to_fortran ~decl ~eval ~coupling :"g" wfs lorentz;
pp-flush decl ();

pp_flush eval ();

pp-divide “indent : 4 ff ();

printf "%s" (Buffer.contents decl_buf);

pp-divide “indent : 4 ff ();

printf "Luuuifu(gu==u0) uthen"; nl ();

printf "Luuuoucallyset_zeroy (%s)" wfs.(0).name; nl ();
printf "Luuuoureturn'; nl ();

printf "uouuend if"; nl ();

pp-divide “indent : 4 ff ();

printf "%s" (Buffer.contents eval _buf);

printf ",uend function %s@1" name; nl ();
Buffer.reset decl_buf;

Buffer.reset eval_buf;

0

let use_variables ff parameter_module variables =

let printf fmt = fprintf ff fmt

and nl = pp_newline ff in

match variables with

[ =0

| v o v list —
printf "LuuL@[<2>use s, yonly: %s" parameter_module v,
List.iter (fun s — printf ", %s" s) v_list;
printf "@1"; nl ()

let propagator ff name parameter _module variables
(bra_spin, ket_spin) numerator denominator =
let printf fmt = fprintf ff fmt
and nl = pp_newline ff in
let width = 80 in (% get this from the default formatter instead! )
let wf_name = spin_mnemonic ket_spin
and wf _type = fortran_type ket_spin in
let wfs = wf_table [| ket_spin; ket_spin |] in
printf
"uu@[<4>pure function pr_U_%s@,(k2, %s, %S, hs2)"
name mass-name width_name wf_name;
printf " result, (%s1)@]1" wf_name; nl ();
use_variables ff parameter _module variables;
printf "Luuuhsu: cuhs1" wf _type wf —name; nl ();
printf "LLuutype (momentum) , intent (in): : k2"; nl ();
printf
"Luuureal (kind=default),_ intent (in):: %S, %sS"
mass_name width_name; nl ();
printf "Luouuhs ,uintent (in)y: :u%hs2" wf_type wf_name; nl ();
let decl_buf = Buffer.create 1024
and eval_buf = Buffer.create 1024 in
let decl = formatter_of _buffer ~width decl_buf
and eval = formatter_of _buffer ~width eval_buf in
fusions_to_fortran ~decl ~eval wfs ~denominator numerator;
pp-flush decl ();
pp-flush eval ();
pp-divide “indent : 4 ff ();
printf "%s" (Buffer.contents decl_buf);
pp-_divide ~indent : 4 ff ();
printf "%hs" (Buffer.contents eval_buf);
printf ", end function pr_U_%s@]l" name; nl ();
Buffer.reset decl_buf;
Buffer.reset eval _buf;

0
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let scale_coupling ¢ g =

if ¢ = 1 then
g

elseif ¢ = —1 then
n_n » g

else

Printf .sprintf "%d*%s" ¢ g

let scale_coupling z g =
format_complex_rational _factor z ~ g

As a prototypical example consider the vertex

VAY = tr (v @ Y A) (19.26a)

encoded as FFV in the SM UFO file. This example is useful, because all three fields have different type and we
can use the Fortran compiler to check our implementation.
In this case we need to generate the following function calls with the arguments in the following order

F12: 2, — A FFV_p201(g,psil,pl,psibar2,p2)
F21: 1o — A FFV_p201(g,psi2,p2,psibart,pl)
F23: 1Ay —1) FFV_p012(g,psibaril,pl,A2,p2)
F32: Ay — 1) FFV_p012(g,psibar2,p2,Al,pl)
F31: Ajyy — ¢ FFV_p120(g,Al,pl,psi2,p2)

F13: 1Ay — 1 FFV_p120(g,A2,p2,psil,pl)

Fortunately, all Fermi signs have been taken care of by Fusions and we can concentrate on injecting the wave
functions into the correct slots.
The other possible cases are

YAY (19.26b)
which would be encoded as FVF in a UFO file

F12: 1Ay —1) FVF_p201(g,psibari,pl,A2,p2)
F21: Aty — 1) FVF_p201(g,psibar2,p2,A1,pl)
F23: Ajys — ¢ FVF_p012(g,Al,pl,psi2,p2)

F32: Ay — ¢ FVF_p012(g,A2,p2,psil,pl)

F31: iy — A FVF_p120(g,psil,pl,psibar2,p2)
F13: 1o — A FVF_p120(g,psi2,p2,psibari,pl)

and ) )
vAY =tr (AY @ ¢) , (19.26¢)
corresponding to VFF

F12: Aj¢py — ¢ VFF_p201(g,Al,pl,psi2,p2)

F21: 1Ay — ¢ VFF_p201(g,A2,p2,psil,pl)

F23: 1y — A VFF_p012(g,psil,pl,psibar2,p2)
F32: 1y — A VFF_p012(g,psi2,p2,psibari,pl)
F31: 1Ay —1 VFF_p120(g,psibaril,pl,A2,p2)
F13: Ay — 1 VFF_p120(g,psibar2,p2,Al,pl)

Once the Majorana code generation is fully debugged, we should replace the lists by reverted lists everywhere
in order to become a bit more efficient.

module P = Permutation.Default

let factor_cyclic f12__n =
let f12__, fn = ThoList.split_last f12__n in
let cyclic = ThoList.cycle_until fn (List.sort compare f12__n) in
(P.of _list (List.map pred cyclic),
P.of _lists (List.tl cyclic) f12__)

let ccs_to_string ccs =
String.concat "" (List.map (fun (f, i) — Printf.sprintf "_chxhx" i f) ccs)

let fusion_name v perm ccs =
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Printf .sprintf "%s_phshs" v (P.to_string perm) (ccs—_to_string ccs)

let fuse_dirac ¢ v s fl g wfs ps fusion =
let ¢ = scale_coupling ¢ g
and cyclic, factor = factor_cyclic fusion in
let wfs_ps = List.map2 (fun wf p — (wf, p)) wfs psin
let args = P.list (P.inverse factor) wfs_ps in
printf "@[<2>%s(@,%s" (fusion_name v cyclic []) g;
List.iter (fun (wf, p) — printf ",0,%s,0,%s" wf p) args;
printf ")@]"

We need to look at the permuted fermion lines in order to decide wether to apply charge conjugations.
It is not enough to look at the cyclic permutation used to move the fields into the correct arguments of the
fusions . ..

let map_indices perm unit =
let pmap = IntPM.of _lists unit (P.list perm unit) in
IntPM .apply pmap

. we also need to inspect the full permutation of the fields.

let map_indices2 perm unit =
let pmap =
IntPM .of _lists unit (1 :: P.list (P.inverse perm) (List.tl unit)) in
IntPM .apply pmap

This is a more direct implementation of the composition of map_indices2 and map_indices, that is used in the
unit tests.

let map_indices_raw fusion =
let unit = ThoList.range 1 (List.length fusion) in
let f12__, fn = TholList.split_last fusion in
let fusion = fn = f12__in
let map_index = IntPM .of _lists fusion unit in
IntPM .apply map—index

Map the fermion line indices in fi according to map-index.

let map_fermion_lines map_index fl =
List.map (fun (i, f) — (map—index i, map_index f)) fl

Map the fermion line indices in fi according to map_index, but keep a copy of the original.

let map_fermion_lines2 map_index fl =
List.map (fun (i, ) — ((¢, f), (map-indezx i, map_index f))) fl

let permute_fermion_lines cyclic unit fl =
map_fermion_lines (map_indices cyclic unit) fl

let permute_fermion_lines2 cyclic factor unit fl =
map —fermion_lines2
(map_indices2 factor unit)
(map_fermion_lines (map_indices cyclic unit) fl)

@ TODO: this needs more more work for the fully general case with 4-fermion operators involving Majoranas.

let charge_conjugations fi2 =
ThoList.filtermap
(fun (G4, f), (@', f)) —
match (i, f), (¢/, f') with

| (1, 2), - | (2, 1), - — Some (f, i) (* xTT' %)
| _, (2, 3) — Some (f, i) (x XT(CT")x *)
| - — None)
fi2
let charge_conjugations fl2 =
ThoList.filtermap

(fun (3, 1), (&', f1) —
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match (i, f), (¢/, f') with
| -, (2, 3) = Some (f, 1)

| - — None)
fiz
let fuse_majorana c v s fl g wfs ps fusion =
let ¢ = scale_coupling ¢ g
and cyclic, factor = factor_cyclic fusion in
let wfs_ps = List.map2 (fun wf p — (wf, p)) wfs psin
let args = P.list (P.inverse factor) wfs_ps in
let unit = ThoList.range 1 (List.length fusion) in
let ccs =

charge_conjugations (permute_fermion_lines2 cyclic factor unit fl) in
printf "@[<2>Y%s(hs" (fusion_name v cyclic ccs) g;
List.iter (fun (wf, p) — printf ",0,%s,0,%" wf p) args;
printf ")e]"

let fuse ¢ v s fl g wfs ps fusion =
if List.exists is_majorana s then
fuse_majorana ¢ v s fl g wfs ps fusion
else
fuse_dirac ¢ v s fl g wfs ps fusion

let epsd g4 -g44 decl ff () =
let printf fmt = fprintf [f fmt
and nl = pp_newline ff in
printf ",,@[<2>integer,@ dimension(0:3)";
printf ",@,save,@ private,::0,g4_0]1"; nl ();
printf ",,@[<2>integer,@ dimension(0:3,0:3)";
printf ",@,save,@ privatey::0,g44_0]1"; nl ();
printf ",,@[<2>integer,@ dimension(0:3,0:3,0:3,0:3)";
printf ",@,save,@ private,::0_epsd_@]1"; nl ()

let epsf -g4 -g44 -init ff () =
let printf fmt = fprintf [ fmt
and nl = pp_newline ff in
printf "uu@[<2>data,gd_Cuuuuuuuuoon/@uul, u-1,0-1,4-10/01"; nl
printf "Lu@[<2>dataug44_ (0, :)Cuuuuun/Cuul, Lu0, L0, Lu0L/@1"; nl
printf "Lu,0[<2>data gdd (1, )@ uuuun/Cuu0,u-1, 10, LL0uL/@1"; nl
l
l

0
Ok
Ok
printf ",0[<2>data gdd (2, :)CuLuLuuu/@uu0,uu0,u-1,,00u/@1"; nl ();
printf ",,@[<2>data,g44_ (3, :)Cuuuun/@uu0, L0, w0, u-1u/@1"; n ()
for mul = 0to 3 do
for mu2 = 0to 3 do
for mu8 = 0to 3 do
printf ", @[<2>data epsd_(%d,%d,%d, :)CL/C," mul mu2 mus;
for muj = 0to 3 do
if mugd # 0 then

printf ",0.";
let mus = [mul; mu2; mud; mud] in
if List.sort compare mus = [0; 1; 2; 3] then
printf "%2d" (Combinatorics.sign mus)
else
printf "%2d" 0;
done;

printf ",/@]";
nl ()
done
done
done

let inner_product_functions ff () =

let printf fmt = fprintf ff fmt
and nl = pp_newline ff in
printf "Lupure function g2, (p) result,(p2)"; ni();
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printf "uuureal (kind=default) , dimension(0:3), intent (in): :up"; nl();

printf "Luuureal (kind=default): : p2"; nl();

printf " Luuup20=up (0) *p (0) -up (1) *p (1) - p (2) *p(2) ,-Lp (B) *p(3) ; nl()?

printf ", end function g2 "; nl();

printf ", pure function gl2_,(pl, p2)uresult, (p12)"; nl();

printf "uuuureal (kind=default) , dimension(0:3), intent (in): :upl, p2"; nl();
printf "Luuureal (kind=default) :: p12"; ni();

pfmtf "Looupl2=pl (9] *p2 0 u-upl (¢D) *p2(1) u-upl 2 *p2 2 u-upl 3 *p2 3 nl();
printf " end function gl2_"; nl()

module type Test =
sig
val suite : OUnit.test
end

module Test : Test =
struct

open OUnit

let assert_mappings fusion =

let unit = ThoList.range 1 (List.length fusion) in

let cyclic, factor = factor_cyclic fusion in

let raw = map_indices_raw fusion

and mapl = map_indices cyclic unit

and map2 = map_indices2 factor unit in

let map i = map2 (mapl i) in

assert_equal ~printer : (ThoList.to_string string_of —int)
(List.map raw unit) (List.map map unit)

let suite_mappings =
"mappings" >::
["1<-2" >
(fun () —
List.iter assert_mappings (Combinatorics.permute [1;2;3]));

"1<-3" >

(fun () —
List.iter assert_-mappings (Combinatorics.permute [1;2;3;4])) ]

let suite =
"UFO_targets" >::
[suite_mappings]

end
end
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The following modules used to be submodules of [Targets|, but this as become unwieldy over time.

20.1 Interface of Format_Fortran

Mimic parts of the Format API with support for Fortran style line continuation.
type formatter
val std_formatter : formatter

val fprintf : formatter — («, Format.formatter, unit) format — «
val printf : («, Format.formatter, unit) format — «

Start a new line, not a continuation!

val pp_newline : formatter — unit — unit
val newline : unit — wunit

val pp_flush : formatter — wunit — wunit
val flush : unit — unit

val formatter_of _out_channel : ?width :int — out_channel — formatter
val formatter_of _buffer : Twidth :int — Buffer.t — formatter

val pp_set_formatter_out_channel : formatter — ?width :int — out_channel — unit
val set_formatter _out_channel : Twidth :int — out_channel — wunit

This must be exposed for the benefit of Targets. Make_Fortran().print _interface, because somebody decided to
use it for the K-matrix support. Is this really necessary?

val pp_switch_line_continuation : formatter — bool — wunit
val switch_line_continuation : bool — wunit

module Test : sig val suite : OUnit.test end

20.2  Implementation of Format_Fortran

let default _width = 80

let maz_clines = ref (—1) (x 255 x)
exception Continuation_Lines of int

Fortran style line continuation:

type formatter =
{ formatter : Format.formatter;
mutable current_cline : int;
mutable width : int }

let formatter_of _formatter ?(width = default —width) ff =
{ formatter = [f;
current_cline = 1;
width = width }

Default function to output new lines.
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let pp_output_function ff =
fst (Format.pp_get_formatter _output_functions ff.formatter ())

Default function to output spaces (copied from format.ml).

let blank_line = String.make 80 >
let rec pp_display_blanks ff n =
if n > 0 then
if n < 80 then
pp_output_function ff blank_line 0 n
else begin
pp_output_function ff blank_line 0 80;
pp-display-blanks ff (n — 80)
end

let pp_display_newline ff =
pp-output_function ff "\n" 01

If .current_cline
e < (: not continuing: print a straight newline,

e > (: continuing: append "_&" until we run up to !maz_clines. NB: !mazx_clines < 0 means unlimited
continuation lines.

let pp_switch_line_continuation ff = function
| false — ff.current_cline < 0
| true — ff.current_cline + 1

let pp_fortran_newline ff () =
if ff.current_cline > 0 then
begin
if lmax_clines > 0 A ff.current_cline > !maz_clines then
raise (Continuation_Lines ff.current_cline)
else
begin
pp-output_function ff ",&" 0 2;
ff -current_cline <+ succ ff.current_cline
end
end;
pp-display_newline ff

let pp_newline ff () =
pp _switch_line_continuation [f false;

Format.pp_print_newline ff.formatter ();
pp-switch_line_continuation ff true

Make a formatter with default functions to output spaces and new lines.

let pp_setup ff =
let formatter_out_functions =

Format.pp_get_formatter_out _functions ff.formatter () in
Format.pp_set _formatter _out _functions

If -formatter
{ formatter_out_functions with
Format.out_newline = pp_fortran_newline ff;

Format.out_spaces = pp_display_blanks ff };
Format.pp_set_margin ff.formatter (ff width — 2)

let std_formatter =

let ff = formatter_of _formatter Format.std_formatter in
pp-setup ff;
Ir
let formatter_of —out_channel ?(width = default —width) oc =
let ff = formatter_of _formatter ~width (Format.formatter_of —out_channel oc) in
pp-setup [f;
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Ir
let formatter_of _buffer ?(width = default _width) b =
let ff =
{ formatter = Format.formatter_of _buffer b;
current_cline = 1;
width = width } in
pp-setup [f;
Ir

let pp_set_formatter_out_channel ff ?(width = default —width) oc =
Format.pp_set_formatter_out_channel ff.formatter oc;
ff -width <+ width;

pp-setup ff
let set_formatter_out_channel ?(width = default_width) oc =
Format.pp_set_formatter _out_channel std_formatter.formatter oc;

std - formatter.width < width;
pp_setup std_formatter

let fprintf ff fmt = Format.fprintf ff.formatter fmt
let pp_flush ff = Format.pp_print_flush ff.formatter

let printf fmt = fprintf std_formatter fmt

let newline = pp_newline std_formatter
let flush = pp_flush std_formatter
let switch_line_continuation = pp_switch_line_continuation std_formatter

module Test =
struct

open OUnit

let input_line_opt ic =
try
Some (input_line ic)
with
| End_of_file — None

let read _lines ic =
let rec read_lines’ acc =
match input_line_opt ic with
| Some line — read_lines’ (line :: acc)
| None — List.rev acc
in
read _lines’ []

let lines_of _file filename =

let ic = open_in filename in
let lines = read_lines ic in
close_in ic;

lines

let equal_or_dump_lines lhs rhs =
if lhs = rhs then
true
else
begin
Printf.printf "Unexpected joutput:\n";
List.iter (Printf.printf "<uhs\n") lhs;
List.iter (Printf.printf ">_%s\n") rhs;
false
end

let format_and_compare f expected () =
bracket _tmpfile
“prefix :"omega-" " suffiz :".£90"
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(fun (name, oc) —
(* There can be something left in the queue from OUnit! *)
Format.print_flush ();
[ oc
close_out oc;
(* OUnit uses Format.printf! x)
Format.set_formatter _out_channel stdout;
assert_bool "" (equal_or_dump_lines expected (lines_of _file name)))

0

let suite =
"Format_Fortran" >::
[ "formatter_of_out_channel" >::
format_and - compare
(fun oc —
let ff = formatter_of _out_channel ~width : 20 oc in
let nl = pp_newline ff in
List.iter
(fprintf fF)
["@ [<2>1hs = rhs";
"Q,+_rhs"; "Q,+ rhs"; "Q +_rhs"; "O +_ rhs"; "@ +_ rhs";
"Q +,rhs"; "Q,+ rhs"; "@ + rhs"; "Q +_ rhs"; "@._,+urhs"];
nl ()
[ "1hs,= rhs + rhs &";
"Luturhs+orhs &'
"Luturhs +rhs &'
"uuturhs+urhs &";
"uuturhsy+urhs &";
"Lutorhs!

"formatter_of_buffer" >::
format_and - compare
(fun oc —

let buffer = Buffer.create 1024 in
let ff = formatter_of _buffer ~width : 20 buffer in
let nl = pp_newline ff in
List.iter

(printf f7)

["uu@ [<2>1hs = rhs";

"@ -+ rhs"; "@ -+ rhs"; "@ s+ rhs"; "@ +,rhs"; "@ + rhs";
"@ +_rhs"; "@ +_rhs"; "@ +_rhs"; "@ + rhs"; "@._,+urhs"];
nl ();
pp-flush ff ();
let ff' = formatter_of —out_channel ~width : 20 oc in
forintf ff’ "doumu_=.,0,.3"; pp_newline ff’ ();
forintf ff' "hs" (Buffer.contents buffer);
fprintf ff’ "end_ do";
pp-newline ff’ ())
[ "do mu, =.,0,.,3";

"uulhs = rhs + rhs &";
"wooutorhstrhs &Y
"Uouoturhsyturhs &'
"Uouoturhsyturhs &'
"Loouturhs torhs &
"Loouturhs';
"end do" |;

"formatter_of_out_channel+indentation" >::
format_and _compare
(fun oc —
let ff = formatter_of —out_channel ~width : 20 oc in
let nl = pp_newline ff in
List.iter
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(forintf 1)
["uu@ [<4>1hs = rhs";
"Q,+_rhs"; "Q,+ rhs"; "@ + rhs"; "O +_ rhs"; "Q +_ rhs";
"Q +,rhs"; "Q,+ rhs"; "@ +_ rhs"; "Q +_,rhs"; "@._,+urhs"];

i ()

[ "wulhs =urhs + rhs &";

"Loooooturhsturhs &'

"Uoooooturhsturhs &Y

"Louoooturhsyturhs &'

"Louoouturhsyturhs &'

"uuuuuu+urhsu]§

"set_formatter_out_channel" >::
format_and_compare

(fun oc —
let nl = newline in
set_formatter_out_channel ~width : 20 oc;
List.iter
printf

["@[<2>1hs = rhs";
"@ +yrhs"; "@ +,rhs"; "Q + rhs"; "@,+ rhs"; "Q + rhs";
"@,+_ rhs"; "@_+,rhs"; "@ +_rhs"; "@ + rhs"; "@ + rhs"];

nl ()

[ "1hs = rhs + rhs_ &";

"Luturhs+urhs &'

"uuturhsturhs &'

"Luturhs+rhs &'

"Luturhs+orhs &'

"|_|\_|+|_|rhsn ]’ ]

end

20.3 Interface of Target_Fortran_Names

These are the names of Fortran types, wave function variables and propagator functions. This must by syn-
chronized among the omegalib, modern and vintage Fortran Target implementations.

module type T =
sig

val psi_type : string
val psibar_type : string
val chi_type : string
val grav_type : string
val psi_incoming : string
val brs_psi_incoming : string
val psibar_incoming : string
val brs_psibar_incoming : string
val chi_incoming : string
val brs_chi_incoming : string
val grav_incoming : string
val psi_outgoing : string
val brs_psi_outgoing : string
val psibar_outgoing : string
val brs_psibar_outgoing : string
val chi_outgoing : string
val brs_chi_outgoing : string
val grav_outgoing : string
val psi_propagator : string
val psibar_propagator : string
val chi_propagator : string
val grav_propagator : string
val psi_projector : string
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val psibar_projector : string
val chi_projector : string

val grav_projector : string
val psi_gauss : string

val psibar_gauss : string

val chi_gauss : string

val grav_gauss : string

val use_module : string

val require_library : string list
end

module Dirac : T
module Majorana : T

20.4 Implementation of Target_Fortran_Names

module type T =

sig
val psi_type : string
val psibar_type : string
val chi_type : string
val grav_type : string
val psi_incoming : string
val brs_psi_incoming : string
val psibar_incoming : string
val brs_psibar_incoming : string
val chi_incoming : string
val brs_chi_incoming : string
val grav_incoming : string
val psi_outgoing : string
val brs_psi_outgoing : string
val psibar_outgoing : string
val brs_psibar_outgoing : string
val chi_outgoing : string
val brs_chi_outgoing : string
val grav_outgoing : string
val psi_propagator : string
val psibar_propagator : string
val chi_propagator : string
val grav_propagator : string
val psi_projector : string
val psibar_projector : string
val chi_projector : string
val grav_projector : string
val psi_gauss : string
val psibar_gauss : string
val chi_gauss : string
val grav_gauss : string
val use_module : string
val require_library : string list

end

module Dirac : T =

struct
let psi_type = "spinor"
let psibar_type = "conjspinor"
let chi_type = "777"
let grav_type = "77?"
let psi_incoming = "u"
let brs_psi_incoming = "brs_u"
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let psibar_incoming = "vbar"

let brs_psibar_incoming = "brs_vbar"
let chi_incoming = "777"

let brs_chi-incoming = "777"

let grav_incoming = "777"

let psi_outgoing = "v"

let brs_psi_outgoing = "brs_v"

let psibar_outgoing = "ubar"

let brs_psibar_outgoing = "brs_ubar"
let chi_outgoing = "777"

let brs_chi_outgoing = "?77"

let grav_outgoing = "777"

let psi_propagator = "pr_psi"

let psibar_propagator = "pr_psibar"
let chi_propagator = "777"

let grav_propagator = "?77"

let psi_projector = "pj_psi"

let psibar_projector = "pj-_psibar"
let chi_projector = "?77"

let grav_projector = "?77"

let psi_gauss = "pg-psi"

let psibar_gauss = "pg-psibar"

let chi_gauss = "777"

let grav_gauss = "777"

let use_module = "omega95"

let require_library =
["omega_spinors_2010_01_A"; "omega_spinor_cpls_2010_01_A"]
end

module Majorana : T =

struct
let psi_type = "bispinor"
let psibar_type = "bispinor"
let chi_type = "bispinor"
let grav_type = "vectorspinor"

JR sez’ (regarding the Majorana Feynman rules): Because of our rules for fermions we are going to give
all incoming fermions a u spinor and all outgoing fermions a v spinor, no matter whether they are Dirac
fermions, antifermions or Majorana fermions. (JR’s probably right, but I need to check myself ... )

let psi_incoming = "u"

let brs_psi_incoming = "brs_u"
let psibar_incoming = "u"

let brs_psibar_incoming = "brs_u"
let chi_incoming = "u"

let brs_chi_incoming = "brs_u"
let grav_incoming = "ueps"

let psi_outgoing = "v"

let brs_psi_outgoing = "brs_v"
let psibar_outgoing = "v"

let brs_psibar_outgoing = "brs_v"
let chi_outgoing = "v"

let brs_chi_outgoing = "brs_v"
let grav_outgoing = "veps"

let psi_propagator = "pr_psi"

let psibar_propagator = "pr_psi"
let chi_propagator = "pr_psi"

let grav_propagator = "pr_grav"
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let psi_projector = "pj_psi"

let psibar_projector = "pj_psi"

let chi_projector = "pj_psi"

let grav_projector = "pj_grav"

let psi_gauss = "pg_psi"

let psibar_gauss = "pg_psi"

let chi_gauss = "pg-psi"

let grav_gauss = "pg-grav"

let use_module = "omega95_bispinors"

let require_library =
["omega_bispinors_2010_01_A"; "omega_bispinor_cpls_2010_01_A"]
end

20.5 Interface of Target_Fortran

module Make : Target. Maker
module Make_Majorana : Target. Maker

20.6 Implementation of Target_Fortran

module Make_Fortran (Names : Target_Fortran_Names.T)
(Vintage_Fermions : Targets_vintage.Fermion_Maker)
(Fusion_-Maker : Fusion.Maker) (P : Momentum.T) (M : Model.T) =
struct

let require_library =
Names.require_library Q
[ "omega_vectors_2010_-01_A"; "omega_polarizations_2010_01_A";
"omega_couplings_2010_01_A"; "omega_color_2010_01_A";
"omega_utils_2010_01_A" ]

module Fermions = Vintage_Fermions(Names)

module CM = Colorize. It(M)
module SCM = Orders.Slice( Colorize. It(M))
module F' = Fusion_Maker(P)(M)

module CF' = Fusion. Multi( Fusion_Maker)(P)(M)
type amplitudes = CF.amplitudes

open Coupling
open Format

type output_mode =
| Single_Function
| Single_Module of int
| Single_File of int
| Multi_File of int

let line_length = ref 80

let continuation_lines = ref (—1) (x 255 *)
let kind = ref "default"

let fortran95 = ref true

let module_name = ref "omega_amplitude"
let output_mode = ref (Single_Module 10)
let use_modules = ref []

let whizard = ref false

let amp_triv = ref false

let parameter —module = ref ""

let md5sum = ref None

let no_write = ref false
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let km_write = ref false

let km_pure = ref false

let km_2_write = ref false

let km_2_pure = ref false

let openmp = ref false

let pure_unless_openmp = false
let options = Options.create

[ "90", Arg.Clear fortran95, " _use_only Fortran90 features";
"kind", Arg.String (fun s — kind = s),
"kind, jreal and,complex kind  (default: ’" " lkind ~ "’)";

"width", Arg.Int (fun w — line_length := w), "n maximum line length";
"continuation", Arg.Int (fun | — continuation_lines := 1),

"n maximum #_,0f ,continuation; lines";

"module", Arg.String (fun s — module_name := s), "name module name";
"single_function", Arg.Unit (fun () — output_mode := Single_Function),
",compute the matrix element,in one function";

"split_function", Arg.Int (fun n — output_mode := Single_Module n),

"size split,the matrix element,into,small functions";
"split_module", Arg.Int (fun n — oulput_mode := Single_File n),
"size split the matrix element into,small modules";
"split_file", Arg.Int (fun n — output_mode := Multi_File n),
"size split_the matrix ,element into small files";

"use", Arg.String (fun s — use_modules := s :: luse_modules),
"name juse module";

"parameter_module", Arg.String (fun s — parameter_module = s),
"name  parameter_module";

"md5sum", Arg.String (fun s — mddsum = Some s),

"sum_transfer MD5 ,checksum";

"whizard", Arg.Set whizard, " include WHIZARD interface";

"amp_triv", Arg.Set amp_triv, " only_ print trivial_ amplitude";

"no_write", Arg.Set no_write, " no ’write’ statements";

"kmatrix_write", Arg.Set km_2_write, " write K matrix functions";
"kmatrix_2_write", Arg.Set km_write, " write K matrix 2 functions";
"kmatrix_write_pure", Arg.Set km_pure, " write K _matrix pure functions";
"kmatrix_2_write_pure", Arg.Set km_2_pure, "uwrite Kmatrix2pure functions";
"openmp", Arg.Set openmp, "uactivate._|0penMP|_,supportuinl_,generated._,code"]

Fortran style line continuation:

let nl = Format_Fortran.newline
let print_list = function
=0

| a = rest —
print_string a;
List.iter (fun s — printf ",@,%s" s) rest

Variables and Declarations

"NC" is already used up in the module "constants":

let nc_parameter = "N_"
let omega-—color_factor_abbrev = "OCF"
let openmp_tld_type = "thread_local_data"
let openmp_tld = "tld"
let flavors_symbol ?(decl = false) ?orders flavors =
let flavors_all_orders = List.map SCM .flavor_all_orders flavors in

let orders_tag =
match orders with
| None — ""
| Some orders — SCM .orders_symbol orders in
(if lopenmp A — decl then openmp_tld ~ ")" else "" ) *
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"oks_" " String.concat "_" (List.map CM .flavor_symbol flavors_all_orders)
let p2s p =

ifp >0Ap < 9then
string-of —int p
else if p < 36 then

orders_tag

String.make 1 (Char.chr (Char.code A’ + p — 10))
else

let format_momentum

Prefix with a "p" to make a variable name holding a four momentum.
funp —

@ There many similar functions for formatting momenta. This is grown historically and should be cleaned up!

int list — string =

"p" " String.concat "" (List.map p2s p)

No prefix, to be used as part of a variable name holding a wavefunction.
let format_p

F.wf — string =
fun wf —

String.concat "" (List.map p2s (F.momentum_list wf))
let ext_momentum wf =

match F.momentum_list wf with
| [n] = n

| - — invalid_arg "Targets.Fortran.ext_momentum"

module PSet = Set.Make (struct type t = int list let compare

module WFESet = Set.Make (struct type t = F.wf let compare
let variable ?(decl = false) wf =

compare end)
compare end)
(if lopenmp A — decl then openmp_tld ~ "%" else "")

S vowf_" ~ SCM.flavor_symbol (F.flavor wf)

"_p" "~ format_p wf
let momentum wf = "p" " format_p wf
let spin w

= "s(" " string_of _int (ext_momentum wf) ~ ")"
let format_multiple_variable ?(decl

variable ~decl wf ~ "_X"

false) wf ¢ =

string_of —int i
let multiple_variable ?(decl
try

false) amplitude dictionary wf =
format_multiple _variable ~decl wf (dictionary amplitude wf)
with
| Not_found — wvariable wf

let multiple_variables ?(decl = false) multiplicity wf =
try
List.map

(format _multiple _variable ~decl wf)
(ThoList.range 1 (multiplicity wf))
with

| Not_found — [variable ~decl wf]

let declaration_chunk_size = 64

let declare_list_chunk multiplicity ¢ = function
[ =0
| wfs —

pmntf "|_”_||_||_|©[<2>%S|_|: |_j" t7

=0
| wfs —

print_list (ThoList.flatmap (multiple_variables ~decl :true multiplicity) wfs); nl ()
let declare_list multiplicity t = function
List.iter
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(declare_list _chunk multiplicity t)
(ThoList.chopn declaration_chunk_size wfs)

type declarations =

{ scalars : F.wf list;
spinors : F.wf list;
congspinors : F.wf list;
realspinors : F.wf list;
ghostspinors : F.wf list;
vectorspinors : F.wf list;
vectors : F.wf list;
ward_vectors : F.wf list;
massive_vectors : F.wf list;
tensors-1 : F.wf list;
tensors_2 : F.uwf list;
brs_scalars : F.wf list;
brs_spinors : F.wf list;
brs_conjspinors : F.wf list;
brs_realspinors : F.wf list;
brs_vectorspinors : F.wf list;
brs_vectors : F.wf list;

brs_massive _vectors : F.wf list }
let rec classify_wfs’ acc = function
| [] = acc
| wf : rest —

classify _wfs’

(match SCM .lorentz (F.flavor wf) with
| Scalar — {acc with scalars = wf ::

| Spinor — {acc with spinors = wf

| ConjSpinor — {acc with conjspinors =
| Majorana — {acc with realspinors =

| Maj_Ghost — {acc with ghostspinors =
| Vectorspinor —

{acc with vectorspinors = wf
| Vector — {acc with vectors = wf ::
| Massive_ Vector —
{acc with massive_vectors = wf ::
Tensor_1 — {acc with tensors_1 = wf :
Tensor_2 — {acc with tensors_2 = wf =

|
|
| BRS Scalar — {acc with brs_scalars = wf :
| BRS Spinor — {acc with brs_spinors = wf :
|

acc.scalars}

acc.spinors}
wf
wf
wf

acc.conjspinors }
acc.realspinors}
acc.ghostspinors}

acc.vectorspinors}
acc.vectors}

acc.massive_vectors}

acc.tensors_1}

acc.tensors_2}

acc.brs_scalars}
acc.brs_spinors }

BRS ConjSpinor — {acc with brs_congjspinors =

wf
wf

acc.brs_congspinors}
| BRS Majorana — {acc with brs_realspinors
acc.brs_realspinors}

BRS Vectorspinor — {acc with brs_vectorspinors =
wf : acc.brs_vectorspinors}
BRS Vector — {acc with brs_vectors = wf : acc.brs_vectors}
BRS Massive_Vector — {acc with brs_massive_vectors =
wf : acc.brs_massive_vectors}
BRS - — invalid_arg "Targets.wfs_classify’: not needed here")

rest

let classify_wfs wfs = classify-wfs’

{ scalars = []; spinors = []; congspinors = []; realspinors = [];
ghostspinors = [|; vectorspinors = []; vectors = [];
ward _vectors = |[];
massive_vectors = [|; tensors_1 = []; tensors_2 = [];
brs_scalars = []; brs_spinors = []; brs_congspinors = [];
brs_realspinors = []; brs_vectorspinors = [];
brs_vectors = []; brs_massive_vectors = [|}

wfs
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Parameters
type a parameters =
{ real_singles : « list;
real_arrays : (« X int) list;
complex _singles : « list;
complex_arrays : (a x int) list }
let rec classify_singles acc = function
| [] — acc
| Real p :: rest — classify_singles
{ acc with real_singles = p :: acc.real_singles } rest
| Complex p :: rest — classify_singles
{ acc with complex_singles = p :: acc.complex_singles } rest
let rec classify_arrays acc = function
| [] — acc

| (Real_Array p, rhs) :: rest — classify_arrays
{ acc with real_arrays =
(p, List.length rhs) :: acc.real_arrays } rest
| (Complex_Array p, rhs) = rest — classify_arrays
{ acc with complex_arrays =
(p, List.length ths) :: acc.complex_arrays } rest

let classify_parameters params =
classify_arrays
(classify_singles
{ real_singles = [];
real_arrays = [];
complex _singles = [];
complex_arrays = [] }
(List.map fst params.derived)) params.derived_arrays

let schisma = ThoList.chopn

let schisma_num i nl =
ThoList.enumerate i (schisma n 1)

let declare_parameters’ t = function
=0
| plist —
printf "Lu@[<2>Y%s (kind=%s) , public, save,: " ¢ lkind;
print_list (List.map SCM .constant_symbol plist); nl ()

let declare_parameters t plist =
List.iter (declare_parameters’ t) plist

let declare_parameter_array t (p, n) =
printf "Lu,0[<2>%s (kind=Ys) , dimension(%d) , public,_ save,: : ks"
t 'kind n (SCM .constant_symbol p); nl ()

NB: we use string_of _float to make sure that a decimal point is included to make Fortran compilers happy.

let default_parameter (z, v) =
printf "Q %su=ukhs_%s" (SCM .constant_symbol x) (string_of _float v) kind

let declare_default_parameters t = function
[ =0
| p o plist —
printf "Lu@[<2>%s (kind=%s) , public, save,::" t lkind;
default _parameter p;
List.iter (fun p’ — printf ","; default_parameter p') plist;

nl ()

let format_constant = function
‘ I RN "(0,1)"
| Integer ¢ —
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if ¢ < 0 then
sprintf " (%hd.0_%s)" ¢ 'kind
else
sprintf "%d.0_%s" ¢ kind
Float x —

if z < 0. then
(" " ostring_of _float x ~ "_" " lkind ~ ")"
else
string_of _float © ~ "_" * kind
- — invalid_arg "format_constant"

let rec eval_parameter’ = function

(I | Integer _ | Float _) as ¢ —
printf "%hs" (format_constant c)
Atom x — printf "%s" (SCM .constant_symbol 1)
Sum [] — printf "0.0_%s" lkind
Sum [z] — eval_parameter’
Sum (z = xs) —
printf "@, ("; eval_parameter’ z;
List.iter (fun © — printf "Q, +,"; eval_parameter’ x) xs;
printf ")"
Diff (z, y) —
printf "@, ("; eval_parameter’ x;
printf "L-4"; eval_parameter’ y; printf ")"
Neg © — printf "@, (u-1"; eval_parameter’ z; printf ")"
Prod [] — printf "1.0_%s" lkind
Prod [z] — eval_parameter’ x
Prod (z :: zs) —
printf "@, ("; eval_parameter’ z;
List.iter (fun © — printgf " *,"; eval_parameter’ ) xs;
prmtf u)u
Quot (z, y) —
printf "@, ("; eval_parameter’ x;
printf "L/u"; eval_parameter’ y; printf ")"
Rec z —

printf "@,,(1.0_%s,/" kind; eval_parameter’ z; printf ")"

Pow (z, n) —
printf "@, ("; eval_parameter’ x;
if n < 0 then
printf "**x(hd)" n
else
printf "x*%d" n;
printf ")"
PouwX (z, y) —
printf "@, ("; eval_parameter’ z;
printf "*x"; eval_parameter’ y; printf ")"
Sqrt x — printf "@,sqrty("; eval_parameter’ x; printf ")"
Sin x — printf "@,sin, ("; eval_parameter’ x; printf ")"
Cos © — printf "@,cos,("; eval_parameter’ x; printf ")"
Tan x — printf "@,tan,("; eval_parameter’ x; printf ")"
Cot x — printf "@,cot ("; eval_parameter’ z; printf ")"
Asin z — printf "@,asin  ("; eval_parameter’ z; printf ")"
Acos © — printf "@,acos,("; eval_parameter’ x; printf ")"
Atan x — printf "@,atan, ("; eval_parameter’ z; printf ")"
Atan2 (y, ) — printf "Q,atan2,("; eval_parameter’ y;
printf ",Q,"; eval_parameter’ z; printf ")"
Sinh z — printf "@,sinh ("; eval_parameter’ z; printf ")"
Cosh © — printf "@,cosh,("; eval_parameter’ x; printf ")"
Tanh x — printf "@,tanh ("; eval_parameter’ z; printf ")"
Exp x — printf "0,exp,("; eval_parameter’ x; printf ")"
Log © — printf "@,log,("; eval_parameter’ z; printf ")"
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| Logl10 x — printf "@,logl0,("; eval_parameter’ z; printf ")"
| Conj (Integer _ | Float _ as x) — eval_parameter’ x

| Conj x — printf "@,cconjg ("; eval_parameter’ z; printf ")"
| Abs & — printf "@,abs,("; eval_parameter’ x; printf ")"

let strip_single_tag = function
| Real z — =z
| Complez © — z

let strip_array-tag = function
| Real_Array x — z
| Complex_Array v — x

let eval_parameter (lhs, rhs) =
let z = SCM.constant_symbol (strip_single_tag lhs) in
printf "LLuu@[<2>%su=u" ©; eval_parameter’ rhs; nl ()

let eval_para_list n | =
printf ", subroutine setup_parameters_%03d,()" n; nl ();
List.iter eval_parameter [;
printf ", end subroutine setup_parameters_%03d" n; nl ()

let eval_parameter_pair (lhs, rhs) =
let = SCM .constant_symbol (strip_array_tag lhs) in
let - = List.fold_left (fun i ths’ —
printf "Loou@[<2>%s (hd) u=u" = 4; eval_parameter’ rhs’; nl ();
suce i) 1 rhs in

0

let eval_para_pair_list n | =
printf ", subroutine setup_parameters_%03d,()" n; nl ();
List.iter eval_parameter_pair [;
printf ", end subroutine setup_parameters_%03d" n; nl ()

let print_echo fmt p =
let s CM .constant_symbol p in
printf "Looowrite, (unit = %, ofmt = fmt _%s) L\ "%s\", L %s"
fmt s s; nl ()

let print_echo_array fmt (p, n) =
let s = CM.constant_symbol p in
for 4 1ton do
printf "Louowritey (unity = *, fmt = fmt_Ys_array) " fmt ;
printf "\"%s\", %d, %s(hd) " s i s i; nl ()
done

let contains params couplings =
List.exists
(fun (name, -) — List.mem (SCM .constant_symbol name) params)
couplings.input

let rec depends_on params = function
| I | Integer _ | Float - — false
| Atom name — List.mem (SCM .constant—_symbol name) params
| Sum es | Prod es —
List.exists (depends_on params) es
| Diff (el, e2) | Quot (el, e2) | PowX (el, e2) —
depends_on params el V depends-on params e2
| Neg e | Rece | Pow (e, -) —
depends_on params e
| Sgrt e | Expe | Log e | Logl0 e
| Sine | Cose | Tan e | Cot e
| Asin e | Acos e | Atan e
| Sinh e | Cosh e | Tanh e
| Conje | Abse —
depends_on params e
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| Atan2 (el, e2) —
depends_on params el V depends-on params e2

let dependencies params couplings =
if contains params couplings then
List.rev
(fst (List.fold_left
(fun (deps, plist) (param, v) —
match param with
| Real name | Complex name —
if depends_on plist v then
((param, v) :: deps, CM.constant_symbol name :: plist)
else
(deps, plist))
([1, params) couplings.derived))
else

[]

let dependencies_arrays params couplings =
if contains params couplings then
List.rev
(fst (List.fold_left
(fun (deps, plist) (param, vlist) —
match param with
| Real_Array name | Complex_Array name —
if List.exists (depends_on plist) vlist then
((param, olist) :: deps,
CM .constant_symbol name :: plist)
else
(deps, plist))
([1, params) couplings.derived —arrays))
else

[]

let parameters_to_fortran oc params =
Format_Fortran.set_formatter _out_channel ~width :!line_length oc;
let declarations = classify_parameters params in
printf "module %s" !parameter_module; nl ();
printf ", use kinds"; nl ();
printf ", useconstants"; nl ();
printf ",,implicit none"; nl ();
printf "Luprivate"; nl ();
printf ", @[<2>public,: : setup_parameters";
printf ",@ import_from_whizard";
printf ",@_ model_update_alpha_s";
if lno_write then begin
printf "1 No_print_parameters";
end else begin
printf ",Q@ print_parameters";
end; nl ();
declare_default _parameters "real" params.input;
declare_parameters "real" (schisma 69 declarations.real_singles);
List.iter (declare_parameter_array "real") declarations.real_arrays;
declare_parameters "complex" (schisma 69 declarations.complex _singles);
List.iter (declare_parameter_array "complex") declarations.complex_arrays;
printf " interface,cconjg"; nl ();
printf ", uumodule procedure cconjg-_real, cconjg_complex"; nl ();
printf "Luend interface"; nl ();
printf "uuprivatey: :cconjg-_real, cconjg_complex"; nl (),
printf "contains"; nl ();
printf ", function cconjg_real, (x) result,(xc)"; nl ();
printf "uouureal (kind=default) , intent (in)::ux"; nl ();
printf "uuuureal (kind=default):: xc"; nl ();
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printf "uouuxeu=ux"; nl ();

printf ",uend function cconjg_real"; nl ();

printf " function cconjg_complex ,(z) result,(zc)"; nl ();

printf "_uuucomplex (kind=default) , intent (in)::uz"; nl ();

printf "uuuucomplex (kind=default),: :zc"; nl ();

printf "uouuzeu=uconjgu (z)"; nl ();

printf ",uend function cconjg_complex"; nl ();

printf ", 'derived parameters:"; nl ();

let shredded = schisma_-num 1 120 params.derived in

let shredded_arrays = schisma_num 1 120 params.derived - arrays in

let num_sub = List.length shredded in

let num_sub_arrays = List.length shredded_arrays in

List.iter (fun (i,1) — eval_para_list i 1) shredded;

List.iter (fun (i,1) — eval_para_pair_list (num_sub + i) 1)
shredded _arrays;

printf ", subroutine setup_parameters,()"; nl ();

for i = 1to num_sub + num_sub_arrays do
printf "Louucallsetup_parameters_%03d,O)" i; nl ();
done;

printf " end_ subroutine setup_parameters"; nl (),
printf ", subroutine import_from_whizard,,(par_array, scheme)"; nl ();
printf
"suuureal (%s) ,dimension(%d) ,  intent (in),: : par_array"
kind (List.length params.input); nl ();
printf " Luuinteger, intent (in),: :yscheme"; nl ();
let i = ref 1in

List.iter
(fun (p, ) —
printf "Luuuksu=upar-array (%d) " (SCM .constant_symbol p) li; nl ();
incr i)

params.input;
printf "uouucallsetup_parameters, (0"; nl ();
printf " end, subroutine import_from_whizard"; nl ();
printf " ,subroutine model_update_alpha_s.,(alpha_s)"; nl ();
printf "Luuureal (%s), intent (in)y: :ualpha_s" lkind; nl ();
begin match (dependencies ["aS"] params,

dependencies_arrays ["aS"] params) with

L =

printf "Louu!'y’aS’ notamong, the input parameters"; nl ();
| deps, deps_arrays —
printf "uouuaSu=ualpha_s"; nl ();
List.iter eval_parameter deps;
List.iter eval_parameter_pair deps_arrays
end;
printf "Luend subroutine model_update_alpha_s"; nl (),
if lno_write then begin
printf "' No_print_parameters"; nl ();
end else begin
printf ", subroutine print_parameters,()"; nl ();
printf "LouL@[<2>character(len=x), parameter;::";
printf "@_fmt_real = \"(A12,4X,’ =,’,E25.18)\",";
printf "@_fmt_complex = \"(A12,4X,’ =,’,E25.18, 7+ i*’ ,E25.18)\",";
printf "0 fmt_real_array = \"(A12,°(’,12.2,°)’,’ =, ,E25.18)\",";
printf "@_fmt_complex_array, =_";
printf "\"(A12,°(*,I12.2,%)°,7=,’,E25.18, 7 +_i*’ ,E25.18)\""; nl (),
printf "LLou@[<2>write (unit = *, fmt = \" (A\")_ @,";
printf "\"default values for the_ input_ parameters:\""; nl ();
List.iter (fun (p, =) — print_echo "real" p) params.input;
printf "Louu@[<2>write, (unity =%, fmt = \" (A)\")_ @,";
printf "\"derived parameters:\""; nl ();
List.iter (print_echo "real") declarations.real_singles;
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List.iter (print_echo "complex") declarations.complex_singles;
List.iter (print_echo_array "real") declarations.real_arrays;
List.iter (print_echo_array "complex") declarations.complex _arrays;
printf ", end_ subroutine print_parameters"; nl (),

end;

printf "end module  %s" !parameter_module; nl ()

Run-Time Diagnostics

type diagnostic = All | Arguments | Momenta | Gauge
type diagnostico.mode = Off | Warn | Panic

let warn mode =
match !mode with
| Off — false
| Warn — true
| Panic — true

let panic mode =
match !mode with
| Off — false
| Warn — false
| Panic — true

let suffiz mode =
if panic mode then

I’panicll
else
Ilwarnll
let diagnose_arguments = ref Off
let diagnose_momenta = ref Off

let diagnose_gauge = ref Off

let rec parse_diagnostic = function
| All, panic —
parse_diagnostic (Arguments, panic);
parse_diagnostic (Momenta, panic);
parse_diagnostic (Gauge, panic)
| Arguments, panic —

diagnose_arguments := if panic then Panic else Warn
| Momenta, panic —

diagnose_momenta := if panic then Panic else Warn
| Gauge, panic —

diagnose_gauge := if panic then Panic else Warn

If diagnostics are required, we have to switch off Fortran95 features like pure functions.

let parse_diagnostics = function
=0
| diagnostics —
fortran95 = false;

List.iter parse_diagnostic diagnostics

Amplitude

let declare_momenta_chunk = function

=0

| momenta —
printf "Lou,@[<2>type (momentum) : :,";
print_list (List.map format_momentum momenta); nl ()

let declare_momenta = function
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=0

| momenta —
List.iter
declare_momenta_chunk
(ThoList.chopn declaration_chunk_size momenta)

let declare_wavefunctions multiplicity wfs =
let wfs’ = classify_wfs wfs in
declare_list multiplicity ("complex (kind=" " lkind ~ ")")
(wfs'.scalars @ wfs’.brs_scalars);
declare_list multiplicity ("type(" ~ Names.psi_type ~ ")")
(wfs’.spinors Q wfs’.brs_spinors);
declare_list multiplicity ("type(" ~ Names.psibar_type ~ ")")
(wfs’.conjspinors Q wfs’.brs_congspinors);
declare_list multiplicity ("type(" ~ Names.chi_type ~ ")")
(wfs’.realspinors Q wfs’.brs_realspinors Q wfs’.ghostspinors);
declare_list multiplicity ("type(" ~ Names.grav_type ~ ")") wfs’.vectorspinors;
declare_list multiplicity "type (vector)" (wfs’.vectors Q wfs’.massive_vectors @
wfs’.brs_vectors @ wfs’.brs_massive_vectors @ wfs’.ward_vectors);
declare_list multiplicity "type (tensor20dd)" wfs’.tensors_1;
declare_list multiplicity "type (tensor)" wfs’.tensors_2

let flavors a = F.incoming a Q F.outgoing a
let declare_brakets_chunk = function
[ [ =0

| amplitudes —
printf "LouL@[<2>complex (kind=%s) : " kind;
print_list (List.map (fun a — flavors_symbol ~decl :true (flavors a)) amplitudes); nl ()

let declare_brakets = function
=0
| amplitudes —
List.iter
declare_brakets_ chunk
(ThoList.chopn declaration_chunk_size amplitudes)

let print_variable_declarations amplitudes =
let multiplicity = CF.multiplicity amplitudes
and processes = CF.processes amplitudes in
if = lamp_triv then begin
declare_momenta
(PSet.elements
(List.fold _left
(fun set a —
PSet.union set (List.fold_right
(fun wf — PSet.add (F.momentum_list wf))
(F.externals a) PSet.empty))
PSet.empty processes));
declare_momenta
(PSet.elements
(List.fold _left
(fun set a —
PSet.union set (List.fold _right
(fun wf — PSet.add (F.momentum_list wf))
(F.variables a) PSet.empty))
PSet.empty processes));
if lopenmp then begin
printf "Lutypeu%s@[<2>" openmp_tld _type;
nl ();
end ;
declare —wavefunctions multiplicity
(WESet.elements
(List.fold _left
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(fun set a —
WESet.union set (List.fold_right WFSet.add (F.externals a) WFSet.empty))
WESet.empty processes));
declare —wavefunctions multiplicity
(WFESet.elements
(List.fold _left
(fun set a —
WESet.union set (List.fold_right WFSet.add (F.variables a) WFSet.empty))
WESet.empty processes));
declare_brakets processes;
if lopenmp then begin
printf "@]_ end typeuks\n" openmp_tld_type;
printf "Lutype (%s)y: :u%s" openmp_tld _type openmp_tld;
nl ();
end;
end

print_current is the most important function that has to match the functions in omega95 (see appendix AB).
It offers plentiful opportunities for making mistakes, in particular those related to signs. We start with a few

auxiliary functions:

let children2 rhs =
match F.children rhs with
| wfts wf2] — (uft, wf?)
| - — failwith "Targets.children2: can’t_ happen"

let children3 rhs =
match F.children rhs with
| [wfl; wf2; wf3] — (wfl, wf2, wf3)
| - — invalid_arg "Targets.children3: can’t_happen"

let print_current amplitude dictionary rhs =
let module Vintage = Targets_vintage.Make_Fortran(Names)( Vintage_ Fermions)(Fusion_Maker)(P)(M) in

match F'.coupling rhs with

| V& (vertex, fusion, constant) —
Vintage.print _current _ V3 multiple _variable momentum amplitude dictionary rhs vertex fusion constant

| V4 (vertex, fusion, constant) —
Vintage.print _current _ V4 multiple_variable momentum amplitude dictionary Ths vertex fusion constant

This reproduces the hack on page 508 and gives the correct results up to quartic vertices. Make sure that
it is also correct in light of (20.1), i.e.

iT = i#vcrtlccsi#propagators . — in—Zin—S e — _1(_1)n .

| Vn (UFO (¢, v, s, fl, color), fusion, constant) —
if Birdtracks.is_unit color then

let g = CM.constant_symbol constant

and chn = F.children rhs in

let wfs = List.map (multiple_variable amplitude dictionary) chn
and ps = List.map momentum chn in

let n = List.length fusion in

let eps = if n mod 2 = 0 then -1 else 1 in

printf "@, hsy" (if (eps x F.sign rhs) < 0 then "-" else "+");
UFO.Targets.Fortran.fuse ¢ v s fl g wfs ps fusion

else

failwith "print_current: nontrivialjcolor structure"

let print_propagator f p m gamma =
let minus_third = "(-1.0_" " lkind ~ "/3.0_" "~ lkind ~ ")" in
let w =
begin match SCM .width f with
| Vanishing | Fudged — "0.0_" " lkind
| Constant | Complex_Mass — gamma
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| Timelike — "wd_t1(" ~p "~ "," " gamma "~ ")"
| Running — "wd_run(" “p "~ "," > m "~ "," " gamma "~ ")"
‘ C’ustomf RN f ~ Il(ll ~ D ~ Il’ll ~ gamma ~ n)u
end in
let cmms =
begin match SCM .width f with
| Complex_Mass — ".true."
| - — ".false."
end in
match SCM .propagator f with
| Prop_Scalar —
printf "pr_phi(hs,%s,%s," p m w
| Prop_Col_Scalar —
printf "hsu*upr-phi (Y%s,%s,%s," minus_third p m w
| Prop_Ghost — printf "(0,1) *,pr-phi(%s, %s,uhs," p m w
| Prop_Spinor —
printf "“%hs (s, hs,hs,%hs," Names.psi_propagator p m w cms
| Prop_ConjSpinor —
printf "“%s (s, %hs,hs,%hs," Names.psibar_propagator p m w cms
| Prop_Majorana —
printf "“%s(hs,%s,hs,%hs," Names.chi_propagator p m w cms
| Prop_Col_Majorana —
printf "%hsux ks (hs,%hs,hs,hs, " minus_third Names.chi_propagator p m w cms
| Prop_Unitarity —
printf "pr_unitarity(%s,%s,%s,%s," p m w cms
rop- Col_ Unitarity —
P Col_ Unitarit
printf "hsu*upr-unitarity(%s,%s,%s,%s,
| Prop_Feynman —
printf "pr_feynman(%s," p
rop-Col_Feynman —
P Col _F
printf "Yhsu*upr-feynman (%s," minus-third p
rop-Gauge i —
| Prop_Gauge i
printf "pr_gauge (%s,%s," p (SCM.gauge_symbol xt)
rop-Rxi xi —
| Prop_Rzi i
printf "pr_rxi(%s,%s,%s,%s," p m w (SCM.gauge_symbol i)
| Prop_Tensor_2 —
printf "pr_tensor(%s,%s,%s," p m w
rop- Tensor_pure —>
| Prop_T P
printf "pr_tensor_pure(%s,%s,%s," p m w
rop- Vector_pure —
Prop_Vector_p
printf "pr_vector_pure(%s,%s,%s," p m w
rop- Vectorspinor —
P Vect j
printf "pr_grav(%s,hs,%s," p m w
| Auz_Scalar | Auz_Spinor | Auz_CongSpinor | Auz_Majorana
uz_ Vector uzx_Tensor_1 — prin
Auzx_ Vect Aux_Te 1 intf " ("
uz_ Col_Scalar ux - Col_ Vector ux_Col_Tensor_1 — prin psuxy (" minus _thir
Auzx_Col_Scal Auzx_Col_Vect Auz_Col_Te 1 intf "% " mi third
|
|

" minus_third p m w cms

Only_Insertion — printf " ("
Prop_UFO name —
printf "pr_U_%s(%s,%s,%s," name p m w

let print_projector f p m gamma =
let minus_third = "(-1.0_" " lkind ~ "/3.0_" "~ lkind ~ ")" in
match SCM .propagator f with
| Prop_Scalar —
printf "pj_phi(%s,%s," m gamma
| Prop_Col_Scalar —
printf "hsu*upj-phi (%s,%s," minus_third m gamma
| Prop_Ghost —
printf "(0,1) * pj-phi(%s,%s," m gamma
| Prop_Spinor —
printf "%s(%s,%s,%s," Names.psi_projector p m gamma
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| Prop_ConjSpinor —
printf "%s(%s,%s,%s," Names.psibar_projector p m gamma
| Prop_Majorana —
printf "“%s(hs,%s,%hs," Names.chi_projector p m gamma
| Prop-Col_Majorana —
printf "hsu*xuhs Chs,%s,hs, " minus_third Names.chi_projector p m gamma
| Prop_Unitarity —
printf "pj_unitarity(%s,%s,%s," p m gamma
| Prop_Col_Unitarity —
printf "%hsu*Lpj-unitarity (%s,%s,%s,
| Prop_Feynman | Prop_Col_Feynman —
invalid_arg "no_on-shell Feynman, propagator!"
| Prop_Gauge - —
wnvalid_arg "no,on-shell massless gauge propagator!"
| Prop_Rxzi - —
invalid_arg "no_on-shell Rxi propagator!"
| Prop_Vectorspinor —
printf "pj-grav(%s,%s,%s," p m gamma
| Prop_Tensor_2 —
printf "pj-tensor (%s,%s,%s," p m gamma
| Prop_Tensor_pure —
invalid_arg "no_on-shell pure Tensor propagator!"
| Prop_Vector_pure —
1nvalid_arg "no,on-shell pure Vector propagator!"
| Auz_Scalar | Auz_Spinor | Auz_ConjSpinor | Auz_Majorana
| Aux_Vector | Aux_Tensor_1 — printf "("
| Auz_Col_Scalar | Aux_Col_Vector | Auz_Col_Tensor_-1 — printf "hsu*u (" minus_third
|
|

minus_third p m gamma

Only_Insertion — printf "("
Prop_UFO name —
invalid_arg "no_on,shell UFQ propagator"

let print_gauss f p m gamma =
let minus_third = "(-1.0_" " lkind ~ "/3.0_" "~ lkind ~ ")" in
match SCM .propagator f with
| Prop_Scalar —
printf "pg_phi(%s,%s,%s," p m gamma
| Prop_-Ghost —
printf "(0,1) * pg_phi(%s,%s,%s," p m gamma
| Prop_Spinor —
printf "%s(%s,%s,%s," Names.psi_projector p m gamma
| Prop_ConjSpinor —
printf "“%s (s, %s,%hs," Names.psibar_projector p m gamma
| Prop_Majorana —
printf "hs(hs,%s,%hs," Names.chi_projector p m gamma
| Prop_Col_Majorana —
printf "“hsuxuhs (hs,%s,%s," minus_third Names.chi_projector p m gamma
| Prop_Unitarity —
printf "pg-unitarity(%s,%s,%s," p m gamma
| Prop_Feynman | Prop_Col_Feynman —
invalid_arg "no_on-shell Feynman, propagator!"
| Prop_Gauge - —
invalid__arg "no on-shell massless gauge propagator!"
| Prop_Rxzi - —
invalid_arg "no_on-shell Rxi propagator!"
| Prop_Tensor_-2 —
printf "pg-tensor (%s,%s,%s," p m gamma
| Prop_Tensor_pure —
invalid_-arg "no pure tensor propagator!"
| Prop_Vector_pure —
invalid_arg "no_pure vector propagator!"
| Auz_Scalar | Auz_Spinor | Aux_ConjSpinor | Auz_-Majorana
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| Auz_Vector | Aux_Tensor_1 — printf "("
| Only_Insertion — printf " ("
| Prop_UFO name —
invalid-arg "no UF0,gauss_insertion"
| - — invalid_arg "targets:print_gauss: not_ available"

let print_fusion_diagnostics amplitude dictionary fusion =
if warn diagnose_gauge then begin
let lhs = F.lhs fusion in
let f = F.flavor lhs
and v = wariable lhs
and p = momentum lhs in
let mass = SCM .mass_symbol f in
match SCM .propagator f with
| Prop_Gauge — | Prop_Feynman
| Prop_Rxi - | Prop_Unitarity —
printf "Lououu@[<2>%s =" v;
List.iter (print_current amplitude dictionary) (F.rhs fusion); nl ();
begin match SCM .goldstone f with
| None —
printf "Lououucall omega_ward_%s (\"%s\",%s,%s,%s)"
(suffiz diagnose_gauge) v mass p v; nl ()
| Some (g, phase) —
let gv = SCM .flavor_symbol g ~ "_" " format_p lhs in
printf "Lououucall omega_slavnov_%s"
(suffix diagnose_gauge);
printf "(@[\"%s\",%s,%s,%s,0,%s*)s)"
v mass p v (format_constant phase) gv; nl ()
end

|- =0

end

let print_fusion amplitude dictionary fusion =
let [hs = F.lhs fusion in
let f = F.flavor lhs in
printf "LLuouuu@[<2>%s =0, " (multiple_variable amplitude dictionary lhs);
if F.on_shell amplitude lhs then
print_projector f (momentum lhs)
(SCM .mass_symbol f) (SCM .width_symbol f)
else
if F.is_gauss amplitude lhs then
print_gauss f (momentum lhs)
(SCM .mass_symbol f) (SCM .width_symbol f)
else
print_propagator f (momentum lhs)
(SCM .mass_symbol f) (SCM .width_symbol f);
List.iter (print_current amplitude dictionary) (F.rhs fusion);
printf ")"; nl ()

let print_momenta seen_momenta amplitude =
List.fold _left (fun seen f —
let wf = F.lhs f in
let p = F.momentum_list wf in
if = (PSet.mem p seen) then begin
let rhs! = List.hd (F.rhs f) in
printf "Louuhsu=uks" (momentum wf)
(String.concat " +,"
(List.map momentum (F.children rhs1))); nl ()
end;
PSet.add p seen)
seen_momenta (F.fusions amplitude)

let print_fusions dictionary fusions =
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List.iter
(fun (f, amplitude) —
print_fusion_diagnostics amplitude dictionary f;
print_fusion amplitude dictionary f)
fusions

The following will need a bit more work, because the decision when to reverse_braket for UFO models with
Majorana fermions needs collaboration from UFO. Targets.Fortran.fuse which is called by print_current. See
the function UFO_targets. Fortran.jrr_print_majorana_current_transposing for illustration (the function is
never used and only for documentation).

let spins_of —rhs rhs =
List.map (fun wf — SCM .lorentz (F.flavor wf)) (F.children rhs)

let spins_of _ket ket =
match ThoList.uniq (List.map spins_of _rhs ket) with
| [spins] — spins
| [] — failwith "Targets.Fortran.spins_of _ket: empty"
| - — [] (x HACK! %)

let print_braket amplitude dictionary name braket =
let bra = F.bra braket
and ket = F.ket braket in
let spin_bra = SCM .lorentz (F.flavor bra)
and spins_ket = spins_of _ket ket in
let vintage = true (x F.vintage ) in
printf "Louuuu@[<2>%s =0 %s@, ;+" name name;
if Fermions.reverse_braket vintage spin_bra spins_ket then
begin
printf "@, (";
List.iter (print_current amplitude dictionary) ket;
printf ")*%s" (multiple_variable amplitude dictionary bra)
end
else
begin
printf "%s*@, (" (multiple_variable amplitude dictionary bra);
List.iter (print_current amplitude dictionary) ket;
printf ")"
end;

nl ()

iT = i#vcrticcsi#propagators e — in72in73 R _1(_1)n . (201)
@ tho : we write some brakets twice using different names. Is it useful to cache them?

let print_braket_slice ?orders dictionary amplitude brakets =
let name = flavors_symbol ?orders (flavors amplitude) in
printf "Luuuouhsu=u0" name; nl ();
List.iter (print_braket amplitude dictionary name) brakets;
let n = List.length (F.externals amplitude) in
if n mod 2 = 0 then begin
printf "Lououu@[<2>%s=0, ,-uksy ! Lkhduvertices,  %d propagators"
name name (n — 2) (n — 3); nl ()
end else begin
printf "Louoou!uhsu=uksu! Lkdvertices, jd propagators"
name name (n — 2) (n — 3); nl ()
end;
let s = F.symmetry amplitude in
if s > 1 then
printf "Lououu@[<2>%s =0, ,%s@, /Lsqrt (%d.0_%s) ! usymmetry factor" name name s 'kind
else
printf "Lououo!ounit symmetry factor";
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nl ()

let print_brakets dictionary amplitude =
match F.brakets amplitude with
| [([], brakets)] — print_braket_slice dictionary amplitude brakets
| [(orders, brakets)] —
Printf.eprintf "omega: implementation, of coupling order slices not complete_ yet!\n";
print_braket_slice ~orders dictionary amplitude brakets

| slices —
Printf .eprintf " omega:implementation of coupling order slices not, complete yet!\n";
List.iter
(fun (orders, brakets) — print_braket_slice ~orders dictionary amplitude brakets)
slices

let print_incoming wf =
let p = momentum wf
and s = spin wf
and f = F.flavor wf in
let m = SCM.mass_symbol f in
match SCM .lorentz f with
| Scalar — printf "1"
| BRS Scalar — printf "(0,-1) u*, (hsu*Lhsu-u%hs**2)" p p m
| Spinor —
printf "hsu(hs,u-u%hs,uhs)" Names.psi_incoming m p s
| BRS Spinor —
printf "“hsy(hs,u-uhs,uhs) " Names.brs_psi_incoming m p s
| ConjSpinor —
printf "“hsu(hs, -u%hs,u%hs)" Names.psibar_incoming m p s
| BRS ConjSpinor —
printf "hsuChs,u-u%s,u%s)" Names.brs_psibar_incoming m p s
| Majorana —
printf "“hsyu(hs,u-uhs,uhs)" Names.chi_incoming m p s
| Maj_Ghost — printf "ghosty(%s,u-uhs,uhs)" m p s
| BRS Majorana —
printf "hsuChs,u-u%s,u%s)" Names.brs_chi_incoming m p s
Vector | Massive- Vector —
printf "epsy(hs,u-uhs,uhsS)" m p s
BRS Vector | BRS Massive_Vector — printf
" (0, 1) Lk (hsukuhsu-uhs**2) u*xuepsy(%s,u-%s,%8)" pp m m p s
Vectorspinor | BRS Vectorspinor —
printf "hsu(hs,u-u%s,u%hs)" Names.grav_incoming m p §
| Tensor-1 — invalid_arg "Tensor_1,only, internal"
| Tensor_2 — printf "eps2,,(hs,u-uhs,u%hs)" m p s
| - — invalid_arg "noysuch BRST transformations"

let print_outgoing wf =
let p = momentum wf
and s = spin wf
and f = F.flavor wf in
let m = SCM.mass_symbol f in
match SCM .lorentz f with
| Scalar — printf "1"
| BRS Scalar — printf "(0,-1)*,(hsu*uhsu-uhs**2)" p p m
| Spinor —
printf "hsuChs,uhs,u%s)" Names.psi_outgoing m p s
| BRS Spinor —
printf "hsuChs,uhs,u%s)" Names.brs_psi_outgoing m p s
| ConjSpinor —
printf "hsu(hs,u%hs,uk%s) " Names.psibar_outgoing m p 8
| BRS ConjSpinor —
printf "hsuChs,uhs,u%hs)" Names.brs_psibar_outgoing m p s
| Majorana —
printf "%hsu(hs, hs,u%s)" Names.chi_outgoing m p s
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| BRS Majorana —

printf "%hsu(hs, hs,u%s)" Names.brs_chi_outgoing m p s

Maj_Ghost — printf "ghosty(%s, hs,u%hs)" m p s

| Vector | Massive- Vector —

printf "conjgu(epsy(Uhs,uhs,uhs))" m p s
| BRS Vector | BRS Massive_Vector — printf

" (0, 1) ¥y (Yhs*lhs-Y%s**x2) Lk (conjgu (epsy(hs,uhs,hs)))" ppm mp s

| Vectorspinor | BRS Vectorspinor —

printf "hsuChs,u%s,u%s)" Names.grav_incoming m p s
| Tensor_-1 — invalid_arg "Tensor_1 only internal"
| Tensor_2 — printf "conjg,(eps2y,(%hs,uhs,uhs))" m p s
| BRS - — inwvalid_arg "no,such BRST transformations"

let print_external_momenta amplitude =
let externals =
List.combine
(F.externals amplitude)
(List.map (fun = — true) (F.incoming amplitude) @
List.map (fun _ — false) (F.outgoing amplitude)) in
List.iter (fun (wf, incoming) —
if incoming then
printf "Louuhksu=u-uk(:,%d) ! yincoming”
(momentum wf) (ext_momentum wf)
else
printf "Luuoksu=uook (2, %d) L outgoing"
(momentum wf) (ext_momentum wf); nl ()) externals

let print_externals seen_wfs amplitude =
let externals =
List.combine
(F.externals amplitude)
(List.map (fun - — true) (F.incoming amplitude) @
List.map (fun _ — false) (F.outgoing amplitude)) in
List.fold _left (fun seen (wf, incoming) —
if = (WFSet.mem wf seen) then begin
printf "LLuuou@[<2>%sL=@, " (variable wf);
(if incoming then print_incoming else print_outgoing) wf; nl ()
end;
WFSet.add wf seen) seen_wfs externals

let flavors_to_string flavors =
String.concat "," (List.map (fun f — CM.flavor_to_string (SCM .flavor_all_orders f)) flavors)

let process_to_string amplitude =
flavors_to_string (F.incoming amplitude) ~ " ->," *
flavors_to_string (F.outgoing amplitude)

let flavors_sans_color_to_string flavors =
String.concat """ (List.map M .flavor_to_string flavors)

let process_sans_color_to_string (fin, fout) =
flavors_sans_color _to_string fin ~ " ,->," *
flavors_sans_color _to_string fout

let print_fudge_factor amplitude =

let name = flavors_symbol (flavors amplitude) in
List.iter (fun wf —
let p = momentum wf

and f = F.flavor wf in
match SCM .width f with
| Fudged —
let m = SCM.mass_symbol f
and w = SCM.width_symbol f in
printf "uouoouifu (%su>00.0-%s) ythen" w kind; nl ();
printf "Loooouuu@[<2>Y%s = %s @ (hsxls—Lhs**2) "
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name name p p m;
printf "€/ cmplx, (hsxhsu-uhs**2,  khs*)s,  kind=Ys)"
p pmm wlkind; nl (),
printf "Luouuuend if"; nl ()
| - = () (F.s_channel amplitude)

let num_helicities amplitudes =
List.length (CF .helicities amplitudes)

let num_coupling_orders amplitudes =
match CF.coupling_orders amplitudes with
| None — 0
| Some (co_list, _) — List.length co_list

let num _coupling_order_powers amplitudes =
match CF.coupling_orders amplitudes with
| None — 0
| Some (-, powers) — List.length powers

Spin, Flavor € Color Tables

The following abomination is required to keep the number of continuation lines as low as possible. FORTRANT7-
style DATA statements are actually a bit nicer here, but they are not available for constant arrays.

We used to have a more elegant design with a sentinel 0 added to each initializer, but some revisions of the
Compaq/Digital Compiler have a bug that causes them to reject this variant.

@ The actual table writing code using reshape should be factored, since it’s the same algorithm every time.

let print_integer_parameter name value =
printf ",,0[<2>integer, parameter,:: ks =.%d" name value; nl ()

let print_real_parameter name value =
printf ",,@[<2>real (kind=Ys) , jparameter,: : ks =, %d"
kind name value; nl ()

let print_logical _parameter name value =
printf "LL@[<2>logical, parameter,:: %S =,.%S."
name (if value then "true" else "false"); nl ()

let num_particles_in amplitudes =
match CF.flavors amplitudes with
| [] =0
| (fin, ) == - — List.length fin

let num_particles_out amplitudes =
match CF.flavors amplitudes with
| [] =0
| (-, fout) == - — List.length fout

let num_particles amplitudes =
match CF.flavors amplitudes with
| [] =0
| (fin, fout) :: - — List.length fin + List.length fout

module CFlow = Color.Flow

let num_color_flows amplitudes =
if lamp_triv then
1
else
List.length (CF .color_flows amplitudes)

let num_color_indices_default = 2 (x Standard model )

let num_color_indices amplitudes =
try CFlow.rank (List.hd (CF .color_flows amplitudes)) with - — num_color_indices_default
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let color_to_string ¢ =
" ("~ (String.concat "," (List.map (Printf.sprintf "%3d") ¢)) ~ ")"

let cflow_to_string cflow =
String.concat "," (List.map color_to_string (CFlow.in_to_lists cflow)) ~ "u->," "
String.concat " " (List.map color_to_string (CFlow.out_to_lists cflow))

let protected = ", protected" (* Fortran 2003! x)

let print_coupling_orders_table amplitudes =
printf "Lu@[<2>integer, dimension(n_co,n_cop), save’s,: : table_coupling_orders" protected; ni ();
begin match CF'.coupling_orders amplitudes with
| None | Some (-, []) — ()
| Some (-, powers) —
List.iteri
(fun @ powers —
printf "L ,@[<2>data table_coupling_orders(:,%4d) /u%hsu/" (succ i)
(String.concat ", " (List.map (Printf.sprintf "%2d") powers));
nl ()
powers
end;

nl ()

let print_spin_table name tuples =
printf ",,@[<2>integer, dimension(n_prt,n_hel), save’sy: : table_spin_%s"
protected name; nl ();
match tuples with
1= 0
| - —
List.iteri
(fun ¢ (tuplel, tuple2) —
printf "u,@[<2>data table_spin_%s(:,%4d)L/L%su/" name (succ ©)
(String.concat ", " (List.map (Printf.sprintf "%2d") (tuplel Q tuple2)));

nl ())

tuples

let print_spin_tables amplitudes =
print_spin_table "states" (CF.helicities amplitudes);

nl ()

let print_flavor_table name tuples =
printf "L,,@[<2>integer, dimension(n_prt,n_flv), save¥s,: : table_flavor_%s"
protected name; nl ();
match tuples with
=0
| - —
List.itert
(fun ¢ tuple —
printf "uL@[<2>data table_flavor_%s(:,%4d)u/Uhsu/ulukhs" name (suce 1)
(String.concat ", "
(List.map (fun f — Printf.sprintf "%3d" (M.pdg f)) tuple))
(String.concat " " (List.map M .flavor_to_string tuple));

nl ()

tuples

let print_flavor_tables amplitudes =
print_flavor_table "states"
(List.map (fun (fin, fout) — fin Q fout) (CF.flavors amplitudes));

nl ()

let num_flavors amplitudes =
List.length (CF .flavors amplitudes)

let print_color_flows_table tuples =
if lamp_triv then begin
printf
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"uu@[<2>integer, dimension(n_cindex,n_prt,n_cflow),_ savelsy: : table_color_flows =_,0"
protected; nl ();
end
else begin
printf
"uu@[<2>integer, dimension(n_cindex,n_prt,n_cflow), save’sy: : table_color_flows"
protected; nl ();
end;
if = lamp_triv then begin
match tuples with
| 11 =0
| - = _ as tuples —
List.iteri
(fun i tuple —
begin match CFlow.to_lists tuple with
)
| ¢ff = ¢fn —
printf ",,@[<2>data table_color_flows(:,:,%4d) /" (succ i);
printf @ %s" (String.concat "," (List.map string_of _int cf1));
List.iter (fun ¢f — printf ",0,.%s" (String.concat " ," (List.map string_of —int cf))) cfn;
printf "@,/"; nl ()
end)
tuples
end

let print_ghost_flags_table tuples =
if lamp_triv then begin
printf
"uu@[<2>logical, dimension(n_prt,n_cflow), savels,: : table_ghost_flags = F"
protected; nl ();
end
else begin
printf
"uu@[<2>logical, dimension(n_prt,n_cflow), savels,:: table_ghost_flags"
protected; nl ();
match tuples with
| 1= 0
| - —
List.iteri
(fun i tuple —
begin match CFlow.ghost_flags tuple with
|11 —=0
| gff = gfn —
printf ",,0[<2>data table_ghost_flags(:,%4d) /" (succ i);
printf "0 %s" (if gff then "T" else "F");
List.iter (fun gf — printf ",@uu%s" (if gf then "T" else "F")) gfn;
prmtf uu/u;
nl ()
end)
tuples
end

let format_power_of x

{ Color.Flow.num = num; Color.Flow.den = den; Color.Flow.power = puwr } =
match num, den, pwr with
| -, 0, - — invalid_arg "format_power_of : zero denominator"
| 0, -, - — "+zero"
|1, 1,0 | —1, =1, 0 — "+one"
| —1,1,0] 1, —1,0 — "-one"
| 1, 1,1 | —1, 1,1 = """ g
| =1, 1,1]1, -1, 1 — "-""g
| 1,1, =1 ] =1, =1, =1 — "+1/" "z
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| -1,1, -1 |1 -1, =1 — "-1/" "z
|1, 1, p| -1, =1, p —
"+t S (if p > 0then ""else "1/") "z~ "kx" " string_of _int (abs p)
| -1, 1,p |1 -1, p —
"o (if po> 0then ""else "1/") "z "~ "kx" " string_of _int (abs p)
| n, 1, 0 —
(if n < 0 then "-" else "+") ~ string_of _int (abs n) ~ ".0_" " lkind
| n, d, 0 —
(if n x d < 0then "-" else "+") "
string_of —int (abs n) ~ ".0_" "~ lkind ~ "/" °
string_of —int (abs d)
| n, 1, 1 —
(if n < 0 then "-" else "+")
| n, 1, =1 —
(if n < 0 then "-" else "+") ~ string_of —int (abs n) ~ "/" " x
n, d, 1 —
(if n x d < 0then "-" else "+")
string_of _int (abs n) ~ ".0_" ~ lkind ~ /" °
string_of _int (abs d) ~ "*" "z
n, d, —1 —
(if n x d < 0then "-"else "+") "
string_of _int (abs n) ~ ".0_" " lkind ~ "/" °
string_of _int (abs d) > "/" "z
n, 1, p —
(if n < 0 then "-" else "+") ~ string_of _int (abs n) *
(if p > 0then "*" else "/") ~ z ~ "xx" ~ string_of _int (abs p)
n, d, p —
(if n x d < 0then "-" else "+")
string_of _int (abs n) ~ ".0_" ~ lkind ~ /" °
string_of _int (abs d) *
(if p > 0then "*" else "/") ~ z ~ "x*" ~ string_of _int (abs p)

string_of _int (abs n) ~ "x" "z

let format_powers_of z = function
| [] = "zero"
| powers — String.concat "" (List.map (format_power_of ) powers)

@ We can optimize the following slightly by reusing common color factor parameters.

let print_color_factor_table table =
let n_cflow = Array.length table in
let n_cfactors = ref 0 in
for c1 = 0 to pred n_cflow do
for ¢2 = 0 to pred n_cflow do
match table.(c1).(c2) with
=0
| - — dncr n_cfactors
done
done;
print_integer _parameter "n_cfactors" !n_cfactors;
printf "Ly,@[<2>type(%s) , dimension(n_cfactors), savels,::"
omega_color_factor_abbrev protected;
printf "@ table_color_factors"; nl ();
if = lamp_triv then begin
let i = ref 1in
if n_cflow > 0 then begin
for c1 = 0 to pred n_cflow do
for ¢2 = 0 to pred n_cflow do
match table.(c1).(c2) with
1 =0
| of —
printf ", ,@[<2>real(kind=Ys) , parameter, private,:: color_factor_%06d, = %s"
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kind i (format_powers_of nc_parameter cf);

nl ();

printf ", ,@[<2>data table_color_factors(%64d) ./ %s (%d,%d,color_factor_%064),/"
li omega_color_factor_abbrev (succ cl1) (succ ¢2) li;

mer i

nl ();

done
done
end;
end

let print_color_tables amplitudes =
let cflows = CF.color_flows amplitudes
and cfactors = CF.color_factors amplitudes in
(x print_color_flows_table_old "c" cflows; nl (); *)
print_color_flows_table cflows; nl ();
(x print_ghost_flags_table_old "g" cflows; nl (); )
print_ghost_flags_table cflows; nl ();
(x print_color_factor_table_old cfactors; nl (); *)
print_color_factor_table cfactors; nl ()

let option_to_logical = function
| Some - — "T"
| None — "F"

let print_flavor _color_table n_flv n_cflow table =
if lamp_triv then begin
printf
"uu@[<2>logical, dimension(n_flv, n_cflow), savels,:: 0 ,f1v_col_is_allowed =_T"
protected; nl ();
end
else begin
printf
"uu@[<2>logical, dimension(n_flv, n_cflow), savels,::,0,flv_col_is_allowed"
protected; nl ();
if n_flu > 0 then begin
for ¢ = 0 to pred n_cflow do
printf
",L@[<2>data flv_col_is_allowed(:,%4d) /" (succ ¢);
printf "0 %s" (option_to_logical table.(0).(c));
for f = 1 to pred n_flv do
printf ",@.%s" (option_to_logical table.(f).(c))
done;
printf "0_/"; nl ()
done;
end;
end

let print_amplitude_table a =
(* print_flavor _color_table_old "a" (num_flavors a) (List.length (CF.color_flows a)) (CF.process_table a); nl ();

print_flavor _color _table
(num_flavors a) (List.length (CF.color_flows a)) (CF .process_table a);
nl ();
printf
",,@[<2>complex (kind=Y%s), dimension(n_flv, n_cflow, n_hel), savey:: amp" !kind;
nl ();
nl ()

let print_helicity_selection_table () =
printf ", @[<2>logical, dimension(n_hel), save,::,";
printf "hel_is_allowed, =,T"; nl ();
printf ", @[<2>real (kind=Y%s), dimension(n_hel),_ save,:: " kind;
printf "hel_max_abs,=,0"; nl ();
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printf ", @[<2>real (kind=%s), save,::." lkind;
printf "hel_sum_abs_=,0,,";

printf "hel_threshold, = ,1E10_%s" !kind; nl ();
printf "Lu,@[<2>integer, save,: :,";

printf "hel_count_ =_0,,";

printf "hel_cutoff ,=,100"; nl ();

printf "Lu@[<2>integer,::";

printf "i"; nl ();

printf ",,@[<2>integer, save, dimension(n_hel) ::,";
printf "hel_map,=,(/ (i, iu=ul,n-hel)/)"; nl ();

printf ",,0[<2>integer, jsave,:: hel_finite = n_hel"; nl ();

nl ()

Optional MD5 sum function

let print_mdSsum _functions = function
| Some s —

printf "L @[<E>"; if |fortran95 then printf "pure,";
printf "function md5sum ()"; nl ();
printf "uuucharacter (len=32),: : md5sum"; nl ();
printf "Loun!WDON? T EVEN, THINK, ,of modifying ithe following line!"; nl (),
printf "LouumdSsum = \"%s\"" s; nl ();
printf ",uend function md5sum"; nl ();

nl ()

| None — ()

Maintenance & Inquiry Functions

let print_maintenance_functions () =
if lwhizard then begin

printf ", subroutine_init,(par, scheme)"; nl ();
printf "y uureal (kind=Y%s) , dimension(*), intent (in):: par" lkind; nl ();
printf "Louuinteger, intent (in): :scheme"; nl ();
printf "uuuucall import_from_whizard,(par, scheme)"; nl ();
printf ", end subroutine init"; nl ();
nl ();
printf ", subroutine_ final, ,()"; nl ();
printf ",_end subroutine final"; nl ()7
nl ();
printf ", subroutine update_alpha_s (alpha_s)"; nl ();
printf "uouureal (kind=%s) , intent (in): :palpha_s" lkind; nl ();
printf "Louucall model_update_alpha_s (alpha_s)"; nl ();
printf ", end subroutine update_alpha_s"; nl ();

nl ()

end

let print_inquiry-function_openmp () = begin
printf ", pure function openmp_supported, () result, (status)"; nl ();
printf "uuuulogicaly::status"; nl ();
printf "Luuustatus = %s" (if lopenmp then ".true." else ".false."); nl ();
printf ", end, function openmp_supported"; nl ();

nl ()

end

let print_external_mass_case flv (fin, fout) =
printf "Luuucasey (%3d) " (suce flv); nl ();
List.itert
(funi f —
printf "Luuooam(%2d) u=uks" (suce i) (M.mass_symbol f); nl ())
(fin @ fout)
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let print_external_masses amplitudes =
printf "Lu@[<5>"; if Ifortran95 then printf "pure,";
printf "subroutine external_masses, (m, f1v)"; nl (),
printf "ouureal (kind=%s) , dimension(:), intent (out): :um" kind; nl ();
printf "uuuuinteger, intent (in)y: :uf1v"; nl ();
printf "uouuselectcase (£1v)"; nl ();
List.iteri print_external_mass_case (CF .flavors amplitudes);
printf "Luuuendyselect"; nl ();
printf ", end subroutine external_masses"; nl ()7
nl ()
let print_numeric_inquiry-functions (f, v) =
printf "uL@[<5>"; if Ifortran95 then printf "pure,";
printf "function %s,()yuresult, (@)" f; nl ();
printf "Luuuintegery: i un"; nl ();
printf "uouono=uhs" v; nl ();
printf " end function %s" f; nl ();
nl ()
let print_inquiry-functions name =
printf "uL@[<5>"; if Ifortran95 then printf "pure,";
printf "function number_%s () result,(n)" name; nl ();
printf "Luuuintegery::un"; nl ();
printf "LLuun =usize (table_Ys, dim=2)" name; nl ();
printf " end function number_%s" name; nl ();
nl ();
printf "uL@[<5>"; if Ifortran95 then printf "pure,";
printf "subroutine  %s,(a)" name; nl ();
printf "uouuinteger, dimension(:,:), intent (out):: a"; nl ();
printf "Luuuao=utable_%s" name; nl ();
printf ", end subroutine %s" name; nl ();

nl ()

let print_color_flows () =
printf "uL@[<5>"; if Ifortran95 then printf "pure,";
printf "function number_color_indices,, () result, (n)"; nl ();
printf "uouuintegery: i n"; nl ();
if lamp_triv then begin
printf "uouunu=on-cindex"; nl ();
end
else begin
printf "Louung=usize (table_color_flows, dim=1)"; nl ();
end;
printf ", end function number_color_indices"; nl (),
nl ();
printf "u,@[<5>"; if Ifortran95 then printf "pure,";
printf "function number_color_flows, () result, (n)"; nl ();
printf "uouuintegery: i n"; nl ();
if lamp_triv then begin
printf "uouunu=on-ctlow"; nl ();
end
else begin
printf "Louung=usize (table_color_flows, dim=3)"; nl ();
end;
printf ", end function number_color_flows"; nl ();
nl ();
printf "uL,@[<E>"; if Ifortran95 then printf "pure,";
printf "subroutine color_flows,(a,,g)"; nl ();
printf "_Luuinteger, dimension(:,:,:), intent (out)y::na"; nl ();
printf "Louulogical, dimension(:,:), intent(out)::,g"; nl ();
printf "uouuau=utable_color_flows"; nl ();
printf "uLuugu=utable_ghost_flags"; nl ();
printf "Luend subroutine color_flows"; nl ();
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nl ()

let print_color_factors () =
printf "L @[<E>"; if |fortran95 then printf "pure,";
printf "function number_color_factors, () result, (n)"; nl ();
printf "uuuuintegery: :un"; nl ();
printf "uouunu=usize (table_color_factors)"; nl ();
printf ",Lend function number_color_factors"; nl ();
nl ();
printf "uL@[<5>"; if Ifortran95 then printf "pure,";
printf "subroutine color_factors,(cf)"; nl ();
printf "Louutype (%s) ,udimension(:), intent (out) ::cf"
omega_color_factor _abbrev; nl ();
printf "Luuucfu=utable_color_factors"; nl ();
printf ", end, subroutine color_factors"; nl ();
nl ();
printf "uL,@[<E>"; if fortran95 A pure_unless_openmp then printf "pure,";
printf "functioncolor_sum,(flv, hel) result,(amp2)"; nl ();
printf "uouuinteger, intent (in):: flv, hel"; nl ();
printf "Luuureal (kind=%s) . : :pamp2" kind; nl ();
printf " Luuamp2,=_real (omega_color_sum (flv, _hel, amp, table_color_factors))"; nl ();
printf ", end function color_sum"; nl ();

nl ()

let print_dispatch_functions () =
printf ", ,@[<5>";
printf "subroutine new_event (p)"; nl ();
printf "uouureal (kind=%s) , dimension(0:3,*), intent (in): :up" kind; nl ();
printf "uouulogicaly: :umask_dirty"; nl ();
printf "Luuuintegery: i yhel"; nl ();
printf "Luuucallcalculate_amplitudes,(amp, p, hel_is_allowed)"; nl ();
printf "uouuifu((hel_threshold,,.gt. 0),.and. (hel_count,.le. hel_cutoff)) then"; nl ();
printf "Louuuucall ,@[<3>omega_update_helicity_selection®@ (hel_count,@ amp,@ ";
printf "hel_max_abs,@ hel_sum_abs,@ hel_is_allowed,@_hel_threshold,@_hel_cutoff ,@ mask_dirty)"; nl ()
printf "Luuuouify (mask_dirty)ythen"; nl ();
printf "Luuououuohel_finite=1,0"; nl ();
printf "Luuuouundohel =1, n_hel"; nl ();
printf "uouuouuouuifu(hel_is_allowed(hel)) jthen"; nl ();
printf "uouuouuouuoohel _finite = hel_finite +,1"; nl ();
printf "Luuuuuuuuuoohel _map (hel_finite) = hel"; nl ();
metf "Luuuuwuuuuuend it nl ()7
printf "Louuououenddo; nl ();
printf "Luuuouend it nl ();
printf "uouuwend if"; nl ();
printf ", end, subroutine new_event"; nl ();
nl ();
printf ", ,@[<5>";
printf "subroutine reset_helicity_selection,(threshold, cutoff)"; nl ();
printf "ouureal (kind=Y%s) , intent (in),: :threshold" !kind; nl ();
printf "uuuuinteger, intent (in)y: :pcutoff"; nl ();
printf "Luuuintegery::ui"; nl ();
printf "uouohel_is_allowed, =,T"; nl ();
printf "_Luuhel_max_abs =,0"; nl ();
printf "ouuhel_sum_abs =,0"; nl ();
printf "uuuuhel_count=,0"; nl ();
printf "Luuuhel_threshold = threshold"; nl ();
printf "Luuuhel_cutoff = cutoff"; nl ();
printf "Luuohel _map =,/ (i,Liu=ul,n-hel)/)"; nl ();
printf "uuuohel_finite = n_hel"; nl ();
printf ", end_ subroutine reset_helicity_selection"; nl (),

nl ();

printf "Lu@[<5>"; if Ifortran95 then printf "pure,";
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printf "function is_allowed,,(f1v, hel, col) result, (yorn)"; nl ();
printf "Luuulogicaly: :yyorn; nl ();
printf "LLuuinteger, intent(in):: flv, hel, col"; nl ();
if lamp_triv then begin
printf "uouu!uprint,*,,’inside is_allowed’"; nl ();
end;
if = lamp_triv then begin
printf "Luuoyorn = hel_is_allowed(hel).and. ";
printf "flv_col_is_allowed(flv,col)"; nl ();
end
else begin
printf "Louuyorn =, .false."; nl ();
end;
printf ", end function is_allowed"; nl ();
nl ();
printf "uL@[<5>"; if Ifortran95 then printf "pure,";
printf "function get_amplitude,(f1lv, hel, col) result, (amp_result)"; nl ();
printf "Luuucomplex (kind=%s) ., : :amp_result" lkind; nl ();
printf "LLuuinteger, intent(in)y:: flv, hel, col"; nl ();
printf ", uuamp_result = amp (f1v, col, hel)"; nl ();
printf ", end function get_amplitude"; nl ();

nl ()

Main Function

let format_power_of _nc

{ Color.Flow.num = num; Color.Flow.den = den; Color.Flow.power = puwr } =
match num, den, pwr with
\ -, 0, - — nvalid_arg "format_power_of _nc: zero denominator"
‘ O7 oo = nn
|1, 1,0 | —1, —1,0 — "+,1"
| 1, 1,0 |1, —1,0 — "1
11,1, 1] —1, =1, 1 — "+n"
| —1, 1,11, —1, 1 — " "
11,1, =1 | —1, =1, —1 — "+ 1/N"
| —1,1, =1 |1, =1, =1 — "-1/N"
‘1717p|_17_17p_)
"+," " (if p > 0then "" else "1/") " "N™" " string_of —int (abs p)
‘ _]-7]-7p ‘ ]-v _LP—)
"-" 2 (if p > 0then ""else "1/") " "N°" " string_of _int (abs p)
| n, 1, 0 —
(if n < 0 then "-" else "+,") " string_of _int (abs n)
| n, d, 0 —
(if n x d < 0then "-" else "+ ") "
string_of _int (abs m) ~ "/" * string_of _int (abs d)
| n, 1, 1 —
(if n < 0 then "-_" else "+,") " string_of —int (abs n) ~ "N"
| n, 1, —1 —
(if n < 0 then "-" else "+") " string_of _int (abs n) ~ "/N"
| n, d, 1 —

(if n x d < 0then "-" else "+,") "

string_of —int (abs n) ~ "/" " string_of _int (abs d) ~ "N"
| n, d, —1 —

(if n x d < 0then "-" else "+ ") "

string_of —int (abs n) ~ "/" * string_of _int (abs d) ~ "/N"
| n, 1, p —

(if n < 0 then "~ " else "+,") " string_of _int (abs n)

(if p > 0 then "*" else "/") " "N"" ~ string_of —int (abs p)
| n, d, p —

(if n x d < 0then "-" else "+,") " string_of —int (abs n) ~ "/" "
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string-of —int (abs d) ~ (if p > 0 then "*" else "/") ~ "N"" " string_of —int (abs p)

let format_powers_of _.nc = function
‘ [] sy non
| powers — String.concat "," (List.map format_power_of _nc powers)

let dump_amplitude_slices amplitudes =
match CF.coupling_orders amplitudes with
| None — ()
| Some (co_list, cop_list) —
printf "' ,ucoupling orders:"; nl ();

printf "1"; nl ();
printf "'Ouuoouhs" (String.concat ", " (List.map CM .coupling_order_to_string co_list)); nl ();
List.iter

(fun cop_list —
printf "'ouuouuks" (String.concat ", " (List.map string-of —int cop_list)); nl ())
cop_list;
printf "1"; nl ();
List.iter
(fun amplitude —
printf "'oououhs" (process_to_string amplitude); nl ();
match F'.brakets amplitude with
| ] = 0
| lines —
let order_to_string (order, n) =
Printf .sprintf "%su=0%d" (CM .coupling_order_to_string order) m in
let orders_to_string orders =
String.concat ", " (List.map order_to_string orders) in
List.iter (fun (orders, _) — printf "VLuuouhs" (orders_to_string orders); nl () lines;
printf "1"; nl ()
(CF.processes amplitudes);

printf "1 nl ()
let print_description cmdline amplitudes () =
printf

"1 File generated automatically by 0’Mega %s %S %s"
Config.version Config.status Config.date; nl ();
List.iter (fun s — printf "1 %s" s; nl () (M.caveats ());
printf "1"; nl ();
printf "'Luu%hs" emdline; nl ();
printf "1 nl ();
printf "' with,all scattering amplitudes for the process(es)"; nl ();

printf "1"; nl ();
printf "' uuflavor combinations:"; nl ();
printf "1"; nl ();

ThoList.iteri
(fun @ process —
printf "'oououk3d:%hs" @ (process_sans_color_to_string process); nl ()
1 (CF .flavors amplitudes);
printf "1"; nl ();
printf "' uucolor flows:"; nl ();
if = lamp_triv then begin
printf "1"; nl ();
ThoList.iteri
(fun i cflow —
printf "' ouoouh3d:%s" i (cflow_to_string cflow); nl ()
1 (CF.color_flows amplitudes);
printf "1"; nl ();
printf "'oLuwNB:i.g. notall color flows contribute toall flavor"; nl ();
printf "' Luuucombinations.,Consult  the array, FLV_COL_IS_ALLOWED"; nl ();
printf "' Luoubelow for the allowed combinations."; nl ();
end;
printf "1"; nl ();
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printf "' LuColor Factors:"; nl ();
printf "1 nl ();
if = lamp_triv then begin
let cfactors = CF.color_factors amplitudes in
for c1 = 0 to pred (Array.length cfactors) do
for c2 = 0to ¢l do
match cfactors.(c1).(c2) with
0= 0
| cfactor —
printf "'oooon (%3d,%3d) t ks
(succ cl) (succ c2) (format_powers_of —nc cfactor); nl ()

done
done;
end;
if = lamp_triv then begin
printf "1 nl ();

printf "' ,uvanishing or redundant, flavor,combinations:"; nl ();
printf "1"; nl ();
List.iter (fun process —
printf "' Ouoouoooouhs" (process—sans—_color_to_string process); nl ())
(CF .vanishing - flavors amplitudes);
printf "1"; nl ();

end;
begin
match CF.constraints amplitudes with
| None — ()
| Some s —
printf
"1, wdiagram selection, (MIGHT_BREAK_GAUGE_ INVARIANCE!!!):"; nl (),
printf "1"; nl ();
printf "'oooooks" s; nl ();
printf "1 nl ()
end;
begin

match CF.slicings amplitudes with

1] =0

| lines —
printf
"1, ,coupling constant selections (’slicings’):"; nl ();
printf "1"; nl ();
List.iter (fun s — printf "ouowohs" s; nl () lines;
printf "1 nl ()

end;
dump - amplitude _slices amplitudes;
printf "1 nl ()

Printing Modules

type accessibility =
| Public
| Private
| Protected (x Fortran 2003 x)

let accessibility _to_string = function
| Public — "public"
| Private — "private"
| Protected — "protected"

type used_symbol =
| As_Is of string
| Aliased of string x string
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let print_used_symbol = function
| As_Is name — printf "%s" name
| Aliased (orig, alias) — printf "%hsu=>_%s" alias orig

type used _module =
| Full of string
| Full_Aliased of string x (string X string) list
| Subset of string x used_symbol list

let print_used_module = function
| Full name
| Full_-Aliased (name, [])
| Subset (name, []) —
printf "L use %s" name;
nl ()
| Full_Aliased (name, aliases) —
printf ", ,@[<5>use_ %s" name;
List.iter
(fun (orig, alias) — printf ", %hsL=>u%s" alias orig)
aliases;
nl ()
| Subset (name, used_symbol :: used_symbols) —
printf "L,@[<5>use ks, only: " name;
print_used _symbol used_symbol;
List.iter (fun s — printf ",."; print_used _symbol s) used_symbols;

nl ()

type fortran_module =
{ module_name : string;
default _accessibility : accessibility;
used_modules : used_module list;
public_symbols : string list;
print_declarations : (unit — wunit) list;
print_implementations : (unit — unit) list }

let print_public = function
| namel :: names —
printf ",,@[<2>publicy: : %s" namel;
List.iter (fun n — printf ",0,%s" n) names; nl ()

=0

let print_module m =
printf "module %s" m.module_name; nl ();
List.iter print_used_module m.used_modules;
printf ",,implicit none"; nl ();
printf "uohs" (accessibility _to_string m.default_accessibility); nl ();
print_public m.public_symbols; nl ();
begin match m.print_declarations with
=0
| print_declarations —
List.iter (fun f — f () print_declarations; nl ()
end;
begin match m.print_implementations with
=0
| print_implementations —
printf "contains"; nl (); nl ();
List.iter (fun f — f () print_implementations; nl ();
end;
printf "end module %s" m.module_name; nl ()

let print_modules modules =
List.iter print_module modules;
print _flush ()

let module_to_file line_length oc prelude m =
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output_string oc (m.module_name "~ "\n");

let filename = m.module_name ~ ".£90" in

let channel = open_out filename in

Format_Fortran.set_formatter _out_channel ~width : line_length channel,;
prelude ();

print_modules [m];
close_out channel

let modules_to_file line_length oc prelude = function
[ [ =0
| m = mlist —
module_to_file line_length oc prelude m;
List.iter (module_to_file line_length oc (fun () — ())) mlist

Chopping Up Amplitudes

let all_brakets process =
ThoList.flatmap snd (F.brakets process)

let num_fusions_brakets size amplitudes =
let num_fusions =
maz 1 size in
let count_brakets =
List.fold _left
(fun sum process — sum + List.length (all_brakets process))
0 (CF .processes amplitudes)
and count_processes =
List.length (CF.processes amplitudes) in
if count_brakets > 0 then
let num_brakets =
maz 1 ((num_fusions X count_processes) / count_brakets) in
(num_fusions, num_brakets)
else
(num_fusions, 1)

let chop_amplitudes size amplitudes =
let num_fusions, num_brakets = num_fusions_brakets size amplitudes in
(ThoList.enumerate 1 (ThoList.chopn num_fusions (CF.fusions amplitudes)),
ThoList.enumerate 1 (ThoList.chopn num_brakets (CF.processes amplitudes)))

let print_compute_fusionsl dictionary (n, fusions) =
if = lamp_triv then begin
if lopenmp then begin
printf "_subroutine compute_fusions_%04d,,(%s)" n openmp_tld; nl ();
printf ",0[<5>type (%s) , intent (inout) ,:: %s" openmp_tld_type openmp_tld; nl ();
end else begin
printf ",,0[<5>subroutine compute_fusions_%04d, " n; nl ();
end;
print_fusions dictionary fusions;
printf " end_ subroutine compute_fusions_%04d" n; nl (),
end

and print_compute_brakets1 dictionary (n, processes) =
if = lamp_triv then begin
if lopenmp then begin
printf ", subroutine compute_brakets_%04d,,(%s)" n openmp_tld; nl ();
printf "L ,@[<5>type(%s), intent (inout) : : %s" openmyp_tld_type openmp_tld; nl ();
end else begin
printf ",0[<5>subroutine compute_brakets_%04d, " n; nl ();
end;
List.iter (print_brakets dictionary) processes;
printf " end subroutine compute_brakets_%04d" n; nl ();
end

464



Implementation of Target_Fortran

Common Stuff

let omega_public_symbols =
["number_particles_in"; "number_particles_out";
"number_color_indices";
"reset_helicity_selection"; "new_event";
"is_allowed"; "get_amplitude"; "color_sum";
"external_masses"; "openmp_supported"] @
ThoList.flatmap
(fun n — ["number_" " n; n|)
["spin_states"; "flavor_states"; "color_flows"; "color_factors"

let whizard_-public_symbols md5sum =
["init"; "final"; "update_alpha_s"| @
(match md5sum with Some - — ["md5sum"| | None — [])

let used_modules () =
[Full "kinds";
Full Names.use_module;
Full_Aliased ("omega_color", ["omega_color_factor", omega_color_factor_abbrev])] @
List.map
(fun m — Full m)
(match !parameter _module with
| " — luse_modules
| pm — pm :: luse_modules)

let public_symbols () =
if lwhizard then
omega_public_symbols @ (whizard_public_symbols 'md5sum)
else
omega_public_symbols

let print_constants amplitudes =

printf ", !'uDON’ T EVEN, THINK of removing the following!"; nl (),

printf "uu!uIf the compiler ,complains about undeclared"; nl (),

printf "Ltuoryundefined, variables, you are compiling"; nl (),

printf ", 'Lagainstan incompatible omega95 module!"; nl (),

printf ", ,@[<2>integer, dimension(’%d), parameter, private;:: "
(List.length require_library);

printf "require =0,,(/ @[";

print_list require_library;

printf "u/)"; nl (); nl ();
Using these parameters makes sense for documentation, but in practice, there is no need to ever change them.

Lust.iter

(function name, value — print_integer _parameter name (value amplitudes))

[ ("n_prt", num_particles);
("n_in", num_particles_in);
("n_out", num_particles_out);
("n_cflow", num_color_flows); (* Number of different color amplitudes. x)
("n_cindex", num-color_indices); (* Maximum rank of color tensors. )
("n_£1v", num_flavors); (* Number of different flavor amplitudes. x)
("n_hel", num_helicities); (x Number of different helicity amplitudes. *)
("n_co", num_coupling_orders); (x* Number of different coupling orders. *)
("n_cop", num_coupling_order_powers) (* Number of different powers of coupling orders. x*) |;

nl ();

Abbreviations.

printf "L, NB:you MUST NOT change the value of %s here!!!" nc_parameter;

nl ();

printf "Lo'uouuuItuis,defined here for convenience only and must be"; nl (),
printf "L uouuucompatible with hardcoded values,in the amplitude!"; nl ();

print_real_parameter nc_parameter (SCM.nc ()); (*+ N¢o *)
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List.iter
(function name, value — print_logical_parameter name value)
[ ("F", false); ("T", true) |; nl ();

print _coupling _orders_table amplitudes;
print_spin_tables amplitudes;
print_flavor_tables amplitudes;
print_color_tables amplitudes;
print_amplitude_table amplitudes;

print _helicity _selection_table ()

let print_interface amplitudes =
print_mddsum _functions !'mddsum;
print_maintenance_functions ();
List.iter print_numeric_inquiry - functions
[("number_particles_in", "n_in");
("number_particles_out", "n_out")];
List.iter print_inquiry_functions
['spin_states"; "flavor_states"];
print_external—masses amplitudes;
print _inquiry - function_openmp ();
print_color_flows ();
print_color_factors ();
print_dispatch_functions ();
nl ();
(* Is this really necessary? x)
Format_Fortran.switch_line_ continuation false;
if lkm_write V km_pure then (Targets_ Kmatriz.Fortran.print \km_pure);
if tkm_2_write V km_2_pure then (Targets_Kmatriz_2.Fortran.print 'km_2_pure);
Format_Fortran.switch_line_ continuation true;

nl ()

let print_calculate_amplitudes declarations computations amplitudes =
printf ",,0[<5>subroutine calculate_amplitudes,(amp,_k, mask)"; nl ();
printf "uuucomplex (kind=%s) , dimension(:,:,:), intent (out):: amp" kind; nl ();
printf "uouureal (kind=Y%s) , dimension(0:3,*), intent (in): : k" lkind; nl ();
printf "uouulogical, dimension(:), intent(in),:: mask"; nl ();
printf "Luouuinteger, dimension(n_prt).::us"; nl ();
printf "uuuuintegery: :uh, hi"; nl ();
declarations ();
if = lamp_triv then begin
begin match CF.processes amplitudes with

| p = - — print_external_momenta p

G

end;

ignore (List.fold _left print_momenta PSet.empty (CF .processes amplitudes));

end;
printf "LouuampL=u0"; nl ();
if = lamp_triv then begin
if num_helicities amplitudes > 0 then begin
printf "uouuifu(hel_finite ==,0) return"; nl ();
if lopenmp then begin
printf " 1$0MP_PARALLEL_DO_DEFAULT (SHARED) PRIVATE(s, h, %s)_SCHEDULE(STATIC)" openmp_tld; nl (),
end;
printf "uouudouhi=,1, hel _finite"; nl ();
printf "uuuuouho=uhel _map (hi)"; nl ();
printf "LLuuousSu=utable_spin_states(:,h)"; nl ();
ignore (List.fold _left print_externals WFSet.empty (CF .processes amplitudes));
computations ();
List.iter print_fudge_factor (CF .processes amplitudes);
(* This sorting should slightly improve cache locality. *)
let triple_snd = fun (_, z, -) — =z
in let triple_fst = fun (z, -, -) — z
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in let rec builder1 flvi flowi flows = match flows with
| (Some a) :: tl — (flvi, flowi, flavors_symbol (flavors a)) :: (builder! flvi (flowi + 1) tl)
| None :: tl — builder! flvi (flowi + 1) tl
[T =]
in let rec builder?2 flvi fluss = match flvs with
| flv ot — (builderl flvi 1 flv) @Q (builder2 (flvi + 1) tl)
1 =]
in let unsorted = builder2 1 (List.map Array.to_list (Array.to_list (CF.process_table amplitudes)))
in let sorted = List.sort (funa b —
if (triple_snd a # triple_snd b) then triple_snd a — triple_snd b else (triple_fst a — triple_fst b))
unsorted
in List.iter (fun (flvi, flowi, flv) —
(printf "Luuuuwamp (%d, %d,h) L=uks" flvi flowi flu; nl ();)) sorted;

printf "uouuend do"; nl ();
if lopenmp then begin
printf "1$0MP_END PARALLEL_DQ"; nl (),
end;
end;
end;
printf " end subroutine calculate_amplitudes"; nl ()

let print_compute_chops chopped_fusions chopped_brakets () =
List.iter
(fun (4, ) — printf "Luuuuucall compute_fusions_%04d,,(%s)" ¢
(if lopenmp then openmp_tld else ""); nl ())
chopped _ fusions;
List.iter
(fun (4, =) — printf "Luuuoucall compute_brakets_%04d,,(%s)" ¢
(if lopenmp then openmp_tld else ""); nl ())
chopped _brakets

UFO Fusions

module VSet =
Set.Make (struct type ¢t = F.constant Coupling.t let compare = compare end)

let ufo_fusions_used amplitudes =
let couplings =
List.fold _left
(fun acc p —
let fusions = ThoList.flatmap F.rhs (F.fusions p)
and brakets = ThoList.flatmap F.ket (all_brakets p) in
let couplings =
VSet.of _list (List.map F.coupling (fusions Q brakets)) in
VSet.union acc couplings)
VSet.empty (CF .processes amplitudes) in
VSet.fold
(fun v acc —
match v with
| Coupling. Vn (Coupling. UFO (-, v, —, —, _), -, =) —
Sets.String.add v acc
| - — acc)
couplings Sets.String.empty

Single Function

let amplitudes_to_channel_single_function cmdline oc ampli