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INTRODUCTION

1.1 Complexity

There are o _ g
P(n) = 5 —n=2""1_n-1 (1.1)
independent internal momenta in a n-particle scattering amplitude [1]. This grows much slower than the number
Fn)=2n-5"=(2n-5)-(2n—-T7)-...-3-1 (1.2)

of tree Feynman diagrams in vanilla ¢® (see table 1.1). There are no known corresponding expressions for
theories with more than one particle type. However, empirical evidence from numerical studies [1, 2] as well as
explicit counting results from O’Mega suggest

P*(n) oc 10™/2 (1.3)

while he factorial growth of the number of Feynman diagrams remains unchecked, of course.

The number of independent momenta in an amplitude is a better measure for the complexity of the amplitude
than the number of Feynman diagrams, since there can be substantial cancellations among the latter. Therefore
it should be possible to express the scattering amplitude more compactly than by a sum over Feynman diagrams.

1.2 Ancestors

Some of the ideas that O’Mega is based on can be traced back to HELAS [5]. HELAS builts Feynman amplitudes
by recursively forming off-shell ‘wave functions’ from joining external lines with other external lines or off-shell
‘wave functions’.

The program Madgraph [(] automatically generates Feynman diagrams and writes a Fortran program corre-
sponding to their sum. The amplitudes are calculated by calls to HELAS [5]. Madgraph uses one straightforward
optimization: no statement is written more than once. Since each statement corresponds to a collection of trees,
this optimization is very effective for up to four particles in the final state. However, since the amplitudes are

4 3 3
5 10 15
6 25 105
7 56 945
8 119 10395
9 246 135135
10 501 2027025
11 1012 34459425
12 2035 654729075
13 4082 13749310575
14 8177 316234143225
15 | 16368 7905853580625
16 | 32751 | 213458046676875

Table 1.1: The number of ¢3 Feynman diagrams F(n) and independent poles P(n).
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given as a sum of Feynman diagrams, this optimization can, by design, not remove the factorial growth and is
substantially weaker than the algorithms of [I, 2] and the algorithm of O’Mega for more particles in the final
state.

Then ALPHA [1] (see also the slightly modified variant [2]) provided a numerical algorithm for calculating
scattering amplitudes and it could be shown empirically, that the calculational costs are rising with a power
instead of factorially.

1.3  Architecture

1.3.1 General purpose libraries

Functions that are not specific to O’Mega and could be part of the O’Caml standard library

ThoList : (mostly) simple convenience functions for lists that are missing from the standard library
module List (section F, p. 559)

Product : effcient tensor products for lists and sets (section K, p. 596)

Combinatorics : combinatorical formulae, sets of subsets, etc. (section N, p. 606)

1.3.2 O’Mega
The non-trivial algorithms that constitute O’Mega:

DAG : Directed Acyclical Graphs (section 4, p. 28)

Topology : unusual enumerations of unflavored tree diagrams (section 3, p. 15)
Momentum : finite sums of external momenta (section 5, p. 40)

Fusion : off shell wave functions (section 8, p. 101)

Omega : functor constructing an application from a model and a target (section 18, p. 532)

1.8.3 Abstract interfaces

The domains and co-domains of functors (section 9, p. 155)
Coupling : all possible couplings (not comprensive yet)
Model : physical models

Target : target programming languages

1.3.4 Models
(section 7?7, p. 77)
Modellibs M .QED : Quantum Electrodynamics
Modellibs M.QCD : Quantum Chromodynamics (not complete yet)
Modellibs M .SM : Minimal Standard Model (not complete yet)

etc.

1.3.5 Targets

Any programming language that supports arithmetic and a textual representation of programs can be targeted
by O’Caml. The implementations translate the abstract expressions derived by Fusion to expressions in the
target (section 15, p. 382).

Targets.Fortran : Fortran95 language implementation, calling subroutines

Other targets could come in the future: C, C++, O’Caml itself, symbolic manipulation languages, etc.






The Big To Do Lists

1.8.6  Applications
(section 18, p. 532)

1.4 The Big To Do Lists
1.4.1 Required

All features required for leading order physics applications are in place.

1.4.2  Useful
1. select allowed helicity combinations for massless fermions
2. Weyl-Van der Waerden spinors
3. speed up helicity sums by using discrete symmetries
4. general triple and quartic vector couplings
5. diagnostics: count corresponding Feynman diagrams more efficiently for more than ten external lines
6. recognize potential cascade decays (7, b, etc.)

e warn the user to add additional

e kill fusions (at runtime), that contribute to a cascade
7. complete standard model in R¢-gauge

8. groves (the simple method of cloned generations works)

1.4.3 Future Features

1. investigate if unpolarized squared matrix elements can be calculated faster as traces of densitiy matrices.
Unfortunately, the answer apears to be no for fermions and up to a constant factor for massive vectors.
Since the number of fusions in the amplitude grows like 10"/2, the number of fusions in the squared matrix
element grows like 10”. On the other hand, there are 2#fermionst#massless vectors | g#massive vectors oy
in the helicity sum, which grows slower than 10"/2. The constant factor is probably also not favorable.
However, there will certainly be asymptotic gains for sums over gauge (and other) multiplets, like color
sums.

2. compile Feynman rules from Lagrangians

3. evaluate amplitues in O’Caml by compiling it to three address code for a virtual machine

type mem = scalar array X spinor array X spinor array X vector array
type instr =

— VS8 of int x int x int

— SVS of int x int x int

— AVA of int x int X int

this could be as fast as [1] or [2].

4. a virtual machine will be useful for for other target as well, because native code appears to become to large
for most compilers for more than ten external particles. Bytecode might even be faster due to improved
cache locality.

5. use the virtual machine in O’Giga

1.4.4 Science Fiction

1. numerical and symbolical loop calculations with O’TERA: O’MEGA TOOL FOR EVALUATING RENOR-
MALIZED AMPLITUDES
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TUPLES AND POLYTUPLES

2.1 Interface of Tuple

The Tuple. Poly interface abstracts the notion of tuples with variable arity. Simple cases are binary polytuples,
which are simply pairs and indefinite polytuples, which are nothing but lists. Another example is the union of
pairs and triples. The interface is very similar to List from the O’Caml standard library, but the Tuple.Poly
signature allows a more fine grained control of arities. The latter provides typesafe linking of models, targets
and topologies.

module type Mono =

sig
type a t

val arity : ot — int
val max_arity : unit — int

val compare : (¢ - a — int) - at = at — int
val for_all : (« — bool) — at — bool

valmap : (¢ - 8) —» at — Bt

val iter : (@ — wunit) —» at — unit

val fold_left : (a« - 8 = a) - a = 8t = «
val fold_right : (&« — 8 — ) = at - 8 —

We have applications, where no sensible intial value can be defined:

val fold_left_internal : (@ - a — a) - at = «
val fold_right_internal : (@ — a — a) > at — «

valmap2 @ (¢ - B = ) = at - St = vt
val split : (a0 x B)t - at x Bt

The distributive tensor product expands a tuple of lists into list of tuples, e. g. for binary tuples:

product ([z1; 2], [y1;y2]) = [(x1,y1); (T1,y2); (T2, y1); (T2, Y2)] (2.1)

NB: product_fold is usually much more memory efficient than the combination of product and List.fold_right
for large sets.

val product : o listt — « t list
val product_fold : (a«t — f — B) — alistt - f — f

For homogeneous tuples the power function could trivially be built from product, e. g.:
power [1; x2] = product ([z1; 2], [z1;22]) = (21, 21); (21, 22); (22, 21); (22, 22)] (2.2)
but it is also well defined for polytuples, e.g. for pairs and triples
power [x1; x2] = product ([z1; x2], [x1;x2]) U product ([x1; x2], [x1; 2], [x1; 22]) (2.3)

For tuples and polytuples with bounded arity, the power and power_fold functions terminate. In polytuples with
unbounded arity, the the power function always raises No_termination. power_fold also raises No_termination,
but could be changed to run until the argument function raises an exception. However, if we need this behaviour,
we should implemente power_iter instead.
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val power : « list - ot list
val power_fold : (ot — f — B) —» alist - f — 0§

We can also identify all (poly)tuples with permuted elements and return only one representative, e. g.:
sym_power [x1; x2] = [(z1,x1); (21, 22); (T2, 2)] (2.4)

NB: this function has not yet been implemented, because O’Mega only needs the more efficient special case
graded _sym_power.

If a set X is graded (i.e. there is a map ¢ : X — N, called rank below), the results of power or sym_power
can canonically be filtered by requiring that the sum of the ranks in each (poly)tuple has one chosen value.
Implementing such a function directly is much more efficient than constructing and subsequently disregarding
many (poly)tuples. The elements of rank n are at offset (n — 1) in the array. The array is assumed to be
immutable, even if O’Caml doesn’t support immutable arrays. NB: graded _power has not yet been implemented,
because O’Mega only needs graded_sym_power.

type a graded = « list array
val graded_sym_power : int — « graded — «a t list
val graded_sym_power_fold : int - (¢t — B — B) — « graded —

B =B

We hope to be able to avoid the next one in the long run, because it mildly breaks typesafety for arities.
Unfortunately, we're still working on it ...

val to_list : at — « list

The next one is only used for Fermi statistics in the obsolescent Fusion_vintage module below, but can not
be implemented if there are no binary tuples. It must be retired as soon as possible.

val of2_kludge : a« = a — «'t
end

module type Poly =
sig
include Mono
exception Mismatched -arity
exception No_termination
end

module type Binary =
sig
include Poly (* should become Mono! *)
val of2 : @ - a — at
end
module Binary : Binary

module type Ternary =
sig
include Mono
val of8 1 @ - a - a = at
end
module Ternary : Ternary

type « pair_or_triple = T2 of a x a | T3of @ X a X«

module type Mized23 =
sig
include Poly
valof2 : o - a — at
valof8 : @ - a - a = at
end
module Mized23 : Mixed23

module type Nary =
sig



include Poly

val of2 : o - a — at

val of3 : @ - o - a = at
val of _list : a list > «t

end

module Unbounded_Nary : Nary

module type Bound = sig val mazx_arity : wunit — int end
module Nary (B : Bound) : Nary

@ For compleneteness sake, we could add most of the List signature

val length : ot — 1int

val hd : at — «

val nth : at = int - «

val rev @ at — at

val rev_map : (o — B) — at — [t

val iter2 : (e —» B — unit) - at — Bt — unit

val rev_map2 : (« = f = v) = at — Bt = 1t

va

va

val ezists : (o — bool) — «at — bool

val for_all2 : (¢ — B8 — bool) - at — Bt — bool

val exists2 : (o« — B — bool) = at — Bt — bool
val mem : o — at — bool
val memq : a« — at — bool

val find : (@« — bool) = at = «

val find_all : (o« — bool) — at — «list

val assoc : @ = (a x B)t = B

val assq : a — (a x f)t —

val mem_assoc : a« — (a x )t — bool
val mem_assq : a« — (a x B)t — bool
val combine : at — Bt — (a x B)t

val sort © (@ = a — int) - at = at

val stable_sort : (¢ — a — int) - at — «at

but only if we ever have too much time on our hand ...

2.2 Implementation of Tuple

module type Mono =

sig

type a ¢

val arity : ot — int

val maz_arity : unit — int

val compare : (a« = a — int) - at — at — int
val for_all : (« — bool) — at — bool

valmap : (¢ —» B) - at — Bt

val iter : (@ — wunit) — at — unit

val fold_left : (a« - 8 = a) = a = 8t = «

val fold_right : (o — S
val fold_left_internal : («

at - 8 — f
a) > at > «

- B) —
- a —

val fold_right_internal : (@ — a — a) - at — «
valmap2 @ (¢ - B = ) = at - St = vt

fold_left2 : (@ - f = v =2 a) > a = ft >yt = «
fold_right2 : (¢ = B = v = 7v) = at - Bt = v = ~

Implementation of Tuple
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val split : (o X B)t = at x Bt
val product : o listt — « t list
val product_fold : (¢t — B — B) = alistt - f — f
val power : « list = « t list
val power_fold : (et — f — B) = «alist > 8 —
type a graded = « list array
val graded_sym_power : int — « graded — o« t list
val graded_sym_power_fold : int - (et — B — ) — « graded —
B =B
val to_list : at — « list
val of2 _kludge : @ = a — «a't
end

module type Poly =
sig
include Mono
exception Mismatched -arity
exception No_termination
end

2.2.1 Typesafe Combinatorics

Wrap the combinatorical functions with varying arities into typesafe functions with fixed arities. We could
provide specialized implementations, but since we know that Impossible is never raised, the present approach
is just as good (except for a tiny inefficiency).

exception Impossible of string
let émpossible name = raise (Impossible name)

let choose2 set =
List.map (function [z; y] — (z, y) | - — impossible "choose2")
(Combinatorics.choose 2 set)

let choosed set =

List.map (function [z; y; 2] — (z, y, z) | - — impossible "choose3")
(Combinatorics.choose 3 set)

2.2.2 Pairs

module type Binary =
sig
include Poly (* should become Mono! )
valof2 : o - a — at
end

module Binary =

struct
typeat = a X «
let arity - 2
let maz_arity () = 2

let of2 x y = (z, y)

let compare cmp (z1, y1) (22, y2) =
let cx = cmp z1 x2 in
if cx # 0 then
cx
else
cmp yl y2

let for_all p (z, y) = px A py
let map f (z, y) = (f =z, fy)
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et iter f (z, y) = f 2 f y

let fold_left f init (z, y) = f (f init z) y
let fold_right f (x, y) init = f z (f y init)
let fold_left_internal f (z, y) = fz vy

let fold_right_internal f (z, y) = fz vy

exception Mismatched -arity
let map2 f (z1, y1) (22, y2) = (f =1 22, [ yl y2)

let split ((z1, 22), (y1, y2)) = ((z1, y1), (22, y2))

let product (lz, ly) =
Product.list2 (funz y — (z, y)) lz ly
let product_fold f (lz, ly) init =
Product.fold2 (fun z y — f (z, y)) lx ly init

let power I = product (1, 1)
let power_fold f 1 = product_fold f (I, 1)

In the special case of binary fusions, the implementation is very concise.
type a graded = « list array

let fuse2 f set (i, j) acc =

if ¢ = 7 then
List.fold_right (fun (z, y) — f z y) (choose2 set.(pred 1)) acc
else

Product.fold2 f set.(pred i) set.(pred j) acc

let graded _sym_power_fold rank [ set acc =
let max_rank = Array.length set in
List.fold _right (fuse2 (fun z y — f (of2 x y)) set)
(Partition.pairs rank 1 mazx_rank) acc

let graded_sym_power rank set =
graded_sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = [z; y]
let of2_kludge = of?2

exception No_termination
end

2.2.3 Triples

module type Ternary =

sig
include Mono

valof8 : @ - a - a = at
end

module Ternary =
struct

typeat = a X a X «

let arity - = 3
let maz_arity () = 3

let of3 zy z = (z, y, 2)
let compare cmp (z1, y1, z1) (22, y2, 22) =

let cx = cmp z1 22 in
if cx # 0 then
cT
else
let cy = cmp y1 y2 in
if cy # 0 then
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cy
else
cmp z1 22

let for_all p (x, y, 2) = px A py AN p=z

let map f (z, y, z2) = (fz, fy, fz)

et iter f (z, g, 2) = fa: [y f

let fold_left f init (z, y, z) = f (f (f init ) y) 2
let fold_right f (x, y, 2) init = f a (f y (f z init))
let fold_left_internal f (z, y, z2) = f (f z y) 2

let fold_right_internal f (z, y, 2) = fz (f y 2)

exception Mismatched -arity
let map2 f (x1, yl, z1) (22, y2, 22) = (f «1 22, f yl y2, f z1 22)

let split ((z1, z2), (y1, y2), (21, 22)) = (=1, y1, 21), (22, y2, 22))

let product (lz,ly,lz) =
Product.list3 (funz y 2z — (z, y, 2)) Iz ly Iz
let product_fold f (lx, ly, lz) init =
Product.fold3 (funx y z — f (x, y, 2)) lz ly lz init

let power I = product (1, 1, 1)
let power_fold f I = product_fold f (I, 1, 1)

type a graded = « list array

let fuse3 f set (i, j, k) acc =
if ¢ = j then begin

if 7 = k then
List.fold _right (fun (z, y, z) — f z y z) (choose3 set.(pred 1)) acc
else

Product.fold2 (fun (z, y) z — fz vy z)
(choose2 set.(pred 1)) set.(pred k) acc
end else begin
if j = k then
Product.fold2 (fun z (y, z) — fzy z)
set.(pred i) (choose2 set.(pred j)) acc
else
Product.fold? (funzy z — fzy=z)
set.(pred i) set.(pred j) set.(pred k) acc
end

let graded _sym_power_fold rank [ set acc =
let maz_rank = Array.length set in
List.fold_right (fuse3 (funz y z — f (of3 x y z)) set)
(Partition.triples rank 1 max_rank) acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y, 2z) = [z; y; 2]
let of2_kludge - = failwith "Tuple.Ternary.of2_kludge"

end

2.2.4 Pairs and Triples

type « pair_or_triple = T2 of a x a | T3 of @ X a X«

module type Mized23 =
sig
include Poly
valof2 : o - a — at
val of8 : @ - a - a = at

10
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end
module Mized23 =
struct
type a t = « pair_or_triple
let arity = function
| T2 - — 2
| T8 - — 3
let maz_arity () = 3

let of2 zy = T2 (z, y)
let of3 zy z = T3 (z, y, 2)

let compare cmp m1 m2 =
match m1, m2 with
| T2 ., T8 - —» -1
| T8 ., T2 - — 1
| T2 (z1, y1), T2 (22, y2) —

let cx = cmp z1 x2 in
if cx # 0 then
cr
else
cmp yl y2
| T3 (z1, y1, 21), T3 (22, y2, 22) —
let cx = cmp z1 22 in
if cx # 0 then
cT
else
let cy = cmp yl y2 in
if cy # 0 then
cy
else
cmp z1 22

let for_all p = function
| T2 (z, y) = pz Apy
| T8 (z, y,2) > px Apy Apz

let map f = function

| T2 (z, y) — T2 (f =, fy)

| T3 (z, y, z) = T3 (f = [y, [2)
let iter f = function

| T2 (z, y) — fa; fy

| T8 (z, y, z) = fa; fy [
let fold_left f init = function

| T2 (z, y) — f (finitz)y

| T3 (z, y, 2) = [ (f (finit z) y) 2
let fold_right f m init =

match m with

| T2 (z, y) — [ (fy init)

| T3 (z, y, 2) — fx(fy(fzini))

let fold_left_internal f m =
match m with
| T2 (2, y) = fay
| T3 (%, y, 2) = [ (fzy)=
let fold_right_internal f m =
match m with
| T2 (z, y) = fay
| T8 (z, y, 2) = fa(fyz)

exception Mismatched -arity

11
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let map2 f m1 m2 =
match m1, m2 with
| T2 (z1, y1), T2 (22, y2) — T2 (f =1 22, f yl y2)
| T3 (z1, yl, 21), T3 (z2, y2, 22) — T8 (f «1 z2, [ yl y2, f z1 22)
| T2 ., T3 - | T3 _, T2 _ — raise Mismatched_arity

let split = function
| T2 ((«1, 22), (y1, y2)) — (T2 (21, yI), T2 (22, y2))
| T3 (21, 22), (y1, y2), (21, 22)) — (T3 (x1, yl, z1), T3 (22, y2, 22))

let product = function

| T2 (lz, ly) — Product.list?2 (funzy — T2 (z, y)) lz ly

| T8 (lz, ly, lz) — Product.list3 (funxyz — T3 (z, y, 2)) lz ly Iz
let product_fold f m init =

match m with

| T2 (lz, ly) — Product.fold2 (funzy — f (T2 (z, y))) lz ly init

| T3 (lz, ly, lz) —

Product.fold3 (funx y 2 — f (T8 (z, y, 2))) lz ly Iz init

exception No_termination
let power_fold f [ init =

product_fold f (T2 (I, 1)) (product_fold f (T3 (I, I, 1)) init)
let power | =

power_fold (fun m acc — m :: acc) l []

type a graded = « list array

let graded _sym_power_fold rank [ set acc =
let max_rank = Array.length set in
List.fold _right (Binary.fuse2 (funz y — f (of2 z y)) set)
(Partition.pairs rank 1 mazx_rank)
(List.fold_right (Ternary.fused3 (funz y z — f (of3 z y z)) set)
(Partition.triples rank 1 max_rank) acc)

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list = function
| T2 (z, y) — [z; ]
| T3 (z, y, z) — [v; y; 2]

let of2_kludge = of2

end

2.2.5 ... and All The Rest

module type Nary =

sig
include Poly
valof2 : o« - o — at
valof8 : @ - a - a = at
val of _list : « list > «t

end

module Nary (A : sig val maz_arity : unit — int end) =
struct

typeat = a X «list
let arity (-, y) = succ (List.length y)

let maz_arity () =
try Aomaz_arity () with - — —1
[

let of2 zy = (z, [y])
let of8 2y 2z = (z, [y; 2])

12



let of _list = function

|z 2y = (2, 9)
| [] — invalid_arg "Tuple.Nary.of_list: empty"

let compare cmp (z1, y1) (22, y2) =

let ¢ = cmp z1 22 in
if ¢ # 0 then

c
else

ThoList.compare ~cmp yl y2
let for_all p (z, y) = px A List.for_all py

let map f (z, y) = (f =, List.map f y)
let iter f (x, y) = f x; List.iter f y
let fold_left f init (z, y) = List.fold_left f (f init x) y
let fold_right f (z, y) init = f x (List.fold_right [ y init)
let fold_left_internal f (z, y) = List.fold_left f = y
let fold_right_internal f (z, y) =

match List.rev y with

| [] = =

| 40 :: y_sans_y0 —

| x (List.fold_right f (List.rev y_sans_y0) y0)

exception Mismatched -arity
let map2 f (z1, y1) (22, y2) =
try (f 1 22, List.map2 f y1 y2) with
| Invalid_argument - — raise Mismatched_arity

let split ((x1, 22), y12) =
let yI, y2 = List.split y12 in
((z1, y1), (22, y2))

let product (zl, yl) =
Product.list (function
|z oy = (2, 9)
| [] — failwith "Tuple.Nary.product") (2l :: yl)
let product_fold f (zl, yl) init =
Product.fold (function
|z 2y = f(z,y)
| [] — failwith "Tuple.Nary.product_fold") (zl :: yl) init

exception No_termination

let power_fold f [ init =
let ma = maz_arity () in
if ma > 0 then
List.fold_right
(fun n — product_fold f (I, ThoList.clone (pred n) 1))
(ThoList.range 2 ma) init
else
raise No_termination

let power | =
power_fold (fun t acc — t = acc) 1]

type a graded = « list array

let fuse_n f set partition acc =
let choose (n, 1) =
Printf.printf "chose: n=Y%d_r=%d_len=%d\n"
n r (List.length set.(pred r));
Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

let fuse_n f set partition acc =

13
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let choose (n, ) = Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

graded _sym_power _fold is well defined for unbounded arities as well: derive a reasonable replacement from
set. The length of the flattened set is an upper limit, of course, but too pessimistic in most cases.

let graded -sym_power_fold rank f set acc =
let maz_rank = Array.length set in
let degrees = ThoList.range 2 (maz_arity ()) in
let partitions =
ThoList.flatmap
(fun deg — Partition.tuples deg rank 1 mazx_rank) degrees in
List.fold _right (fuse_n (fun wfs — f (of _list wfs)) set) partitions acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = = =y
let of2_kludge = of2

end
module type Bound = sig val maz_arity : unit — int end
module Unbounded_Nary = Nary (struct let maz_arity () = —1 end)
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—3—

TOPOLOGIES

3.1 Interface of Topology

module type T =
sig

partition is a collection of integers, with arity one larger than the arity of a children below. These arities can
one fixed number corresponding to homogeneous tuples or a collection of tupes or lists.

type partition

partitions n returns the union of all [n1;ng;...;ng] with 1 <n; <ny <...<nyg < [n/2] and
d
Z n;=n (3.1)
i=1

for d from 3 to dmax, Where dpax is a fixed number for each module implementating 7. In particular, if
type partition = int X int X int, then partitions n returns all (ny, ne, ng) with ny < ny < nz and ny+ng+ns =
n.

val partitions : int — partition list
A (poly)tuple as implemented by the modules in Tuple:
type a children
keystones externals returns all keystones for the amplitude with external states externals in the vanilla scalar

theory with a
Z e d” (3.2)

3<k<dmax

interaction. One factor of the products is factorized. In particular, if

type a children = o« Tuple.Binary.t = a X «

)

then keystones externals returns all keystones for the amplitude with external states externals in the vanilla
scalar \¢3-theory.

val keystones : « list — (« list X « list children list) list
The maximal depth of subtrees for a given number of external lines.
val maz_subtree : int — int
Only for diagnostics:

val inspect_partition : partition — int list
end

module Binary : T with type a children = o« Tuple.Binary.t
module Ternary : T with type a children = « Tuple.Ternary.t
module Mized23 : T with type o children = o Tuple. Mized23.t
module Nary : functor (B : Tuple.Bound) —

(T with type « children = « Tuple.Nary(B).t)
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3.1.1 Diagnostics: Counting Diagrams and Factorizations for Y A,¢"

The number of diagrams for many particles can easily exceed the range of native integers. Even if we can not
calculate the corresponding amplitudes, we want to check combinatorical factors. Therefore we code a functor
that can use arbitray implementations of integers.

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) :t = ¢t = ¢
val (=) 1t =t =t
val ( x )+t = ¢t = ¢
val (/) +t = t = ¢
val pred : t — t

val succ @ t — ¢

val (=) : t - t — bool
val ( # ) : t = ¢t — bool
val (< ) : t - t — bool
val ( <) : ¢t = t — bool
val ( > ) : t = t — bool
val (> ) :t - t — bool
val of _int : int — t

val to_int : t it

val compare :
val factorial :
end

: —
val to_string : t
t
t

Of course, native integers will provide the fastest implementation:
module Int : Integer

module type Count =

sig
type integer

diagrams f d n returns the number of tree diagrams contributing to the n-point amplitude in vanilla scalar
theory with
> et (3.3)
3<k<dnf(k)
interaction. The default value of f returns true for all arguments.

val diagrams : ?f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer

1 1 <n1+n2+...+nk> (3.4)
S(ng,n —ng) S(ni,na,...,ng) N1, Mo,y ..., N ’

val keystones : integer list — integer

diagrams_via_keystones d n must produce the same results as diagrams d n. This is shown explicitely in
tables 3.2, 3.3 and 3.4 for small values of d and n. The test program in appendix R can be used to verify this
relation for larger values.

val diagrams_per_keystone : integer — integer list — integer
end

module Count : functor (I : Integer) — Count with type integer = 1.t
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n | partitions n

4| (1,1,2)

51 (1,2,2)

6 | (1,2,3), (2,2,2)

71 (1,3,3), (2,2,3)

8 | (1,3,4), (2,24), (2,3,3)

9| (1,4,4), (2,3,4), (3,3,3)

10 | (1,4,5), (2,3,5), (2,4,4), (3,3,4)

11 | (1,5,5), (2,4,5), (3,3,5), (3,4,4)

12 | (1,5,6), (2,4,6), (2,5,5), (3,3,6), (3,4,5), (4,4,4)

13 | (1,6,6), (2,5,6), (3,4,6), (3,5,5), (4,4,5)

14 | (1,6,7), (2,5,7), (2,6,6), (3,4,7), (3,5,6), (4,4,6), (4,5,5)

15 | (1,7,7), (2,6,7), (3,5,7), (3,6,6), (4,4,7), (4,5,6), (5,5,5)
(1,7.8), (2,6,8), (2,7,7), (3,5,8), (3,6,7)

1,7,8), (2,6,8), (2,7,7), (3,5,8), (3,6,7), (4,4,8), (4,5,7), (4,6,6), (5,5,6)

Table 3.1:  partitions n for moderate values of n.

3.1.2  Emulating HELAC

We can also proceed 4 la [2].

module Helac : functor (B : Tuple.Bound) —
(T with type « children = « Tuple.Nary(B).t)

@ The following has never been tested, but it is no rocket science and should work anyway ...

module Helac_Binary : T with type « children = « Tuple.Binary.t

3.2 Implementation of Topology

module type T =

sig
type partition
val partitions : int — partition list
type a children
val keystones : « list — (« list x « list children list) list
val maz_subtree : int — int
val inspect_partition : partition — int list

end

3.2.1 Factorizing Diagrams for ¢*

module Binary =

struct
type partition = int X int X int
let inspect_partition (n1, n2, n8) = [nl; n2; n3]

One way [1] to lift the degeneracy is to select the vertex that is closest to the center (see table 3.1):
partitions : n — {(nl, ng,n3)|ny +ng+ng=nAn; <ng <ng < Ln/?J} (3.5)

Other, less symmetric, approaches are possible. The simplest of these is: choose the vertex adjacent to a fixed
external line [2]. They will be made available for comparison in the future.
An obvious consequence of ny + ng +ng =n and ny < ng < ng isny < [n/3]:

let rec partitions’ n nl =
if n > n /3 then

[]

else

17
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Ao A

Figure 3.1: Topologies with a blatant three-fold permutation symmetry, if the number of external lines is a
multiple of three

Figure 3.2: Topologies with a blatant two-fold symmetry.

List.map (fun (n2, n3) — (ni, n2, n3))
(Partition.pairs (n — n1) nl (n / 2)) @ partitions’ n (succ nl)

let partitions n = partitions’ n 1

type a children = « Tuple.Binary.t

There remains one peculiar case, when the number of external lines is even and n3 = n; + ng (cf. figure 3.3).
Unfortunately, this reflection symmetry is not respected by the equivalence classes. E. g.

{13{2,3}{4,5,6} — {{4}{5,6}{1,2,3}; {5}{4,6}{1,2,3}; {6}{4,5}{1,2,3} } (3.6)

However, these reflections will always exchange the two halves and a representative can be chosen by requiring
that one fixed momentum remains in one half. We choose to filter out the half of the partitions where the
element p appears in the second half, i.e. the list of length n3.

Finally, a closed expression for the number of Feynman diagrams in the equivalence class (ny,n2,n3) is

N(n17n27n3) =

(n1 + na + ng)! Ty (2n; — 3
S(n1,n2,n3) 1;[ n;! 3.7

=1

where the symmetry factor from the above arguments is

3! for n1 = no = ng

2.2 for ng = 2n; = 2ny

S(TLl,TLQ,TLg) = (38)

2 fornlzng\/ngzng

2 for n1 + ng = ng

Indeed, the sum of all Feynman diagrams

Z N(ny,n9,n3) = (2n — 5)!! (3.9)

ni+nz+nz=n
1<n1<na<nz<|n/2]

Figure 3.3: If ng = ni + ns, the apparently asymmetric topologies on the left hand side have a non obvious
two-fold symmetry, that exchanges the two halves. Therefore, the topologies on the right hand side have a four
fold symmetry.

18



Implementation of Topology

n| (2n -5 > N(ni,ne,ng)
1 303-(1,L2)
5 15 | 15-(1,2,2)
6 105 | 90-(1,2,3) +15-(2,2,2)
7 945 | 630 (1,3,3) + 315 - (2,2, 3)
8 10395 | 6300 - (1,3,4) + 1575 - (2,2,4) + 2520 - (2,3, 3)
9 135135 | 70875 - (1,4,4) + 56700 - (2,3,4) + 7560 - (3,3,3)
10 | 2027025 | 992250 - (1,4, 5) + 396900 - (2,3, 5)
+ 354375 - (2,4, 4) + 283500 - (3, 3 4)
11| 34459425 | 15280650 - (1,5, )+ 10914750 - (2,4, 5)
+ 4365900 - (3,3,5) + 3898125 - (3,4,4)
12 | 654729075 | 275051700 - (1,5,6) + 98232750 - (2,4, 6)
+ 91683900 - (2, 5 5) + 39293100 - (3, 3, 6)
+ 130977000 - (3,4, 5) + 19490625 - (4, 4, 4)

Table 3.2: Equation (3.9) for small values of n.

Figure 3.4: Degenerate (1,1,1,3) and (1,2, 3).

can be checked numerically for large values of n = nj + ng + ng, verifying the symmetry factor (see table 3.2).

P. M. claims to have seen similar formulae in the context of Young tableaux. That’s a good occasion to read
the new edition of Howard’s book ...

Return a list of all inequivalent partitions of the list [ in three lists of length n1, n2 and n3, respectively. Com-
mon first lists are factored. This is nothing more than a typedafe wrapper around Combinatorics.factorized _keystones.

exception Impossible of string
let tuple_of _list2 = function
| [z1; 22] — Tuple.Binary.of2 z1 z2
| - — raise (Impossible "Topology.tuple_of_list")

let keystone (n1, n2, nd) 1 =
List.map (fun (p1, p23) — (p1, List.rev_map tuple_of _list2 p23))
(Combinatorics.factorized _keystones [n1; n2; n3] 1)

let keystones | =
ThoList.flatmap (fun n123 — keystone n123 1) (partitions (List.length 1))

let maz_subtree n = n /2

end

3.2.2  Factorizing Diagrams for ), A,¢"

Mixed ¢" adds new degeneracies, as in figure 3.4. They appear if and only if one part takes exactly half of the
external lines and can relate central vertices of different arity.

module Nary (B : Tuple.Bound) =

struct
type partition = int list
let inspect_partition p = p

let partition d sum =
Partition.tuples d sum 1 (sum [ 2)
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n > >

4 4 1-(LL,,)+3-(1,1,2)

5 25 | 10-(1,1,1,2) + 15-(1,2,2)

6 220 | 40-(1,1,1,3) +45-(1,1,2,2) + 120 (1,2,3) + 15 (2,2,2)

7 2485 | 840 (1,1,2,3) + 105 - (1,2,2,2) + 1120 - (1,3,3) + 420 - (2,2,3)
8 34300 | 5250 - (1,1,2,4) + 4480 - (1,1,3,3) + 3360 - (1,2,2,3)

+105-(2,2,2,2) + 14000 - (1,3,4)
(

+ 2625 - 2,4)+4480 (2,3,3)

9 | 559405 | 126000 - (1,1,3,4) + 47250 - (1,2,2,4) + 40320 - (1,2, 3,3)
+ 5040 - (2,2,2,3) + 196875 - (1,4, 4)
+ 126000 - (2,3,4) + 17920 - (3,3,3)

10 | 10525900 | 1108800 - (1,1,3,5) + 984375 - (1,1,4,4) + 415800 - (1,2,2,5)
+ 1260000 - (1,2, 3, )+179200 (1,3,3,3) + 78750 - (2,2,2,4)
+ 100800 - (2,2,3,3) -+ 3465000 - (1,4,5) + 1108800 - (2, 3, 5)
+ 984375 - (2,4,4) + 840000 - (3,3,4)

Table 3.3: £ = A\3¢% + Ao

n >

1 4 1-(1,1,1,1)+3-(1,1,2)

5 26 | 1-(1,1,1,1,1)+10-(1,1,1,2) + 15- (1,2,2)

6| 236 |1-(1,1,1,1,1,1)+15-(1,1,1,1,2) +40- (1,1,1,3)
+45-(1,1,2,2) + 120 - (1,2,3) + 15 - (2,2,2)

7| 2751 | 21-(1,1,1,1,1,2) + 140 - (1,1,1,1,3) + 105 - (1,1,1,2,2)
+840-(1,1,2,3) + 105 - (1,2,2,2) + 1120 - (1,3,3) + 420 - (2,2, 3)

8 | 39179 | 224-(1,1,1,1,1,3) +210- (1,1,1,1,2,2) + 910 - (1,1,1,1,4)
+2240 - (1,1,1,2,3) +420 - (1,1,2,2,2) + 5460 - (1,1,2,4)
+ 4480 - (1,1,3,3) +3360 - (1,2,2,3) + 105 - (2,2,2,2)
+ 14560 - (1,3,4) + 2730 - (2,2,4) + 4480 - (2,3,3)

Table 3.4: £ = A\3¢° + )\4¢4 + )\5(;55 + )\6(]56

let rec partitions’ d sum =
if d < 3then

[]

else
partition d sum Q partitions’ (pred d) sum

let partitions sum = partitions’ (succ (B.max_arity ())) sum

module Tuple = Tuple.Nary(B)
type a children = « Tuple.t

let keystones’ | =
let n = List.length | in
ThoList.flatmap (fun p — Combinatorics.factorized _keystones p 1)
(partitions n)

let keystones | =
List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)

let max_subtree n = n /2
end

module Nary4 = Nary (struct let maz_arity () = 3 end)
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3.2.8 Factorizing Diagrams for ¢*

module Ternary =
struct
type partition = int X int X int X int
let inspect_partition (n1, n2, n8, nd) = [nl; n2; ns; n4]
type a children = o« Tuple.Ternary.t

let collect4 acc = function
| [z ys 25 u] — (2, 9, 2, u) == acc
| - — acc

let partitions n =
List.fold _left collectf [] (Nary/.partitions n)

let collectd acc = function
| [z; y; 2] — Tuple.Ternary.of3 x y z :: acc
| - — acc

let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect3 [] kets))
(Nary4 .keystones’ 1)
let max_subtree = Nary4.maz_subtree
end

3.2.4  Factorizing Diagrams for ¢ + ¢*

module Mized23 =
struct
type partition =
| P3 of int x int x int
| P4 of int x int X int X int
let inspect_partition = function
| P3 (nl, n2, n3) — [nl; n2; n3|
| P4 (n1, n2, n3, n4) — [nl; n2; n3; n4]
type a children = « Tuple.Mixed23.t
let collect3} acc = function
| [z; y; 2] = P3(z, y, 2) = acc
| 25 y5 25 u] — P (2, y, 2, u) = acc
| - — acc
let partitions n =
List.fold_left collect34 [] (Nary4.partitions n)
let collect23 acc = function
| [z; y] — Tuple.Mized23.0f2 vy :: acc
| [z; y; 2] = Tuple.Mized23.0f3 z y z :: acc
| - = acc
let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect23 [] kets))
(Nary4 .keystones’ 1)
let max_subtree = Nary4.maz_subtree
end

3.2.5  Diagnostics: Counting Diagrams and Factorizations for ) \,¢"

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) 1t =t = ¢
val (=) 1t >t >t
val (x )t t =t =t
val (/) +t =t = ¢
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val pred : t — t

val succ : t —

val (=) :t - t — bool
val (# ) : t — t — bool
val (( < ) : t = t — bool
val ( <) 1t = t — bool
val ( > ) : t = ¢t — bool
val (> ) : t - t — bool
val of _int : int — t

val to_int : t mnt

val to_string :

val compare :

val factorial :
end

~
~ - \L

O’Caml’s native integers suffice for all applications, but in appendix R, we want to use big integers for numeric
checks in high orders:

module Int : Integer =
struct

type t = nt

let zero = 0

let one = 1
et ( +) = (+)
let ( — ) = (—)
let ( x ) = ( x )
let (/) = (/)
let pred = pred
let succ = succ

+

—~

IV VA A
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— — —

let of _int n

let to_int n =

let to_string = string_of _int

let compare = compare

let factorial = Combinatorics.factorial
end

module type Count =

sig
type integer
val diagrams : 7f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer
val keystones : integer list — integer
val diagrams_per_keystone : integer — integer list — integer

end

module Count (I : Integer) =
struct
let description = ["(still,inoperational) jphin topology"]
type integer = 1.t
open [
let two = of _int 2
let three = of —int 3

If 1.t is an abstract datatype, the polymorphic Pervasives.min can fail. Provide our own version using the
specific comparison “(<)”.

let min vy =
if z < y then
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else

Counting Diagrams for Y Ap¢™

Classes of diagrams are defined by the number of vertices and their degrees. We could use fixed size arrays, but
we will use a map instead. For efficiency, we also maintain the number of external lines and the total number
of propagators.

module IMap = Map.Make (struct type ¢t = integer let compare = compare end)
type diagram_class = { ext : integer; prop : integer; v : integer IMap.t }

The numbers of external lines, propagators and vertices are determined by the degrees and multiplicities of
vertices:

E({ng,na,...}) =2+ (d—2)ng (3.10a)
d=3
P({ng,ng,...}) = ind —1=V({ns,ng,...})—1 (3.10b)
d=3

V({ns,na,...}) = ind (3.10¢)
d=3

let num_ext v =
List.fold_left (fun sum (d, n) — sum + (d — two) X n) two v

let num_prop v =
List.fold _left (fun sum (-, n) — sum + n) (zero — one) v

The sum of all vertex degrees must be equal to the number of propagator end points. This can be verified easily:
o0

2P({ns,na,...}) + E({ns,na,...}) =Y _dng (3.11)
d=3

let add_degree map (d, n) =
if d < three then
invalid_arg "add_-degree: d ,<.,3"
else if n < zero then
invalid_arg "add_degree: n ,<=,0"
else if n = zero then
map
else
IMap.add d n map

let create_class v =
{ ext = num_ext v;
prop = num-_prop v;
v = List.fold_left add_degree IMap.empty v }
let multiplicity cl d =
if d > three then
try
IMap.find d cl.v
with
| Not_found — zero
else
invalid_arg "multiplicity: d, <. 3"

Remove one vertex of degree d, maintaining the invariants. Raises Zero if all vertices of degree d are exhausted.
exception Zero

let remove ¢l d =
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let n = pred (multiplicity cl d) in
if n < zero then
raise Zero
else
{ext = clext — (d — two);
prop = pred cl.prop;
v = if n = zero then
IMap.remove d cl.v
else
IMap.add d n cl.v }

Add one vertex of degree d, maintaining the invariants.

let add cl d =
{ext = cl.ext + (d — two);
prop = succ cl.prop;
v

IMap.add d (succ (multiplicity cl d)) cl.v }

Count the number of diagrams. Any diagram can be obtained recursively either from a diagram with one

ternary vertex less by insertion if a ternary vertex in an internal or external propagator or from a diagram with
a higher order vertex that has its degree reduced by one:

D({?’lg,?’l4, .. }) =
(P({n3 - 1,’[7,4, .. }) + E({n3 - 1,7’l4, .. })) D({n3 - 1, N4, .. })

+Y (na-1+1)D({nz, n4, ..., na—1 + Lina—1,...}) (3.12)
d=4

let rec class_size ¢l =

if cl.ext = two V cl.prop = zero then
one
else

IMap.fold (fun d - s — class_size_n cl d + s) cl.v (class_size_3 cl)
Purely ternary vertices recurse among themselves:

and class_size_3 ¢l =

try

let ' = remove cl three in

(d'.ext + d'.prop) x class_size d’
with

| Zero — zero

Vertices of higher degree recurse one step towards lower degrees:

and class_size_n cl d =
if d > three then begin
try
let d' = pred d in
let I’ = add (remove cl d) d’ in
multiplicity cl’ d' x class_size cl’
with
| Zero — zero
end else
zero

Find all {ng, ng4,...,nq} with

C

E({ns,na,...,na}) —2 =Y (i — 2)n; = sum (3.13)
=3

The implementation is a variant of tuples above.

let rec distribute_degrees’ d sum =
if d < three then
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invalid_arg "distribute_degrees"
else if d = three then

| [[(d, sum)]]

distribute_degrees” d sum (sum / (d — two))

and distribute_degrees” d sum n =
if n < zero then

[]

else
List.fold_left (fun lll — ((d, n) == 1) = )
(distribute_degrees” d sum (pred n))
(distribute_degrees’ (pred d) (sum — (d — two) x n))

Actually, we need to find all {ns,ng,...,nq} with
E({ns,n4,...,nq}) = sum (3.14)

let distribute_degrees d sum = distribute_degrees’ d (sum — two)

Finally we can count all diagrams by adding all possible ways of splitting the degrees of vertices. We can also
count diagrams where all degrees satisfy a predicate f:

let diagrams ?(f = fun _ — true) deg n =
List.fold _left (fun s d —
if List.for_all (fun (d', n') — fd" v n' = zero) d then
s + class_size (create_class d)
else

s)

zero (distribute_degrees deg n)

The next two are duplicated from ThoList and Combinatorics, in order to use the specific comparison functions.

let classify | =
let rec add_to_class a = function
| [] = [of-int 1, a
| (n, @) = rest —

if a = a then
(succ n, a) :: rest
else
(n, @) = add_to_class a rest
in
let rec classify’ ¢l = function
| [] =
| a : rest — classify’ (add_to_class a cl) rest
in

classify’ [] 1

let permutation_symmetry | =
List.fold _left (fun s (n, ) — factorial n x s) one (classify 1)

let symmetry | =
let sum = List.fold_left (+) zero [ in

if List.exists (fun z — two x z = sum) [ then
two X permutation_symmetry |
else

permutation_symmetry |

The number of Feynman diagrams built of vertices with maximum degree dyax in a partition Ny, = {n1,n2,...,n4}
withn=ny+ns+---+nyg and

N n! F(dmax,ni +1)
F(dmax, Nan) = 1
(dmax; Nt.n) |S(Na.)|o(na,n) 1;[1 ;! (3.15)

with |S(NV)| the size of the symmetric group of N, o(n,2n) =2 and o(n, m) = 1 otherwise.
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Implementation of Topology
let keystones p =
let sum = List.fold_left (+) zero p in
List.fold_left (fun acc n — acc / (factorial n)) (factorial sum) p
/ symmetry p

let diagrams_per_keystone deg p

List.fold _left (fun acc n — acc X diagrams deg (succ n)) one p
We must find

dmax

F(dmaxan) = Z Z F(dmaxaN)
d=3 N:{nl,nz,“.,nd}

(3.16)
nitnz+--+ng=n

1<ni1<nz<--<ng<|n/2]
let diagrams_via_keystones deg n

let module N = Nary (struct let maz_arity ()
List.fold _left

to—int (pred deg) end) in

(fun acc p — acc + diagrams_per_keystone deg p x keystones p)
zero (List.map (List.map of _int) (N.partitions (to_int n)))
end

3.2.6 Emulating HELAC
In [2], one leg is singled out:
module Helac (B : Tuple.Bound) =
struct

module Tuple = Tuple.Nary(B)
type partition = int list

let inspect_partition p = p
let partition d sum

Partition.tuples d sum 1 (sum — d + 1)
let rec partitions’ d sum

let d’ = pred d in
if d < 2then

[]

else

List.map (fun p — 1:: p) (partition d’' (pred sum)) Q partitions’ d’ sum
let partitions sum = partitions’ (succ (B.max_arity ())) sum

type a children a Tuple.t

let keystones’ | =
match [ with
| [] =[]
| head :: tail —
[([head],

ThoList.flatmap (fun p — Combinatorics.partitions (List.tl p) tail)
(partitions (List.length 1)))]

let keystones [

List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)
let max_subtree n = pred n
end
@ The following is not tested, but it is no rocket science either ...

module Helac_Binary
struct

type partition =

nt X int X int
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Implementation of Topology

let inspect_partition (n1, n2, n8) = [nl; n2; n3]
let partitions sum =

List.map (fun (n2, n3) — (1, n2, n3))
(Partition.pairs (sum — 1) 1 (sum — 2))

type a children = o« Tuple.Binary.t

let keystones’ | =
match [ with
| ] = 1]
| head :: tail —
[([head],
ThoList.flatmap (fun (_, p2, _) — Combinatorics.split p2 tail)
(partitions (List.length 1)))]

let keystones | =
List.map (fun (bra, kets) —
(bra, List.map (fun (z, y) — Tuple.Binary.of2 = y) kets))
(keystones’ 1)

let max_subtree n = pred n

end
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4

DIRECTED ACYCLICAL (GRAPHS

4.1 Interface of DAG

This datastructure describes large collections of trees with many shared nodes. The sharing of nodes is seman-
tically irrelevant, but can turn a factorial complexity to exponential complexity. Note that DAG implements
only a very specialized subset of Directed Acyclical Graphs (DAGs).

If T'(n, D) denotes the set of all binary trees with root n encoded in D, while

O(n,D) = {(e1,n1,n}),..., (ex, nk,n%)} (4.1)

denotes the set of all offspring of n in D, and tree(e, t,t") denotes the binary tree formed by joining the binary
trees ¢ and ¢ with the label e, then

T(n,D) = {tree(e;, t;,t}) | (ei, ti, ;) € {e1} x T(n1, D) x T(n}, D) U...
...U{ex} x T(ng, D) x T(n}, D)} (4.2)

is the recursive definition of the binary trees encoded in D. It is obvious how this definitions translates to n-ary
trees (including trees with mixed arity).

4.1.1 Forests

We require edges and nodes to be members of ordered sets. The sematics of compare are compatible with
Pervasives.compare:
-1 forz<y
compare(x,y) =<0 forz =y (4.3)
1 forz >y
Note that this requirement does not exclude any trees. Even if we consider only topological equivalence classes

with anonymous nodes, we can always construct a canonical labeling and order from the children of the nodes.
However, if practical applications, we will often have more efficient labelings and orders at our disposal.

module type Ord =

sig
type ¢
val compare : t — t — int
end

A forest F over a set of nodes and a set of edges is a map from the set of nodes NV, to the direct product of the
set of edges E and the power set 2V of N augmented by a special element L (“bottom”).

F:N— (Ex2VM)u{l}
(e,{n},nf,...}) (4.4)
1

n—

The nodes are ordered so that cycles can be detected
VneN:F(n)=(ex)=Vn' €xz:n>n (4.5)

A suitable function that exists for all forests is the depth of the tree beneath a node.
Nodes that are mapped to L are called leaf nodes and nodes that do not appear in any F'(n) are called root
nodes. There are as many trees in the forest as there are root nodes.
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Interface of DAG

module type Forest =
sig

module Nodes : Ord
type node = Nodes.t
type edge

A subset X C 2V of the powerset of the set of nodes. The members of X can be be characterized by a fixed
number of members (e. g. two for binary trees, as in QED). We can also have mixed arities (e.g. two and three
for QCD) or even arbitrary arities. However, in most cases, the members of X will have at least two members.

type children
This type abbreviation and order allow to apply the Set.Make functor to F x X.

type t = edge X children
val compare : t — t — int

Test a predicate for all children.
val for_all : (node — bool) — t — bool

fold f (=, children) acc will calculate

f(z1, f(x2,- - f(2n, acc))) (4.6)

where the children are {x1,xa,...,x,}. There are slightly more efficient alternatives for fixed arity (in particular
binary), but we want to be general.

val fold : (node - a@ - a) > t - a = «
end

module Forest : functor (PT : Tuple.Poly) —
functor (N : Ord) — functor (E : Ord) —
Forest with module Nodes = N and type edge = FE.t
and type node = N.t and type children = N.t PT.t

4.1.2 DAGs
module type T =
sig

type node

type edge
In the description of the function we assume for definiteness DAGs of binary trees with type children = node x
node. However, we will also have implementations with type children = node list below.
Other possibilities include type children = V3 of node x node | V4 of node X node X node. There’s

probable never a need to use sets with logarithmic access, but it is easy to add.

type children
type ¢

The empty DAG.
val empty : t

add_node n dag returns the DAG dag with the node n. If the node n already exists in dag, it is returned
unchanged. Otherwise n is added without offspring.

val add_node : node — t — t

add_offspring n (e, (n1, n2)) dag returns the DAG dag with the node n and its offspring n! and n2 with
edge label e. Each node can have an arbitrary number of offspring, but identical offspring are added only once.
In order to prevent cycles, add_offspring requires both n > n1 and n > n2 in the given ordering. The nodes
nl and n2 are added as by add_node. NB: Adding all nodes n1 and n2, even if they are sterile, is not strictly
necessary for our applications. It even slows down the code by a few percent. But it is desirable for consistency
and allows much more efficient iter_nodes and fold_nodes below.

val add_offspring : node — edge x children — t — t
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Just

15_M

exception Cycle

like add_offspring, but does not check for potential cycles.

val add_offspring_unsafe : node — edge X children — t — t
ode n dag returns true iff n is a node in dag.

val is_node : node — t — bool

is_sterile n dag returns true iff n is a node in dag and boasts no offspring.

val is_sterile : node — t — bool

is_offspring n (e, (n1, n2)) dag returns true iff nI and n2 are offspring of n with label e in dag.

val is_offspring : mnode — edge X children — t — bool

Note that the following functions can run into infinite recursion if the DAG given as argument contains cycles.

The

usual functionals for processing all nodes (including sterile) . ..

val iter_nodes : (node — wunit) — t — unit
val map_nodes : (node — node) — t — t
val fold_nodes : (node - a — a) - t > a = «

. and all parent/offspring relations. Note that map requires two functions: one for the nodes and one for the
edges and children. This is so because a change in the definition of node is not propagated automatically to
where it is used as a child.

val iter : (node — edge X children — unit) — t — unit

val map : (node — node) —
(node — edge x children — edge x children) — t —
-t =

t
val fold : (node — edge X children — o — «) a = o«

Note that in it’s current incarnation, fold add_offspring dag empty copies only the fertile nodes, while
fold add_offspring dag (fold_nodes add_node dag empty) includes sterile ones, as does map (fun n —

n) (fun n ec — ec) dag.

Return the DAG as a list of lists.

val lists : t — (node x (edge x children) list) list

dependencies dag node returns a canonically sorted Tree2.t of all nodes reachable from node.

harv

harv

size

eval

val dependencies : t — node — (node, edge) Tree2.t

est dag n roots returns the DAG roots enlarged by all nodes in dag reachable from n.

val harvest : t — node — t — t

est_list dag nlist returns the part of the DAG dag that is reachable from the nodes in nlist.
val harvest_list : t — node list — t

dag returns the number of nodes in the DAG dag.

val size : t — int

f mul_edge mul_nodes add null unit root dag interprets the part of dag beneath root as an algebraic

expression:

each node is evaluated by f : node — «

each set of children is evaluated by iterating the binary mul_nodes : o« — v — -~ on the values of the
nodes, starting from wunit:

each offspring relation (node, (edge, children)) is evaluated by applying mul_edge : node — edge —
v — § to node, edge and the evaluation of children.

all offspring relations of a node are combined by iterating the binary add : § — a — « starting from
null : «
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In our applications, we will always have &« = ~ = 4, but the more general type is useful for documenting the
relationships. The memoizing variant eval_memoized f mul_edge mul_nodes add null unit root dag requires
some overhead, but can be more efficient for complex operations.

val eval : (node — «) — (node — edge — v — §) —

(o =y =279 =0 > a—>a > a—>79— nde >t — «
val eval_memoized : (node — «) — (node — edge — v — 0) —
(¢ =7y =179 -0 > a—a - a =75 — nde -t > «

forest root dag expands the dag beneath root into the equivalent list of trees Tree.t. children are represented
as list of nodes.

A sterile node n is represented as Tree.Leaf ((n, None), n), cf. page 625. There might be a better way,
but we need to change the interface and semantics of Tree for this.

val forest : node — t — (node x edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list

count_trees n dag returns the number of trees with root n encoded in the DAG dag, i.e. |T'(n, D)|. NB: the
current implementation is very naive and can take a very long time for moderately sized DAGs that encode a
large set of trees.

val count_trees : node — t — int
end

module Make (F : Forest) :
T with type node = F.node and type edge = F'.edge
and type children = F'.children

4.1.8  Graded Sets, Forests € DAGs

A graded ordered! set is an ordered set with a map into another ordered set (often the non-negative integers).
The grading does not necessarily respect the ordering.

module type Graded_Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

For all ordered sets, there are two canonical gradings: a Chaotic grading that assigns the same rank (e. g. unit)
to all elements and the Discrete grading that uses the identity map as grading.

module type Grader = functor (O : Ord) — Graded-Ord with type t = O.t
module Chaotic : Grader
module Discrete : Grader

A graded forest is just a forest in which the nodes form a graded ordered set.

@ There doesn’t appear to be a nice syntax for avoiding the repetition here. Fortunately, the signature is short

module type Graded_Forest =
sig
module Nodes : Graded_Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a@ - a) - t - a — «
end

1We don’t appear to have use for graded unordered sets.
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module type Forest-Grader = functor (G : Grader) — functor (F' : Forest) —
Graded _ Forest with type Nodes.t = F.node
and type node = F.node
and type edge = F.edge
and type children = F.children
and type t = F.t

module Grade_Forest : Forest_Grader

Finally, a graded DAG is a DAG in which the nodes form a graded ordered set and the subsets with a given
rank can be accessed cheaply.

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_maz_rank : t — rank X rank
val ranked : rank — t — node list
end

module Graded (F : Graded_Forest) :
Graded with type node = F.node and type edge = F'.edge
and type children = F.children and type rank = F.Nodes.G.t

4.2 Implementation of DAG

module type Ord =
sig
type ¢
val compare : t — t — int
end

module type Forest =
sig
module Nodes : Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a - a) = t - a — «
end

module type T =
sig

type node
type edge
type children
type ¢
val empty : t
val add_-node : node — t — t
val add_offspring : node — edge x children — t — t
exception Cycle
val add_offspring_unsafe : node — edge x children — t — t
val is_node : node — t — bool
val is_sterile : node — t — bool
val is_offspring : node — edge X children — t — bool
val iter_nodes : (node — wunit) — t — unit
val map_nodes : (node — node) — t — t
val fold_nodes : (node - a = a) - t - a = «
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val iter : (node — edge X children — unit) — t — unil
val map : (node — node) —

(node — edge X children — edge X children) —
val fold : (node — edge x children — a — a) —
val lists : t — (node x (edge x children) list) list
val dependencies : t — node — (node, edge) Tree2.t
val harvest : t — node — t — t
val harvest_list : t — mnode list —
val size : t — int
val eval : (node — «) — (node — edge — ~v — §) —

(a v =279 >0 > a—=a = a—7v = nde >t > «
val eval_memoized : (node — «) — (node — edge — v — 0) —

(a >y =279 =0 > a—>a > a—>79 = nde >t — «
val forest : node — t — (node x edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list
val count_trees : node — t — int
end

— t
- a — «

module type Graded_Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

module type Grader = functor (O : Ord) — Graded_Ord with type t = O.t

module type Graded_Forest =
sig
module Nodes : Graded-Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - o — a) > t - a — «
end

module type Forest_Grader = functor (G : Grader) — functor (F' : Forest) —
Graded _ Forest with type Nodes.t = F.node
and type node = F.node
and type edge = F'.edge
and type children = F.children
and type t = F.t

4.2.1 The Forest Functor

module Forest (PT : Tuple.Poly) (N : Ord) (E : Ord) :
Forest with module Nodes = N and type edge = E.t
and type node = N.t and type children = N.t PT.t =
struct
module Nodes = N
type edge = E.t
type node = N.t
type children = node PT.t
type t = edge X children

let compare (el, nl) (e2, n2) =

let ¢ = PT.compare N.compare nl n2 in
if ¢ # 0 then

c
else
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E.compare el e2

let for_all f (-, nodes) = PT.for_all f nodes
let fold f (-, nodes) acc = PT.fold_right f nodes acc

end

4.2.2  Gradings

module Chaotic (O : Ord) =

struct
include O
module G =
struct
type t = unit
let compare - - = 0
end
let rank - = ()
end
module Discrete (O : Ord) =
struct
include O
module G = O
let rank * = x
end
module Fake_Grading (O : Ord) =
struct
include O
exception Impossible of string
module G =
struct
type t = unit
let compare - - = raise (Impossible "G.compare")
end
let rank - = raise (Impossible "G.compare")
end
module Grade_Forest (G : Grader) (F : Forest) =
struct

module Nodes = G(F.Nodes)
type node = Nodes.t
type edge = F.edge
type children = F.children
typet = F.t
let compare = F.compare
let for_all = F.for_all
let fold = F.fold
end

@ The following can easily be extended to Map.S in its full glory, if we ever need it.

module type Graded_Map =
sig

type key
type rank
type a ¢
val empty : at
val add : key —- a — at —- at
val find : key — at — «
val mem : key — at — bool
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val iter : (key — o — wnit) - at — unit
val fold : (key - a = 8 — ) > at - 8 = 8
val ranks : ot — rank list
val min_maz_rank : at — rank X rank
val ranked : rank — ot — key list
end

module type Graded_-Map_Maker = functor (O : Graded-Ord) —
Graded_-Map with type key = O.t and type rank = O0.G.t

module Graded_Map (O : Graded_Ord) :
Graded_Map with type key = O.t and type rank = O0.G.t =
struct
module M1 = Map.Make(O.G)
module M2 = Map.Make(O)

type key = O.t
type rank = O.G.t

type (+a) t = o M2.t M1.t

let empty = MI1.empty
let add key data mapl =
let rank = O.rank key in
let map2 = try M1.find rank mapl with Not_found — M2.empty in
M1 .add rank (M2.add key data map2) mapl
let find key map = M2.find key (M1.find (O.rank key) map)
let mem key map =
M2.mem key (try M1.find (O.rank key) map with Not_found — M2.empty)
let iter f mapl = M1 .iter (fun rank — M2.iter f) mapl
let fold f mapl accl = MI.fold (fun rank — M2.fold f) mapl accl

@ The set of ranks and its minimum and maximum should be maintained explicitely!

module S1 = Set.Make(O.G)
let ranks map = MI.fold (fun key data acc — key :: acc) map []
let rank_set map = M1 .fold (fun key data — S1.add key) map S1.empty
let min_max_rank map =
let s = rank_set map in
(S1.min_elt s, S1.mazx_elt s)

module S2 = Set.Make(O)
let keys map = M2.fold (fun key data acc — key :: acc) map []
let sorted_keys map =
S2.elements (M2.fold (fun key data — S2.add key) map S2.empty)
let ranked rank map =
keys (try M1.find rank map with Not_found — M2.empty)
end

4.2.8 The DAG Functor

module Maybe-Graded (GMM : Graded_Map_Maker) (F : Graded_Forest) =
struct

module G = F.Nodes.G

type node = F.node

type rank = G.t

type edge = F.edge

type children = F.children
If we get tired of graded DAGs, we just have to replace Graded_Map by Map here and remove ranked below
and gain a tiny amount of simplicity and efficiency.

module Parents = GMM (F.Nodes)
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module Offspring = Set.Make(F)
type t = Offspring.t Parents.t
let rank = F.Nodes.rank

let ranks = Parents.ranks
let min_max_rank = Parents.min_max_rank
let ranked = Parents.ranked

let empty = Parents.empty

let add_node node dag =
if Parents.mem node dag then
dag
else
Parents.add node Offspring.empty dag

let add_offspring_unsafe node offspring dag =
let offsprings =
try Parents.find node dag with Not_found — Offspring.empty in
Parents.add node (Offspring.add offspring offsprings)
(F.fold add_node offspring dag)

exception Cycle

let add_offspring node offspring dag =
if F.for_all (funn — F.Nodes.compare n node < 0) offspring then
add - offspring_unsafe node offspring dag
else
raise Cycle

let is_node node dag =
Parents.mem node dag

let is_sterile node dag =
try
Offspring.is_empty (Parents.find node dag)
with
| Not_found — false

let is_offspring node offspring dag =
try
Offspring.mem offspring (Parents.find node dag)
with
| Not_found — false

let iter_nodes f dag =
Parents.iter (fun n - — f n) dag

let iter f dag =
Parents.iter (fun node — Offspring.iter (f node)) dag

let map_nodes f dag =
Parents.fold (fun n — Parents.add (f n)) dag Parents.empty

let map fn fo dag =
Parents.fold (fun node offspring —
Parents.add (fn node)
(Offspring.fold (fun o — Offspring.add (fo node o))
offspring Offspring.empty)) dag Parents.empty
let fold_nodes f dag acc =
Parents.fold (funn - — f n) dag acc

let fold f dag acc =
Parents.fold (fun node — Offspring.fold (f node)) dag acc

Implementation of DAG

Note that in it’s current incarnation, fold add-offspring dag empty copies only the fertile nodes, while
fold add_offspring dag (fold_nodes add_node dag empty) includes sterile ones, as does map (fun n —

n) (fun n ec — ec) dag.
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let dependencies dag node =
let rec dependencies’ node’ =
let offspring = Parents.find node’ dag in
if Offspring.is—_empty offspring then
Tree2.leaf node’
else
Tree2.cons
(Offspring.fold
(fun 0 acc —
(fst o,
node’,
F.fold (fun wf acc’ — dependencies’ wf :: acc’) o []) :: acc)
offspring [])
in
dependencies’ node
let lists dag =
List.sort (fun (nl, _) (n2, -) — F.Nodes.compare n1 n2)
(Parents.fold (fun node offspring | —
(node, Offspring.elements offspring) :: 1) dag [])
let size dag =
Parents.fold (fun - _ n — succ n) dag 0

let rec harvest dag node roots =
Offspring.fold
(fun offspring roots’ —
if 4s_offspring node offspring roots’ then
roots’
else
F.fold (harvest dag)
offspring (add - offspring_unsafe node offspring roots’))
(Parents.find node dag) (add_node node roots)
let harvest_list dag nodes =

List.fold_left (fun roots node — harvest dag node roots) empty nodes

Build a closure once, so that we can recurse faster:

let eval f mule muln add null unit node dag =
let rec eval’ n =
if is_sterile n dag then
fn
else
Offspring.fold
(fun (e, - as offspring) v0 —
add (mule n e (F.fold muln’ offspring unit)) v0)
(Parents.find n dag) null
and muln’ n = muln (eval’ n) in
eval’ node

let count_trees node dag =
eval (fun - — 1) (fun_-_p — p) ( x ) (+) 01 node dag
let build_forest evaluator node dag =
evaluator (fun n — [Tree.leaf (n, None) n])
(fun n e p — List.map (fun p’ — Tree.cons (n, Some e) p’) p)

(fun pI p2 — Product.fold2 (fun n nl pl — (n = nl) = pl) pl p2[])
(@) [J [[]] node dag

let forest = build_forest eval

Implementation of DAG

At least for count_trees, the memoizing variant eval_memoized is considerably slower than direct recursive

evaluation with eval.

let eval-offspring f mule muln add null unit dag values (node, offspring) =
let muln’ n = muln (Parents.find n values) in
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Implementation of DAG

let v =
if is_sterile node dag then
f node
else
Offspring.fold
(fun (e, - as offspring) v0 —
add (mule node e (F.fold muln' offspring unit)) v0)
offspring null
in
(v, Parents.add node v values)
let eval_memoized' f mule muln add null unit dag =
let result, _ =
List.fold _left
(fun (v, values) — eval_offspring f mule muln add null unit dag values)
(null, Parents.empty)
(List.sort (fun (n1, -) (n2, -) — F.Nodes.compare nl n2)
(Parents.fold
(fun node offspring I — (node, offspring) :: 1) dag [])) in
result

let eval_memoized f mule muln add null unit node dag =
eval_memoized' f mule muln add null unit
(harvest dag node empty)

let forest_memoized = build_forest eval_memoized
end

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_maz_rank : t — rank X rank
val ranked : rank — t — node list
end

module Graded (F : Graded_Forest) = Maybe_Graded(Graded_-Map)(F)

The following is not a graded map, obviously. But it can pass as one by the typechecker for constructing
non-graded DAGs.

module Fake_Graded_Map (O : Graded_Ord) :
Graded_Map with type key = O.t and type rank = O0.G.t =
struct
module M = Map.Make(O)
type key = O.t
type (+a) t = a M.t
let empty = M.empty
let add = M.add
let find = M.find
let mem = M.mem
let iter = M.iter
let fold = M.fold

We make sure that the remaining three are never called inside DAG and are not visible outside.

type rank = O.G.t
exception Impossible of string

let ranks - = raise (Impossible "ranks")
let min_max_rank - = raise (Impossible "min_max_rank")
let ranked - - = raise (Impossible "ranked")

end
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Implementation of DAG

We could also have used signature projection with a chaotic or discrete grading, but the Graded_-Map can cost
some efficiency. This is probably not the case for the current simple implementation, but future embellishment
can change this. Therefore, the ungraded DAG uses Map directly, without overhead.
module Make (F : Forest) =

Maybe - Graded (Fake- Graded-Map)(Grade_Forest( Fake_Grading)(F'))

If O’Caml had polymorphic recursion, we could think of even more elegant implementations unifying nodes
and offspring (cf. the generalized tries in [4]).
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— 5

MOMENTA

5.1 Interface of Momentum
Model the finite combinations .
p=_ cpn,  (withez €{0,1}) (5.1)
n=1
of ny, incoming and k — ny, outgoing momenta p,

B = —pp for1<n <ny
" Pn forngp, +1<n<k

where momentum is conserved

k
> Pu=0 (5.3)

7.

below, we need the notion of ‘rank’ and ‘dimension

dim(p) =k (5.4a)
k
rank(p) = Z Ck (5.4b)

where ‘dimension’ is not the dimension of the underlying space-time, of course.

module type T =

sig
type ¢

Constructor: (k,N) = p = > .y Pn and k = dim(p) is the overall number of independent momenta, while
rank(p) = |N| is the number of momenta in p. It would be possible to fix dim as a functor argument instead.
This might be slightly faster and allow a few more compile time checks, but would be much more tedious to
use, since the number of particles will be chosen at runtime.

val of —ints : int — int list — t

No two indices may be the same. Implementions of of _ints can either raise the exception Duplicate or ignore
the duplicate, but implementations of add are required to raise Duplicate.

exception Duplicate of int
Raise Range iff n > k:
exception Range of int

Binary oparations require that both momenta have the same dimension. Mismatch is raised if this condition is
violated.

exception Mismatch of string x t x t
Negative is raised if the result of sub is undefined.
exception Negative
The inverses of the constructor (we have rank p = List.length (to_ints p), but rank might be more efficient):

val to_ints : t — int list
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Interface of Momentum

val dim : t — int
val rank : t — int

Shortcuts: singleton d p = of _ints d [p] and zero d = of _ints d []:

val singleton : int — int — t
val zero : int — t

An arbitrary total order, with the condition rank(p1) < rank(p2) = p1 < pa.
val compare : t — t — int

Use momentum conservation to construct the negative momentum with positive coeflicients:
valmeg : t — t

Return the momentum or its negative, whichever has the lower rank. NB: the present implementation does not
guarantee that
absp=absq <= p=pVp=—q (5.5)

for momenta with rank = dim/2.
val abs : t — t
Add and subtract momenta. This can fail, since the coefficients ¢; must me either 0 or 1.

valadd : t - t — t
val sub : t - ¢t — t

Once more, but not raising exceptions this time:

val try_add : t — t — t option
val try_sub : t — t — t option

Not the total order provided by compare, but set inclusion of non-zero coefficients instead:

val less : t — t — bool
val lesseq : t — t — bool

p1+ (£p2) + (£p3) = 0

val try_fusion : t — t — t — (bool x bool) option
A textual representation for debugging:

val to_string : t — string

split @ n p splits p; into n momenta p; — P; + Pit1 + ... + Ditn—1 and makes room via pj>; —+ Pj4n—1. Lhis is
used for implementating cascade decays, like combining

et (pr)e” (p2) =W (p3)ve(pa)e™ (ps) (5.6a)
W= (ps) — d(ps)a(py) (5.6b)

to
et (p1)e” (p2) = d(ps)u(pa)ve(ps)e™ (ps) (5.7)

in narrow width approximation for the W—.

val split : int — int — t — t

5.1.1 Scattering Kinematics

From here on, we assume scattering kinematics {1,2} — {3,4,...}, i.e. nj, = 2.

Since functions like timelike can be used for decays as well (in which case they must always return true, the
representation—and consequently the constructors—should be extended by a flag discriminating between
the two cases!

module Scattering :
sig

Test if the momentum is an incoming one: p = p; V p = P2
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val incoming : t — bool
P=p3Vp=psV...
val outgoing : t — bool

p? > 0. NB: par abus de langange, we report the incoming individual momenta as spacelike, instead as timelike.
This will be useful for phasespace constructions below.

val timelike : t — bool
p? < 0. NB: the simple algebraic criterion can be violated for heavy initial state particles.
val spacelike : t — bool
D = P1+ P2
val s_channel_in : t — bool
P=p3+pst...+DPn
val s_channel_out : t — bool
P=p1+p2Vp=p3+Ps+...+Pn
val s_channel : t — bool
P1+DP2—>P3+Ps+ ...+ Dn

val flip_s_channel_in : t — t
end

5.1.2 Decay Kinematics

module Decay :
sig

Test if the momentum is an incoming one: p = py
val incoming : t — bool
p=p2Vp=p3V...
val outgoing : t — bool
p? > 0. NB: here, we report the incoming individual momenta as timelike.
val timelike : t — bool
p* <0.
val spacelike : t — bool
end
end

module Lists : T
module Bits : T
module Default : T

Wolfgang’s funny tree codes:
(27, 2" = (1,2,4,...,2"?) (5.8)

module type Whizard =
sig
type ¢
val of _-momentum : t — int
val to_momentum : int — int — t
end

module ListsW : Whizard with type t = Lists.t
module BitsW : Whizard with type t = Bits.t
module DefaultW : Whizard with type t = Default.t

42



Implementation of Momentum

5.2 Implementation of Momentum

module type T =
sig

type ¢
val of _ints : int — int list — 1
exception Duplicate of int
exception Range of int
exception Mismatch of string x t x t
exception Negative
val to_ints : t — int list
val dim : t — int
val rank : t — int
val singleton : int — int — t
val zero : int — t
val compare : t — t — int

val neg : t — ¢

val abs : t —
valadd : t — t — t

val sub : t — t = ¢

val try_add : t — t — t option
val try_sub : t — t — t option

val less : t — t — bool
val lesseq : t — t — bool
val try_fusion : t — t — t — (bool x bool) option
val to_string : t — string
val split : int — int > t — t
module Scattering :
sig
val incoming : t — bool
val outgoing : t — bool
val timelike : t — bool
val spacelike : t — bool
val s_channel_in : t — bool
val s_channel_out : t — bool
val s_channel : t — bool
val flip_s_channel_in : t — t
end
module Decay :
sig
val incoming : t — bool
val outgoing : t — bool
val timelike : t — bool
val spacelike : t — bool
end
end

5.2.1 Lusts of Integers

The first implementation (as part of Fusion) was based on sorted lists, because I did not want to preclude the
use of more general indices that integers. However, there’s probably not much use for this generality (the indices
are typically generated automatically and integer are the most natural choice) and it is no longer supported.
by the current signature. Thus one can also use the more efficient implementation based on bitvectors below.

module Lists =
struct

typet = {d : int;r : int; p : int list }

exception Range of int
exception Duplicate of int
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Implementation of Momentum

let rec check d = function
| pI = p2 = _when p2 < pl — raise (Duplicate pl)
| pl = (p2 = _asrest) — check d rest
| [p]whenp < 1V p > d — raise (Range p)
| [l = 0
=0
let of _ints d p =
let p’ = List.sort compare p in
check d p’;

{d = d; r = List.length p; p = p' }

let to_ints p = p.p

let dim p = p.d

let rank p = p.r

let zerod = {d = d; r = 0;, p =[]}

let singleton dp = {d = d; r = 1; p = [p] }

let to_string p =
n[" * String.concat "," (List.map string_of _int p.p) "
"/ string_of —int p.r ~ /" " string_of _int p.d ~ "1"

exception Mismatch of string x t x t
let mismatch s p1 p2 = raise (Mismatch (s, pl, p2))

let matching f s pl p2 =
if pl.d = p2.d then
[ pl p2
else
mismatch s pl p2

let compare p1 p2 =
if pl.d = p2.d then begin
let ¢ = compare pl.r p2.r in
if ¢ # 0 then
c
else
compare pl.p p2.p
end else
mismatch "compare" pl p2

let rec neg’ d i = function
] =
if 7 < d then
i = neg’ d (succ i) []
else
(]
i i restasp —
if i/ > d then
failwith "Integer_List.neg: internal error"

else if ¢/ = i then
neg’ d (succ i) rest
else

i neg’ d (suce i) p
let negp = {d = pd; r = pd — pr; p = neg’ p.d1pp}
let abs p =

if 2 X p.r > p.d then

neg p
else

p

let rec add’ pl1 p2 =
match p1, p2 with

[ {lp = p
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Implementation of Momentum

|, [ = p
| o1 = pl’, 22 = p2' —
if x1 < z2 then
zl :: add pl’ p2
else if 2 < 1 then
z2 :: add' pl p2’
else
raise (Duplicate z1)

let add p1 p2 =
if pl.d = p2.d then
{d =pld;r =plor + p2.r;p = add pl.pp2.p}
else
mismatch "add" pl p2

let rec try_add’ d v acc pl p2 =
match p1, p2 with
) p — Some ({d = d
| p, [] — Some ({d = d
| =1 = pl’, 22 = p2 —
if 1 < z2 then
try_add’ d r (z1 :: acc) pl’ p2
else if 22 < z1 then
try_add’ d r (z2 : acc) pl p2’
else
None

= List.rev_append acc p })

r
ir = List.rev_append acc p })

3

let try_add pl p2 =
if pl.d = p2.d then
try-add’ pl.d (pl.r + p2.r)[] pl.p p2.p
else
mismatch "try_add" pl p2

exception Negative

let rec sub’ pl p2 =
match p1, p2 with
‘ b, H - P
| [1, - — raise Negative
| =1 = pl', 22 = p2 —
if 1 < x2 then
zl : sub pl’ p2

else if x1 = x2 then
sub’ p1’ p2’
else

raise Negative

let rec sub pI p2 =
if p1.d = p2.d then begin
if pl.r > p2.r then
{d=pld;r =plor — p2.r; p = sub pl.p p2.p}
else
neg (sub p2 pl)
end else
mismatch "sub" pl p2

let rec try_sub’ d r acc pl p2 =
match p1, p2 with
| p, [] = Some ({d = d; r = r; p = List.rev_append acc p })
| [, - = None
| o1 = pl’, 22 = p2' —
if 1 < z2 then
try_sub’ d r (z1 :: acc) pl’ p2
else if z1 = 2 then
try_sub’ d r acc p1’ p2’
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else
None

let try_sub pl1 p2 =
if pI.d = p2.d then begin
if pI.r > p2.r then
try_sub’ pl.d (pl.r — p2.r)[] pl.p p2.p
else
match try_sub’ pl.d (p2.r — pl.r)[] p2.p pl.p with
| None — None
| Some p — Some (neg p)
end else
mismatch "try_sub" pl p2

let rec less’ equal pl1 p2 =
match p1, p2 with
[ 1] - — equal
[, - — true
zl = _, [] — false

zl = pl’, 22 = p2' — less’ false p1 p2’

\
\
| 1 = pl’, 22 = p2 when 21 = 22 — less’ equal p1’ p2’
\

let less p1 p2 =
if pI.d = p2.d then
less’ true p1.p p2.p
else
mismatch "sub" pl p2

let rec lesseq’ pl1 p2 =
match p1, p2 with
| [], - — true
| 1 =+ _, [] — false
| o1 = pl’, 22 = p2 when 21 = 22 — lesseq’ pl’ p2’
| «1 == pl’, 22 = p2' — lesseq’ pl p2’

let lesseq p1 p2 =
if pI.d = p2.d then
lesseq’ pl.p p2.p
else
mismatch "lesseq" pl p2

module Scattering =
struct

let incoming p =
if p.r = 1 then
match p.p with
| 1] | [2] — true
| - — false
else
false

let outgoing p =
if p.r = 1 then
match p.p with
| [1] | [2] — false
| - — true
else
false

let s_channel_in p =
match p.p with
| [1; 2] — true
| - — false

let rec s_channel_out’ d i = function
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| [] — @ = succd
| ' = pwheni = i — s_channel_out’ d (succ i) p
| - — false
let s_channel_out p =
match p.p with
| 3 = p) — s_channel_out’ p.d 4 p’
| - — false

let s_channel p = s_channel_in p V s_channel_out p

let timelike p =
match p.p with
| p1 == p2 == - = pl > 2V (pl =1 A p2 = 2)
| p1 == - — pl > 2
| [] — false

let spacelike p = — (timelike p)

let flip_s_channel_in p =
if s_channel_in p then
neg (of —ints p.d [1;2])
else
p

end

module Decay =
struct

let incoming p =
if p.r = 1 then
match p.p with
| [1] — true
| - — false
else
false

let outgoing p =
if p.r = 1 then
match p.p with
| [1] — false
| - — true
else
false

let timelike p =
match p.p with
| [1] — true
| pI = - = pl > 1
| [] — false

let spacelike p = — (timelike p)
end

let test_sum p invl pl inv2 p2 =
if p.d = pl.d then begin
if p.d = p2.d then begin
match (if invl then try_add else try_sub) p pl with
| None — false
| Some p’ —
begin match (if inv2 then try_add else try_sub) p’ p2 with
| None — false
| Some p” — p".r =0V p'ir = pd
end
end else
mismatch "test_sum" p p2
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end else
mismatch "test_sum" p pl

let try_fusion p pl p2 =

if test_sum p false pI false p2 then
Some (false, false)

else if test_sum p true p1 false p2 then
Some (true, false)

else if test_sum p false p1 true p2 then
Some (false, true)

else if test_sum p true pI true p2 then
Some (true, true)

else
None

let split i np =
let n” = n — 1in
let rec split’ head = function
| [] = (p.r, List.rev head)
| i1 = dlist —
if i1 < i then
split’ (i1 :: head) ilist
else if <1 > 4 then
(p.r, List.rev_append head (List.map ((+) n') (i1 :: ilist)))
else
(p.r + 0/,
List.rev_append head
((ThoList.range i1 (il + n')) @Q (List.map ((4+) n’) ilist))) in
let v/, p’ = split’ [] p.p in
{d=pd+nsr=71p=7p}

!

end

5.2.2  Bit Fiddlings

Bit vectors are popular in Fortran based implementations [1, 2, 11] and can be more efficient. In particular,
when all infomation is packed into a single integer, much of the memory overhead is reduced.

module Bits =
struct

type t = int

Bits 1...21 are used as a bitvector, indicating whether a particular momentum is included. Bits 22...26
represent the numbers of bits set in bits 1...21 and bits 27...31 denote the maximum number of momenta.

let mask n = (11sln) — 1
let mask2 = mask 2
let maskd = mask 5

let mask21 = mask 21

let maskd = masks Isl 26
let maskr = maskd Isl 21
let maskb = mask21

let dim0 p = p land maskd
let rank0 p = p land maskr
let bitsO p = p land maskb

let dim p = (dim0 p) lsr 26
let rank p = (rank0 p) Isr 21
let bits p = bitsO p

let drb0 d v b = d lor r lor b
let drb d 7 b = d Isl 26 lor r Isl 21 lor b
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For a 64-bit architecture, the corresponding sizes could be increased to 1...51, 52...57, and 58...63. However,
the combinatorical complexity will have killed us long before we can reach these values.

exception Range of int
exception Duplicate of int

exception Mismatch of string X t X t
let mismatch s p1 p2 = raise (Mismatch (s, pl, p2))

let of _ints d p =
let r = List.length p in
if d < 21 A r < 21 then begin
List.fold _left (fun b p' —
if p’ < d then
b lor (1 1sl (pred p"))
else

raise (Range p')) (drb d r 0) p
end else

raise (Range 1)
let zero d = drb d 00
let singleton d p = drb d 1 (11sl (pred p))

let rec to_ints’ acc p b =
if b = 0 then
List.rev acc
else if (b land 1) = 1 then

to_ints’ (p :: acc) (succ p) (blsr 1)
else

to_ints’ acc (succ p) (b lsr 1)
let to_ints p = to_ints’ [] 1 (bits p)

let to_string p =
"[" " String.concat "," (List.map string_of _int (to_ints p)) ~
n/m " string_of —int (rank p) © /" " string_of —int (dim p) " "1"
let compare p1 p2 =
if dim0 pl = dim0 p2 then begin
let ¢ = compare (rank0 p1) (rank0 p2) in
if ¢ # 0 then
c
else
compare (bits p1) (bits p2)
end else
mismatch "compare" pl p2

let neg p =
let d = dim pandr = rank p in
drb d (d — r) ((mask d) land (Inot p))

let abs p =
if 2 x (rank p) > dim p then
neg p
else

p

let add p1 p2 =
let dI = dim0O pl and d2
if dI = d2 then begin
let b1 = bits p1 and b2 = bits p2 in
if b1 land b2 = 0 then
drb0 di (rank0 pl + rank0 p2) (b1 lor b2)
else
raise (Duplicate 0)
end else

dim0 p2 in
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mismatch "add" pl p2
exception Negative

let rec sub p1 p2 =
let d1 = dim0 pl and d2 = dim0 p2 in
if dI = d2 then begin
let r1 = rank0 pl1 and 12 =
if r1 > 72 then begin
let b1 = bits pl and b2 = bits p2 in
if b1 lor b2 = b1 then

drb0 d1 (r1 — r2) (b1 Ixor b2)
else

raise Negative
end else

neg (sub p2 pl)
end else

mismatch "sub" pl p2

rank(0 p2 in

let try_add p1 p2 =

let dI = dim0O pl and d2 dim0 p2 in
if dI = d2 then begin
let b1 = bits pI and b2 bits p2 in

if b1 land b2 = O then
Some (drb0 d1 (rank0 pl + rank0 p2) (b1 lor b2))

else
None
end else

mismatch "try_add" pl p2

let rec try_sub p1 p2 =
let d1 = dim0 pl and d2 = dim0 p2 in
if dI = d2 then begin
let r1 = rank0 pl1 and 72 = rank0 p2 in
if 71 > 72 then begin
let b1 = bits pl and b2 = bits p2 in
if b1 lor b2 = b1 then
Some (drb0 d1 (r1 — r2) (b1 Ixor b2))
else
None
end else
begin match try_sub p2 p1 with
| Some p — Some (neg p)
| None — None
end
end else

mismatch "sub" pl p2

let lesseq p1 p2 =
let d1 = dim0 pl and d2
if dI = d2 then begin
let r1 = rank0 pl1 and 72 = rank0 p2 in
if r1 < 712 then begin

let b1 = bits pl and b2 = bits p2 in
b1 lor b2 = b2
end else
false
end else

mismatch "less" pl p2

dim0 p2 in

let less p1 p2 = pl # p2 A lesseq pl p2

let mask_inl = 1
let mask_in2 2

let mask_in = mask_inl lor mask_in2

50



Implementation of Momentum

module Scattering =
struct

let incoming p
1

rank p = 1 A (mask_in land p # 0)

let outgoing p =
rank p = 1 A (mask_in land p = 0)

let timelike p =
(rank p > 0 A (mask_-in land p = 0)) V (bits p = mask_in)

let spacelike p =
(rank p > 0) A = (timelike p)

let s_channel_in p =
bits p = mask_in

let s_channel_out p =
rank p > 0 A (mask_in Ixor p = 0)

let s_channel p =
s_channel_in p V s_channel_out p

let flip_s_channel_in p =
if s_channel_in p then
neg p
else

p

end

module Decay =
struct

let incoming p =
rank p = 1 A (mask_inl land p = mask_inl)

let outgoing p =
rank p = 1 A (mask_inl land p = 0)

let timelike p =
incoming p V (rank p > 0 A mask_inl land p = 0)

let spacelike p =
- (timelike p)

end

let test_sum p vl pl w2 p2 =
let d = dim pin
if d = dim pl then begin
if d = dim p2 then begin
match (if invl then try_add else try_sub) p pl with
| None — false
| Some p’ —
begin match (if inv2 then try_add else try_sub) p’ p2 with
| None — false
| Some p” —
let 1 = rank p” in
r=0Vr=4d
end
end else
mismatch "test_sum" p p2
end else
mismatch "test_sum" p pl

let try_fusion p pl p2 =
if test_sum p false pI false p2 then
Some (false, false)
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else if test_sum p true p1 false p2 then
Some (true, false)

else if test_sum p false p1 true p2 then
Some (false, true)

else if test_sum p true pI true p2 then
Some (true, true)

else
None

First create a gap of size n — 1 and subsequently fill it if and only if the bit ¢ was set.

let split i np =
let delta-d = n — 1
and b = bits p in
let mask_low = mask (pred 1)
and mask_i = 11Isl (pred i)
and mask_high = Inot (mask i) in
let b_low = mask_low land b
and b_med, delta_-r =
if mask_7 land b # 0 then
((mask n) Isl (pred i), delta_d)

else
(0, 0)
and b_high =

if delta_d > 0 then
(mask_high land b) Isl delta_d
else if delta_d = 0 then
mask_high land b
else
(mask_high land b) Isr (—delta_d) in
drb (dim p + delta_d) (rank p + delta_r) (b_low lor b_med lor b_high)

end

5.2.3 Whizard

module type Whizard =
sig
type ¢
val of _.momentum : t — int
val to-momentum : int — int — t
end

module BitsW =
struct
type t = Dits.t
open Bits (x NB: this includes the internal functions not in 7' x)

let of -momentum p =
let d = dim pin
let bit_inl = 1land p
and bit_in2 = 1 land (p lsr 1)
and bits_out = ((mask d) land p) Isr 2 in
bits_out lor (bit_inl Isl (d — 1)) lor (bit_in2 Isl (d — 2))

let rec count_non_zero' acc i last b =
if © > last then
acc
else if (1 Isl (pred 4)) land b = 0 then
count_non_zero' acc (succ i) last b
else
count_non_zero’ (succ acc) (succ i) last b

let count_non_zero first last b =
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count_non_zero' 0 first last b

let to_momentum d w =
let bit_inl = 1 land (w lsr (d — 1))
and bit_in2 = 1 land (w lsr (d — 2))
and bits_out = (mask (d — 2)) land w in
let b = (bits—out Isl 2) lor bit_inl lor (bit_in2 Isl 1) in
drb d (count_non_zero 1 d b) b

end
The following would be a tad more efficient, if coded directly, but there’s no point in wasting effort on this.

module ListsW =
struct
type t = Lists.t
let of -momentum p =
BitsW .of —-momentum (Bits.of _ints p.Lists.d p.Lists.p)
let to_momentum d w =
Lists.of —ints d (Bits.to_ints (BitsW.to_momentum d w))
end

5.2.4  Suggesting a Default Implementation

Lists is better tested, but the more recent Bits appears to work as well and is much more efficient, resulting in
a relative factor of better than 2. This performance ratio is larger than I had expected and we are not likely to
reach its limit of 21 independent vectors anyway.

module Default = Bits
module DefaultW = BitsW
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CASCADES

6.1 Interface of Cascade_syntax

type (’flavor, ’p, ’constant) t =
| True
| False
| Onc_shell of ’flavor list x p
| On_shell_not of ’flavor list x ’p
| Off _shell of flavor list x p
| Off _shell_not of flavor list x ’p
| Gauss of flavor list x 'p
| Gauss_not of ’flavor list x p
| Any_flavor of ’p

| And of (’flavor, ’p, ’constant) t list

| X _Flavor of flavor list

| X_Vertex of ’constant list x ’flavor list list

val mk_true : unit — (’flavor, ’p, ’constant) t
val mk_false : unit — (’flavor, ’p, ’constant) t
val mk_on_shell : ’flavor list — ’'p — (’flavor, ’p, ’constant) t
val mk_on_shell_not : ’flavor list — ’p — (’flavor, ’p, ’constant) t
val mk_off _shell : ’flavor list — ’p — (’flavor, ’p, ’constant) t
val mk_off _shell_not : ’flavor list - ’'p — (’flavor, ’p, ’constant) t
val mk_gauss : ’flavor list — ’p — (flavor, ’p, ’constant) t
val mk_gauss_not : ’flavor list = ’p — (’flavor, ’p, ’constant) t
val mk_any_flavor : ’»p — (’flavor, ’p, ’constant) t
val mk_and : (’flavor, ’p, ’constant) t —

(’flavor, ’p, ’constant) t — (’flavor, ’p, ’constant) t
val mk_z_flavor : ’flavor list — (’flavor, ’p, ’constant) t
val mk_z_vertex : ’constant list — ’flavor list list —

(flavor, ’p, ’‘constant) t

val to_string : ('flavor — string) — (’p — string) —
(constant — string) — (flavor, ’p, ’constant) t — string

exception Syntaz_Error of string x int x int

6.2 Implementation of Cascade_syntax

Concerning the Gaussian propagators, we admit the following: In principle, they would allow for flavor sums
like the off-shell lines, but for all practical purposes they are used only for determining the significance of a
specified intermediate state. So we select them in the same manner as on-shell states.

False is probably redundant.

type (flavor, ’p, ’constant) t =
| True
| False
| On_shell of ’flavor list x p
| On_shell_not of ’flavor list x ’p
| Off —shell of ’flavor list x ’p
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Off _shell_not of flavor list x ’p
Gauss of flavor list X ’p
Gauss_not of ’flavor list x ’p
Any_flavor of ’p
And of (’flavor, ’p, ’constant) t list
X _Flavor of ’flavor list
X _Vertex of ’constant list x ’flavor list list

Off —shell_not (f, p)

Any_flavor p

let mk_true () = True

let mk_false () = False

let mk_on_shell f p = Onc_shell (f, p)

let mk_on_shell_not f p = On_shell_not (f, p)
let mk_off _shell f p = Off _shell (f, p)

let mk_off —shell_not f p =

let mk_gauss f p = Gauss (f, p)

let mk_gauss_not f p = Gauss_not (f, p)

let mk_any_flavor p =

let mk_and cl c2 =

match c1, c¢2 with

¢, True

| True, ¢ — ¢

¢, False | False, ¢ — False

And cs,
And cs,

e, ¢ = And [¢; (]

let mk_x_flavor f = X_Flavor f
let mk_z_vertex ¢ fs = X_Vertex (c, fs)

And ¢s’ — And (¢s Q cs')
¢ | e, And ¢s — And (c:: cs)

let to_string flavor_to_string momentum_to_string coupling_to_string cascades
let flavors_to_string fs =
String.concat ":" (List.map flavor_to_string fs)

and couplings_to_string cs

in

String.concat " :" (List.map
let rec to_string’ = function

True — "true"
False — "false"
On_shell (fs, p) —
momentum_to_string p
On_shell_not (fs, p) —
momentum_to_string p
Off _shell (fs, p) —
momentum_to_string p
Off _shell_not (fs, p) —
momentum_to_string p
Gauss (fs, p) —
momentum_to_string p
Gauss_not (fs, p) —
momentum_to_string p
Any_flavor p —
momentum_to_string p
And c¢s —

String.concat " && " (List.map (fun ¢ — " ("

X _Flavor fs —

nwyn

X _Vertex (cs, fss) —

coupling_to_string c¢s) in

~n
(]

~ o~
[

~ o~ "
\_ILJ?

couplings_to_string cs ~

u" " flavors_to_string fs
"u=u!" " flavors_to_string fs
® flavors_to_string fs
"Wu!l" " flavors_to_string fs
"#u" T flavors_to_string fs

"#,!" T flavors_to_string fs

to_string’ ¢~ ")") cs)

String.concat ":" (List.map flavor_to_string fs)

w[" " (String.concat "," (List.map flavors_to_string fss)) =~ "1"

to_string’ cascades

let int_list_to_string p

String.concat "+" (List.map string_of _int (List.sort compare p))

exception Syntaz_Error of string x int X int
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6.3 Lexer

{

open Cascade_parser
let unquote s =
String.sub s 1 (String.length s — 2)

}
let digit = [70°—29°]
let upper = [PA’—’Z’]

let lower = [*a’—’z’]
let char = upper | lower
let white = [> * ’\t’ ’\n’]

We use a very liberal definition of strings for flavor names.

rule token = parse
white { token lexbuf } (x skip blanks %)
‘ 19 [A)\n)]* ’\n’
{ token lexbuf } (x skip comments x)
| digit™ { INT (int_of _string (Lexzing.lezeme lexbuf)) }
| >+ { PLUS }
| >:> { COLON }
| »~> { OFFSHELL }
| »=» { ONSHELL}
| *# { GAUSS }
| >v> { NOT }
| & ’&’?{ AND }
| > { LPAREN }
| *)’ { RPAREN }
| o~ { HAT }
| >, { COMMA }
| »[" { LBRACKET }
| °1° { RBRACKET }
‘ char [A > 0 N\g? \n? &’ () 22 2] 0 ’ 0 ]*
{ STRING (Lexing.lexzeme lexbuf) }
‘ o [A ;u;]* s
{ STRING (unquote (Lexing.lexeme lexbuf)) }
| eof { END }

6.4 Parser

Header

open Cascade_syntax
let parse_error msg =
raise (Syntaz_Error (msg, symbol_start (), symbol_end ()))

Token declarations

%token < string > STRING

%token < int > INT

%token LPAREN RPAREN LBRACKET RBRACKET
%token AND PLUS COLON COMMA NOT HAT
%token ONSHELL OFFSHELL GAUSS

%token END

%left AND
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%left PLUS COLON COMMA
%left NOT HAT

Y%start main
%type < (string, int list, string) Cascade_syntax.t > main

Grammar rules

main =
END { mk_true () }
| cascades END { $1 }

cascades =
exclusion { $1 }
| vertex { $1 }
| cascade { $1 }
| LPAREN cascades RPAREN { $2 }
| cascades AND cascades { mk_and $1 $3 }

exclusion ::=

NOT string_list { mk_z_flavor $2 }

verter 1=
HAT string_list { mk_z_verter $2 [] }
| HAT string_list LBRACKET RBRACKET
{ mk_z_vertex $2 [] }
| HAT LBRACKET string_lists RBRACKET
{ mk_z_vertex [] $3 }
| HAT string_list LBRACKET string_lists RBRACKET
{ mk_z_vertex $2 $4 }

cascade ::=
momentum_list { mk_any_flavor $1 }
| momentum_list ONSHELL string_list
{ mk_on_shell $3 $1 }
| momentum_list ONSHELL NOT string_list
{ mk_on_shell_not $4 $1 }
| momentum_list OFFSHELL string_list
{ mk_off _shell $3 $1 }
| momentum_list OFFSHELL NOT string_-list
{ mk_off _shell_not $4 $1 }
| momentum_list GAUSS string_list { mk_gauss $3 $1 }
| momentum_list GAUSS NOT string_list
{ mk_gauss_not $4 $1 }

momentum_list ::=
| momentum { [$1] }
| momentum_list PLUS momentum { $3 :: $1 }

momentum ::=
INT { $1 }

string _list ::=
STRING { [$1] }
| string_list COLON STRING { $3 :: $1 }
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string _lists ::=
string _list { [$1] }
| string_lists COMMA string_list { $3 :: $1 }

6.5 Interface of Cascade

module type T =
sig

type constant
type flavor
type p

type ¢
val of _string_list : int — string list —
val to_string : t — string

An opaque type that describes the set of all constraints on an amplitude and how to construct it from a cascade
description.

type selectors
val to_selectors : t — selectors

Don’t throw anything away:
val no_cascades : selectors

select_wf s is_timelike f p ps returns true iff either
e the flavor f and momentum p match the selection s or
e all combinations of the momenta in ps are compatible, i.e. £> p; < gq.

The latter test is only required in theories with quartic or higher vertices, where ps will be the list of all
incoming momenta in a fusion. is_timelike is required to determine, whether particles and anti-particles should
be distinct.

val select_wf : selectors — (p — bool) — flavor — p — p list — bool
select_p s p ps same as select_wf s f p ps, but ignores the flavor f

val select_p : selectors — p — p list — bool
on_shell s p

val on_shell : selectors — flavor — p — bool
15-gauss s p

val is_gauss : selectors — flavor — p — bool

val select_vtx : selectors — constant Coupling.t —
flavor —  flavor list — bool

partition s returns a partition of the external particles that can not be reordered without violating the cascade
constraints.

val partition : selectors — int list list
Diagnostics:
val description : selectors — string option
end

module Make (M : Model.T) (P : Momentum.T) :
T with type flavor = M.flavor
and type constant = M .constant
and typep = P.t
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6.6 Implementation of Cascade

module type T =
sig

type constant
type flavor
type p

type ¢
val of _string_list : int — string list — t
val to_string : t — string

type selectors
val to_selectors : t — selectors
val no_cascades : selectors

val select_wf : selectors — (p — bool) — flavor — p — p list — bool
val select_p : selectors — p — p list — bool

val on_shell : selectors — flavor — p — bool

val is_gauss : selectors — flavor — p — bool

val select_vtx : selectors — constant Coupling.t —
flavor — flavor list — bool

val partition : selectors — int list list
val description : selectors — string option

end

module Make (M : Model.T) (P : Momentum.T) :
(T with type flavor = M.flavor and type constant = M .constant and type p = P.t) =
struct

module CS = Cascade_syntax
type constant = M .constant
type flavor = M .flavor
type p = P.t

Since we have
p<qg+(—q) < (-p) (6.1)

also for < as set inclusion lesseq, only four of the eight combinations are independent

p<gq — (—q¢) < (-p)

q<p — (-p)<(—q)

p<(—q) q< (-p) (62)
(—¢9) <p = (-p) <gq

let one_compatible p q =
let neg-q = P.neg q in
P.lesseq p q V
P.lesseq q p V
P.lesseq p neg_q V
P.lesseq neg_q p

'tis wasteful ... (at least by a factor of two, because every momentum combination is generated, including the
negative ones.

let all_compatible p p_list ¢ =
let | = List.length p_list in
if I < 2then
one_compatible p q
else
let tuple_lengths = ThoList.range 2 (succ l / 2) in
let tuples = ThoList.flatmap (fun n — Combinatorics.choose n p_list) tuple_lengths in
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let momenta = List.map (List.fold_left P.add (P.zero (P.dim q))) tuples in
List.for_all (one_compatible q) momenta

The following assumes that the flavor list is always very short. Otherwise one should use an efficient set
implementation.

type wf =
| True
| False
| On_shell of flavor list x P.t
| On_shell_not of flavor list x P.t
| Off —shell of flavor list x P.t
| Off —shell_not of flavor list x P.t
| Gauss of flavor list x P.t
| Gauss_not of flavor list x P.t
| Any_flavor of P.t
| And of wf list

module Constant = Modeltools. Constant (M)

type viz =
{ couplings : M.constant list;
fields : flavor list }

type t =
{wf : wf;
* TODO: The following lists should be sets for efficiency. *)
flavors : flavor list;
vertices : vtz list }
let default =
{wf = True;
flavors = [];
vertices = [] }

let of _string s =
Cascade_parser.main Cascade_lezer.token (Lexzing.from_string s)

If we knew that we’re dealing with a scattering, we could apply P.flip_s_channel_in to all momenta, so
that 1+ 2 accepts the particle and not the antiparticle. Right now, we don’t have this information.

let only_wf wf = { default with wf = wf }

let cons_and_wf ¢ wfs =
match c.wf, wfs with
| True, wfs — wfs
| False, - — [False]
} wf, [] = [wf]

wf, wfs — wf = wfs

let and_cascades_wf ¢ =
match List.fold_right cons_and_wf c [] with
| [] = True
| [wf] = wf
| wfs — And wfs

let uniq I =
ThoList.uniq (List.sort compare 1)

let import dim cascades =
let rec smport’ = function
| CS.True —
only_wf True
| CS.False —
only_wf False
| CS.On_shell (f, p) —
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only _wf
(On_shell (List.map M .flavor_of _string f, P.of _ints dim p))
| CS.On_shell_not (f, p) —
only —wf
(On_shell_not (List.map M.flavor_of _string f, P.of —ints dim p))
| CS.Off _shell (fs, p) —
only _wf
(Off _shell (List.map M .flavor_of _string fs, P.of _ints dim p))
| CS.Off —shell_not (fs, p) —
only _wf
(Off —shell_not (List.map M.flavor_of _string fs, P.of _ints dim p))
| CS.Gauss (f, p) —
only _wf
(Gauss (List.map M .flavor_of _string f, P.of _ints dim p))
| CS.Gauss_not (f, p) —
only _wf
(Gauss (List.map M.flavor_of _string f, P.of _ints dim p))
| CS.Any_flavor p —
only_wf (Any_flavor (P.of _ints dim p))
| CS.And cs —
let cs = List.map import’ cs in
{ wf = and_cascades_wf cs;
flavors = wuniq (List.concat
(List.map (fun ¢ — c.flavors) cs));
vertices = uniq (List.concat
(List.map (fun ¢ — c.vertices) cs)) }
| CS.X_Flavor fs —
let fs = List.map M.flavor_of _string fs in
{ default with flavors = wuniq (fs @ List.map M .conjugate fs) }
| CS.X_Vertex (cs, fss) —
let ¢cs = List.map Constant.of _string cs
and fss = List.map (List.map M .flavor_of _string) fss in
let expanded =
List.map
(fun fs — { couplings = cs; fields = fs })
(match fss with
| [] = [[]] (* Subtle: not an empty list! *)
| fss — Product.list (fun fs — fs) fss) in
{ default with vertices = expanded }
in
mmport’ cascades
let of _string_list dim strings =
match List.map of _string strings with
| [] = default
| first @ next —
import dim (List.fold_right CS.mk_and next first)

let flavors_to_string fs =
(String.concat ":" (List.map M.flavor_to_string fs))

let momentum_to_string p =
String.concat "+" (List.map string_of _int (P.to_ints p))

let rec wf_to_string = function
| True —
"true"
| False —
"false"
| On_shell (fs, p) —
momentum_to_string p ~
| On_shell_not (fs, p) —
momentum_to_string p ~ "_=u!" " flavors_to_string fs

"=u" " flavors_to_string fs
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| Off —shell (fs, p) —

momentum_to_string p ~ "L"u" ~ flavors_to_string fs
| Off _shell_not (fs, p) —

momentum_to_string p ~ ", u!" ~ flavors_to_string fs
| Gauss (fs, p) —

momentum_to_string p ~ " #." ~ flavors_to_string fs
| Gauss_not (fs, p) —

momentum_to_string p ~ "_#,!" ~ flavors_to_string fs
| Any_flavor p —

momentum_to_string p ~ ", 7"
| And ¢s —

String.concat " &&," (List.map (fun ¢ — "(" "~ wf_to_string ¢ = ")")

let vertex_to_string v =
nen ” String.concat ":" (List.map M.constant_symbol v.couplings)
"[" " String.concat "," (List.map M.flavor_to_string v.fields) =~ "1"

let vertices_to_string vs =
(String.concat " &&," (List.map vertex_to_string vs))

let to_string = function

| { wf = True; flavors = []; vertices = [] } —

| { wf = True; flavors = fs; vertices = [| } —
" flavors_to_string fs

| { wf = True; flavors = []; vertices = vs } —
vertices-to_string vs

| { wf = True; flavors = fs; vertices = vs } —
it flavors_to_string fs T " &&." "~ vertices_to_string vs

| { wf = wf; flavors = []; vertices = [] } —
wf _to_string wf

| { wf = wf; flavors = []; vertices = vs } —
vertices_to_string vs ~ " &&," ~ wf_to_string wf

| { wf = wf; flavors = fs; vertices = [| } —
it flavors_to_string fs T "L&&L" T wf _to_string wf

| { wf = wf; flavors = fs; vertices = vs } —

" flavors_to_string fs ©
"L&& " wvertices_to_string vs ~
"L&&L" T wf _to_string wf

type selectors =
{ select_p : p — p list > bool;
select_wf : (p — bool) — flavor — p — p list — bool;
on_shell : flavor — p — bool;
is-gauss : flavor — p — bool,;
select_uvtr : constant Coupling.t — flavor — flavor list — bool;
partition : int list list;
description : string option }

let no_cascades =

{ select_.p = (fun _ _ — true);
select_wf = (fun - _ _ _ — true);
on_shell = (fun _ _ — false);
is_gauss = (fun _ _ — false);
select_vtx = (fun - _ _ — true);
partition = [];
description = None }

let select_p s = s.select_p
let select_wf s = s.select_wf
let on_shell s = s.on_shell
let is_gauss s = s.is_gauss
let select_vtx s = s.select_vtz
let partition s = s.partition
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let description s = s.description

let to_select_p cascades p p_in =
let rec to_select_p’ = function

| True — true
| False — false
| On_shell (-, momentum) | On_shell_not (-, momentum)
| Off _shell (-, momentum) | Off _shell_not (-, momentum)
| Gauss (-, momentum) | Gauss_not (-, momentum)
| Any_flavor momentum — all_compatible p p_in momentum
| And [] — false
| And e¢s — List.for_all to_select_p’ cs in

to_select_p’ cascades

let to_select_wf cascades is_timelike f p p_in =
let /' = M.conjugate [ in
let rec to_select_wf’ = function
| True — true
| False — false
| Off _shell (flavors, momentum) —
if p = momentum then
List.mem [’ flavors \V (if is_timelike p then false else List.mem [ flavors)
else if p = P.neg momentum then
List.mem f flavors V (if is_timelike p then false else List.mem f’ flavors)
else
one_compatible p momentum A all_compatible p p_in momentum
| On_shell (flavors, momentum) | Gauss (flavors, momentum) —
if is_timelike p then begin

if p = momentum then
List.mem ' flavors
else if p = P.neg momentum then
List.mem f flavors
else
one_compatible p momentum A all_compatible p p_in momentum
end else
false
| Off —shell_not (flavors, momentum) —
if p = momentum then
= (List.mem [’ flavors V (if is_timelike p then false else List.mem f flavors))
else if p = P.neg momentum then
= (List.mem f flavors V (if is_timelike p then false else List.mem f’ flavors))

else
one_compatible p momentum A all_compatible p p_in momentum
| On_shell_not (flavors, momentum) | Gauss_not (flavors, momentum) —
if is_timelike p then begin
if p = momentum then
- (List.mem f' flavors)
else if p = P.neg momentum then
= (List.mem f flavors)
else
one_compatible p momentum A all_compatible p p_in momentum
end else
false
| Any_flavor momentum —
one_compatible p momentum A all_compatible p p_in momentum
| And [] — false
| And e¢s — List.for_all to_select_wf’ cs in
— (List.mem f cascades.flavors) A to_select_wf’ cascades.wf

In case you're wondering: to_on_shell f p and is_gauss f p only search for on shell conditions and are to be
used in a target, not in Fusion!

let to_on_shell cascades f p =
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let f/ = M.conjugate f in
let rec to_on_shell’ = function
| True | False | Any_flavor _
| Off —shell (=, =) | Off —shell_not (-, _)
| Gauss (-, =) | Gauss_not (-, -) — false
| On_shell (flavors, momentum) —

(p = momentum V p = P.neg momentum) A (List.mem f flavors V List.mem f’ flavors)
| On_shell_not (flavors, momentum) —
(p = momentum V p = P.neg momentum) N — (List.mem f flavors V List.mem f' flavors)

| And [] — false
| And ¢s — List.for_all to_on_shell’ cs in
to_on_shell’ cascades

let to_gauss cascades f p =
let /' = M.conjugate f in
let rec to_gauss’ = function
| True | False | Any_flavor _
| Off _shell (-, =) | Off-shell_not (-, -)
| On_shell (-, -) | On_shell_not (-, _) — false
| Gauss (flavors, momentum) —
(p = momentum V p = P.neg momentum) A
(List.mem f flavors V List.mem f" flavors)
| Gauss_not (flavors, momentum) —
(p = momentum V p = P.neg momentum) A
- (List.mem f flavors V List.mem [’ flavors)
| And [] — false
| And ¢s — List.for_all to_gauss’ cs in
to_gauss’ cascades

module Fields =
struct
type f = M.flavor
type ¢ = M.constant list

let compare = compare
let conjugate = M .conjugate
end
module Fusions = Modeltools. Fusions (Fields)

let dummy83 = Coupling.Scalar_Scalar_Scalar 1
let dummy4 = Coupling.Scalarj 1
let dummyn = Coupling. UFO (Algebra.QC.one, "dummy", [], [], Color.Vertex.unit)

Translate the vertices in a pair of lists: the first is the list of always rejected couplings and the second the
remaining vertices suitable as input to Fusions.of —vertices.

let translate_vertices vertices =
List.fold_left
(fun (cs, (v3, v4, wvn) as acc) v —
match v.fields with
| [] = (v.couplings @ cs, (v3, v4, vn))
|01 5] = ace
| [f15 2 3] —
(es, (((f1, f2, 13), dummy3, v.couplings) :: v3, v4, vn))
| [f15 125 135 f4] —
(es, (v3, ((f1, f2, f3, f4), dummyj, v.couplings) :: v4, vn))
| fs — (cs, (v3, v4, (fs, dummyn, v.couplings) :: vn)))

([T, ([1, [1, D) vertices
let unpack-constant = function
| Coupling. V3 (-, -, ¢s) — cs
| Coupling. V4 (-, -, ¢s) — cs
| Coupling.Vn (-, —, ¢s) — cs

Sometimes, the empty list is a wildcard and matches any coupling;:
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let match_coupling ¢ cs =
List.mem c cs

let match_coupling_wildcard ¢ = function
| [] — true
| ¢s — match_coupling c cs

let to_select_vtr cascades =
match cascades.vertices with
[l =
(* No vertex constraints means that we always accept. *)
(fun ¢ f fs — true)
| vertices —
match translate_vertices vertices with
L ALILD =
(x If cascades.vertices is not empty, we mustn’t get here ... x)
failwith "Cascade.to_select_vtx: unexpected"
| couplings, ([],[1,[]) —
(* No constraints on the fields. Just make sure that the coupling ¢ doesn’t appear in the vetoed
couplings. *)
(funcffs —
let ¢ = wunpack_constant c in
= (match_coupling ¢ couplings))
| couplings, vertices —
(* Make sure that Fusions.of _vertices is only evaluated once for efficiency. x)
let fusions = Fusions.of _vertices vertices in
(funcffs —
let ¢ = wunpack_constant c in
(* Make sure that none of the vetoed couplings matches. Here an empty couplings list is not
a wildcard. *)
if match_coupling c couplings then
false
else
(* Also make sure that none of the vetoed vertices matches. Here an empty couplings list
is a wildcard. %)
— (List.exists
(fun (f', ¢s’) —
let cs’ = wunpack_constant cs’ in
f = f A match_coupling_wildcard c cs’)
(Fusions.fuse fusions fs)))

@ Not a working implementation yet, but it isn’t used either ...

module [PowSet =
PowSet.Make (struct type t = int let compare = compare let to_string = string_of _int end)

let rec coarsest_partition’ = function
| True | False — IPowSet.empty
| On_shell (-, momentum) | On_shell_not (-, momentum)
| Off _shell (-, momentum) | Off _shell_not (-, momentum)
| Gauss (-, momentum) | Gauss_not (-, momentum)
| Any_flavor momentum — IPowSet.of _lists [P.to_ints momentum]
| And [] — IPowSet.empty
| And c¢s — IPowSet.basis (IPowSet.union (List.map coarsest_partition’ cs))

let coarsest_partition cascades =
let p = coarsest_partition’ cascades in
if IPowSet.is_empty p then

[]

else
IPowSet.to_lists p

let part_to_string part =

65



w{" " String.concat "," (List.map string_of _int part) ~ "}"

let partition_to_string = function
‘ H sy nn

| parts —

" ugrouping {" °

let to_selectors = function
| { wf = True; flavors = []; vertices = [] } — mno_cascades
| ¢ —
let partition = coarsest_partition c.wf in
{ select_p = to_select_p c.wf;
select_wf = to_select_wf c;
on_shell = to_on_shell c.wf;
is_gauss = to_gauss c.wf;
select_vtr = to_select_vtr c;
partition = partition;
description = Some (to_string ¢ = partition_to_string partition) }
end
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COLOR

7.1 Interface of Color

7.1.1  Quantum Numbers

Color is not necessarily the SU(3) of QCD. Conceptually, it can be any unbroken symmetry (broken symmetries
correspond to Model.flavor). In order to keep the group theory simple, we confine ourselves to the fundamental
and adjoint representation of a single SU(N¢) for the moment. Therefore, particles are either color singlets
or live in the defining representation of SU(N¢): SUN(|N¢|), its conjugate SUN(—|N¢|) or in the adjoint
representation of SU(N¢): AdjSUN (N¢).

type t = Singlet | SUN of int | AdjSUN of int

val conjugate : t — t
val compare : t — t — int

7.1.2 Color Flows

module type Flow =
sig

type color
type t = color list x color list
val rank : t — nt

val of _list : int list — color

val ghost : wunit — color

val to_lists : t — int list list

val in_to_lists : t — int list list

val out_to_lists : t — int list list
val ghost_flags : t — bool list

val in_ghost_flags : t — bool list
val out_ghost_flags : t — bool list

A factor is a list of powers

power;
num;
7.1
Z ( den; ) (7.1)

3

type power = { num : int; den : int; power : int }
type factor = power list

val factor : t — t — factor
val zero : factor

end

module Flow : Flow

7.1.8 Vertex Color Flows

It might be beneficial, to use the color flow representation here. This will simplify the colorizer at the price
of some complexity in UFO or here.
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module type Test =
sig
val suite : OUnit.test
end

module type Arrow =
sig
type endpoint
val position : endpoint — int
val relocate : (int — int) — endpoint — endpoint
type tip = endpoint
type tail = endpoint
type ghost = endpoint
type (’tail, ’tip, ‘ghost) t =
| Arrow of ’tail x ’tip
| Ghost of ‘ghost
type free = (tail, tip, ghost) t
type factor
val free_to_string : free — string
val factor_to_string : factor — string
val map : (endpoint — endpoint) — free — free
val to_left_factor : (endpoint — bool) — free — factor
val to_right_factor : (endpoint — bool) — free — factor
val of _factor : factor — free
val negatives : free — endpoint list
val is_free : factor — bool
val is_ghost : free — bool
val single : endpoint — endpoint — free
val double : endpoint — endpoint — free list
val ghost : endpoint — free
val chain : int list — free list
val cycle : int list — free list
type merge =
Match of factor
| Ghost_Match
| Loop_Match
|
|

Mismatch
No_Match
val merge : factor — factor — merge
module BinOps : sig
val (=>) : int — int — free

val (==>) : int — int — free list
val (<=>) : int — int — free list
val (>=>) : int x int — int — free
val (=>>) : int — int X int — free
val (>=>>) : int x int — int X int — free
val (77) : int — free

end

module Test : Test

end

module Arrow : Arrow

module type Propagator =

sig
type c¢f-in = int
type cf _out = int
typet = W | Tof ¢foin | O of ¢f_out | IO of ¢f_in x cf_out | G
val to_string : t — string

end

module Propagator : Propagator

module type Birdtracks =
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sig
type ¢
val to_string : t — string
val pp : Format.formatter — t — wunit
val trivial : t — bool
val is_null : t — bool
val unit : t
val null : t
val two : t
val half : t
val third : t
val minus : t
val nc : t
val imag : t
val ints : (int X int) list —
val const : Algebra.Laurent.t — t
val times : t — t — ¢
val multiply : t list — t
val scale : Algebra.Q.t — t — t
val sum : t list — t
val diff : t - t — ¢
val f_of _rep : (int — int — int — t) — int — int — int — t
val d_of _rep : (int — int — int — t) — int — int — int — i
module BinOps : sig

val (+4+4+ ) 1t =t = ¢
val (=== ) 1t =t > ¢
val (%% )t = t =
end

val map : (int — int) — ¢t — t
val fuse : int — t — Propagator.t list — (Algebra.QC.t x Propagator.t) list
module Test : Test

end

module Birdtracks : Birdtracks

module type SU3 =

sig
include Birdtracks
val delta8 : int — int — t
val delta8 : int — int — t
val delta8_loop : int — int — t
val gluon : int — int —
val t : int — int — int — t
val f @ int — int — int — t
val d : int — int — int — t
val epsilon : int — int — int — t
val epsilonbar : int — int — int — t
val t6 : int — int — int — t
val k6 : int — int — int — ¢
val k6bar : int — int — int — t

end

module SU38 : SU3
module U3 : SU3

module Vertex : SU3S

7.2 Implementation of Color

7.2.1 Quantum Numbers

type t =
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| Singlet
| SUN of int
| AdjSUN of int

let conjugate = function
| Singlet — Singlet
| SUN n — SUN (—n)
| AdjSUN n — AdjSUN n

let compare c1 c2 =
match c1, c2 with
| Singlet, Singlet — 0
| Singlet, - — —1
| —, Singlet — 1
| SUN n, SUN n' — compare n n’
| SUN _, AdjSUN _ — —1
| AdjSUN _, SUN _ — 1
| AdjSUN n, AdjSUN n’ — compare n n’

module type Line =

sig
type ¢
val conj : t — t
val equal : t — t — bool
val to_string : t — string
end

module type Cycles =
sig

type line
type t = (line x line) list

Contract the graph by connecting lines and return the number of cycles together with the contracted graph.

@ The semantics of the contracted graph is not yet 100%ly fixed.

val contract : t — int X t
The same as contract, but returns only the number of cycles and raises Open_line when not all lines are closed.

val count : t — int
exception Open_line

Mainly for debugging ...
val to_string : t — string
end

module Cycles (L : Line) : Cycles with type line = L.t =
struct

type line = L.t
type t = (line x line) list

exception Open_line

NB: The following algorithm for counting the cycles is quadratic since it performs nested scans of the lists. If
this was a serious problem one could replace the lists of pairs by a Map and replace one power by a logarithm.

let rec find_fst c_final c1 disc seen = function
| [] = ((L.conj c_final, c1) :: disc, List.rev seen)
| (c1’, ¢2’) as c12’ :: rest —
if L.equal c1 c1’ then
find_snd c_final (L.conj c2') disc ] (List.rev_append seen rest)
else
find_fst c_final c1 disc (c12' :: seen) rest

and find_snd c_final c2 disc seen = function
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| [] = ((L.conj c_final, L.conj c2) :: disc, List.rev seen)
| (c1’, ¢2') as c12’ :: rest —
if L.equal c2’ c2 then begin
if L.equal c1’ c_final then
(disc, List.rev_append seen rest)
else
find_fst c_final (L.conj c1’) disc [] (List.rev_append seen rest)
end else
find_snd c_final c2 disc (c12’ :: seen) rest

let consume = function

| [] = () 1]
| (¢, ¢2) == rest — find_snd (L.conj c1) (L.conj c2) [] [] rest

let contract lines =

let rec contract’ acc disc = function
| [] — (ace, List.rev disc)
| rest —

begin match consume rest with
| [], rest’ — contract’ (succ acc) disc rest’
| disc’, rest’ — contract’ acc (List.rev_append disc’ disc) rest’
end in
contract’ 0 [] lines

let count lines =
match contract lines with
[n 0] = n
| n, - — raise Open_line

let to_string lines =
String.concat ""
(List.map
(fun (c1, ¢2) — "[" " L.to_string ¢c1 " "," "~ L.to_string ¢2 ~ "1")
lines)

end

7.2.2 Color Flows

module type Flow =

sig
type color
type t = color list X color list
val rank : t — int
val of _list : int list — color
val ghost : wunit — color
val to_lists : t — nt list list
val in_to_lists : t — int list list
val out_to_lists : t — int list list
val ghost_flags : t — bool list
val in_ghost_flags : t — bool list
val out_ghost_flags : t — bool list
type power = { num : int; den : int; power : int }
type factor = power list
val factor : t — t — factor
val zero : factor

end

module Flow : Flow =
struct

type color =
| Lines of int X int
| Ghost
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type t = color list x color list

let rank cflow =

| - — i4nvalid_arg "Color.Flow.of_list: num_lines,!=_ 2"

2
let ghost () =
Ghost
let of _list = function
| [¢l; ¢2] — Lines (c1, c2)
let to_list = function
| Lines (c1, ¢2) — [cl; c2]
| Ghost — [0; 0]

let to_lists (cfin, cfout) =

Constructors

(List.map to_list cfin) @ (List.map to_list cfout)

let in_to_lists (cfin, =) =
List.map to_list cfin

let out_to_lists (-, cfout) =
List.map to_list cfout

let ghost_flag = function
| Lines - — false
| Ghost — true

let ghost_flags (cfin, cfout) =

(List.map ghost_flag cfin) Q (List.map ghost_flag cfout)

let in_ghost_flags (cfin, -) =
List.map ghost_flag cfin

let out_ghost_flags (-, cfout) =
List.map ghost_flag cfout

type power = { num : int; den :
type factor = power list
let zero = []

let count_ghostsl colors =
List.fold_left

(fun acc — function Ghost — succ acc

0 colors

let count_ghosts (fin, fout) =

count_ghostsl fin + count_ghostsl fout

type o square =
| Square of «
| Mismatch

let conjugate = function

| Lines (¢, ¢2) — Lines (—c2, —cl)

| Ghost — Ghost

let cross_in (cin, cout) =

cin @ (List.map conjugate cout)

let cross_out (cin, cout) =

(List.map conjugate cin) Q cout

FEvaluation

int; power : int }
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module C' = Cycles (struct
type t = int
let conj = (—)
let equal = (=)
let to_string = string_of _int

end)

let square f1 f2 =
let rec square’ acc f1' f2' =

match f1’, f2’ with

| 1], [] = Square (List.rev acc)

| =[] | [], - = Mismatch

| Ghost :: restl, Ghost :: rest?2 —
square’ acc restl rest2

| Lines (0, 0) :: restl, Lines (0, 0) :: rest2 —
square’ acc restl rest2

| Lines (0, c1’) :: restl, Lines (0, c2') = rest? —

square’ ((c1’, ¢2') : acc) restl rest2
| Lines (¢, 0) :: restl, Lines (c2, 0) :: rest?2 —
square’ ((cl, ¢2) :: acc) restl rest2
| Lines (0, =) == —, - | -, Lines (0, ) = _
| Lines (-, 0) == -, - | -, Lines (-, 0) == - — Mismatch
| Lines (-, -) == -, Ghost == _ | Ghost :: _, Lines (-, -) == - — Mismatch
|

Lines (c1, c¢1') = restl, Lines (¢2, ¢2') :: rest2 —
square’ ((c1’, ¢2') = (cl, ¢2) :: acc) restl rest2 in
square’ [] (cross—out f1) (cross_out f2)

In addition to counting closed color loops, we also need to count closed gluon loops. Fortunately, we can use
the same algorithm on a different data type, provided it doesn’t require all lines to be closed.

module C2 = Cycles (struct

type t = nt X int

let conj (¢, ¢2) = (— ¢2, — cl)

let equal (c1, ¢2) (c1’, ¢2') = ¢l = cl'" N ¢2 = 2

let to_string (c1, ¢2) = "(" " string_of —int ¢1 = "," " string_of _int c¢2 =~ ")"
end)

let square2 f1 f2 =
let rec square2’ acc f1' f2' =

match f1’, f2’ with

| 11, [] = Square (List.rev acc)

| -, [1 | 1[], - = Mismatch

| Ghost :: restl, Ghost :: rest2 —
square?’ acc restl rest2

| Lines (0, 0) :: restl, Lines (0, 0) :: rest2 —
square2’ acc restl rest2

| Lines (0, -) :: restl, Lines (0, _) = rest2

| Lines (-, 0) :: restl, Lines (-, 0) :: rest?2 —
square?’ acc restl rest2

| Lines (0, =) = -, - | -, Lines (0, =) = _

| Lines (-, 0) == —, - | -, Lines (-, 0) == - — Mismatch

| Lines (-, -) == -, Ghost == _ | Ghost = _, Lines (-, -) == - — Mismatch
|

Lines (c1, c¢1') = restl, Lines (c¢2, c2') :: rest2 —
square2’ (((c1, c1’), (c2, c2")) = acc) restl rest2 in
square2’ [] (cross_out f1) (cross_out f2)

int_power : np — nP for integers is missing from Pervasives!

let int_power n p =
let rec int_power’ acc i =
if i < 0 then
invalid_arg "int_power"
else if ¢ = 0 then
acc
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else
int_power’ (n X acc) (pred i) in
wmt_power’ 1 p

Instead of implementing a full fledged algebraic evaluator, let’s simply expand the binomial by hand:

(52) -5 (e

1=0

NB: Any result of square other than Mismatch guarantees count_ghosts f1 = count_ghosts f2.

let factor f1 f2 =
match square f1 f2, square2 f1 f2 with

| Mismatch, - | -, Mismatch — []
| Square f12, Square f12' —
let num_cycles = C.count f12
and num_cycles2, disc = C2.contract f12'
and num—ghosts = count_ghosts f1 in
List.map
(fun i —
let parity = if num_ghosts mod 2 = 0 then 1 else -1
and power = num-_cycles — num_ghosts in
let coeff = int_power (—2) i x Combinatorics.binomial num_cycles2 i
and power2 = — 2 X iin
{ num = parity x coeff;
den = 1;
power = power + power? })

(ThoList.range 0 num_cycles2)
end
later:

module General_Flow =
struct

type color =
| Lines of int list
| Ghost of int

type t = color list x color list
let rank_defoult = 2 (* Standard model x*)

let rank cflow =

try
begin match List.hd cflow with
| Lines lines — List.length lines
| Ghost n_lines — n_lines
end

with

| - — rank_default

end

7.2.8 Vertex Color Flows

module Q = Algebra.Q
module QC = Algebra.QC

module type Test =

sig
val suite : OUnit.test
end

module type Arrow =
sig

74



Implementation of Color

type endpoint
val position : endpoint — int
val relocate : (int — int) — endpoint — endpoint
type tip = endpoint
type tail = endpoint
type ghost = endpoint
type (tail, ’tip, ’ghost) t =
| Arrow of ’tail x ’tip
| Ghost of ’ghost
type free = (tail, tip, ghost) t
type factor
val free_to_string : free — string
val factor_to_string : factor — string
val map : (endpoint — endpoint) — free — free
val to_left_factor : (endpoint — bool) — free — factor
val to_right_factor : (endpoint — bool) — free — factor
val of _factor : factor — free
val negatives : free — endpoint list
val is_free : factor — bool
val is_ghost : free — bool
val single : endpoint — endpoint — free
val double : endpoint — endpoint — free list
val ghost : endpoint — free
val chain : int list — free list
val cycle : int list — free list
type merge =
| Match of factor
| Ghost_Match
| Loop_Match
| Mismatch
| No_Match
val merge : factor — factor — merge
module BinOps : sig
val (=>) : int — int — free

val (==>) : int — int — free list
val (<=>) : int — int — free list
val (>=>) : int X int — int — free
val (=>>) : int — int X int — free
val (>=>>) : int x int — int X int — free
val (7?7) : int — free

end

module Test : Test

end

module Arrow : Arrow =
struct

type endpoint =
| I of int
| M of int x int

let position = function
| T — ¢
| M (i, ) — i
let relocate f = function
| T4 — I(f1)
| M (i, n) — M (f i, n)

type tip = endpoint

type tail = endpoint

type ghost = endpoint
Note that the same index can appear multiple times on in each side. Thus, we must not combine the arrows in
the two factors. In fact, we cannot disambiguate them by distinguishing tips from tails alone.
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type a indexr =
| Free of «
| SumL of «
| SumR of «

type (tail, ’tip, ’ghost) t =
| Arrow of ’tail x ’tip
| Ghost of ’ghost

type free = (tail, tip, ghost) t
type factor = (tail index, tip index, ghost index) t

let endpoint_to_string = function
| Ti — string_of —int @
| M (i, n) — Printf.sprintf "%d.%d" i n

let index_to_string = function
| Free i — endpoint_to_string i
| SumL i — endpoint_to_string i ~ "L"
| SumR i — endpoint_to_string i = "R"

let to_string i2s = function
| Arrow (tail, tip) — Printf.sprintf "%s>%s" (i2s tail) (i2s tip)
| Ghost ghost — Printf.sprintf "{%s}" (i2s ghost)

let free_to_string = to_string endpoint_to_string
let factor_to_string = to_string index_to_string

let index_matches il i2 =
match i1, 42 with
| SumL i1, SumR i2 | SumR i1, SumL i2 — il = i2
| - — false

let map f = function
| Arrow (tail, tip) — Arrow (f tail, f tip)
| Ghost ghost — Ghost (f ghost)

let free_index = function
| Free i — i
| SumL i — invalid-arg "Color.Arrow.free_index: leftover LHS summation"
| SumR i — invalid_arg "Color.Arrow.free_index: leftover RHS summation"

let to_left_index is_sum i =
if is_sum i then
SumlL i
else
Free i

let to_right_index is_sum i =
if is_sum 1 then

SumR i
else
Free 1
let to_left_factor is_sum = map (to_left_indexr is_sum)
let to_right_factor is_sum = map (to_right_index is_sum)
let of _factor = map free_index
let negatives = function

| Arrow (tail, tip) —
if position tail < 0 then
if position tip < 0 then
[tail; tip]
else
[tail]
else if position tip < 0 then
[tip]
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else

(]

| Ghost ghost —
if position ghost < 0 then

[ghost]
else
(]
let is_free = function
| Arrow (Free -, Free _) | Ghost (Free ) — true
| - — false
let is_ghost = function

| Ghost - — true
| Arrow - — false

let single tail tip =
Arrow (tail, tip)

let double a b =

if @ = b then
[single a b]
else

[single a b; single b a]

let ghost g =
Ghost g

type merge =
| Match of factor
| Ghost_Match
| Loop_Match
| Mismatch
| No_Match

let merge arrowl arrow?2 =
match arrowl, arrow?2 with
| Ghost g1, Ghost g2 —
if index_matches g1 g2 then
Ghost_Match
else
No_Match
| Arrow (tail, tip), Ghost g
| Ghost g, Arrow (tail, tip) —
if index_matches g tail V index_matches g tip then
Mismatch
else
No_Match
| Arrow (tail, tip), Arrow (tail’, tip’) —
if index_matches tip tail’ then
if index_matches tip’ tail then
Loop_Match
else
Match (Arrow (tail, tip’))
else if index_matches tip’ tail then
Match (Arrow (tail’, tip))
else
No_Match

module BinOps =
struct
(=>)ij = single (I 1) (I )
(==>)ij = [i => j]
let (<=>)1ij = double (I i) (I37)
( >=>) (4, n)j = single (M (i, n)) (I j)
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let ( =>> )i (j, m) = single (I i) (M (j, m))
et ( >=>> ) (i, n) (j, m) = single (M (i, n)) (M (j, m))
(* T wanted to use ~~ instead of ??, but ocamlweb doesn’t like operators starting with ~ in the index.

let (??7) i = ghost (I 1)
end
open BinOps

Composite Arrows.

let rec chain’ = function

1 = 1]

| [a] = [ => q]

| [a; B] = [a => ]

| a = (b = —asvrest) — (a => b) = chain’ rest
let chain = function

|1 =1

| a = _asa_list — chain’ a_list
let rec cycle’ a = function

] > la => d
}E}b]%[b:>a}

i (¢ _—asrest) = (b => ¢) = cycle’ a rest
let cycle = function
1 =]
| a :: _asa_list — cycle’ a a_list

module Test : Test =
struct

open OUnit

let suite_chain =
"chain" >:::
[ "chain, [1" >:
(fun () —
assert_equal [] (chain []));

"chaing [1]" >::
(fun () —
assert_equal [1 => 1] (chain [1]));

"chaing [1;2]" >::
(fun () —
assert_equal [1 => 2] (chain [1; 2]));
"chain [1;2;3]" >::
(fun () —
assert_equal [1 => 2; 2 => 3] (chain [1; 2; 3]));
"chain;[1;2;3;4]" >:
(fun () —
assert_equal [1 => 2; 2 => 3; 3 => 4] (chain [1; 2; 3; 4])) ]

let suite_cycle =
"cycle" >::

[ "cycle,[1" >
(fun () —
assert_equal [] (cycle []));

"cycley[1]" >
(fun () —
assert_equal [1 => 1] (cycle [1]));

"cycle,[1;2]" >
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(fun () —
assert_equal [1 => 2; 2 => 1] (eycle [1; 2]));

"cycley[1;2;3]" >
(fun () —
assert_equal [1 => 2; 2 => 3; 3 => 1] (cycle [1; 2; 3]));

"cycle,[1;2;3;4]" >
(fun () —
assert_equal
1 =>22=> 3,3 =>4;4 => 1]
(cycle [1; 2; 3; 4])) ]

let suite =
"Color.Arrow" >:u:
[suite - chain;
suite_cycle]

end
end

module type Propagator =
sig
type c¢f-in = int
type cf _out = int
typet = W | Tof ¢foin | O of ¢f_out | IO of ¢f_in x cf_out | G
val to_string : t — string
end

module Propagator : Propagator =
struct
type c¢f_in = int
type cf —out = int
typet = W | Tof ¢fuin | O of ¢f_out | IO of ¢f_in X c¢f_out | G
let to_string = function
| W — "u"
| T ¢f — Printf.sprintf "I(hd)" cf
| O cf — Printf.sprintf "0(%4d)" cf’
| 10 (c¢f, cf’) — Printf.sprintf "I00%d, %" cf cf’
| G — "G"
end

module type LP =
sig
val rationals : (Algebra.Q.t x int) list — Algebra.Laurent.t
val ints : (int x int) list — Algebra.Laurent.t

val rational : Algebra.Q.t — Algebra.Laurent.t
val int : int — Algebra.Laurent.t
val fraction : int — Algebra.Laurent.t
val imag : int — Algebra.Laurent.t
val nc : int — Algebra.Laurent.t
val over_nc : int — Algebra.Laurent.t
end

module LP : LP =
struct
module L = Algebra.Laurent

Rationals from integers.

let g_int n = @Q.make n 1
let g_fraction n = Q.make 1 n

Complex rationals:

let gc_rational ¢ = QC.make q Q.null
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let gc_int n = qc_rational (g-int n)
let gc_fraction n = gqc_rational (q-fraction n)
let gc_imag n = QC.make Q.null (q_int n)

Laurent polynomials:

let of _pairs f pairs =
L.sum (List.map (fun (coeff, power) — L.atom (f coeff) power) pairs)

let rationals = of _pairs qc_rational
let ints = of _pairs qc_int
let rational ¢ = rationals [(g, 0)]
let int n = ints [(n, 0)]
let fraction n = L.const (qc-fraction n)
let imag n = L.const (qc—imag n)
let nec n = ints [(n, 1)]
let over_nc n = ints [(n, —1)]
end

module type Birdtracks =
sig

type ¢
val to_string : t — string
val pp : Format.formatter — t — unit
val trivial : t — bool
val is_null : t — bool
val unit : t
val null : t
val two : t
val half : t
val third : t
val minus : t
val nc : t
val imag : t
val ints : (int x int) list — t
val const : Algebra.Laurent.t — t
val times : t — t — t
val multiply : t list —
val scale : Q.t — t — t
val sum : t list - ¢
val diff : t - t — ¢
val f_of _rep : (int — int — int — t) — int = int — int — t
val d_of _rep : (int — int — int — t) — int = int — int — t
module BinOps : sig

val (+++ ) 1t =t = ¢t
val (=== ) 1t >t = ¢t
val (%% )t > t = ¢

end
val map : (int — int) — t — t
val fuse : int — t — Propagator.t list — (QC.t x Propagator.t) list
module Test : Test
end

module Birdtracks =
struct

module A = Arrow

open A.BinOps

module P = Propagator
module L = Algebra.Laurent

type connection = L.t x A.free list
type t = connection list
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let trivial = function
| [] — true
| [(coeff, [])] — coeff = L.unit
| - — false

Rationals from integers.

let g_int n = Q.make n 1
let g_fraction n = @Q.make 1 n

Complex rationals:

let gc_rational ¢ = QC.make q¢ Q.null

let gc_int n = gqc_rational (g-int n)

let gc_fraction n = qc_rational (q-fraction n)
let gc_imag n = QC.make Q.null (q_int n)

Laurent polynomials:

let laurent_of _pairs f pairs =
L.sum (List.map (fun (coeff, power) — L.atom (f coeff) power) pairs)

let [_rationals = laurent_of _pairs qc_rational

let [_ints = laurent_of —pairs qc_int

let I_rational ¢ = l_rationals [(¢, 0)]

let _int n = l_ints [(n, 0)]

let I_fraction n = L.const (qc_fraction n)

let I_imag n = L.const (gc_imag n)

let I-nc n = I_ints [(n, 1)]

let I_over_nc n = l_ints [(n, —1)]
Expressions

let unit = []

let const ¢ = e, []]

let ints pairs = const (LP.ints pairs)

let null = const L.null

let half = const (LP.fraction 2)
let third = const (LP.fraction 3)
let two = const (LP.int 2)

let minus = const (LP.int (—1))
let nc = const (LP.nc 1)

let imag = const (LP.imag 1)

module AMap = Pmap.Tree

let find_arrows_opt arrows map =
try Some (AMap.find Pervasives.compare arrows map) with Not_found — None

let canonicalizel (coeff, io_list) =
(coeff, List.sort Pervasives.compare 0 _list)

let canonicalize terms =
let map =
List.fold_left
(fun acc term —

let coeff, arrows = canonicalizel term in
if coeff = L.null then

acc
else

match find_arrows_opt arrows acc with
| None — AMap.add Pervasives.compare arrows coeff acc
| Some coeff’ —
let coeff” = L.add coeff coeff’ in
if coeff”” = L.null then
AMap.remove Pervasives.compare arrows acc
else
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" acc)

AMap.add Pervasives.compare arrows coe
AMap.empty terms in
if AMap.is_empty map then
null
else

AMap.fold (fun arrows coeff acc — (coeff, arrows) :: acc) map []

let arrows_to_string-aux f arrows =
ThoList.to_string f arrows

let to_stringl —auzx f (coeff, arrows) =
Printf .sprintf
" Chs)u*uhs"
(L.to_string "N" coeff) (arrows_to_string_aux f arrows)

let to_stringl —opt_aux f = function
| None — "None"
| Some v — to_stringl _aux f v

let to_string_raw_aux f v =
ThoList.to_string (to_stringl _auz f) v

let to_string_auzx f v =
to_string_raw_auz | (canonicalize v)

let factor_arrows_to_string = arrows_to_string_auzx A.factor_to_string
let factor_to_stringl = to_stringl _aux A.factor_to_string

let factor_to_stringl _opt = to_stringl _opt_auz A.factor_to_string

let factor_to_string_raw = to_string_raw_auzx A.factor_to_string

let factor_to_string = to_string_aux A.factor_to_string

let arrows_to_string = arrows_to_string_auz A.free_to_string
let to_stringl = to_stringl _auz A.free_to_string

let to_stringl _opt = to_stringl _opt_aux A.free_to_string

let to_string_raw = to_string_raw_auz A.free_to_string

let to_string = to_string_auzx A.free_to_string

let pp fmt v =
Format.fprintf fmt "%s" (to_string v)

let is_null v =
match canonicalize v with

| [e, -] = ¢ = L.naull
| - — false
let is_white = function
| P.W — true
| - — false

let map? f (¢, v) =
(¢, List.map (A.map (A.relocate f)) v)

let map f = List.map (mapl f)

let add_arrow arrow (coeff, arrows) =

let rec add_arrow’ arrow (coeff, acc) = function
1=
(* No opportunities for further matches x)
Some (coeff, arrow :: acc)
| arrow’ :: arrows’ —

begin match A.merge arrow arrow’ with
| A.Mismatch —

None
| A.Ghost_Match —

Some (L.mul (LP.over_nc (—1)) coeff,

List.rev_append acc arrows’)

| A.Loop_Match —

Some (L.mul (LP.nc 1) coeff, List.rev_append acc arrows’)
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| A.Match arrow” —
if A.is_free arrow” then
Some (coeff, arrow” :: List.rev_append acc arrows’)
else
(* the new arrow” ist not yet saturated, try again: x)
add_arrow’ arrow” (coeff, acc) arrows’
| A.No_Match —
add _arrow’ arrow (coeff, arrow’ :: acc) arrows’
end in
add_arrow’ arrow (coeff, []) arrows

let logging-add_arrow arrow (coeff, arrows) =

let result = add_arrow arrow (coeff, arrows) in

Printf .eprintf
"add_arrow ks touhsu==>_%s\n"
(A.factor_to_string arrow)
(factor_to_stringl (coeff, arrows))
(factor_to_stringl _opt result);

result

We can reject the contributions with unsaturated summation indices from Ghost contributions to T, only after
adding all arrows that might saturate an open index.

let add_arrows factorl arrows2 =
let rec add_arrows’ (-, arrows as acc) = function
] =
if List.for_all A.is_free arrows then
Some acc
else
None
| arrow :: arrows —
begin match add_arrow arrow acc with
| None — None
| Some acc’ — add_arrows’ acc’ arrows
end in
add_arrows’ factorl arrows?2

let logging_add_arrows factorl arrows2 =

let result = add_arrows factorl arrows2 in

Printf .eprintf
"add_arrows_j%suto ks ==>_%s\n"
(factor_to_stringl factorl)
(factor_arrows_to_string arrows2)
(factor_to_stringl _opt result);

result

Note that a negative index might be summed only later in a sequence of binary products and must therefore be
treated as free in this product. Therefore, we have to classify the indices as summation indices not only based
on their sign, but in addition based on whether they appear in both factors. Only then can we reject surviving
ghosts.

module ESet =
Set.Make
(struct
type t = A.endpoint
let compare = Pervasives.compare
end)

let negatives arrows =
List.fold_left
(fun acc arrow —
List.fold _left
(fun acc’ i — ESet.add i acc’)
acc (A.negatives arrow))
ESet.empty arrows
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let times (coeff1, arrowsl) (coeff2, arrows2) =

let summations = ESet.inter (negatives arrowsl) (negatives arrows2) in
let is_sum i = ESet.mem i summations in

let arrowsl’ = List.map (A.to_left_factor is_sum) arrowsl

and arrows?2’ = List.map (A.to_right_factor is_sum) arrows2 in

match add_arrows (coeff!, arrowsl’) arrows2’ with
| None — None
| Some (coeff1, arrows) —
Some (L.mul coeffl coeff2, List.map A.of _factor arrows)

let logging_times1 factorl factor2
let result = timesl factorl factor2 in
Printf .eprintf
"Ysutimes1 %s,==>%s\n"
(to-stringl factorl)
(to-stringl factor2)
(to_stringl _opt result);
result

let sum terms =
canonicalize (List.concat terms)

let times term term’ =
canonicalize (Product.list2 _opt timesl term term’)

@ Is that more efficient than the following implementation?

let rec multiplyl’ acc = function
| [] — Some acc
| factor :: factors —
begin match times! acc factor with
| None — None
| Some acc’ — multiplyl’ acc’ factors
end

let multiplyl = function
| [] = Some (L.unit, [])
| [factor] — Some factor
| factor :: factors — multiplyl’ factor factors

let multiply termss =
canonicalize (Product.list_opt multiplyl termss)

@ Isn’t that the more straightforward implementation?

let multiply = function

[ =]

| term :: terms —
canonicalize (List.fold_left times term terms)

let scalel q (coeff, arrows) =
(L.scale (ge-rational q) coeff, arrows)
let scale ¢ = List.map (scalel q)

let diff terml1 term2 =
canonicalize (List.rev_append terml (scale (q-int (—1)) term2))

module BinOps =

struct
let ( +++ ) term term’ = sum [term; term/]
let ( ——— ) = diff
let ( x%xx ) = times

end

open BinOps
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let trace3 r a b ¢ =
ra(=1)(=2) xxx rb(=2) (=3) *xxx 1 c(=3)(-1)

let f_of _rep 7 a b c =
minus *** imag *** (trace3 r a b ¢ —— — trace3 r a ¢ b)

let d_of _rep 7 a b c =
trace3 r a b c ++ 4 traced r acb

module IMap =
Map.Make (struct type t = int let compare = Pervasives.compare end)

let line_map lines =
let -, map =
List.fold _left
(fun (i, acc) line —
(suce 1,
match line with
| PW — acc
| - — IMap.add i line acc))
(1, IMap.empty)
lines in
map

let find_opt i map =
try Some (IMap.find ¢ map) with Not_found — None

let lines_to_string lines =
match IMap.bindings lines with
‘ [] —
| lines —
String.concat
"|_|"
(List.map
(fun (i, ¢) — Printf.sprintf "%s@%d" (P.to_string c) i)
lines)

let clear = IMap.remove

let add_in i cf lines =
match find_opt i lines with
| Some (P.O ¢f’) — IMap.add i (P.IO (c¢f, cf’)) lines
| - — IMap.add i (P.I cf) lines

let add_out i cf’ lines =
match find_opt i lines with
| Some (P.I ¢f) — IMap.add i (P.I0 (cf, cf')) lines
| - — IMap.add i (P.O cf’) lines

let add_ghost i lines =
IMap.add i P.G lines

let connectl n arrow lines =
match arrow with
| A.Ghost g —
let ¢ = A.position g in
if ¢ = n then
Some (add_ghost n lines)
else
begin match find_opt g lines with
| Some P.G — Some (clear g lines)
| - — None
end
| A.Arrow (i, o) —
let i = A.position i
and o = A.position o in
if o = n then
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match find_opt i lines with
| Some (P.I ¢fi) — Some (add_in o cfi (clear i lines))
| Some (P.IO (cfi, cfi’)) — Some (add_in o cfi (add_out i cfi’ lines))
| -~ — None
else if i = n then
match find_opt o lines with
| Some (P.O cfo’) — Some (add-out i cfo’ (clear o lines))
| Some (P.IO (cfo, cfo')) — Some (add_out i cfo’ (add_in o cfo lines))
| -~ — None
else
match find_opt i lines, find_opt o lines with
| Some (P.I cfi), Some (P.O cfo’) when ¢fi = cfo’ —
Some (clear o (clear i lines))
| Some (P.I cfi), Some (P.IO (cfo, cfo’)) when cfi = cfo’ —
Some (add_in o cfo (clear i lines))
| Some (P.IO (cfi, cfi’)), Some (P.O cfo’) when cfi = cfo’ —
Some (add_out i cfi’ (clear o lines))
| Some (P.IO (cfi, cfi’)), Some (P.IO (cfo, cfo’)) when ¢fi = cfo’ —
Some (add_in o cfo (add_out i cfi’ lines))
| -~ — None

let connect connections lines =
let n = succ (List.length lines)
and lines = line_map lines in
let rec connect’ acc = function
| arrow :: arrows —
begin match connect! n arrow acc with
| None — None
| Some acc — connect’ acc arrows
end
| [] — Some acc in
match connect’ lines connections with
| None — None
| Some acc —
begin match IMap.bindings acc with
| [] = Some P.W
| [(, ¢f)] wheni = n — Some cf
| - — None
end

let fusel nc lines (¢, vertex) =
match connect vertex lines with
| None — []
| Some ¢f — [(L.eval (gc-int nc) ¢, cf)]

let fuse nc vertex lines =
match vertex with

=
if List.for_all is_white lines then
[(QC.one, P.W)]
else
(]
| vertexr —

ThoList.flatmap (fusel nc lines) vertex

module Test : Test =
struct
open OUnit

let verticesI _equal vl v2 =
match v1, v2 with
| None, None — true
| Some v1, Some v2 — (canonicalizel vl) = (canonicalizel v2)
| - — false
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let assert_equal_verticesl! vl v2 =
assert_equal ~printer : to_stringl _opt ~cmp : verticesI _equal v1 v2

let suite_timesl =
"timesl" >:::

[ "merge two" >:
(fun () —
assert_equal _vertices1
(Some (L.unit, 1 ==> 2))
(times! (L.unit, 1 ==> —1) (Lunit, —1 ==> 2)));

"merge twoexchanged" >::
(fun () —
assert_equal _vertices1
(Some (L.unit, 1 ==> 2))
(times? (L.unit, —1 ==> 2) (L.unit, 1 ==> —1)));

"ghostl" >:u:
(fun () —
assert_equal _vertices1
(Some (l-over_nc (=1), 1 ==> 2))
(timest
(L.unit, [-1 => 2; 7?7 (=3)])
(Laungt, [1 => —1; 77 (=3)]));

"ghost2" >::
(fun () —
assert_equal —vertices1
None
(timest
(Lounit, [1 => —1; 77 (=3)])
(Launit, [-1 => 2; =3 => —4; —4 => =3])));

"ghost2 ,exchanged" >::
(fun () —
assert_equal _vertices1
None
(times1
(Lounit, [-1 => 2; =3 => —4; —4 => —3])
(Lounit, [1 => —1; 77 (=3)])) |

let suite_canonicalize =
"canonicalize" >::

[]

let line_option_to_string = function
| None — "no match"
| Some line — P.to_string line

let test_connect_msg vertex formatter (expected, result) =
Format.fprintf
formatter
"[%s] : Lexpected, ks, got %s"
(arrows_to_string vertez)
(line_option_to_string expected)
(line_option_to_string result)

let test_connect expected lines vertexr =
assert_equal
“printer : line_option_to_string
expected (connect vertex lines)

let test_connect_permutations expected lines verter =
List.iter
(funv —
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assert_equal
“pp_diff : (test_connect_msg v)
expected (connect v lines))
(Combinatorics.permute vertex)

let suite_connect =
"connect" >::

[ "delta" >::
(fun () —
test_connect_permutations
(Some (P.I 1))
[PI1; PW ]
(1 ==>3));

"f:,1->3->2->1" >
(fun () —
test_connect _permutations
(Some (P.I0 (1, 3)))
[P.IO (1, 2); P.IO (2, 3)]
(A.cycle [1; 3; 2]));

"fi,1->2->3->1" >
(fun () —
test_connect_permutations
(Some (P.10 (1, 2)))
[P.IO (3, 2); P.IO (1, 3)]
(A.cycle [1; 2; 3])) |

let suite =
"Color.Birdtracks" >:::
[suite_times1;
suite_ canonicalize;
suite_connect]
end

let vertices_equal v v2 =
iscnull (v ——— v2)

let assert_equal_vertices vl v2 =
OUnit.assert_equal ~printer : to_string ~cmp : vertices_equal vl v2

end

SU(N¢)

We're computing with a general N¢, but epsilon and epsilonbar make only sense for No = 3. Also some of the
terminology alludes to N = 3: triplet, sextet, octet.

module type SU3 =

sig
include Birdtracks
val delta8 : int — int — t
val delta8 : int — int — t
val delta8_loop : int — int — t
val gluon : int — int — ¢
val t : int — int — int — t
val f : int —» int — int — t
val d : int — int — int — t
val epsilon : int — int — int — t
val epsilonbar : int — int — int — t
val t6 : int — int — int — t
val k6 : int — int — int — t
val k6bar : int — int — int — t

end
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module SU3S : SU3 =
struct

module A = Arrow
open Arrow.BinOps

module B = Birdtracks
typet = B.t

let to_string = B.to_string
let pp = B.pp

let trivial = B.trivial
let is_null = B.is_null
let null = B.null

let unit = B.unit

let const = B.const
let two = B.two

let half = B.half

let third = B.third

let nc = B.imag

let minus = B.minus
let imag = B.imag
let ints = B.ints

let sum = B.sum

let diff = B.diff

let scale = B.scale
let times = B.times

let multiply = B.multiply
let map = B.map

let fuse = B.fuse

let f_of —-rep = B.f_of_rep
let d_of -rep = B.d_of _rep
module BinOps = B.BinOps

let delta3 ¢ j =
[(LP.int 1, i ==> j)]

let delta8 a b =
[(LP.int 1, a <=> b)]

If the 64 originates from a tr(7,73), like an effective gg — H ... coupling, it makes a difference in the color
flow basis and we must write the full expression (6.2) from [10] instead.

let delta8 _loop a b =
[(LP.int 1, a <=> b);
(LP.nt 1, [a => a; 77 b]);
(LP.int 1, [?? a; b => b]);
(LP.nc 1, [?7 a; 77 b])]

The following can be used for computing polarization sums (eventually, this could make the Flow module
redundant). Note that we have —N¢ instead of —1/N¢ in the ghost contribution here, because two factors of
—1/N¢ will be produced by add_arrow below, when contracting two ghost indices. Indeed, with this definition
we can maintain multiply [delta8 1 (—1); gluon (—1) (—2); delta8 (—2) 2] = delta8 1 2.

let ghost a b =
[ (LP.nc (—=1), [?7 a; 77 b])]

let gluon a b =
delta8 a b @Q ghost a b

@ Do we need to introduce an index pair for each sextet index? Is that all?

let sextet n m =
) [ (LP.fraction 2, [(n, 0) >=>> (m, 0); (n, 1) >=>> (m, 1)]);
(LP.fraction 2, [(n, 0) >=>> (m, 1); (n, 1) >=>> (m, 0)]) ]

FIXME: note the flipped ¢ and j!
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lettaji =
[(LP.int 1, [i => a; a => j]);
(LP.int 1, [i => j; ?7 a])]

Using the normalization tr(7,T},) = d.p we find with
ifa1a2¢13 =tr (Tal [Taz ) Tas]) =tr (TalTGQTas) —tr (TalTasTaz) (73)

and
i1J1izj2izis _ plilarplalsplsly ipiy japiajoisgs
1 (T, Ty Ty ) THI Ti202 Ti0ds — Thalaplalaplaly v Tizia prisia

<5hﬁ5hb__];5hb5hh> <5bﬁ5hh__j;5bb5hh> <5hk5hh__j;5hh5%m> (7.4)
C C C

the decomposition
; i1j1iejeisds — §i1d2 §i2ds §i3J1 _ Si173 §i372 §i21
ifaranas Tyt TP T30 = 617252736 §'1IB eIz gt (7.5)

Indeed,

symbol nc;

Dimension nc;

vector i1, i2, i3, ji1, j2, j3;
index 11, 12, 13;

local [TT] =
( j1(11) * i1(12) - d_(11,12) * il1l.j1 / nc )
( j2(12) * i2(11) - d4_(12,11) * i2.j2 / nc );

#procedure TTT(sign)
local [TTT‘sign’] =

( j1(11) * i1(12) - d_(11,12) * i1.j1 / nc )

* (j2(12) * 12(13) - d_(12,13) * i2.j2 / nc )

* (j3(13) * i3(11) - d_(13,11) * i3.j3 / nc )

‘sign’ ( j1(11) * i1(12) - d_(11,12) * i1.j1 / nc )

* (j3(12) * i3(13) - d_(12,13) * i3.j3 / nc )

* (j2(13) * i2(11) - d_(13,11) * i2.j2 / nc );
#endprocedure

#call TTT(-)
#call TTT(+)

bracket nc;
print;
.sort

.end

gives

[TT] =
+nc -1 % (- i1.j1*i2.j2 )
+i1.j2%i2.31;

[TTT-] =
+ i1.j2%i2.§3%i3.j1 - i1.j3%i2.j1xi3.j2;

[TTT+] =
+nc -2 * ( 4xil.j1%i2.j2%i3.33 )
+ nc-1 x (- 2%il.j1*i2.j3*i3.j2
- 2%i1.3j2%i2.j1%i3.j3
- 2%i1.3j3%i2.j2%i3.j1 )
+ i1.j2%12.j3%i3.j1 + i1.j3%i2.j1%i3.j2;

@ What about the overall sign?
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let fabc =
[ (LP.imag (1), A.cycle [a; b; c]);
(LP.imag (1), A.cycle [a; ¢; b)) ]

Except for the signs, the symmetric combination is compatible with (6.11) in our color flow paper [16]. There
the signs are probably wrong, as they cancel in (6.13).
letdabc =
[ (LP.int 1, A.cycle [a; b; c]);

(LP.int 1, A.cycle [a; ¢; b]);

(LP.int 2, (a <=> b) @ [?? ]);

(LP.int 2, (b c) @ [?7 a));

(LP.int 2, (c <=> a) Q [?? b]);

(LP.int 2, [a => a; 77 b; 77 c]);

(LP.int 2, [?7?7 a; b => b; 77 c]);

(LP.nt 2, [?7 a; 7?7 b; ¢ => ]);

(LP.nc 2, |77 a; 77 b; 77 c]) ]

let incomplete tensor =
failwith ("Color.Vertex:" = tensor ~ "_not,supported yet!")

let experimental tensor =
Printf .eprintf
"Color.Vertex: %syusupport still ,experimental and untested!\n"

tensor
let epsilon © j kK = incomplete "epsilon-tensor"
let epsilonbar ¢ j k = incomplete "epsilon-tensor"

@ Is it enough to introduce an index pair for each sextet index?

We need to find a way to make sure that we use particle/antiparticle assignments that a consistent with
FeynRules.

let t6 a m n =
experimental "t6-tensor";
[ (LP.int (1), [(n, 0) >=> a; a =>> (m, 0); (n, 1) >=>> (m, 1)]);
(LP.int (-1), [(n, 0) >=>> (m, 0); (n, 1) >=>> (m, 1); 77 a]) ]

@ How much symmetrization is required?

let t6_symmetrized a m n =

experimental "t6-tensor";

[ (LP.int (1), [(n, 0) >=> a; a =>> (m, 0); (n, 1) >=>> (m, 1)]);
(LP.int (1), [(n, 1) >=> a; a =>> (m, 0); (n, 0) >=>> (m, 1)]);
(LP.int (—1), [(n, 0) >=>> (m, 0); (n, 1) >=>> (m, 1); 77 a]);
(LP.int (-1), [(n, 1) >=>> (m, 0); (n, 0) >=>> (m, 1); 7?7 a]) |

let k6 m i j =

experimental "k6-tensor";

[ (LP.int 1, [(m, 0) >=> i; (m, 1) >=> j]);
(LP.int 1, [(m, 1) >=> 45 (m, 0) >=> j]

let k6bar m i j =

experimental "k6-tensor";

[ (LP.int 1, [i =>> (m, 0) j =>> (m, 1)]);
(LP.ant 1, [i =>> (m, 1); j =>> (m, 0)])]

Unit Tests

module Test : Test =
struct

open OUnit
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of |

module L = Algebra.Laurent
module B = Birdtracks

open Birdtracks
open Birdtracks.BinOps

let ezorcise verter =
List.filter
(fun (-, arrows) — - (List.exists A.is_ghost arrows))
verter

let suite_sum =

"sum" >::
[ "atoms" >::
(fun () —

assert_equal _vertices
(two == delta3 1 2)
(delta3 12 4+ ++ delta3 1 2)) |

let suite_diff =

"diff" >::
[ "atoms" >::
(fun () —

assert_equal _vertices
(delta3 3 4)
(delta3 12 +++ delta3 34 — — — delta3 1 2)) ]

let suite_times =
"times" >::

[ "t1xt2=t2*t1" >
(fun () —
let t1 = t (-1)1(-2)
and t2 = t (—1) (=2) 2in
assert_equal _vertices (t1 *xx t2) (t2 xxx* t1));

"tr(t1xt2)=tr(t2%t1)" >
(fun () —
let t1 = ¢1(-1) (-2)
and t2 = t2(—2) (—1)in
assert_equal _vertices (t1 xxx t2) (12 xxx t1));

"reorderings" >::
(fun () —
let v1 = [(L.unit, [1 => —2; =2 => —1; —1 => 1])]
and v2 = [(L.unit, [-1 => 2; 2 => —2; —2 => —1])]
and v' = [(L.unit, [1 => 1; 2 => 2])] in
assert_equal —vertices v’ (vl *x** v2)) |

let suite_loops =
"loops" >:::

[]

let suite_normalization =
"normalization" >::

[ "tr(t*t)" >
(fun () —
(* The use of exorcise appears to be legitimate here in the color flow representation, cf. (6.2)

assert_equal _vertices
(delta8 1 2)
(exorcise (t 1 (—1) (=2) =x*x* ¢ 2 (=2) (=1))));
"dxd" >::
(fun () —

92



Implementation of Color

assert_equal _vertices
[ (LP.ints [(2, 1); (-8
(LP.ints [(2, 0); ( 4
(exorcise (d 1 (—1) (—
let commutator rep_t i_sum a b ij =

multiply [rep_t a i i_sum; rep_t b i_sum j|
— multiply [rep_t b i i_sum; rep_t a i_sum j]

1)) 1 <=> 2);
,=2), M=>1; 2=>2])]
2) xxx d2(-2)(-1)))) ]

let anti_commutator rep_t i_sum a b ij =
multiply [rep_t a i i_sum; rep_t b i_sum j|
+++ multiply [rep_t b i i_sum; rep_t a i_sum j]

let trace3 rep_t a b ¢ =
rep_t a (—=1) (=2) #*x% rep_t b (—2) (=3) **x* rep_t ¢ (—3) (1)

let trace3c rep_t a b ¢ =

third * %x
sum [trace3 rep_t a b c; trace3 rep_t b ¢ a; tracel rep_t c a b]

let loop3 a b ¢ =

[ (LP.int 1, A.cycle (List.rev

(LP.int 1, (a <=> b)

(LP.ant 1, (b <=> ¢)
(LP.int 1, (
(LP.nt 1, |
(LP.nt 1, [??7 a; b => b; 77 ¢
(LP.nt 1, |
(LP.nc 1, [77 a; 77 b; 77 ¢]) |

let suite_trace =
"trace" >

[ "tr(ttt)" >
(fun () —
assert_equal _vertices (traced ¢t 12 3) (loop3 1 2 3));

"tr(ttt)ycyclic 1" >
(fun () —
assert_equal —vertices (trace3 t 1 2 3) (trace3 t 2 3 1));

"tr(ttt)ycyclic 2" >
(fun () —
assert_equal _vertices (trace3 t 12 3) (trace3 ¢t 31 2)) ]

let suite_ghosts =

"ghosts" >
[ "H->gg" >
(fun () —

assert_equal _vertices
(delta8-loop 1 2)
(t1(=1) (=2) xxx £ 2(=2) (=1)));

"H->ggg £" >::
(fun () —
assert_equal _vertices
(imag *xx f123)

(traceSc t 123 — — — trace3c t 1 3 2));
"H->ggg d" >::
(fun () —
assert_equal _vertices
(d123)

(traceSc t 123 +++ trace3c t 13 2));

"H->ggg £’" >
(fun () —
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assert_equal _vertices
(imag *xx f123)
(t1(=3) (=2) **x* commutator ¢t (—1) 2 3 (=2) (=3)));

"H->ggg ,d’" >::
(fun () —
assert_equal _vertices
(d123)
(t1(=3) (=2) *=*x* anti_commutator t (—1) 2 3 (=2) (=3)));

"H->ggg ,cyclic’" >::
(fun () —
let trace a b ¢ =
t a(=3) (=2) x*x* commutator t (—1) b ¢ (—=2) (=3) in
assert_equal _vertices (trace 1 2 3) (trace 2 3 1)) |

FIXME: note the flipped 1, j, I, k!

let 67 i1k =
[(LP.nt 1, [i => 1; k => j]);
(LP.over_nc (—1), [i => j; k => 1])]

let ff al a2 a3 a4 =
[ (LP.int (—1), A.cycle [al; a2; a3; a4

)

)
(LP.nt (1), A.cycle [a2; al; a3; a4]);
(LP.int (1), A.cycle [al; a2; a4; a3]);
(LP.int (—1), A.cycle [a2; al; af; a3]) ]
lettf jiab =

[ (LP.imag (1), A.chain [i; a; b; j]);
(LP.imag (—1), A.chain [i; b; a; j]) ]

let suite_ff =
ek >
["1" >
(fun () —
assert_equal _vertices

(f1234)
(f (1) 12 xxx f(-1)34))]
let suite_tf =
"ERf" >
[ "t >
(fun () —
assert_equal -vertices
(tf 1234)
(t(=1) 12 x%xx f(—1)34))]
let suite_tt =
"Rt" >
["1" >
(fun () —
assert_equal _vertices
(it 1234)
(6 (=1)12 **xx t(—1)34))]

let trace_comm rep_t a b ¢ =
rep_t a (—3) (—2) *x** commutator rep_t (—1) b ¢ (—2) (—3)

FIXME: note the flipped b, ¢!

let t8 a cb =
imag *x*x% fabc

let suite_lie =
"Liepalgebra relations" >::
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[ "[t,t]=ift" >
(fun () —
assert_equal _vertices
(imag *xx f12(=1) xxx t (=1)34)
(commutator t (—1) 1 2 3 4));

"if =gtr(elt,t])" >
(fun () —
assert_equal _vertices
(f123)
(f-of -rep t 12 3));

"IE,f]=-F£" >
(fun () —
assert_equal _vertices
(minus *x% f12(=1) xxx f (=1)34)
(commutator f (—1) 12 3 4));

"fo=gtr (FLE,£1) " >
(fun () —
assert_equal _vertices
(two **xx nc xxx f123)
(trace_comm f 1 2 3));

"[t8,t8]=1ift8" >::
(fun () —
assert_equal _vertices
(imag *xx f12(=1) xxx t8 (—=1) 34)
(commutator t8 (—1) 12 3 4));

"inf = tr(t8[t8,t8])" >:
(fun () —
assert_equal —vertices
(two **xx nc xxx f123)

(f-of —rep t8 1 2 3));

"[t6,t6]=ift6" >::
(fun () —
assert_equal -vertices
(imag *xx f12(=1) xxx t6 (—=1) 3 4)
(commutator t6 (—1) 12 3 4));

"inf =, tr(t6[t6,t6])" >
(fun () —
assert_equal -vertices
(nc xxx f123)
(f-of -rep t6 1 2 3)) ]

let prod3 rep_t a b cij =
rep_t a i (—1) xxx rep_t b (—1) (=2) *xx rep_t ¢ (=2) J

let jacobil rep_t a b cij =
(prod3 rep_t a b cij ——— prod3 rep_t a c bij)
— (prod3 rep_t bcaij ——— prod3 rep_t ¢ b aij)

let jacobi rep_t =
sum [jacobil rep-t 1234 5;
jacobil rep_t 23 145;
jacobil rep_t 3124 5]

let suite_jacobi =
"Jacobiidentities" >::

[ "fund." >:: (fun () — assert_equal_vertices null (jacobi t));
"adj." >: (fun () — assert_equal_vertices null (jacobi f));
"S2" > (fun () — assert_equal_vertices null (jacobi t6)) |
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From hep-ph/0611341 for SU(N) for the adjoint, symmetric and antisymmetric representations

Cg(adj) =2N
~ n(N —1)(N +n)
Cy(Sy) = N
(N —n)(N +1)
CQ(AH) - N

adjusted for our normalization. In particular

2 _
Cz(fund.) = 62(51) = N !

N
2(N =1)(N +2 N24+N-2
Cafsy) = AN DOV +2) N2 4D

N¢ —1/N¢ = (N& —1)/N¢
let ¢f = LP.ints [(1, 1); (=1, —1)]
N2 — 54 4/N = (NZ — 1)(N2 — 4)/N?
let ¢3f = LP.ints [(1, 2); (=5, 0); (4, —2)]
9N
let ca = LP.ints [(2, 1)]
2N¢ 4+ 2Ne — 4/Ne = 2(Neg — 1)(Ne + 2)/Ne
let c6 = LP.ints [(2, 1); (2, 0); (—4, —1)]

let casimir_tt i j =
[(cf, @ ==> j)]

let casimir_ttt 1 j =
[(ef, i ==> j)]

let casimir_ff a b =
[(ca, 1 <=> 2); (LP.int (=2), [1=>1; 2=>2])]

FIXME: normalization and/or symmetrization?

let casimir_t6t6 i j =
[(cf, [(4,0) >=>> (5,0); (4,1) >=>> (5,1)])]
let casimir_t6t6 _symmetrized i j =
half * xx
[(663 [(Z,O) >=>> (]ao)a (Zv]-) >=>> (]7 )
(c6, [(1,0) >=>> (j,1); (4,1) >=>> (4,0

let suite_casimir =
"Casimir operators" >::

[ "txt" >

(* Again, we appear to have the complex conjugate (transposed) representation. . .

(fun () —
assert_equal _vertices
(casimir_tt 2 1)
(£ (=1) (=2) 2 x5 1 (=1) 1 (=2)));
"Extkt" >
(fun () —
assert_equal _vertices
(casimir_ttt 2 1)
(d (=1) (=2) (—=3) **x
t(=1)1(—4) s*xx ¢ (=2) (—4) (=5) **xx* ¢t (=3) (—5) 2));

R
(fun () —
assert_equal -vertices
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(casimir_ff 1 2)
(minus xx* f (=1) 1 (=2) *x*xx f (=1) (=2) 2));

"t6xt6" >
(fun () —
assert_equal -vertices
(casimir_t6t6 2 1)
(t6 (=1) (=2) 2 **x* t6 (=1) 1 (=2))) ]

let suite_colorsums =
"(squared) color sums" >::

[ "gluon normalization" >:
(fun () —
assert_equal _vertices
(delta8 1 2)
(delta8 1 (—1) s xx* gluon (—1) (=2) *xx* delta8 (—2) 2));

"ERET >
(fun () —
let sum_ff =
multiply [ f (—11) (=12) (—13);
f(=21) (=22) (-23);
gluon (—11) (—21);
gluon (—12) (—22);
gluon (—13) (—23) ]

and expected = ints [(2, 3); (=2, 1)] in
assert_equal _vertices expected sum_[f);

"dxd" >::
(fun () —
let sum_dd =

multiply [ d (—11) (=12) (—13);
d (—21) (—22) (—23);
gluon (—11) (—21);
gluon (—12) (—22);
gluon (—13) (=23) |

and expected = ints [(2, 3); (=10, 1); (8, —1)]in
assert_equal _vertices expected sum_dd);

llf*dll >
(fun () —
let sum_fd =
multiply [ f (—11) (=12) (—13);
d (—21) (—22) (—23);
gluon (711) (—21);
gluon (~12) (~22);
gluon (—13) (—23) ] in
assert _equal _vertices null sum_fd);
"Hgg" >::
(fun () —
let sum_hgg =

multiply | delta8 _loop (—11) (—12);
delta8 _loop (—21) (—22);
gluon (—11) (—21);
gluon (—12) (—22) |
and expected = ints [(1, 2); (=1, 0)] in
assert_equal _vertices expected sum_hgg) |

let suite =
"Color.SU3" >
[suite_sum;
suite _diff;
suite_times;
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sutte_normalization;
suite_ghosts;
suite_loops;
suite_trace;
suite_ff;
suite_tf;
sutte_tt;
suite_lie;
suite_jacobi;
suite— casimir;
suite_colorsums]

end
end

module U3 : SUS =
struct

module A = Arrow
open Arrow.BinOps

module B = Birdtracks
typet = B.t

let to_string = B.to_string
let pp = B.pp

let trivial = B.trivial
let is_null = B.is_null
let null = B.null

let unit = B.unit

let const = B.const
let two = B.two

let half = B.half

let third = B.third

let nc = B.imag

let minus = B.minus
let imag = B.imag
let ints = B.ints

let sum = B.sum

let diff = B.diff

let scale = B.scale
let times = B.times

let multiply = B.multiply
let map = B.map

let fuse = B.fuse

let f_of -rep = B.f_of _rep
let d_of _rep = B.d_of _rep
module BinOps = B.BinOps

let delta3 i j =
[(LP.int 1, i ==> j)]

let delta8 a b =
[(LP.int 1, a <=> b)]

let delta8 _loop = delta8
let gluon a b =
delta8 a b

@ Do we need to introduce an index pair for each sextet index? Is that all?

let sextet n m =
[ (LP.fraction 2, [(n, 0) >=>> (m, 0); (n, 1) >=>> (m, 1)]);
(LP.fraction 2, [(n, 0) >=>> (m, 1); (n, 1) >=>> (m, 0)]) ]
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lettaji =
[(LP.ant 1, [i => a; a => j])]
let fabec =
[ (LP.imag (1), A.cycle [a; b; c]);
(LP.imag (—1), A.cycle [a; ¢; b)) ]
letd abc =
[ (LP.int 1, A.cycle [a; b; c]);
(LP.int 1, A.cycle [a; ¢; b]) ]
let incomplete tensor =

failwith ("Color.Vertex:" = tensor ~ "_mnot,supported yet!")

let experimental tensor =
Printf .eprintf

"Color.Vertex: %sysupport, still ,experimental and, untested!\n"

tensor
let epstlon © j kK = incomplete "epsilon-tensor"
let epsilonbar i j k = incomplete "epsilon-tensor"

let t6 a m n =
experimental "t6-tensor";

[ (LP.int (1), [(n, 0) >=> a; a =>> (m, 0); (n, 1) >=>> (m, 1)])]
@ How much symmetrization is required?

let t6_symmetrized a m n =
experimental "t6-tensor";
[ (LP.int (1), [(n, 0) >=> a; a =>> (m, 0); (n, 1) >=>> (m, 1)]);
(LP.nt (1), [(n, 1) >=> a; a =>> (m, 0); (n, 0) >=>> (m, 1)]) ]
let k6 m¢j =
experimental "k6-tensor";
[ (LP.int 1, [(m, 0) >=> i; (m, 1) >=> j]);
(LP.nt 1, [(m, 1) >=> i; (m, 0) >=> j])]
let k6bar m 1 j =
experimental "k6-tensor";
[ (LP.int 1, [i =>> (m, 0); j =>> (m, 1)]);
(LP.int 1, [i =>> (m, 1); j =>> (m, 0)]) ]

Unit Tests
module Test : Test =
struct
open OUnit

open Birdtracks
open BinOps

let suite_lie =

"Lie algebrag relations" >::

[ "if = tr(tlt,t])" >u
(fun () — assert_equal_vertices (f 12 3) (f-of-rep t 12 3))]
Ng = Ng/Ne

let ¢f = LP.ints [(1, 1)]
let casimir_tt i j =

[(cf, @ ==> j)]

let suite_casimir =
"Casimir operators" >::
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[ "txt" >
(fun () —
assert_equal _vertices
(casimir_tt 2 1)

(£ (=1) (=2) 2 xxx £ (=1) 1 (=2))) ]
let suite =
"Color.U3" >:::
[suite_lie;
suite - casimir]

end
end

module Vertex = SUS3
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8

FUSsIONS

8.1 Interface of Fusion

module type T =
sig
val options : Options.t

Wavefunctions are an abstract data type, containing a momentum p and additional quantum numbers, collected
in flavor.

type wf
val conjugate : wf — wf
Obviously, flavor is not restricted to the physical notion of flavor, but can carry spin, color, etc.
type flavor
val flavor : wf — flavor

type flavor_sans_color
val flavor_sans_color : wf — flavor_sans_color

Momenta are represented by an abstract datatype (defined in Momentum) that is optimized for performance.
They can be accessed either abstractly or as lists of indices of the external momenta. These indices are assigned
sequentially by amplitude below.

type p
val momentum : wf — p
val momentum_list : wf — int list

At tree level, the wave functions are uniquely specified by flavor and momentum. If loops are included, we need
to distinguish among orders. Also, if we build a result from an incomplete sum of diagrams, we need to add a
distinguishing mark. At the moment, we assume that a string that can be attached to the symbol suffices.

val wf-tag : wf — string option
Coupling constants
type constant

and right hand sides of assignments. The latter are formed from a sign from Fermi statistics, a coupling
(constand and Lorentz structure) and wave functions.

type coupling

type rhs

type «a children

val sign : rhs — int

val coupling : rhs — constant Coupling.t

val coupling_tag : rhs — string option

type exclusions
val no_ezxclusions : exclusions

In renormalized perturbation theory, couplings come in different orders of the loop expansion. Be prepared:
val order : rhs — int

@ This is here only for the benefit of Target and shall become val children : rhs — wf children later ...
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val children : rhs — wf list

Fusions come in two types: fusions of wave functions to off-shell wave functions:

o(p+q) = 9(p)o(q)

type fusion
val lhs : fusion — wf
val rhs : fusion — rhs list

and products at the keystones:

¢(—p —q) - d(p)d(q)

type braket
val bra : braket — wf
val ket : braket — rhs list

amplitude goldstones incoming outgoing calculates the amplitude for scattering of incoming to outgoing. If
goldstones is true, also non-propagating off-shell Goldstone amplitudes are included to allow the checking of
Slavnov-Taylor identities.

type amplitude

type amplitude_sans_color

type selectors

val amplitudes : bool — exclusions — selectors —
flavor__sans_color list — flavor_sans_color list — amplitude list

val amplitude_sans_color : bool — exclusions — selectors —
flavor_sans_color list — flavor_sans_color list — amplitude_sans_color

val dependencies : amplitude — wf — (wf, coupling) Tree2.t

We should be precise regarding the semantics of the following functions, since modules implementating Target
must not make any mistakes interpreting the return values. Instead of calculating the amplitude

(f3,03, fa, 04, - | T| f1,01, f2,p2) (8.1a)
directly, O’Mega calculates the—equivalent, but more symmetrical-—crossed amplitude
(f1, =1, f2, —D2; [3,03, fa, 4, - .| T|0) (8.1b)
Internally, all flavors are represented by their charge conjugates
A(f1,—p1, f2: =2, f3,03, fa, D45 - ) (8.1c)

The correspondence of vertex and term in the lagrangian

suggests to denote the outgoing particle by the flavor of the antiparticle and the outgoing antiparticle by the
flavor of the particle, since this choice allows to represent the vertex by a triple

YAV (eF, AeT) (8.3)

which is more intuitive than the alternative (e~, A,e*). Also, when thinking in terms of building wavefunctions
from the outside in, the outgoing antiparticle is represented by a particle propagator and vice versa'. incoming
and outgoing are the physical flavors as in (8.1a)

val incoming : amplitude — flavor list
val outgoing : amplitude — flavor list

IEven if this choice will appear slightly counter-intuitive on the Target side, one must keep in mind that much more people are
expected to prepare Models.
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externals are flavors and momenta as in (8.1c)
val externals : amplitude — wf list

val variables : amplitude — wf list

val fusions : amplitude — fusion list

val brakets : amplitude — braket list

val on_shell : amplitude — (wf — bool)
val is_gauss : amplitude — (wf — bool)
val constraints : amplitude — string option
val symmetry : amplitude — int

val allowed : amplitude — bool

Performance Hacks

val initialize_cache : string — unit
val set_cache_name : string — unit

Diagnostics

val check_charges : unit — flavor_sans_color list list
val count_fusions : amplitude — int

val count_propagators : amplitude — int

val count_diagrams : amplitude — int

val forest : wf — amplitude — ((wf x coupling option, wf) Tree.t) list
val poles : amplitude — wf list list
val s_channel : amplitude — wf list

val tower_to_dot : out_channel — amplitude — unit
val amplitude_to_dot : out_channel — amplitude — unit

WHIZARD

val phase_space_channels : out_channel — amplitude_sans_color — unit
val phase_space_channels_flipped : out_channel — amplitude_sans_color — wunit

end
There is more than one way to make fusions.

module type Maker =
functor (P : Momentum.T) — functor (M : Model. T) —
T with type p = P.t
and type flavor = Colorize. It(M).flavor
and type flavor_sans_color = M .flavor
and type constant = M .constant
and type selectors = Cascade.Make(M )(P).selectors

Straightforward Dirac fermions vs. slightly more complicated Majorana fermions:
exception Majorana

module Binary : Maker
(* module Binary_Majorana : Maker x)

module Mized23 : Maker
(* module Mized23_Majorana : Maker x)

module Nary : functor (B : Tuple.Bound) — Maker
module Nary_Majorana : functor (B : Tuple.Bound) — Maker

We can also proceed & la [2]. Empirically, this will use slightly (O(10%)) fewer fusions than the symmetric
factorization. Our implementation uses significantly (O(50%)) fewer fusions than reported by [2]. Our pruning
of the DAG might be responsible for this.

module Helac : functor (B : Tuple.Bound) — Maker
(* module Helac_Magjorana : functor (B : Tuple.Bound) — Maker x)
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8.1.1 Multiple Amplitudes

module type Multi =

sig
exception Mismatch
val options : Options.t

type flavor

type process = flavor list X flavor list
type amplitude

type fusion

type wf

type exclusions

val no_exclusions : exclusions

type selectors

type amplitudes

Construct all possible color flow amplitudes for a given process.

val amplitudes : bool — int option —
exclusions — selectors — process list — amplitudes
val empty : amplitudes

Precompute the vertex table cache.

val initialize_cache : string — unit
val set_cache_name : string — unit

The list of all combinations of incoming and outgoing particles with a nonvanishing scattering amplitude.
val flavors : amplitudes — process list

The list of all combinations of incoming and outgoing particles that don’t lead to any color flow with non
vanishing scattering amplitude.

val vanishing_flavors : amplitudes — process list
The list of all color flows with a nonvanishing scattering amplitude.
val color_flows : amplitudes — Color.Flow.t list
The list of all valid helicity combinations.
val helicities : amplitudes — (int list X int list) list
The list of all amplitudes.
val processes : amplitudes — amplitude list

(process_table a).(f).(c) returns the amplitude for the fth allowed flavor combination and the cth allowed color
flow as an amplitude option.

val process_table : amplitudes — amplitude option array array
The list of all non redundant fusions together with the amplitudes they came from.
val fusions : amplitudes — (fusion x amplitude) list

If there’s more than external flavor state, the wavefunctions are not uniquely specified by flavor and Momentum.t.
This function can be used to determine how many variables must be allocated.

val multiplicity : amplitudes — wf — int

This function can be used to disambiguate wavefunctions with the same combination of flavor and Momentum.t.
val dictionary : amplitudes — amplitude — wf — int

(color_factors a).(c1).(c2) power of N¢ for the given product of color flows.
val color_factors : amplitudes — Color.Flow.factor array array

A description of optional diagram selectors.

val constraints : amplitudes — string option
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end

module type Multi_Maker = functor (Fusion_Maker : Maker) —
functor (P : Momentum.T) —
functor (M : Model. T) —
Multi with type flavor = M .flavor
and type amplitude = Fusion_Maker(P)(M).amplitude
and type fusion = Fusion_Maker(P)(M).fusion
and type wf = Fusion_Maker(P)(M).wf
and type selectors = Fusion_Maker(P)(M).selectors

module Multi : Multi_Maker

8.1.2 Tags

It appears that there are useful applications for tagging couplings and wave functions, e. g. skeleton expansion
and diagram selections. We can abstract this in a Tags signature:

module type Tags =
sig
type wf
type coupling
type a children
val null_wf : wf
val null_coupling : coupling
val fuse : coupling — wf children — wf
val wf _to_string : wf — string option
val coupling_to_string : coupling — string option
end

module type Tagger =
functor (PT : Tuple.Poly) — Tags with type « children = « PT.t

module type Tagged_Maker =
functor (Tagger : Tagger) —
functor (P : Momentum.T) — functor (M : Model. T) —
T with type p = P.t
and type flavor = Colorize. It(M).flavor
and type flavor_sans_color = M .flavor
and type constant = M .constant

module Tagged_Binary : Tagged_Maker

8.2  Implementation of Fusion

module type T =

sig
val options : Options.t
type wf
val conjugate : wf — wf
type flavor

type flavor_sans_color

val flavor : wf — flavor

val flavor_sans_color : wf — flavor_sans_color
type p

val momentum : wf — p

val momentum_list : wf — int list
val wf_tag : wf — string option
type constant

type coupling

type rhs

type a children

val sign : rhs — int
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val coupling : rhs — constant Coupling.t
val coupling_tag : rhs — string option

type exclusions
val no_exclusions :

exclusions

val children : rhs — wf list

type fusion

val lhs : fusion
val rhs : fusion
type braket

val bra : braket —
val ket : braket —
type amplitude

type amplitude_sans
type selectors

%
%

wf
rhs list

wf
rhs list

_color

val amplitudes : bool — exclusions — selectors —

flavor_sans_color list — flavor_sans_color list — amplitude list
bool — exclusions — selectors —

flavor _sans_color list — flavor_sans_color list — amplitude_sans_color
val dependencies : amplitude — wf — (wf, coupling) Tree2.t

val amplitude_sans_color :

val incoming : amplitude — flavor list
val outgoing : amplitude — flavor list
val externals : amplitude — wf list

val variables : amplitude — wf list

val fusions : amplitude — fusion list

val brakets : amplitude — braket list

val on_shell : amplitude — (wf — bool)
val is_gauss : amplitude — (wf — bool)
val constraints : amplitude — string option
val symmetry : amplitude — int

val allowed : amplitude — bool

val initialize_cache :
val set_cache_name :

val check_charges :
val count_fusions :

string —  unit

string —  unit

unit — flavor_sans_color list list
amplitude — int

val count_propagators : amplitude — int

val count_diagrams :
val forest : wf — amplitude — ((wf X coupling option, wf) Tree.t) list

amplitude — int

val poles : amplitude — wf list list
val s_channel : amplitude — wf list

val tower_to_dot :

out_channel — amplitude — unit

val amplitude_to_dot : out_channel — amplitude — unit

val phase_space_channels :
val phase_space_channels_flipped

end

module type Maker =

functor (P : Momentum.T) — functor (M : Model.T) —

T with type p =
and type flavor =

P.t
Colorize It(M).flavor

and type flavor_sans_color = M .flavor

and type constant
and type selectors

module type Stat =
sig
type flavor
type stat
exception Impossible
val stat : flavor —

= M .constant
= Cascade.Make(M)(P).selectors

8.2.1 Fermi Statistics

nt — stat
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val stat_fuse :
Coupling.fermion_lines option — stat list — flavor — stat
val stat_keystone :
Coupling.fermion_lines option — stat list — flavor — stat
val stat_sign : stat — int
(* debugging ... x)
val stat_to_string : stat — string
val equal : stat — stat — bool
val complete : stat — bool
end

module type Stat-Maker = functor (M : Model. T) —
Stat with type flavor = M .flavor

8.2.2 Dirac Fermions

exception Majorana

module Stat_Dirac (M : Model.T) : (Stat with type flavor = M.flavor) =
struct
type flavor = M .flavor

Wb (1) M (2)71(3) — 7, (3) G* $(2) 1 1b(1) (8.4)

type stat =
| Fermion of int x (int option X int option) list
| AntiFermion of int x (int option X int option) list
| Boson of (int option X int option) list

let lines_to_string lines =
ThoList.to_string

(function
| Some i, Some j — Printf.sprintf "%d>%d" i j
| Some i, None — Printf.sprintf "%hd>*" i
| None, Some j — Printf.sprintf "*>%d" j
| None, None — "*>x")
lines

let stat_to_string = function
| Boson lines — Printf.sprintf "Boson, %s" (lines_to_string lines)
| Fermion (p, lines) —
Printf.sprintf "Fermion,, (%d, %s)" p (lines_to_string lines)
| AntiFermion (p, lines) —
Printf.sprintf "AntiFermion, (%d, %s)" p (lines_to_string lines)

let equal s1 s2 =
match s, s2 with
| Boson 1, Boson 12 —
List.sort compare 11 = List.sort compare 12
| Fermion (p1, 11), Fermion (p2, 12)
| AntiFermion (p1, 1), AntiFermion (p2, 12) —
pl = p2 A List.sort compare lI = List.sort compare 12

| - — false

let complete = function
| Boson - — true
| - — false

let stat f p =

match M.fermion f with

| 0 — Boson []

| 1 — Fermion (p, [])

| —1 — AntiFermion (p, [])
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| 2 — raise Majorana
| - — 4nvalid_arg "Fusion.Stat_Dirac: invalid fermion number"

exception Impossible

let stat_fuse_pair_legacy f s1 s2 =
match sI, s2 with
| Boson 1, Boson 12 — Boson (11 @ [2)
| Boson l1, Fermion (p, 12) — Fermion (p, lI @ [2)
| Boson U1, AntiFermion (p, 12) — AntiFermion (p, 11 @ [2)
| Fermion (p, 1), Boson 12 — Fermion (p, 11 Q [2)
| AntiFermion (p, l1), Boson 12 — AntiFermion (p, 11 @ [2)
| AntiFermion (pbar, 11), Fermion (p, 12) —
Boson ((Some pbar, Some p) :: 11 Q [2)
| Fermion (p, 1), AntiFermion (pbar, 12) —
Boson ((Some pbar, Some p) :: 11 @ [2)
| Fermion _, Fermion _ | AntiFermion _, AntiFermion - —
raise Impossible

let stat_fuse_legacy s1 s23__n f =
List.fold _right (stat_fuse_pair_legacy f) s23__n s1

let stat-fuse_legacy_logging sl s23__n f =

let s = stat_fuse_legacy s1 s23__n f in

Printf .eprintf
"Fusion.Stat_Dirac.stat_fuse_legacy: ksu<-yuhsu—>u%s\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (s1 :: s23__n))
(stat_to_string s);

s

module IMap = Map.Make (struct type t = int let compare = compare end)

type partial =
{ stat : stat;
fermions : int IMap.t;
antifermions : int IMap.t;
n o oint }

let partial_to_string p =
Printf .sprintf
"n =,%d, fermions = %s,antifermions = %s, stat_ = %s"
p.n
(ThoList.to_string
(fun (i, f) — Printf.sprintf "%de%d" f i)
(IMap.bindings p.fermions))
(ThoList.to_string
(fun (i, f) — Printf.sprintf "%de%d" f i)
(IMap.bindings p.antifermions))
(stat_to_string p.stat)

let add_lines | = function
| Boson I’ — Boson (List.rev_append 1 1)
| Fermion (n, ') — Fermion (n, List.rev_append 1)
| AntiFermion (n, ') — AntiFermion (n, List.rev_append [ 1)

let partial_of _slist slist =
List.fold _left
(fun acc s —
let n = succ acc.n in
match s with
| Boson | —
{ acc with
stat = add_-lines | acc.stat;
n}

| Fermion (p, 1) —
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{ acc with
fermions = IMap.add n p acc.fermions;
stat = add_lines | acc.stat;

n }

| AntiFermion (p, 1) —

{ acc with
antifermions = IMap.add n p acc.antifermions;
stat = add_lines | acc.stat;

n})
{ stat = Boson [];
fermions = IMap.empty;
antifermions = IMap.empty;
n =20}
slist

let find_opt p map =
try Some (IMap.find p map) with Not_found — None

let match_fermion_line p (i, j) =
if i < pn A j < p.nthen

match find_opt i p.fermions, find_opt j p.antifermions with

| (Some _ as f), (Some _ as fbar) —
{ p with
stat add_lines [fbar, f] p.stat;
fermions = IMap.remove i p.fermions;

antifermions = IMap.remove j p.antifermions }
| - —

invalid_arg "match_fermion_line: mismatch"
else if i < p.n then

match find_opt i p.fermions, p.stat with
| Some f, Boson | —

{ p with
stat = Fermion (f, 1);
fermions = IMap.remove i p.fermions }
| - —

invalid_arg "match_fermion_line: mismatch"
else if j < p.n then

match find_opt j p.antifermions, p.stat with
| Some fbar, Boson I —
{ p with
stat = AntiFermion (fbar, );
antifermions = IMap.remove j p.antifermions }
| - —

invalid_arg "match_fermion_line: mismatch"
else

failwith "match_fermion_line: impossible"

let match_fermion_line_logging p (i, j) =
Printf .eprintf
"Fusion.match_fermion_line <<<_ %su(%d, %d)\n"
(partial _to_string p) i j;
let p' = match_fermion_line p (i, j) in
Printf .eprintf
"Fusion.match_fermion_line >>> J%s\n"
(partial _to_string p');

/

p

let match_fermion_lines flines s1 s23__n
let p = partial_of _slist (s1 :: s23__n) in
List.fold_left match_fermion_line p flines

let stat_fuse_new flines s1 s23__n f =
(match_fermion_lines flines s1 s23__n).stat
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let stat_fuse_new_checking flines s1 s25__n f =

let stat = stat_fuse_new flines s1 s23__n f in
if List.length flines < 2 then
begin

let legacy = stat-fuse_legacy s1 s23__n f in
if = (equal stat legacy) then
failwith
(Printf .sprintf
"Fusion.Stat_Dirac.stat_fuse_new: Js,<>_%s!"
(stat_to_string stat)
(stat_to_string legacy))
end;
stat

let stat-fuse_new_logging flines s1 s23__n f =
Printf .eprintf
"Fusion.Stat_Dirac.stat_fuse_new: \
Luuuuuuuuconnecting fermion lines %sying sy, <-u%s\n"
(UFO__Lorentz.fermion_lines_to_string flines)
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (sl :: s23__n));
stat_fuse_new_checking flines s1 s23__n f

let stat_fuse flines_opt slist [ =
match slist with
| [] — invalid_arg "Fusion.Stat_Dirac.stat_fuse: empty"
| s1 = s23_._n —
begin match flines_opt with
| Some flines — stat_fuse_new flines s1 s23__n f
| None — stat_fuse_legacy s1 s23__n f
end

let stat_fuse_logging flines_opt slist f =
Printf .eprintf
"Fusion.Stat_Dirac.stat_fuse: %su<-u%s\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string slist);
stat_fuse flines_opt slist f

let stat_keystone_legacy s1 s23__n f =
let s2 = List.hd s23__n
and s34 _-_n = List.tl s23__n in
stat_fuse_legacy sl [stat_fuse_legacy s2 s34 __n (M.conjugate f)] f

let stat_keystone_legacy-logging s1 s25__n f =

let s = stat_keystone_legacy s1 s23__n f in

Printf .eprintf
"Fusion.Stat_Dirac.stat_keystone_legacy: %su(%s)u%hs,—>%s\n"
(stat_to_string s1)
(M .flavor _to_string f)
(ThoList.to_string stat_to_string s23__n)
(stat_to_string s);

s

let stat_keystone flines_opt slist f =
match slist with
| [] — invalid_arg "Fusion.Stat_Dirac.stat_keystone: empty"
| s1 = s23_._n —
begin match flines_opt with
| None — stat_keystone_legacy sl s23__n f
| Some flines —

let stat = stat_fuse_new flines s1 s23__n f in
if complete stat then
stat
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Figure 8.1: Relative sign from Fermi statistics.

else
failwith
(Printf .sprintf
"Fusion.Stat_Dirac.stat_keystone: incomplete %s!"
(stat_to_string stat))
end

€({(0,1),(2,3)}) = —e({(0,3), (2, 1)}) (8.5)

let permutation lines =
let fout, fin = List.split lines in
let eps_in, - = Combinatorics.sort_signed fin
and eps_out, - = Combinatorics.sort_signed fout in
(eps_in X eps_out)

This comparing of permutations of fermion lines is a bit tedious and takes a macroscopic fraction of time.
However, it’s less than 20 %, so we don’t focus on improving on it yet.

let stat_sign = function
| Boson lines — permutation lines
| Fermion (p, lines) — permutation ((None, Some p) :: lines)
| AntiFermion (pbar, lines) — permutation ((Some pbar, None) :: lines)

end

8.2.5 Tags

module type Tags =
sig
type wf
type coupling
type a children
val null_wf : wf
val null_coupling : coupling
val fuse : coupling — wf children — wf
val wf_to_string : wf — string option
val coupling_to_string : coupling — string option
end

module type Tagger =
functor (PT : Tuple.Poly) — Tags with type « children = o PT.t

module type Tagged_Maker =
functor (Tagger : Tagger) —
functor (P : Momentum.T) — functor (M : Model. T) —
T with type p = P.t
and type flavor = Colorize. It(M).flavor
and type flavor_sans_color = M .flavor
and type constant = M .constant

No tags is one option for good tags ...

module No_Tags (PT : Tuple.Poly) =
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struct
type wf = unit
type coupling = wunit

type a children = « PT.t

let null_wf = ()

let null_coupling = ()

let fuse () - = ()

let wf _to_string () = None

let coupling_to_string () = None
end

@ Here’s a simple additive tag that can grow into something useful for loop calculations.

module Loop_Tags (PT : Tuple.Poly) =
struct
type wf = int
type coupling = 1int
type a children = « PT.t
let null_wf = 0
let null_coupling = 0
let fuse ¢ wfs = PT.fold_left (+) c wfs
let wf _to_string n = Some (string_of _int n)
let coupling_to_string n = Some (string-of —int n)
end

module Order_Tags (PT : Tuple.Poly) =
struct
type wf = int
type coupling = int
type a children = « PT.t
let null_wf = 0
let null_coupling = 0
let fuse ¢ wfs = PT.fold_left (+) ¢ wfs
let wf _to_string n = Some (string_of _int n)
let coupling_to_string n = Some (string-of —int n)
end

8.2.4 Tagged, the Fusion.Make Functor

module Tagged (Tagger : Tagger) (PT : Tuple.Poly)
(Stat : Stat_Maker) (T : Topology.T with type « children = « PT.t)
(P : Momentum.T) (M : Model. T) =
struct

type cache_mode = Cache_Use | Cache_Ignore | Cache_Overwrite
let cache_option = ref Cache_Ignore
type ged_order =
| QCD_order of int
type ew_order =
| EW _order of int
let ged_order = ref (QCD_order 99)
let ew_order = ref (EW _order 99)

let options = Options.create
[ "ignore-cache", Arg.Unit (fun () — cache_option := Cache_Ignore),
"Lignore cached, model jtables (default)";
"use-cache", Arg.Unit (fun () — cache_option := Cache_Use),
" usecached model tables";
"overwrite-cache", Arg.Unit (fun () — cache_option = Cache_Ouverwrite),
" overwrite cached model tables";
"qed", Arg.Int (fun n — qcd_order := QCD_order n),

112



Implementation of Fusion

"usetuQCDuorderunu [>=|_|0 N udefaultu=|_|99] U (ignored) " N
"ew", Arg.Int (fun n — ew_order := EW _order n),
" set QCD order n [>=0, default, =991 (ignored)"]

exception Negative_ QCD _order
exception Negative_ EW _order
exception Vanishing - couplings
exception Negative_ QCD_EW _orders

let int_orders =
match !gcd_order, lew_order with
| QCD_order n, EW _order n’ whenn < 0 A n’
raise Negative_ QCD _order
| QCD_order n, EW _order n' whenn > 0 A n/ < 0 —
raise Negative_ EW _order
| QCD_order n, EW _order n’ whenn < 0 A n/ < 0 —
raise Negative_ QCD_EW _orders
| QCD_order n, EW _order n' — (n,

vV
o
i

:\

open Coupling
module S = Stat(M)

type stat = S.stat
let stat = S.stat
let stat_sign = S.stat_sign

@ This will do something for 4-, 6-, ... fermion vertices, but not necessarily the right thing ...

@ This is copied from Colorize and should be factored!

@ In the long run, it will probably be beneficial to apply the permutations in Modeltools.add -vertezn!

module PosMap =
Partial. Make (struct type t = int let compare = compare end)

let partial_map_undoing_permutation | ' =
let module P = Permutation.Default in
let p = P.of_list (List.map pred ') in
PosMap.of _lists | (P.list p 1)

let partial—map_undoing_fuse fuse =
partial —map _undoing_permutation
(ThoList.range 1 (List.length fuse))
fuse

let undo_permutation_of _fuse fuse =
PosMap.apply _with_fallback
(fun - — idnvalid_arg "permutation_of_fuse")
(partial—map _undoing - fuse fuse)

let fermion_lines = function
| Coupling. V3 _ | Coupling.V4 - — None
| Coupling. Vn (Coupling. UFO (-, -, _, fl, _), fuse, _) —

Some (UFO_Lorentz.map_fermion_lines (undo_permutation_of _fuse fuse) fl)

type constant = M .constant

Wave Functions

@ The code below is not yet functional. Too often, we assign to Tags.null_wf instead of calling Tags.fuse.

We will need two types of amplitudes: with color and without color. Since we can build them using the same
types with only flavor replaced, it pays to use a functor to set up the scaffolding.
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module Tags = Tagger(PT)

In the future, we might want to have Coupling among the functor arguments.
Coupling is assumed to be comprehensive.

module type Tagged_-Coupling =
sig
type sign = nt
type t =
{ sign : sign;
coupling : constant Coupling.t;
coupling_tag : Tags.coupling }
val sign : t — sign
val coupling : t — constant Coupling.t
val coupling_tag : t — string option
end

module Tagged_Coupling : Tagged_Coupling =

struct
type sign = nt
type t =
{ sign : sign;
coupling : constant Coupling.t;
coupling_tag : Tags.coupling }
let stign ¢ = c.sign
let coupling ¢ = c.coupling
let coupling_tag_-raw ¢ = c.coupling_tag
let coupling_tag rhs = Tags.coupling_to_string (coupling_tag_raw rhs)
end

Amplitudes: Monochrome and Colored

module type Amplitude =
sig
module Tags : Tags

type flavor
type p

type wf =
{ flavor : flavor;
momentum : p;
wf_tag : Tags.wf }

val flavor : wf — flavor

val conjugate : wf — wf

val momentum : wf — p

val momentum_list : wf — int list

val wf_tag : wf — string option

val wf _tag_raw : wf — Tags.wf

val order_wf : wf — wf — int

val external_wfs : int — (flavor x int) list — wf list

type a children

type coupling = Tagged_Coupling.t

type ths = coupling X wf children

val sign : rhs — int

val coupling : rhs — constant Coupling.t
val coupling_tag : rhs — string option
type exclusions

val no_exclusions : exclusions

val children : rhs — wf list
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type fusion = wf X rhs list
val ths : fusion — wf
val rhs : fusion — rhs list

type braket = wf X rhs list
val bra : braket — wf
val ket : braket — rhs list

module D :
DAG.T with type node = wf and type edge = coupling and type children = wf children

val wavefunctions : braket list — wf list

type amplitude =

{ fusions : fusion list;
brakets : braket list;
on_shell : (wf — bool);
is_gauss : (wf — bool);
constraints : string option;
incoming : flavor list;
outgoing : flavor list;
externals : wf list;
symmetry : int;
dependencies : (wf — (wf, coupling) Tree2.t);
fusion_tower : D.t;
fusion_dag : D.t }

val incoming : amplitude — flavor list

val outgoing : amplitude — flavor list

val externals : amplitude — wf list

val variables : amplitude — wf list

val fusions : amplitude — fusion list

val brakets : amplitude — braket list

val on_shell : amplitude — (wf — bool)
val is_gauss : amplitude — (wf — bool)
val constraints : amplitude — string option
val symmetry : amplitude — int

val dependencies : amplitude — wf — (wf, coupling) Tree2.t
val fusion_dag : amplitude — D.t

end

module Amplitude (PT : Tuple.Poly) (P : Momentum.T) (M : Model.T) :
Amplitude
with type p = P.t
and type flavor = M.flavor
and type « children = « PT.t
and module Tags = Tags =
struct

type flavor = M .flavor
typep = P.t

module Tags = Tags

type wf =
{ flavor : flavor;
momentum : p;
wf_tag : Tags.wf }

let flavor wf = wf.flavor

let conjugate wf = { wf with flavor = M .conjugate wf.flavor }
let momentum wf = wf.momentum

let momentum_list wf = P.to_ints wf.momentum

let wf_tag wf = Tags.wf _to_string wf.wf _tag

let wf_tag_raw wf = wf.wf_tag
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let external_wfs rank particles =
List.map
(fun (f, p) —
{ flavor = f;
momentum = P.singleton rank p;
wf_tag = Tags.null_wf })
particles

Order wavefunctions so that the external come first, then the pairs, etc. Also put possible Goldstone bosons
before their gauge bosons.

let lorentz_ordering f =
match M .lorentz f with
| Coupling.Scalar — 0
| Coupling.Spinor — 1
| Coupling.ConjSpinor — 2
| Coupling. Majorana — 3
| Coupling. Vector — 4
| Coupling. Massive_ Vector — 5
| Coupling. Tensor_2 — 6
| Coupling. Tensor_1 — 7
| Coupling. Vectorspinor — 8
| Coupling. BRS Coupling.Scalar — 9
| Coupling. BRS Coupling.Spinor — 10
| Coupling. BRS Coupling.ConjSpinor — 11
| Coupling. BRS Coupling. Majorana — 12
| Coupling. BRS Coupling. Vector — 13
| Coupling. BRS Coupling. Massive_ Vector — 14
| Coupling. BRS Coupling. Tensor_2 — 15
| Coupling. BRS Coupling.Tensor_1 — 16
| Coupling. BRS Coupling. Vectorspinor — 17
| Coupling. BRS - — invalid_arg "Fusion.lorentz_ordering: not needed"
| Coupling. Maj_Ghost — 18

let order_flavor f1 f2 =

let ¢ = compare (lorentz_ordering f1) (lorentz_ordering f2) in
if ¢ # 0 then

c
else

compare f1 f2

Note that Momentum().compare guarantees that wavefunctions will be ordered according to increasing Momentum().rank
of their momenta.

let order_wf wfl wf2 =

let ¢ = P.compare wfl.momentum wf2.momentum in
if ¢ # 0 then

c
else

let ¢ = order_flavor wfl.flavor wf2.flavor in

if ¢ # 0 then

¢
else

compare wfl.wf _tag wf2.wf _tag
This must be a pair matching the edge x node children pairs of DAG.Forest!

type coupling = Tagged_Coupling.t

type a children = o PT.t

type ths = coupling X wf children

let sign (¢, =) = Tagged_Coupling.sign c

let coupling (¢, -) = Tagged_Coupling.coupling c

let coupling_tag (¢, ) = Tagged_Coupling.coupling_tag c
type exclusions =
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{ z_flavors : flavor list;
x_couplings : coupling list }
let no_exclusions = { z_flavors = []; z_couplings = [] }
let children (-, wfs) = PT.to_list wfs

type fusion = wf X rhs list
let Ths (I, =) = 1
let vhs (-, 1) = r

type braket = wf x rhs list
let bra (b, -) = b
let ket (-, k) = k

module D = DAG.Make
(DAG.Forest(PT)
(struct type t = wf let compare = order_wf end)
(struct type t = coupling let compare = compare end))

module WESet =
Set.Make (struct type ¢t = wf let compare = order_wf end)

let wavefunctions brakets =
WFESet.elements (List.fold_left (fun set (wfl, wf23) —
WESet.add wfl (List.fold_left (fun set’ (=, wfs) —
PT.fold_right WFSet.add wfs set’) set wf23)) WFSet.empty brakets)

type amplitude =

{ fusions : fusion list;
brakets : braket list;
on_shell : (wf — bool);
is_gauss : (wf — bool);
constraints : string option;
incoming : flavor list;
outgoing : flavor list;
externals : wf list;
symmetry : nt;
dependencies : (wf — (wf, coupling) Tree2.t);
fusion_tower : D.t;
fusion_dag : D.t}

let incoming a = a.incoming

let outgoing a = a.outgoing

let externals a = a.externals

let fusions a = a.fusions

let brakets a = a.brakets

let symmetry a = a.symmetry

let on_shell a = a.on_shell

let is_gauss a = a.is_gauss

let constraints a = a.constraints

let variables a = List.map lhs a.fusions

let dependencies a = a.dependencies

let fusion_dag a = a.fusion_dag
end

module A = Amplitude(PT)(P)(M)
Operator insertions can be fused only if they are external.

let is_source wf =
match M .propagator wf.A.flavor with
| Only_Insertion — P.rank wf.A.momentum = 1
| - — true

is_goldstone_of g v is true if and only if g is the Goldstone boson corresponding to the gauge particle v.

let is_goldstone_of g v =
match M.goldstone v with
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| None — false
| Some (¢', -) = g = ¢

/

@ In the end, PT.to_list should become redudant!

let fuse_rhs rhs = M.fuse (PT.to_list rhs)

Vertices
Compute the set of all vertices in the model from the allowed fusions and the set of all flavors:

@ One could think of using M .vertices instead of M.fuse2, M.fuse3 and M.fuse ...

module VSet = Map.Make(struct type t = A.flavor let compare = compare end)

let add_vertices f rhs m =
VSet.add f (try rhs :: VSet.find f m with Not_found — [rhs]) m

let collect_vertices rhs =
List.fold _right (fun (fI, ¢) — add_vertices (M .conjugate f1) (¢, rhs))
(fuse_rhs rhs)

The set of all vertices with common left fields factored.

I used to think that constant initializers are a good idea to allow compile time optimizations. The down side
turned out to be that the constant initializers will be evaluated every time the functor is applied. Relying on
the fact that the functor will be called only once is not a good idea!

type vertices = (A.flavor x (constant Coupling.t x A.flavor PT.t) list) list

let vertices_nocache max_degree flavors : wvertices =
VSet.fold (fun f rhs v — (f, rhs) = v)
(PT.power_fold collect_vertices flavors VSet.empty) ||

Performance hack:

type verter_table =
((A.flavor x A.flavor x A.flavor) x constant Coupling.vertex3 x constant) list
x ((A.flavor x A.flavor x A.flavor x A.flavor)
x constant Coupling.vertex X constant) list
x (A.flavor list x constant Coupling.vertexn x constant) list

module VCache =
Cache.Make (struct type t = wvertex_table end) (struct type ¢ = wertices end)

let vertices_cache = ref None
let hash () = VCache.hash (M .vertices ())

Can we do better than the executable name provided by Config.cache_prefixr??? We need a better way to
avoid collisions among the caches for different models in the same program.

let cache_name =
ref (Config.cache_prefix = "." "~ Config.cache_suffiz)

let set_cache_name name =
cache_name = mname

let initialize_cache dir =

Printf .eprintf
",>>>_Initializing vertex table,%s._  This may take some time.. .,
'cache_name;

flush stderr;

VCache.write_dir (hash ()) dir !cache_name
(vertices_nocache (M .max_degree ()) (M.flavors()));

Printf.eprintf "done. <<<_\n"

let vertices mazx_degree flavors : wvertices =
match lvertices_cache with
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| None —
begin match !cache_option with
| Cache_Use —
begin match VCache.maybe_read (hash ()) !cache_name with
| VCache.Hit result — result
| VCache.Miss —

Printf .eprintf
"u>>>_Initializing vertex table %s.  This may take some_ time,...
lcache_name;

flush stderr;

let result = wertices_nocache max_degree flavors in

VCache.write (hash ()) !cache_name (result);

vertices_cache := Some result;

Printf.eprintf "done._ <<<_\n";

flush stderr;

result

| VCache.Stale file —

Printf .eprintf
"u>>>_Re-initializing ;stale vertex table %syin file ks. "
lcache_name file;

Printf.eprintf "This may, take some time... ";

flush stderr;

let result = wertices_nocache max_degree flavors in

VCache.write (hash ()) !cache_name (result);
vertices_cache := Some result;

Printf.eprintf "done. <<<_\n";

flush stderr;

result
end
| Cache_OQverwrite —

Printf .eprintf
"u>>>uOverwritinguvertexutableu%s .uuThis may take some time,. ..
'cache_name;

flush stderr;

let result = wertices_nocache max_degree flavors in

VCache.write (hash ()) !cache_name (result);

vertices_cache := Some result;

Printf.eprintf "done. <<<_\n";

flush stderr;

result
| Cache_Ignore —
let result = wertices_nocache max_degree flavors in
vertices_cache := Some result;
result
end

| Some result — result

Note that we must perform any filtering of the vertices after caching, because the restrictions must not influence
the cache (unless we tag the cache with model and restrictions).

let filter _vertices select_uvtz vertices =
List.fold _left
(fun ace (f, cfs) —
let f' = M.conjugate f in
let cfs =
List.filter
(fun (¢, fs) — select_vtx ¢ ' (PT.to_list fs))
cfs
in
match cfs with
| [] — acc

| cfs — (f, c¢fs) = acc)
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[] vertices

Partitions

Vertices that are not crossing invariant need special treatment so that they’re only generated for the correct
combinations of momenta.

NB: the crossing checks here are a bit redundant, because CM .fuse below will bring the killed vertices back
to life and will have to filter once more. Nevertheless, we keep them here, for the unlikely case that anybody
ever wants to use uncolored amplitudes directly.

NB: the analogous problem does not occur for select_wf, because this applies to momenta instead of vertices.

This approach worked before the colorize, but has become futile, because CM .fuse will bring the killed
vertices back to life. We need to implement the same checks there again!!!

@ Using PT.Mismatched_arity is not really good style . ..

Tho’s approach doesn’t work since he does not catch charge conjugated processes or crossed processes.
Another very strange thing is that O’Mega seems always to run in the q2 g3 timelike case, but not in the
other two. (Property of how the DAG is built?). For the ZZZZ vertex I add the same vertex again, but
interchange 1 and 3 in the crossing vertex

let kmatriz_-cuts ¢ momenta =
match ¢ with
| V4 (Vectorq -K _Matriz_tho (disc, -), fusion, _)
| V4 (Vectors K _Matriz_jr (disc, ), fusion, _) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; ¢3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P .Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F12 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F248 | F312 | F321 | F412 | F421)
0, false, false, true, (F31/ | F413 | F324 | F423 | F132 | F231 | F142 | F2{1) —
true
| 1, true, false, false, (F3/1 | F431 | F342 | F432)
| 1, false, true, false, (F134 | F143 | F234 | F243)
| 1, false, false, true, (F314 | F413 | F324 | F423) —
true
| 2, true, false, false, (F125 | F213 | F124 | F214)
| 2, false, true, false, (F312 | F321 | F412 | F421)
| 2, false, false, true, (F132 | F231 | F142 | F241) —
true
| 3, true, false, false, (F148 | F413 | F142 | F{12 | F321 | F2581 | F824 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (Vectors K _Matriz_cf _t0 (disc, -), fusion, _) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; q3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F124 | F214)
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| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F2{1) —
true
, true, false, false, (F341 | F431 | F342 | F432)
, false, true, false, (F134 | F143 | F234 | F248)
, false, false, true, (F314 | F413 | F324 | F423) —
true
, true, false, false, (F123 | F2158 | F124 | F214)
| 2, false, true, false, (F312 | F321 | F412 | F421)
false, false, true, (F132 | F231 | F142 | F2/1) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (Vector4 K _Matriz_cf _t1 (disc, -), fusion, -) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; ¢3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P .Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F12 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
, true, false, false, (F341 | F431 | F342 | F432)
| 1, false, true, false, (F134 | F143 | F234 | F243)
, false, false, true, (F314 | F413 | F324 | F423) —
true
true, false, false, (F123 | F2158 | F124 | F214)
false, true, false, (F'312 | F321 | F412 | F421)
false, false, true, (F132 | F231 | F142 | F241) —
true
3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
3, false, false, true, (F13/ | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (Vectors K _Matriz_cf _t2 (disc, -), fusion, _) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; ¢3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P .Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F12) | F21))
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F2{1) —
true
| 1, true, false, false, (F3/1 | F431 | F342 | F432)
| 1, false, true, false, (F134 | F143 | F234 | F243)
| 1, false, false, true, (F314 | F413 | F324 | F423) —
true
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| 2, true, false, false, (F123 | F213 | F124 | F214)
| 2, false, true, false, (F312 | F321 | F412 | F421)
| 2, false, false, true, (F152 | F231 | F142 | F241) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (Vector - K_Matriz_cf _t_rsi (disc, -), fusion, _) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; ¢2; ¢8] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F1253 | F213 | F124 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F914 | F/13 | F324 | F423 | F132 | F231 | F1J2 | F241) —
true
| 1, true, false, false, (F341 | F431 | F342 | F432)
| 1, false, true, false, (F1534 | F143 | F234 | F243)
| 1, false, false, true, (F314 | F413 | F324 | F423) —
true
| 2, true, false, false, (F123 | F213 | F124 | F214)
| 2, false, true, false, (F812 | F321 | F412 | F421)
| 2, false, false, true, (F152 | F231 | F142 | F241) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (Vector_-K_Matriz_cf -m0 (disc, -), fusion, _) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; ¢2; ¢8] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F124 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
, true, false, false, (F341 | F431 | F342 | F432)
| 1, false, true, false, (F1534 | F143 | F234 | F243)
, false, false, true, (F314 | F413 | F324 | F423) —
true
2, true, false, false, (F'123 | F213 | F124 | F214)
| 2, false, true, false, (F812 | F321 | F412 | F421)
2, false, false, true, (F'132 | F231 | F142 | F241) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —

—_

—
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true
| - — false
end
| V4 (Vectors K _Matriz_cf_-ml1 (disc, -), fusion, -) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q¢1; q2; q3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add ¢2 ¢3),
P.Scattering.timelike (P.add g1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F124 | F21})
| 0, false, true, false, (F1534 | F143 | F2534 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F3841 | F431 | F342 | F432)
| 1, false, true, false, (F184 | F143 | F234 | F243)
| 1, false, false, true, (F314 | F413 | F324 | F423) —
true
| 2, true, false, false, (F123 | F213 | F124 | F214)
| 2, false, true, false, (F312 | F321 | F412 | F421)
| 2, false, false, true, (F132 | F231 | F142 | F241) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F23/)
| 3, false, true, false, (F31/ | F3/1 | F21] | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F12/ | FJ21 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (Vectors K _Matriz_cf-m7 (disc, -), fusion, -) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [g1; ¢2; ¢8] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add ¢2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F841 | F431 | F842 | F432 | F123 | F213 | F124 | F21/)
| 0, false, true, false, (F1534 | F143 | F2534 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F'341 | F431 | F'342 | F432)
| 1, false, true, false, (F1584 | F143 | F234 | F243)
| 1, false, false, true, (F314 | F413 | F324 | F423) —
true
| 2, true, false, false, (F123 | F213 | F124 | F214)
| 2, false, true, false, (F'312 | F321 | F412 | F421)
| 2, false, false, true, (F132 | F231 | F142 | F241) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F23/)
| 3, false, true, false, (F31/ | F341 | F21] | F241 | F132 | F123 | F432 | F423)
3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| - — false
end
| V4 (DScalar2_Vector2_K _Matriz_ms (disc, -), fusion, ) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; q8] — (P.Scattering.timelike (P.add q1 ¢2),
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P.Scattering.timelike (P.add q2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F124 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F248 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F2{1) —
true
| 1, true, false, false, (F3/1 | F432 | F123 | F214)
| 1, false, true, false, (F134 | F243 | F312 | F421)
| 1, false, false, true, (F314 | F423 | F132 | F241) —
true
| 2, true, false, false, (F431 | F342 | F213 | F124)
| 2, false, true, false, (F143 | F234 | F321 | F412)
| 2, false, false, true, (F413 | F324 | F231 | F142) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F23/)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F1384 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| 4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
| 4, false, false, true, (F124 | F431 | F213 | F842) —
true
| 5, true, false, false, (F143 | F412 | F321 | F234)
| 5, false, true, false, (F314 | F241 | F132 | F423)
| 5, false, false, true, (F134 | F421 | F312 | F243) —
true
| 6, true, false, false, (F134 | F132 | F314 | F312 | F241 | F248 | F421 | F423)
| 6, false, true, false, (F2138 | F413 | F2531 | F431 | F124 | F324 | F142 | F342)
| 6, false, false, true, (F143 | F123 | F3/1 | F321 | FJ12 | F21] | F432 | F23)) —
true
| 7, true, false, false, (F184 | F312 | F421 | F243)
| 7, false, true, false, (F4158 | F231 | F142 | F324)
, false, false, true, (F143 | F321 | F412 | F4532) —
true
| 8, true, false, false, (F132 | F314 | F241 | F423)
| 8, false, true, false, (F213 | F431 | F124 | F342)
| 8, false, false, true, (F125 | F341 | F214 | F23) —
true
| - — false
end
| V4 (DScalar2_Vector2_m_0_K _Matriz_cf (disc, -), fusion, ) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q¢1; ¢2; q8] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F3/1 | F431 | F342 | F432 | F123 | F213 | F124 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F248 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F31/ | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F341 | F432 | F123 | F214)
| 1, false, true, false, (F134 | F243 | F312 | F421)
| 1, false, false, true, (F314 | F423 | F132 | F241) —
true
| 2, true, false, false, (F431 | F342 | F213 | F124)

EN|
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[\

, false, true, false, (F143 | F234 | F321 | F412)
, false, false, true, (F413 | F824 | F231 | F142) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | FJ21 | F312 | F213 | F342 | F243) —
true
| 4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
| 4, false, false, true, (F124 | F431 | F213 | F342) —
true
| 5, true, false, false, (F143 | F412 | F321 | F234)
| 5, false, true, false, (F814 | F241 | F132 | F423)
| 5, false, false, true, (F1534 | F421 | F312 | F243) —
true
| 6, true, false, false, (F134 | F132 | F314 | F312 | F241 | F243 | F421 | F423)
| 6, false, true, false, (F213 | F413 | F2531 | F431 | F124 | F324 | F142 | F342)
| 6, false, false, true, (F143 | F123 | F341 | F521 | F412 | F21) | F432 | F234) —
true
| 7, true, false, false, (F1534 | F312 | F421 | F243)
| 7, false, true, false, (F413 | F231 | F142 | F324)
| 7, false, false, true, (F143 | F321 | F412 | F432) —
true
| 8, true, false, false, (F152 | F314 | F241 | F423)
| 8, false, true, false, (F213 | F431 | F124 | F342)
| 8, false, false, true, (F123 | F341 | F214 | F234) —
true
| - — false
end
| V4 (DScalar2_Vector2_m_1_K _Matriz_cf (disc, _), fusion, ) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; q3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add ¢2 q3),
P.Scattering.timelike (P.add g1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F452 | F123 | F213 | F124 | F214)
| 0, false, true, false, (F1584 | F143 | F2534 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F3/1 | F432 | F123 | F214)
| 1, false, true, false, (F134 | F243 | F312 | F421)
| 1, false, false, true, (F314 | F423 | F132 | F2/1) —
true
| 2, true, false, false, (F431 | F342 | F213 | F124)
| 2, false, true, false, (F143 | F234 | F321 | F412)
| 2, false, false, true, (F413 | F324 | F231 | F142) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F324 | F23})
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | FJ21 | F312 | F213 | F342 | F243) —
true
4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
4, false, false, true, (F124 | F431 | F218 | F342) —
true
| 5, true, false, false, (F143 | F412 | F321 | F234)
| b, false, true, false, (F'314 | F241 | F132 | F423)
| b, false, false, true, (F154 | F421 | F312 | F2/3) —

[\
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true
| 6, true, false, false, (F134 | F132 | F31/ | F312 | F241 | F243 | F421 | F{23)
| 6, false, true, false, (F218 | F413 | F2531 | F431 | F124 | F32/ | F142 | F342)
| 6, false, false, true, (F143 | F129 | F3/1 | F321 | F412 | F214 | F432 | F23}) —
true
| 7, true, false, false, (F134 | F312 | F421 | F243)
| 7, false, true, false, (F418 | F231 | F142 | F32/4)
| 7, false, false, true, (F148 | F321 | F412 | F432) —
true
| 8, true, false, false, (F1532 | F314 | F241 | F423)
| 8, false, true, false, (F213 | F431 | F124 | F342)
| 8, false, false, true, (F123 | F341 | F214 | F234) —
true
| - — false
end
| V4 (DScalar2_Vector2_m_7_K _Matriz_cf (disc, _), fusion, ) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; ¢2; ¢8] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P.Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F841 | F431 | F842 | F432 | F1253 | F213 | F124 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F914 | F/13 | F324 | FJ23 | F132 | F231 | F142 | F241) —
true
| 1, true, false, false, (F841 | F432 | F123 | F21/)
| 1, false, true, false, (F1534 | F243 | F312 | F421)
| 1, false, false, true, (F314 | F423 | F132 | F2/1) —
true
| 2, true, false, false, (F431 | F342 | F213 | F124)
| 2, false, true, false, (F148 | F234 | F321 | F{12)
| 2, false, false, true, (F4158 | F324 | F231 | F142) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F32} | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| 4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
| 4, false, false, true, (F124 | F431 | F213 | F342) —
true
, true, false, false, (F143 | F412 | F321 | F234)
| 5, false, true, false, (F314 | F241 | F132 | F423)
, false, false, true, (F134 | F421 | F312 | F243) —
true
| 6, true, false, false, (F134 | F132 | F314 | F312 | F241 | F243 | F421 | F423)
| 6, false, true, false, (F2138 | F413 | F2531 | F431 | F124 | F32/ | F142 | F342)
| 6, false, false, true, (F143 | F123 | F341 | F321 | F412 | F21/ | F432 | F23) —
true
| 7, true, false, false, (F13 | F312 | F421 | F243)
| 7, false, true, false, (F413 | F231 | F142 | F324)
| 7, false, false, true, (F143 | F321 | F412 | F432) —
true
| 8, true, false, false, (F152 | F314 | F241 | F423)
| 8, false, true, false, (F213 | F431 | F124 | F342)
| 8, false, false, true, (F123 | F341 | F214 | F234) —
true
| - — false

(@1
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end
| V4 (DScalar/ -K _Matriz_ms (disc, ), fusion, _) —
let s12, s23, s13 =
begin match PT.to_list momenta with
| [q1; q2; ¢3] — (P.Scattering.timelike (P.add q1 ¢2),
P.Scattering.timelike (P.add q2 ¢3),
P .Scattering.timelike (P.add q1 ¢3))
| - — raise PT.Mismatched_arity
end in
begin match disc, s12, s23, s13, fusion with
| 0, true, false, false, (F341 | F431 | F342 | F432 | F123 | F213 | F12 | F214)
| 0, false, true, false, (F134 | F143 | F234 | F243 | F312 | F321 | F412 | F421)
| 0, false, false, true, (F314 | F413 | F324 | F423 | F132 | F231 | F142 | F2{1) —
true
| 3, true, false, false, (F143 | F413 | F142 | F412 | F321 | F231 | F32} | F234)
| 3, false, true, false, (F314 | F341 | F214 | F241 | F132 | F123 | F432 | F423)
| 3, false, false, true, (F134 | F431 | F124 | F421 | F312 | F213 | F342 | F243) —
true
| 4, true, false, false, (F142 | F413 | F231 | F324)
| 4, false, true, false, (F214 | F341 | F123 | F432)
| 4, false, false, true, (F124 | F431 | F213 | F342) —
true
| b, true, false, false, (F148 | F412 | F321 | F23/)
| 5, false, true, false, (F314 | F241 | F132 | F423)
| 5, false, false, true, (F1534 | F421 | F312 | F243) —
true
| 6, true, false, false, (F134 | F132 | F314 | F312 | F241 | F243 | F421 | F423)
| 6, false, true, false, (F213 | F413 | F231 | F431 | F124 | F324 | F142 | F342)
| 6, false, false, true, (F143 | F123 | F341 | F321 | F412 | F21/ | F432 | F23}) —
true
| 7, true, false, false, (F1534 | F312 | F421 | F243)
| 7, false, true, false, (F413 | F231 | F142 | F324)
| 7, false, false, true, (F143 | F321 | F412 | F432) —
true
8, true, false, false, (F132 | F314 | F241 | F423)
| 8, false, true, false, (F213 | F431 | F124 | F342)
8, false, false, true, (F123 | F8/1 | F214 | F23}) —
true
| - — false
end
| - — true

Counting QCD and EW orders.

let qcd-ew_check orders =
if fst (orders) < fst (int_orders) A
snd (orders) < snd (int_orders) then
true
else
false

Match a set of flavors to a set of momenta. Form the direct product for the lists of momenta two and three
with the list of couplings and flavors two and three.

let flavor_keystone select_p dim (f1, f23) (p1, p23) =
({ A.flavor = f1;
A.momentum = P.of _ints dim pl;
Awf_tag = A.Tags.null_wf },
Product.fold2 (fun (¢, f) p acc —
try
let p’ = PT.map (P.of —ints dim) p in
if select_p (P.of _ints dim p1) (PT.to_list p') A kmatriz_cuts ¢ p’ then
(¢, PT.map2 (fun " p" — { A.flavor = f";

127



Implementation of Fusion

A.momentum = p";
Awf _tag = A.Tags.null_wf }) f p’) = acc
else
acc
with
| PT.Mismatched_arity — acc) f23 p23 [])

Produce all possible combinations of vertices (flavor keystones) and momenta by forming the direct product.
The semantically equivalent Product.list2 (flavor_keystone select_wf n) vertices keystones with subsequent
filtering would be a very bad idea, because a potentially huge intermediate list is built for large models. E. g. for
the MSSM this would lead to non-termination by thrashing for 2 — 4 processes on most PCs.

let flavor _keystones filter select_p dim vertices keystones =
Product.fold2 (fun v k acc —
filter (flavor_keystone select_p dim v k) acc) vertices keystones []

Flatten the nested lists of vertices into a list of attached lines.

let flatten_keystones t =
ThoList.flatmap (fun (p1, p23) —
pl = (ThoList.flatmap (fun (-, rhs) — PT.to_list Ths) p23)) t

Subtrees

Fuse a tuple of wavefunctions, keeping track of Fermi statistics. Record only the the sign relative to the children.
(The type annotation is only for documentation.)

let fuse select_wf select_vtr wfss : (A.wf X stat x A.rhs) list =
if PT.for_all (fun (wf, ) — is_source wf) wfss then
try
let wfs, ss = PT.split wfss in
let flavors = PT.map A.flavor wfs
and momenta = PT.map A.momentum wfs
and wf-tags = PT.map A.wf_-tag-raw wfs in
let p = PT.fold_left_internal P.add momenta in
List.fold _left
(fun acc (f, ¢) —
if select_wf f p (PT.to_list momenta)
A select_vtx ¢ f (PT.to_list flavors)
A kmatriz_cuts ¢ momenta then
(xlet = = Printf.eprintf "Fusion.fuse: %su<-uhs\n" (M.flavor_to_string f) (ThoList.to_string M .flc

let s = S.stat_fuse (fermion_lines c) (PT.to_list ss) f in

let flip =

PT.fold_left (fun acc s’ — acc x stat_sign s') (stat_sign s) ss in
({ A.flavor = f;

A.momentum = p;

Awf _tag = A.Tags.null_wf }, s,
({ Tagged_Coupling.sign = flip;
Tagged - Coupling.coupling = c;
Tagged - Coupling.coupling_tag = A.Tags.null_coupling }, wfs)) :: acc

else
acc)
[ (fuse_rhs flavors)
with
| P.Duplicate - | S.Impossible — []
else

[]

Eventually, the pairs of tower and dag in fusion_tower’ below could and should be replaced by a graded
DAG. This will look like, but currently tower containts statistics information that is missing from dag:

Type node = flavor * p is not compatible with type wf * stat
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This should be easy to fix. However, replacing type t = wf with type t = wf X stat is not a good idea
because the variable stat makes it impossible to test for the existance of a particular wf in a DAG.

@ In summary, it seems that (wf x stat) list array x A.D.t should be replaced by (wf — stat) x A.D.t.

module GF =
struct
module Nodes =
struct
type t = A.wf
module G = struct type t = int let compare = compare end
let compare = A.order_wf
let rank wf = P.rank wf.A.momentum
end
module Fdges = struct type t = A.coupling let compare = compare end

module F' = DAG.Forest(PT)(Nodes)(Edges)
type node = Nodes.t
type edge = F.edge
type children = F.children
typet = F.t
let compare = F.compare
let for_all = F.for_all
let fold = F.fold
end

module D’ = DAG.Graded(GF)

let tower_of _dag dag =
let -, maz_rank = D’.min_maz_rank dag in
Array.init max_rank (fun n — D’.ranked n dag)

The function fusion_tower’ recursively builds the tower of all fusions from bottom up to a chosen level. The
argument tower is an array of lists, where the i-th sublist (counting from 0) represents all off shell wave functions
depending on ¢ + 1 momenta and their Fermistatistics.

{p1(p1), P2(p2), #3(p3),- - .}
{p12(p1 + p2), Pra(p1 + p2), .., d13(P1 + p3), - .., P23(p2 + p3), ...},

{(;51...“(]?1 + - +pn)7 (b/ln(pl + - +pn)7 s }

The argument dag is a DAG representing all the fusions calculated so far. NB: The outer array in tower is
always very short, so we could also have accessed a list with List.nth. Appending of new members at the end
brings no loss of performance. NB: the array is supposed to be immutable.

The towers must be sorted so that the combinatorical functions can make consistent selections.

Intuitively, this seems to be correct. However, one could have expected that no element appears twice and
that this ordering is not necessary ...

let grow select_wf select_vtx tower =
let rank = succ (Array.length tower) in
List.sort Pervasives.compare
(PT.graded -sym_power_fold rank
(fun wfs acc — fuse select_wf select_vtx wfs @ acc) tower [])

let add_offspring dag (wf, -, rhs) =
A.D.add_offspring wf rhs dag

let filter _offspring fusions =
List.map (fun (wf, s, -) — (wf, s)) fusions

let rec fusion_tower’ n_max select_wf select_vtx tower dag : (A.wf X stat) list array x A.D.t =
if Array.length tower > n_max then
(tower, dag)
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else
let tower’ = grow select_wf select_vtx tower in
fusion_tower’ n_maz select_wf select_uvtz
(Array.append tower [|filter offspring tower'|])
(List.fold_left add_offspring dag tower’)

Discard the tower and return a map from wave functions to Fermistatistics together with the DAG.

let make_external_dag wfs =
List.fold_left (fun m (wf, -) — A.D.add-node wf m) A.D.empty wfs

let mized_fold_left f acc lists =
Array.fold_left (List.fold_left f) acc lists

module Stat_Map =
Map.Make (struct type t = A.wf let compare = A.order_wf end)

let fusion_tower height select_wf select_vtx wfs : (A.wf — stat) x A.D.t =
let tower, dag =
fusion_tower’ height select_wf select_vtx [|wfs|] (make_external_dag wfs) in
let stats = mixed_fold_left
(fun m (wf, s) — Stat_Map.add wf s m) Stat_Map.empty tower in
((fun wf — Stat_-Map.find wf stats), dag)

Calculate the minimal tower of fusions that suffices for calculating the amplitude.

let minimal _fusion_tower n select_wf select_vtx wfs : (A.wf — stat) x A.D.t =
fusion_tower (T.max_subtree n) select_wf select_vtx wfs

Calculate the complete tower of fusions. It is much larger than required, but it allows a complete set of gauge
checks.

let complete_fusion_tower select_wf select_vtx wfs : (A.wf — stat) x A.D.t =
fusion_tower (List.length wfs — 1) select_wf select_vtx wfs

There is a natural product of two DAGs using fuse. Can this be used in a replacement for fusion_tower?
The hard part is to avoid double counting, of course. A straight forward solution could do a diagonal sum (in
order to reject flipped offspring representing the same fusion) and rely on the uniqueness in DAG otherwise.
However, this will (probably) slow down the procedure significanty, because most fusions (including Fermi
signs!) will be calculated before being rejected by DAG().add_offspring.

Add to dag all Goldstone bosons defined in tower that correspond to gauge bosons in dag. This is only required
for checking Slavnov-Taylor identities in unitarity gauge. Currently, it is not used, because we use the complete
tower for gauge checking.

let harvest_goldstones tower dag =
A.D.fold_nodes (fun wf dag’ —
match M.goldstone wf.A.flavor with
| Some (g, -) —
let wf’ = { wf with A.flavor = ¢ } in
if A.D.is_node wf' tower then begin
A.D.harvest tower wf’ dag’
end else begin
dag’
end
| None — dag’) dag dag

Calculate the sign from Fermi statistics that is not already included in the children.

let strip_fermion_lines = function
| (Coupling. V3 _ | Coupling.V4 _asv) — v
| Coupling. Vn (Coupling. UFO (¢, 1, s, fl, col), f, ©) —
Coupling. Vn (Coupling. UFO (c, 1, s, [], col), f, z)

let num_fermion_lines = function
| Coupling. V3 _ | Coupling.V4 - — 0
| Coupling. Vn (Coupling. UFO (c, 1, s, fl, col), f, ) — List.length fl
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let stat_keystone v stats wfl wfs =
let wfl’ = stats wfl
and wfs’ = PT.map stats wfs in
let f = A.flavor wfl in
let slist = PT.to_list wfs’ @ [wfl'] in

let stat = S.stat_keystone (fermion_lines v) slist f in
if num_fermion_lines v < 2 then
begin

let legacy = S.stat_keystone Nomne slist f in
if = (S.equal stat legacy) then
Jailwith
(Printf .sprintf
"Fusion.stat_keystone: %s, <>, ks!"
(S.stat_to_string legacy)
(S.stat_to_string stat));
if = (S.complete legacy) then
failwith
(Printf .sprintf
"Fusion.stat_keystone: legacy_incomplete: /%s!"
(S.stat_to_string legacy))
end;
if = (S.complete stat) then
failwith
(Printf .sprintf
"Fusion.stat_keystone: incomplete: %s!"
(S.stat_to_string stat));
stat_sign stat
x PT.fold_left (fun acc wf — acc X stat_sign wf) (stat_sign wfl') wfs’

let stat_keystone_logging v stats wfl wfs =
let sign = stat_keystone v stats wfl wfs in
Printf .eprintf
"Fusion.stat_keystone: %s * hsu—>u%kd\n"
(M .flavor _to_string (A.flavor wfl))
(ThoList.to_string
(fun wf — M.flavor_to_string (A.flavor wf))
(PT.to_list wfs))
stgn;
stgn
Test all members of a list of wave functions are defined by the DAG simultaneously:

let test_rhs dag (-, wfs) =
PT.for_all (fun wf — is_source wf N A.D.is_node wf dag) wfs
Add the keystone (wf1, pairs) to acc only if it is present in dag and calculate the statistical factor depending

on stats en passant:

let filter _keystone stats dag (wfl, pairs) acc =
if is_source wfl N A.D.is_node wfl dag then
match List.filter (test_rhs dag) pairs with
| [] — acc
| pairs’ — (wfl, List.map (fun (¢, wfs) —
({ Tagged_Coupling.sign = stat_keystone c stats wfl wfs;
Tagged - Coupling.coupling = c;
Tagged - Coupling.coupling_tag = A.Tags.null_coupling },
wfs)) pairs’) : acc
else
acc

Amplitudes

module C' = Cascade.Make(M)(P)
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al3

Figure 8.2: The DAGs for Bhabha scattering before and after weeding out unused nodes. The blatant
asymmetry of these DAGs is caused by our prescription for removing doubling counting for an even number of
external lines.
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Figure 8.3: The DAGs for ete™ — uJ/fD# before and after weeding out unused nodes.

Figure 8.4: The DAGs for ete™ — uddiu before and after weeding out unused nodes.
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type selectors = C.selectors

let external_wfs n particles =
List.map (fun (f, p) —
({ A.flavor = f;
A.momentum = P.singleton n p;
Awf _tag = A.Tags.null_wf },
stat f p)) particles

Main Function

module WEMap = Map.Make (struct type t = A.wf let compare = compare end)
map_amplitude_wfs f a applies the function f : wf — wf to all wavefunctions appearing in the amplitude a.

let map_amplitude_wfs f a =

let map_rhs (¢, wfs) = (¢, PT.map f wfs) in
let map_braket (wf, rhs) = (f wf, List.map map_rhs rhs)
and map_fusion (lhs, rhs) = (f lhs, List.map map_rhs rhs) in
let map_dag = A.D.map f (fun node rhs — map_rhs rhs) in
let tower = map_dag a.A.fusion_tower
and dag = map-dag a.A.fusion_dag in
let dependencies-map =

A.D.fold (fun wf - — WFMap.add wf (A.D.dependencies dag wf)) dag WFMap.empty in
{ A.fusions = List.map map_fusion a.A.fusions;

A.brakets = List.map map_braket a.A.brakets;

A.on_shell = a.A.on_shell;

A.is_gauss = a.A.is_gauss;

A.constraints = a.A.constraints;

A.incoming = a.A.incoming;

A.outgoing = a.A.outgoing;

A.externals = List.map f a.A.externals;

A.symmetry = a.A.symmetry;

A.dependencies = (fun wf — WFMap.find wf dependencies_map);
A.fusion_tower = tower;

A.fusion_dag = dag }

This is the main function that constructs the amplitude for sets of incoming and outgoing particles and returns
the results in conveniently packaged pieces.

let amplitude goldstones selectors fin fout =
Set up external lines and match flavors with numbered momenta.

let f = fin Q List.map M .conjugate fout in
let nin, nout = List.length fin, List.length fout in
let n = nin + nout in
let externals = List.combine f (ThoList.range 1 n) in
let wfs = external_wfs n externals in
let select_p = C.select_p selectors in
let select_wf =

match fin with

| [-] — C.select_wf selectors P.Decay.timelike

| - — C.select_wf selectors P.Scattering.timelike in
let select_vtx = C.select_vtx selectors in

Build the full fusion tower (including nodes that are never needed in the amplitude).
let stats, tower =

if goldstones then

complete_fusion_tower select_wf select_vtxr wfs
else

minimal _fusion_tower n select _wf select_vtr wfs in

Find all vertices for which all off shell wavefunctions are defined by the tower.
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let brakets =
flavor _keystones (filter _keystone stats tower) select_p n
(filter —vertices select_vtx
(vertices (M .max_degree ()) (M .flavors ())))
(T .keystones (ThoList.range 1 n)) in

Remove the part of the DAG that is never needed in the amplitude.

let dag =
if goldstones then
tower
else
A.D.harvest_list tower (A.wavefunctions brakets) in

Remove the leaf nodes of the DAG, corresponding to external lines.

let fusions =
List.filter (function (-, []) — false | - — true) (A.D.lists dag) in

Calculate the symmetry factor for identical particles in the final state.

let symmetry =
Combinatorics.symmetry fout in

let dependencies-map =
A.D.fold (fun wf - — WFMap.add wf (A.D.dependencies dag wf)) dag WFMap.empty in

Finally: package the results:

{ A.fusions = fusions;
A.brakets = brakets;
A.on_shell = (fun wf — C.on_shell selectors (A.flavor wf) wf.A.momentum);
A.is_gauss = (fun wf — Cl.is_gauss selectors (A.flavor wf) wf.A.momentum);
A.constraints = C.description selectors;
A.incoming = fin;
A.outgoing = fout;
A.externals = List.map fst wfs;
A.symmetry = symmetry;
A.dependencies = (fun wf — WFMap.find wf dependencies_map);
A.fusion_tower = tower;

A.fusion_dag = dag }

Color

module CM = Colorize It(M)
module CA = Amplitude(PT)(P)(CM)

let colorize_wf flavor wf =
{ CA.flavor = flavor;
CA.momentum = wf.A.momentum;
CA.wf_tag = wf.A.wf_tag }

let uncolorize_wf wf =
{ A.flavor = CM.flavor_sans_color wf.CA.flavor;
A.momentum = wf.CA.momentum;
Awf_tag = wf.CA.wf_tag }

At the end of the day, I shall want to have some sort of fibered DAG as abstract data type, with a projection
of colored nodes to their uncolored counterparts.

module CWFBundle = Bundle.Make

(struct
type elt = CA.wf
let compare_elt = compare
type base = A.wf
let compare_base = compare
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let pi wf =
{ A.flavor = CM.flavor_sans_color wf.CA.flavor;
A.momentum = wf.CA.momentum;

Awf_tag = wf.CAwf_tag }
end)

@ For now, we can live with simple aggregation:

type fibered_dag = { dag : CA.D.t; bundle : CWFBundle.t }
Not yet(?) needed: module CS = Stat (CM)

let colorize_sterile_nodes dag f wf fibered_dag =
if A.D.is_sterile wf dag then
let wf’, wf_bundle’ = f wf fibered_dag in
{ dag = CA.D.add_node wf' fibered_dag.dag;
bundle = wf_bundle’ }
else
fibered_dag

let colorize_nodes f wf rhs fibered_dag =
let wf_rhs_list’, wf_bundle’ = f wf rhs fibered_dag in
let dag’ =
List.fold_right
(fun (wf’, rhs’) — CA.D.add-offspring wf’ rhs’)
wf _rhs_list’ fibered -dag.dag in
{ dag = dag’;
bundle = wf_bundle’ }

O’Caml (correctly) infers the type val colorize_dag : (D.node — D.edge x D.children — fibered_dag —
(CA.D.node x (CA.D.edge x CA.D.children)) list x CWFBundle.t) — (D.node — fibered_dag —
CA.D.node x CWFBundle.t) — D.t — CWFBundle.t — fibered_dag.

let colorize_dag f_node f_ext dag wf_bundle =
A.D.fold (colorize_nodes f_node) dag
(A.D.fold_nodes (colorize_sterile_nodes dag f-ext) dag
{ dag = CA.D.empty; bundle = wf_bundle })

let colorize_external wf fibered_dag =
match CWFBundle.inv_pi wf fibered_dag.bundle with
| [ecwf] — (c-wf, fibered_dag.bundle)
| [] — failwith "colorize_external: mnot, found"
| - — failwith "colorize_external: not unique"

let fuse_c_wf rhs =
let momenta = PT.map (fun wf — wf.CA.momentum) rhs in
List.filter
(fun (-, ¢) — kmatriz_cuts ¢ momenta)
(CM .fuse (List.map (fun wf — wf.CA.flavor) (PT.to_list rhs)))

let colorize_coupling ¢ coupling =
{ coupling with Tagged - Coupling.coupling = ¢ }

let colorize_fusion wf (coupling, children) fibered_dag =
let match_flavor (f, ) = (CM.flavor_sans_color f = A.flavor wf)
and find_colored wf' = CWFBundle.inv_pi wf’ fibered_dag.bundle in
let fusions =
ThoList.flatmap
(fun c_children —
List.map
(fun (f, ¢) —
(colorize_wf f wf, (colorize_coupling ¢ coupling, c_children)))
(List. filter match_flavor (fuse_c_wf c_children)))
(PT.product (PT.map find_colored children)) in
let bundle =
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List.fold_right
(fun (c_wf, -) — CWFBundle.add c_wf)
fusions fibered_dag.bundle in
(fusions, bundle)

let colorize_braket! (wf, (coupling, children)) fibered_dag =
let find_colored wf' = CWFBundle.inv_pi wf' fibered_dag.bundle in
Product.fold2
(fun bra ket acc —
List.fold_left
(fun brakets (f, ¢) —
if CM.conjugate bra.CA.flavor = f then
(bra, (colorize_coupling ¢ coupling, ket)) :: brakets
else
brakets)
acc (fuse_c_wf ket))
(find-colored wf) (PT.product (PT.map find-colored children)) []

module CWFEFMap =
Map.Make (struct type t = CA.wf let compare = CA.order_wf end)

module CKetSet =
Set.Make (struct type t = CA.rhs let compare = compare end)

Find a set of kets in map that belong to bra. Return the empty set, if nothing is found.

let lookup_ketset bra map =
try CWFMap.find bra map with Not_found — CKetSet.empty

Return the set of kets belonging to bra in map, augmented by ket.

let addto_ketset bra ket map =
CKetSet.add ket (lookup_ketset bra map)

Augment or update map with a new (bra, ket) relation.

let addto_ketset_map map (bra, ket) =
CWFMap.add bra (addto_ketset bra ket map) map

Take a list of (bra, ket) pairs and group the kets according to bra. This is very similar to ThoList.factorize
on page 560, but the latter keeps duplicate copies, while we keep only one, with equality determined by
CA.order_wf.

@ Isn’t Bundle L.1 the correct framework for this?

let factorize_brakets brakets =
CWFMap.fold
(fun bra ket acc — (bra, CKetSet.elements ket) :: acc)
(List.fold_left addto_ketset_map CWEFMap.empty brakets)

[]

let colorize_braket (wf, rhs_list) fibered_dag =
factorize_brakets
(ThoList.flatmap
(fun ths — (colorize_braket! (wf, rhs) fibered_dag))
rhs_list)

let colorize_amplitude a fin fout =
let f = fin @Q List.map CM.conjugate fout in
let nin, nout = List.length fin, List.length fout in

let n = min + nout in
let externals = List.combine f (ThoList.range 1 n) in
let external_wfs = CA.external_wfs n externals in

let wf_bundle = CWFBundle.of _list external_wfs in

let fibered_dag =
colorize_dag
colorize_fusion colorize_external a.A.fusion_dag wf_bundle in
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let brakets =
ThoList.flatmap
(fun braket — colorize_braket braket fibered_dag)
a.A.brakets in

let dag = CA.D.harvest_list fibered_dag.dag (CA.wavefunctions brakets) in

let fusions =
List.filter (function (-, []) — false | - — true) (CA.D.lists dag) in

let dependencies-map =
CA.D.fold
(fun wf - — CWFMap.add wf (CA.D.dependencies dag wf))
dag CWFMap.empty in

{ CA.fusions = fusions;
CA.brakets = brakets;
CA.constraints = a.A.constraints;
CA.incoming = fin;
CA.outgoing = fout;
CA.externals = external —wfs;
CA.fusion_dag = dag;
CA.fusion_tower = dag;
CA.symmetry = a.A.symmetry;
CA.on_shell = (fun wf — a.A.on_shell (uncolorize_wf wf));
CA.is_gauss = (fun wf — a.A.is_gauss (uncolorize_wf wf));

CA.dependencies = (fun wf — CWFMap.find wf dependencies_map) }

let allowed amplitude =
match amplitude. CA.brakets with
| [] — false
| - — true

let colorize_amplitudes a =
List.fold _left
(fun amps (fin, fout) —

let amp = colorize_amplitude a fin fout in
if allowed amp then

amp . amps
else

amps)

[] (CM .amplitude a.A.incoming a.A.outgoing)

let amplitudes goldstones exclusions selectors fin fout =
colorize_amplitudes (amplitude goldstones selectors fin fout)

let amplitude_sans_color goldstones exclusions selectors fin fout =
amplitude goldstones selectors fin fout

type flavor = CA.flavor

type flavor_sans_color = A.flavor
typep = Ap

type wf = CA.wf

let conjugate = CA.conjugate

let flavor = CA.flavor

let flavor_sans_color wf = CM .flavor_sans_color (CA.flavor wf)
let momentum = CA.momentum
let momentum_list = CA.momentum_list

let wf_tag = CA.wf_tag
type coupling = CA.coupling

let sign = CA.sign

let coupling = CA.coupling

let coupling_-tag = CA.coupling_tag
type exclusions = CA.exclusions

let no_exclusions = CA.no_exclusions
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type a children = « CA.children
type ths = CA.rhs
let children = CA.children

type fusion = CA.fusion
let ths = CA.lhs
let ths = CA.rhs

type braket = CA.braket
let bra = CA.bra
let ket = CA.ket

type amplitude = CA.amplitude

type amplitude_sans_color = A.amplitude
let incoming = CA.incoming

let outgoing = CA.outgoing

let externals = CA.externals

let fusions = CA.fusions

let brakets = CA.brakets
let symmetry = CA.symmetry
let on_shell = CA.on_shell

let is_gauss = CA.is_gauss

let constraints = CA.constraints

let variables a = List.map lhs (fusions a)
let dependencies = CA.dependencies

Checking Conservation Laws

let check_charges () =
let vlist3, vlist4, vlistn = M.vertices () in
List.filter
(fun flist — — (M.Ch.is_null (M.Ch.sum (List.map M .charges flist))))
(List.map (fun ((f1, f2, £3), -, =) — [f1; f2; f3]) vlist3
@ List.map (fun ((f1, 2, 3, f4), - =) — [l f2; f3; f4]) olists
@ List.map (fun (flist, _, _) — flist) vlistn)

Diagnostics

let count_propagators a =
List.length a.CA.fusions

let count_fusions a =
List.fold_left (fun n (-, a) — n + List.length a) 0 a.CA.fusions
+ List.fold_left (fun n (-, t) — n + List.length t) 0 a.CA.brakets
+ List.length a.CA.brakets

@ This brute force approach blows up for more than ten particles. Find a smarter algorithm.

let count_diagrams a =
List.fold _left (fun n (wfl, wf23) —
n + CA.D.count_trees wfl a.CA.fusion_dag X
(List.fold _left (fun n' (_, wfs) —
n' + PT.fold_left (fun n" wf —
n” x CA.D.count_trees wf a.CA.fusion_dag) 1 wfs) 0 wf23))
0 a.CA.brakets

exception Impossible

let forest’ a =
let below wf = CA.D.forest_memoized wf a.CA.fusion_dag in
ThoList.flatmap
(fun (bra, ket) —
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(Product.list2 (fun bra’ ket’ — bra’ = ket)
(below bra)
(ThoList.flatmap

(fun (-, wfs) —

Product.list (fun w — w) (PT.to-list (PT.map below wfs)))
ket)))
a.CA.brakets
let cross wf =
{ CA.flavor =

CM .conjugate wf.CA.flavor;
CA.momentum = P.neg wf.CA.momentum;
CA.wf _tag

= wf.CA.wf_tag }

let fuse_trees wf ts

Tree.fuse (fun (wf’, e) — (cross wf’, e))

wf (funt — List.mem wf (Tree.leafs t)) ts
let forest wf a =

List.map (fuse_trees wf) (forest’ a)
let poles_beneath wf dag =
CA.D.eval_memoized (fun wf’ — [[]])
(fun wf’ - p — List.map (fun p’ — wf’ = p') p)
(fun wfl wf2 —
Product.fold2 (fun wf’ wfs’" wfs” — (wf’ @ wfs’)
(@) [N 1)) wf dag

let poles a =

aowfs”) wfl wf2 [])

ThoList.flatmap (fun (wfl, wf28) —

let poles_wfl = poles_beneath wfl a.CA.fusion_dag in
(ThoList.flatmap (fun (-, wfs) —

Product.list List.flatten
(PT.to-list (PT.map (fun wf —

poles_wfl Q poles_beneath wf a.CA.fusion_dag) wfs)))
wf23))
a.CA.brakets

module WESet =
Set.Make (struct type ¢

CA.wf let compare = CA.order_wf end)
let s_channel a =

WESet.elements
(ThoList.fold _right2
(fun wf wfs —

if P.Scattering.timelike wf.CA.momentum then
WESet.add wf wfs
else

wfs) (poles a) WESet.empty)

@ This should be much faster! Is it correct? Is it faster indeed?

let poles’ a =

List.map CA.lhs a.CA.fusions
let s_channel a =
WESet.elements
(List.fold_right
(fun wf wfs —
if P.Scattering.timelike wf.CA.momentum then

WFSet.add wf wfs
else

wfs) (poles’ a) WESet.empty)
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Pictures
Export the DAG in the dot (1) file format so that we can draw pretty pictures to impress audiences ...

let p2s p =
ifp > 0A p < 9then
string-of _int p
else if p < 36 then
String.make 1 (Char.chr (Char.code A’ + p — 10))
else

let variable wf =
CM .flavor _symbol wf.CA.flavor ~
String.concat "" (List.map p2s (P.to_ints wf.CA.momentum))

module Int = Map.Make (struct type t = int let compare = compare end)

let add_to_list i n m =
Int.add i (n :: try Int.find i m with Not_found — []) m

let classify_nodes dag =
Int.fold (fun i n acc — (i, n) : acc)
(CA.D.fold_nodes (fun wf — add_to_list (P.rank wf.CA.momentum) wf)
dag Int.empty) []

let dag_to_dot ch brakets dag =
Printf.fprintf ch "digraph, 0MEGA,{\n";
CA.D.iter _nodes (fun wf —
Printf.forintf ch "L \"%s\"u[Llabel = \"%s\"_ ];\n"
(variable wf) (variable wf)) dag;
List.iter (fun (=, wfs) —
Printf.fprintf ch " {urank = same;";
List.iter (fun n —
Printf.forintf ch ",\"%s\";" (variable n)) wfs;
Printf .forintf ch "L};\n") (classify_nodes dag);
List.iter (funn —
Printf.forintf ch " \"*\"_=>,\"%s\";\n" (variable n))
(flatten_keystones brakets);
CA.D.iter (fun n (-, ns) —
let p = wariable n in
PT.iter (funn' —
Printf . fprintf ch "Lo\"%s\"u=->U\"%s\";\n" p (variable n’)) ns) dag;
Printf.fprintf ch "}\n"

let tower_to_dot ch a =
dag_to_dot ch a.CA.brakets a.CA.fusion_tower

let amplitude_to_dot ch a =
dag_to_dot ch a.CA.brakets a.CA.fusion_dag

Phasespace

let variable wf =
M .flavor_to_string wf.A.flavor *
w[" ° String.concat "/" (List.map p2s (P.to_ints wf.A.momentum)) ~ "1"

let below_to_channel transform ch dag wf =
let n2s wf = wariable (transform wf)
and e2s ¢ = ""in
Tree2.to_channel ch n2s e2s (A.D.dependencies dag wf)

let bra_to_channel transform ch dag wf =
let tree = A.D.dependencies dag wf in
if Tree2.is_singleton tree then
let n2s wf = wariable (transform wf)
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and e2s ¢ = ""in
Tree2.to_channel ch n2s e2s tree
else

failwith "Fusion.phase_space_channels: wrong topology!"

let ket_to_channel transform ch dag ket =
Printf.fprintf ch "(";
begin match A.children ket with
[ = 0
| [child] — below_to_channel transform ch dag child
| child :: children —
below_to_channel transform ch dag child;
List.iter
(fun child —
Printf . fprintf ch ",";
below_to-channel transform ch dag child)
children
end;
Printf . fprintf ch ")"

let phase_space_braket transform ch (bra, ket) dag =
bra_to_channel transform ch dag bra;
Printf .fprintf ch ":{";
begin match ket with
[ = 0
| [ketl] —
Printf . fprintf ch ",";
ket_to_channel transform ch dag ketl
| ketl :: kets —
Printf . fprintf ch ",";
ket_to_channel transform ch dag ketl;
List.iter
(fun k —
Printf .fprintf ch ".\\\nuuulo";
ket_to_channel transform ch dag k)
kets
end;
Printf.fprintf ch ", }\n"

let phase_space_channels_transformed transform ch a =
List.iter
(fun braket — phase_space_braket transform ch braket a.A.fusion_dag)
a.A.brakets

let phase_space_channels ch a =
phase_space_channels_transformed (fun wf — wf) ch a

let exchange_momenta_list p1 p2 p =
List.map
(fun pi —
if pi = pl1 then
p2
else if pi = p2 then
pl
else
pi)
p

let exchange_momenta pl p2 p =
P.of _ints (P.dim p) (exchange_momenta_list pl p2 (P.to_ints p))

let flip-momenta wf =
{ wf with A.momentum = exchange_momenta 1 2 wf.A.momentum }

let phase_space_channels_flipped ch a =
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phase_space_channels_transformed flip_momenta ch a
end
module Make = Tagged(No-Tags)

module Binary = Make(Tuple.Binary)(Stat_Dirac)(Topology.Binary)
module Tagged_Binary (T : Tagger) =
Tagged(T)( Tuple. Binary)(Stat - Dirac)( Topology. Binary)

8.2.5 Fusions with Majorana Fermions

module Stat_Majorana (M : Model.T) : (Stat with type flavor = M .flavor) =
struct

type flavor = M .flavor

type stat =
| Fermion of int x int list
| AntiFermion of int x int list
| Boson of int list
| Majorana of int x int list

let lines_to_string lines =
ThoList.to_string string_-of —int lines

let stat_to_string = function
| Boson lines — Printf.sprintf "Boson,%s" (lines_to_string lines)
| Fermion (p, lines) —
Printf.sprintf "Fermion,, (%d, %s)" p (lines_to_string lines)
| AntiFermion (p, lines) —
Printf.sprintf "AntiFermiony, (%d, %s)" p (lines_to_string lines)
| Majorana (p, lines) —
Printf.sprintf "Fermion,, (%d, %s)" p (lines_to_string lines)

let equal s1 s2 =
match s, s2 with
| Boson 1, Boson 12 — 11 = [2
| Majorana (p1, l1), Majorana (p2, 12)
| Fermion (p1, 11), Fermion (p2, 12)
| AntiFermion (p1, 1), AntiFermion (p2, 12) — pl = p2 ANl = 12

| - — false

let complete = function
| Boson - — true
| - — false

let stat f p =

match M.fermion f with

| 0 — DBoson []

| 1 — Fermion (p, [])

| —1 — AntiFermion (p, [])

| 2 — Majorana (p, [])

| - — dnvalid_arg "Fusion.Stat_Majorana: invalid,fermion number"

@ JR sez’ (regarding the Majorana Feynman rules): In the formalism of [7], it does not matter to distinguish

spinors and conjugate spinors, it is only important to know in which direction a fermion line is calculated.
So the sign is made by the calculation together with an aditional one due to the permuation of the pairs
of endpoints of fermion lines in the direction they are calculated. We propose a “canonical” direction from
the right to the left child at a fusion point so we only have to keep in mind which external particle hangs
at each side. Therefore we need not to have a list of pairs of conjugate spinors and spinors but just a list
in which the pairs are right-left-right-left and so on. Unfortunately it is unavoidable to have couplings with
clashing arrows in supersymmetric theories so we need transmutations from fermions in antifermions and
vice versa as well. (JR’s probably right, but I need to check myself ... )
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exception Impossible

let stat_fuse_pair_legacy f s1 s2 =

match s1, s2, M.lorentz f with

| Boson l1, Fermion (p, 12), Coupling.Majorana

| Boson 1, AntiFermion (p, 12), Coupling. Majorana

| Fermion (p, l1), Boson 12, Coupling. Majorana

| AntiFermion (p, 1), Boson 12, Coupling. Majorana

| Magjorana (p, 11), Boson 12, Coupling.Majorana

| Boson 1, Majorana (p, 12), Coupling.Majorana —
Magjorana (p, 11 @ [2)

| Boson 1, Fermion (p, [2), Coupling.Spinor

| Boson l1, AntiFermion (p, 12), Coupling.Spinor

| Fermion (p, 1), Boson 12, Coupling.Spinor

| AntiFermion (p, 1), Boson 12, Coupling.Spinor

| Majorana (p, 11), Boson 12, Coupling.Spinor

| Boson 1, Majorana (p, 12), Coupling.Spinor —
Fermion (p, 11 @Q 2)

| Boson U1, Fermion (p, 12), Coupling.ConjSpinor

| Boson 1, AntiFermion (p, 12), Coupling.ConjSpinor

| Fermion (p, 11), Boson 12, Coupling.ConjSpinor

| AntiFermion (p, 1), Boson 12, Coupling.ConjSpinor

| Majorana (p, 11), Boson 12, Coupling.ConjSpinor

| Boson 1, Majorana (p, 12), Coupling.ConjSpinor —
AntiFermion (p, 11 Q [2)

| Boson 1, Fermion (p, 12), Coupling. Vectorspinor

| Boson 1, AntiFermion (p, 12), Coupling. Vectorspinor

| Fermion (p, 11), Boson (2, Coupling.Vectorspinor

| AntiFermion (p, 1), Boson 12, Coupling. Vectorspinor

| Majorana (p, 1), Boson 12, Coupling. Vectorspinor

| Boson 1, Majorana (p, 12), Coupling. Vectorspinor —
Majorana (p, 11 Q [2)

| Boson 1, Boson 2, - — Boson (l1 Q [2)

| AntiFermion (p1, 1), Fermion (p2, 12), -

| Fermion (p1, 11), AntiFermion (p2, 12), -

| Fermion (p1, 11), Fermion (p2, 12), -

| AntiFermion (pl, 11), AntiFermion (p2, 12),

| Fermion (pl1, l1), Majorana (p2, 12), -

| Majorana (p1, 11), Fermion (p2, 12), -

| AntiFermion (p1, 1), Majorana (p2, 12), _

| Majorana (p1, 1), AntiFermion (p2, 12), _

| Majorana (p1, 1), Majorana (p2, 12), - —
Boson ([p2; p1] Q11 @ [2)

| Boson 1, Majorana (p, 12), - — Majorana (p, 11 @ [2)

| Boson 1, Fermion (p, 12), - — Fermion (p, 11 @ [2)

| Boson l1, AntiFermion (p, 12), - — AntiFermion (p, 11 Q [2)

| Fermion (p, 1), Boson 12, - — Fermion (p, 11 Q [2)

| AntiFermion (p, 1), Boson 12, - — AntiFermion (p, 11 @ [2)

| Majorana (p, 1), Boson 12, - — Majorana (p, 11 @ [2)

let stat_fuse_pair_legacy_logging f s1 s2 =

let stat = stat_fuse_pair_legacy f s1 s2 in

Printf .eprintf
"Fusion.Stat_Majorana.stat_fuse_pair_legacy: hsu<-uhsu—>uks\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string [s1; s2])
(stat_to_string stat);

stat

let stat-fuse_legacy sl s23_-_n f =
List.fold _left (stat_fuse_pair_legacy f) s1 s23__n

let stat_fuse_legacy_logging s1 s23__n f =
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let stat = stat_fuse_legacy sl s23__n f in
Printf .eprintf
"Fusion.Stat_Majorana.stat_fuse_legacy: hsu<-_hsu—>u%s\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (s1 :: s23__n))
(stat_to_string stat);
stat

module IMap = Map.Make (struct type t = int let compare = compare end)

type partial =

{ stat : stat;
majoranas : int IMap.t;

n o oint }

let partial_to_string p =
Printf .sprintf

"n =_%d, majoranas = %s, stat_ = %s"

p.n

(ThoList.to_string
(fun (i, f) — Printf.sprintf "%de%d" f i)
(IMap.bindings p.majoranas))

(stat_to_string p.stat)

let add_lines | = function
| Boson I’ — Boson (1 Q')
| Fermion (n, I') — Fermion (n, 1 Q1)
| AntiFermion (n, ') — AntiFermion (n, 1 Q )
| Majorana (n, I') — Majorana (n, 1 Q1)

let partial_of _slist slist =
List.fold _left
(fun acc s —
let n = succ acc.n in
match s with
| Boson | —
{ acc with
stat = add_-lines | acc.stat;
n}
| Fermion (p, 1) —
invalid_arg
"Fusion.Stat_Majorana.partial_of_slist: junexpected Fermion"
| AntiFermion (p, 1) —
invalid_arg
"Fusion.Stat_Majorana.partial_of_slist: junexpected AntiFermion"
| Majorana (p, 1) —
{ majoranas = IMap.add n p acc.majoranas;
stat = add_lines | acc.stat;
ny)

{ stat = Boson [];

magjoranas = IMap.empty;
n =20}
slist

let find_opt p map =
try Some (IMap.find p map) with Not_found — None

let match_fermion_line p (i, j) =
if i < pn A j < p.nthen
match find_opt i p.majoranas, find_opt j p.majoranas with
| Some f1, Some f2 —

{ p with
stat = add_lines [f2; f1] p.stat;
majoranas = IMap.remove i (IMap.remove j p.majoranas) }
| - —
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invalid_arg "match_fermion_line: mismatch"
else if ¢ < p.n then
match find_opt i p.majoranas, p.stat with
| Some f, Boson | —

{ p with
stat = Majorana (f, 1);
majoranas = IMap.remove i p.majoranas }
| - —

invalid_arg "match_fermion_line: mismatch"
else if j < p.n then
match find_opt j p.majoranas, p.stat with
| Some f, Boson |l —

{ p with
stat = Magjorana (f, 1);
magoranas = IMap.remove j p.majoranas }
| - —

invalid_arg "match_fermion_line: mismatch"
else
failwith "match_fermion_line: impossible"

let match_fermion_line_logging p (i, j) =

Printf .eprintf
"Fusion.match_fermion_line <<<_ %su(%d, %d) \n"
(partial _to_string p) i j;

let p’ = match_fermion_line p (i, j) in

Printf .eprintf
"Fusion.match_fermion_line >>> %s\n"
(partial _to_string p');

!/

p

let match_fermion_lines flines sl s23__n =
let p = partial_of _slist (s1 :: s23__n) in
List.fold _left match_fermion_line p flines

let stat_fuse_new flines sl s23__n f =
(match_fermion_lines flines s1 s23__n).stat

let stat-fuse_new_checking flines s1 s23__n f =

let stat = stat_fuse_new flines s1 s23__n f in
if List.length flines < 2 then
begin

let legacy = stat_fuse_legacy s1 s23__n f in
if = (equal stat legacy) then
failwith
(Printf .sprintf

"Fusion.Stat_Majorana.stat_fuse_new: /s <> %s!"

(stat_to_string stat)
(stat_to_string legacy))
end;
stat

let stat_fuse_new_logging flines s1 s25__n f =

Printf .eprintf

"Fusion.Stat_Majorana.stat_fuse_new: \
Luuuuuuuuconnecting fermion, lines %s ing hsy<-yu%s\n"

(UFO_Lorentz.fermion_lines_to_string flines)
(M .flavor _to_string f)
(ThoList.to_string stat_to_string (s1 :: s23__n));

stat_fuse_new_checking flines s1 s23__n f

let stat_fuse flines_opt slist f =
match slist with

| [] — invalid_arg "Fusion.Stat_Majorana.stat_fuse: empty"

| s1 = s23__n —
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begin match flines_opt with

| Some flines — stat_fuse_new flines sl s25__n f

| None — stat_fuse_legacy s1 s23__n f
end

let stat_fuse_logging flines_opt slist f =
Printf .eprintf
"Fusion.Stat_Majorana.stat_fuse:_ ks, <-_k%s\n"
(M .flavor _to_string f)
(ThoList.to_string stat_to_string slist);
stat_fuse flines_opt slist f

JRR’s alogrithm depends on the ordering!

let stat_keystone_legacy s1 s23__n f =
let s2 = List.hd s25__n
and s34__n = List.tl s23__n in

stat_fuse_legacy (stat_fuse_legacy s2 s34 __n (M.conjugate f)) [s1] f

let stat_keystone_legacy_logging s1 s23__n [ =

let s = stat_keystone_legacy s1 s23__n f in

Printf .eprintf
"Fusion.Stat_Majorana.stat_keystone_legacy: %s,(%hs) hsu->u%s\n"
(stat_to_string s1)
(M .flavor _to_string f)
(ThoList.to_string stat_to_string s23__n)
(stat_to_string s);

s

let stat_keystone flines_opt slist f =
match slist with

| [] = invalid_arg "Fusion.Stat_Majorana.stat_keystone: empty"
| s1 :: s23__n —

begin match flines_opt with

| None — stat_keystone_legacy sl s23__n f

| Some flines —

let stat = stat_fuse_new flines s1 s23__n f in
if complete stat then

stat
else

failwith

(Printf .sprintf

"Fusion.Stat_Majorana.stat_keystone: incomplete %s!"
(stat_to_string stat))

end
let permutation lines = fst (Combinatorics.sort_signed lines)
let stat_sign = function

| Boson lines — permutation lines

| Fermion (p, lines) — permutation (p :: lines)

| AntiFermion (pbar, lines) — permutation (pbar :: lines)
| Majorana (pm, lines) — permutation (pm :: lines)

let stat-sign_logging stat =
let sign = stat_sign stat in
Printf .eprintf
"Fusion.Stat_Majorana.stat_sign: ks —> %d\n"
(stat_to_string stat) sign;
stgn

end

module Binary_-Majorana
Make(Tuple. Binary)(Stat - Majorana)( Topology. Binary)

module Nary (B : Tuple.Bound) =
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Make(Tuple. Nary(B))(Stat-Dirac)( Topology.Nary(B))
module Nary_Magjorana (B : Tuple.Bound) =
Make( Tuple. Nary(B))(Stat- Majorana)( Topology.Nary(B))

module Mized23 =

Make( Tuple. Mized23)(Stat - Dirac)( Topology. Mized23)
module Mized23_Majorana =

Make( Tuple. Mized23)(Stat - Majorana)( Topology. Mized23)

module Helac (B : Tuple.Bound) =
Make(Tuple.Nary(B))(Stat-Dirac)( Topology. Helac(B))
module Helac_Magjorana (B : Tuple.Bound) =
Make(Tuple. Nary(B))(Stat-Majorana)( Topology.Helac(B))

8.2.6 Multiple Amplitudes

module type Multi =
sig
exception Mismatch
val options : Options.t
type flavor
type process = flavor list X flavor list
type amplitude
type fusion
type wf
type exclusions
val no_exclusions : exclusions
type selectors
type amplitudes
val amplitudes : bool — int option —
exclusions — selectors — process list — amplitudes
val empty : amplitudes
val initialize_cache : string — unit
val set_cache_name : string — unit
val flavors : amplitudes — process list
val vanishing_flavors : amplitudes — process list
val color_flows : amplitudes — Color.Flow.t list
val helicities : amplitudes — (int list X int list) list
val processes : amplitudes — amplitude list
val process_table : amplitudes — amplitude option array array
val fusions : amplitudes — (fusion X amplitude) list
val multiplicity : amplitudes — wf — int
val dictionary : amplitudes — amplitude — wf — int
val color_factors : amplitudes — Color.Flow.factor array array
val constraints : amplitudes — string option
end

module type Multi_Maker = functor (Fusion_Maker : Maker) —
functor (P : Momentum.T) —
functor (M : Model. T) —
Multi with type flavor = M.flavor
and type amplitude = Fusion_Maker(P)(M).amplitude
and type fusion = Fusion_Maker(P)(M).fusion
and type wf = Fusion_Maker(P)(M).wf
and type selectors = Fusion_Maker(P)(M).selectors

module Multi (Fusion-Maker : Maker) (P : Momentum.T) (M : Model.T) =
struct

exception Mismatch

type progress_mode =
| Quiet

148



Implementation of Fusion

| Channel of out_channel
| File of string

let progress_option = ref Quiet

module CM = Colorize. It(M)
module F' = Fusion_Maker(P)(M)
module C = Cascade.Make(M)(P)

@ A kludge, at best ...

let options = Options.extend F.options
[ "progress", Arg.Unit (fun () — progress_option := Channel stderr),
"report progress tothe standard error stream";
"progress_file", Arg.String (fun s — progress_option := File s),

"reportprogress,toya file" ]

type flavor = M .flavor

typep = F.p

type process = flavor list x flavor list
type amplitude = F.amplitude

type fusion = F.fusion

type wf = F.wf

type exclusions = F.exclusions

let no_exclusions = F.no_exclusions

type selectors = F'.selectors

type flavors = flavor list array

type helicities = int list array

type colors = Color.Flow.t array

type amplitudes’ = amplitude array array array

type amplitudes =
{ flavors : process list;
vanishing _flavors : process list;
color_flows : Color.Flow.t list;
helicities : (int list X int list) list;
processes : amplitude list;
process_table : amplitude option array array;
fusions : (fusion x amplitude) list;
multiplicity = (wf — int);
dictionary : (amplitude — wf — int);
color _factors : Color.Flow.factor array array;
constraints : string option }

let flavors a = a.flavors

let vanishing_flavors a = a.vanishing_flavors
let color_flows a = a.color_flows
let helicities a = a.helicities

let processes a = a.processes

let process_table a = a.process_-table
let fusions a = a.fusions

let multiplicity a = a.multiplicity
let dictionary a = a.dictionary

let color_factors a = a.color_factors
let constraints a = a.constraints

let sans_colors [ =
List.map CM .flavor_sans_color f

let colors (fin, fout) =
List.map M .color (fin Q fout)

let process_sans_color a =
(sans_colors (F.incoming a), sans_colors (F.outgoing a))
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let color_flow a =
CM .flow (F.incoming a) (F.outgoing a)

let process_to_string fin fout =
String.concat "," (List.map M .flavor_to_string fin)
Sny=>" 7 String.concat " " (List.map M. flavor_to_string fout)

let count_processes colored_processes =
List.length colored_processes

module FMap =
Map.Make (struct type t = process let compare = compare end)

module CMap =
Map.Make (struct type t = Color.Flow.t let compare = compare end)

Recently Product.list began to guarantee lexicographic order for sorted arguments. Anyway, we still force a
lexicographic order.

let rec order_spin_tablel s1 s2 =
match s, s2 with
| h1 = t1, h2 = t2 —

let ¢ = compare h1 h2 in
if ¢ # 0 then
c
else
order_spin_tablel t1 t2
| (L[] —0

\ - — nvalid_arg "order_spin_table: inconsistent, lengths"

let order_spin_table (s1_in, s1_out) (s2_in, s2_out) =

let ¢ = compare s1_in s2_in in
if ¢ # 0 then

c
else

order_spin_tablel s1_out s2_out

let sort_spin_table table =
List.sort order_spin_table table

letid z = =z

let pair vy = (z, y)
@ Improve support for on shell Ward identities: Coupling. Vector — [4] for one and only one external vector.

let rec hs_of _lorentz = function
| Coupling.Scalar — [0]
| Coupling.Spinor | Coupling.ConjSpinor
| Coupling. Majorana | Coupling. Maj_Ghost — [—1; 1]
| Coupling. Vector — [—1; 1]
| Coupling. Massive_Vector — [—1; 0; 1]
| Coupling. Tensor_1 — [—1; 0; 1]
\ 2; —1; 1; 2
| 1; 2]
|

Coupling. Vectorspinor — [—
Coupling. Tensor_2 — [-2; —1; 0;
Coupling. BRS f — hs_of _lorentz f

let hs_of _flavor f =
hs_of _lorentz (M .lorentz f)

let hs_of _flavors (fin, fout) =
(List.map hs_of _flavor fin, List.map hs_of _flavor fout)

let rec unphysical_of _lorentz = function
| Coupling. Vector — [4]
| Coupling. Massive_ Vector — [4]
\ _ — nvalid_arg "unphysical_of_lorentz: not,a vector particle"
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let unphysical_of _flavor f =
unphysical _of _lorentz (M .lorentz f)

let unphysical_of _flavorsl n f_list =
ThoList.mapi

(funi f — if i = n then unphysical_of _flavor f else hs_of _flavor f)
1 f_list

let unphysical_of _flavors n (fin, fout) =
(unphysical _of _flavors1 n fin, unphysical_of _flavorsl (n — List.length fin) fout)
let helicity_table unphysical flavors =
let hs =
begin match unphysical with
| None — List.map hs_of _flavors flavors
| Some n — List.map (unphysical_of _flavors n) flavors
end in
if = (ThoList.homogeneous hs) then

invalid_arg "Fusion.helicity_table: not_all flavors have the same helicity, states!"
else

match hs with
| {1 =]
| (hs_in, hs_out) = _ —
sort_spin_table (Product.list2 pair (Product.list id hs_in) (Product.list id hs_out))
module Proc = Process.Make(M)

module WFMap = Map.Make (struct type ¢ = F.wf let compare = compare end)
module WFSet2 =

Set.Make (struct type t = F.wf x (F.wf, F.coupling) Tree2.t let compare = compare end)
module WFMap2 =

Map.Make (struct type t = F.wf x (F.wf, F.coupling) Tree2.t let compare = compare end)
module WFTSet =

Set.Make (struct type t = (F.wf, F.coupling) Tree2.t let compare = compare end)

All wavefunctions are unique per amplitude. So we can use per-amplitude dependency trees without additional
internal tags to identify identical wave functions.

NB: we miss potential optimizations, because we assume all coupling to be different, while in fact we have
horizontal /family symmetries and non abelian gauge couplings are universal anyway.

let disambiguate_fusions amplitudes =
let fusions =
ThoList.flatmap (fun amplitude —
List.map
(fun fusion — (fusion, F.dependencies amplitude (F.lhs fusion)))
(F.fusions amplitude))
amplitudes in
let duplicates
List.fold _left
(fun map (fusion, dependencies) —
let wf = F.lhs fusion in
let set = try WFMap.find wf map with Not_found — WFTSet.empty in
WFMap.add wf (WFTSet.add dependencies set) map)
WFMap.empty fusions in
let multiplicity_map =
WFMap.fold (fun wf dependencies acc —
let cardinal = WFTSet.cardinal dependencies in
if cardinal < 1 then
acc
else
WFMap.add wf cardinal acc)
duplicates WFMap.empty
and dictionary_-map =
WFMap.fold (fun wf dependencies acc —
let cardinal = WFTSet.cardinal dependencies in
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if cardinal < 1 then
acc
else
snd (WFTSet.fold
(fun dependency (i, acc’) —
(succ i', WFMap2.add (wf, dependency) i’ acc’))
dependencies (1, acc)))
duplicates WFMap2.empty in
let multiplicity wf =
WFMap.find wf multiplicity-map
and dictionary amplitude wf =
WFMap2.find (wf, F.dependencies amplitude wf) dictionary_map in
(multiplicity, dictionary)

let eliminate_common_fusionsl seem_wfs amplitude =
List.fold _left
(fun (seen, acc) f —
let wf = F.lhs f in

let dependencies = F.dependencies amplitude wf in

if WESet2.mem (wf, dependencies) seen then
(seen, acc)

else

(WFSet2.add (wf, dependencies) seen, (f, amplitude) :: acc))
seen_wfs (F.fusions amplitude)

let eliminate_common_fusions processes =
let _, rev_fusions =
List.fold _left
eliminate_common_fusionsl
(WESet2.empty, []) processes in
List.rev rev_fusions

Calculate All The Amplitudes

let amplitudes goldstones unphysical exclusions select_wf processes =

Eventually, we might want to support inhomogeneous helicities. However, this makes little physics sense for
external particles on the mass shell, unless we have a model with degenerate massive fermions and bosons.

if = (ThoList.homogeneous (List.map hs_of _flavors processes)) then
invalid_arg "Fusion.Multi.amplitudes: incompatible helicities";

let unique_uncolored _processes =
Proc.remove_duplicate_final _states (C.partition select_wf) processes in

let progress =
match !progress_option with
| Quiet — Progress.dummy
| Channel oc — Progress.channel oc (count_processes unique_uncolored_processes)
| File name — Progress.file name (count_processes unique_uncolored _processes) in

let allowed =
ThoList.flatmap
(fun (fi, fo) —
Progress.begin_step progress (process_to_string fi fo);
let amps = F.amplitudes goldstones exclusions select_wf fi fo in
begin match amps with
| [] — Progress.end_step progress "forbidden"
| - — Progress.end_step progress "allowed"
end;
amps) unique_uncolored _processes in

Progress.summary progress "all processes done";
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let color_flows =
ThoList.uniq (List.sort compare (List.map color_flow allowed))
and flavors =
ThoList.uniq (List.sort compare (List.map process_sans_color allowed)) in

let vanishing_flavors =
Proc.diff processes flavors in

let helicities =
helicity -table unphysical flavors in

let f_index =
fst (List.fold _left
(fun (m, i) f — (FMap.add f i m, succ 1))
(FMap.empty, 0) flavors)
and c_inder =
fst (List.fold _left
(fun (m, i) ¢ — (CMap.add c i m, succ i))
(CMap.empty, 0) color_flows) in

let table =
Array.make_matriz (List.length flavors) (List.length color_flows) None in
List.iter
(funa —
let f = FMap.find (process_sans_color a) f_index
and ¢ = CMap.find (color_flow a) c_index in
table.(f).(c) + Some (a))
allowed;

let ¢f _array = Array.of _list color_flows in
let nef = Array.length cf _array in
let color_factor_table = Array.make_matriz ncf ncf Color.Flow.zero in

for i = 0 to pred ncf do
forj = 0to i do
color _factor_table.(i).(j) <+
Color.Flow.factor cf —array.(i) cf —array.(j);
color _factor _table.(5).(i) +
color _factor _table.(i).(5)

done
done;
let fusions = eliminate_common_fusions allowed
and multiplicity, dictionary = disambiguate_fusions allowed in
{ flavors = flavors;
vanishing - flavors vanishing - flavors;
color_flows = color_flows;
helicities = helicities;
processes = allowed;
process_table = table;
fusions = fusions;
multiplicity = multiplicity;
dictionary = dictionary;
color_factors = color_factor_table;
constraints = C.description select_wf }
let initialize_cache = F.initialize_cache
let set_cache_-name = F.set_cache_name
let empty =
{ flavors = [];

vanishing-flavors = [];
color_flows = [];
helicities = [];
processes = |[];
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end

process_table = Array.make_matriz 0 0 None;

fusions = [J;

multiplicity = (fun - — 1);

dictionary = (fun - = — 1);

color_factors = Array.make_matriz 0 0 Color.Flow.zero;
constraints None }
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LORENTZ REPRESENTATIONS, COUPLINGS, MODELS AND
TARGETS

9.1 Interface of Coupling

The enumeration types used for communication from Models to Targets. On the physics side, the modules in
Models must implement the Feynman rules according to the conventions set up here. On the numerics side, the
modules in Targets must handle all cases according to the same conventions.

9.1.1 Propagators

The Lorentz representation of the particle. NB: O’Mega treats all lines as outgoing and particles are therefore
transforming as ConjSpinor and antiparticles as Spinor.

type lorentz =
| Scalar
| Spinor (x ¢ )
| ConjSpinor (x 1 *)
| Majorana (* x *)
| Maj-Ghost (x SUSY ghosts x)
| Vector
| Massive_ Vector
| Vectorspinor (x supersymmetric currents and gravitinos )
| Tensor_1
| Tensor_2 (x massive gravitons (large extra dimensions) x)
| BRS of lorentz

type lorentz3 lorentz x lorentz x lorentz

type lorentz4 = lorentz X lorentz X lorentz X lorentz
type lorentzn = lorentz list
type fermion_lines = (int X int) list

If there were no vectors or auxiliary fields, we could deduce the propagator from the Lorentz representa-
tion. While we’re at it, we can introduce “propagators” for the contact interactions of auxiliary fields as well.
Prop_Gauge and Prop_Feynman are redundant as special cases of Prop_Ruxi.

The special case Only_Insertion corresponds to operator insertions that do not correspond to a propagating
field all. These are used for checking Slavnov-Taylor identities

Oy (out|WH(x)|in) = mw (out|¢p(z)|in) (9.1)

of gauge theories in unitarity gauge where the Goldstone bosons are not propagating. Numerically, it would
suffice to use a vanishing propagator, but then superflous fusions would be calculated in production code in
which the Slavnov-Taylor identities are not tested.

type a propagator =
| Prop_Scalar | Prop_Ghost
| Prop_Spinor | Prop_ConjSpinor | Prop_Majorana
| Prop_Unitarity | Prop_Feynman | Prop_Gauge of a | Prop_Ruxi of «
| Prop_Tensor_2 | Prop_Tensor_pure | Prop_Vector_pure
| Prop_ Vectorspinor
| Prop_Col_Scalar | Prop-Col_Feynman | Prop-Col_Majorana
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only Dirac fermions
y

incl. Majorana fermions

Prop_Scalar

o(p) L)

p?2 —m?2 +iml

i(—p+m)

i(—p+m)

Prop_Spinor | 1(p) + md’(?) ¥(p) mw(p)

Prop_ConjSpinor | ¥(p) + w(p)]% ¥(p) mw@)

Prop_Magjorana N/A x(p) %x(p)
Prop_ Unitarity | e,(p) i (—g,w + P :ﬁ”) €’ (p)

Prop_Feynman

F—
p2 —m?2 +iml

—i
v «— -
<@ p?—m?+ iml ¢

“(p)

Prop_Gauge

Eu(p) — Z? (guv + (1 - f)

pypu) v
€ \p
o (p)

Prop_Ruzi

i
F E—
u(p) p? —m? +iml

<_g;w +(1- S)pg_f,rng) ’(p)

Pubv

Table 9.1: Propagators. NB: The sign of the momenta in the spinor propagators comes about because O’Mega
treats all momenta as outgoing and the charge flow for Spinor is therefore opposite to the momentum, while
the charge flow for ConjSpinor is parallel to the momentum.

Auz_Scalar | ¢(p) < ip(p)
Auz_Spinor | ¥(p) < i(p)
Auz _ ConjSpinor 15(;0) — 11/;(17)

Auz_Vector | € (p) < ie"(p)
T (p) « iT*" (p)

N/A

Aux_Tensor_1

Only_Insertion

Table 9.2: Auxiliary and non propagating fields
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| Prop_Col_Unitarity

| Auz_Scalar | Auz_Vector | Aux_Tensor_1

| Auz_Col_Scalar | Auxz_Col_Vector | Aux_Col_Tensor_1
| Auz_Spinor | Auz_ConjSpinor | Auz_-Majorana

| Only_Insertion

JR sez’ (regarding the Majorana Feynman rules): We don’t need different fermionic propagators as supposed
by the variable names Prop_Spinor, Prop_ConjSpinor or Prop_Majorana. The propagator in all cases has
to be multiplied on the left hand side of the spinor out of which a new one should be built. All momenta are
treated as outgoing, so for the propagation of the different fermions the following table arises, in which the
momentum direction is always downwards and the arrows show whether the momentum and the fermion
line, respectively are parallel or antiparallel to the direction of calculation:

] Fermion type \ fermion arrow \ mom. \ calc. \ sign ‘
Dirac fermion T T 1 | T 1 | negative
Dirac antifermion d L | T | | negative
Majorana fermion - Tl - negative

So the sign of the momentum is always negative and no further distinction is needed. (JR’s probably right,
but I need to check myself ...)

type width =
| Vanishing

| Constant

| Timelike

| Running

| Fudged

| Complex_Mass

| Custom of string

9.1.2 Vertices

The combined S — P and V — A couplings (see tables 9.5, 9.6, 9.8 and 9.12) are redundant, of course, but they
allow some targets to create more efficient numerical code.! Choosing VA2 over VA will cause the FORTRAN
backend to pass the coupling as a whole array

type fermion = Psi | Chi | Grav
type fermionbar = Psibar | Chibar | Gravbar
type boson =
| SP | SPM | S | P | SL | SR | SLR| VA | V | A| VL | VR | VLR | VLRM | VAM
| TVA | TLR | TRL | TVAM | TLRM | TRLM
| POT | MOM | MOM5 | MOML | MOMR | LMOM | RMOM | VMOM | VA2 | VA3 | VASM
type boson2 = S2 | P2 | S2P | S2L | S2R | S2LR
| SV | PV | SLV | SRV | SLRV | V2 | V2LR

The integer is an additional coefficient that multiplies the respective coupling constant. This allows to reduce
the number of required coupling constants in manifestly symmetrc cases. Most of times it will be equal unity,
though.

The two vertex types PBP and BBB for the couplings of two fermions or two antifermions (”clashing arrows”)
is unavoidable in supersymmetric theories.

@ ... tho doesn’t like the names and has promised to find a better mnemonics!

type a vertezd =
| FBF of int x fermionbar x boson x fermion
| PBP of int x fermion x boson X fermion
| BBB of int x fermionbar X boson x fermionbar
| GBG of int x fermionbar x boson X fermion (x gravitino-boson-fermion x)
| Gauge_Gauge_Gauge of int | Auz_Gauge_Gauge of int

L An additional benefit is that the counting of Feynman diagrams is not upset by a splitting of the vectorial and axial pieces of
gauge bosons.
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I1_Gauge_Gauge_Gauge of int
Scalar_ Vector _ Vector of int
Auz_ Vector_Vector of int | Aux_Scalar_ Vector of int
Scalar_Scalar_Scalar of int | Aux_Scalar_Scalar of int
Vector_Scalar_Scalar of int
Graviton_Scalar_Scalar of int
Graviton_ Vector_ Vector of int
Graviton_Spinor_Spinor of int
Dimy _ Vector_ Vector_ Vector_T of int
Dim4 _ Vector_ Vector_ Vector_L of int
Dimy, _ Vector_ Vector_Vector_T5 of int
Dim4 _ Vector_ Vector_ Vector _L5 of int
Dim6 _Gauge_Gauge_Gauge of int
Dim6 _Gauge_Gauge_Gauge_5 of int
Auz_DScalar_DScalar of int | Auz_Vector_DScalar of int
Dim5 _Scalar - Gauge2 of int (x 2¢Fy ,, F3" = —3 (iﬁ[mVlyl,])(i@[“’VQV]) *)
Dimb _Scalar - Gauge2 - Skew of int

(5 L6F, 1 FY™ = —4(i0, V1) (10, Va )07 %)
Dimb _Scalar_Scalar2 of int (x ¢10,020" 3 *)
Dim5 _Scalar_ Vector_ Vector T of int (x ¢(10, V) (10, V3") *)
Dimb _Scalar - Vector_ Vector_TU of int (x (19,¢)(10, V" )Vy" x)
Dim& _Scalar- Vector - Vector - U of int (x (i@l,qb)(ia VYV %)
Scalar - Vector_Vector_t of int (x (8,V, — 0,V,)? *)

Dim6 _ Vector_ Vector_ Vector_ T of int (x VI*((i0,V5) 1? i0,Vy)) *)
Tensor_2_Vector_Vector of int (x T (V1 ,Va, + VL,,VQ’#) *)
Tensor_2_Vector_Vector_1 of int (x+ T* (V1 ,Va + Vi Vo — gunViVa,p) *)
Tensor_2_ Vector_ Vector _cf of int (x TH (= g,V Va,) %)
Tensor_2_Scalar_Scalar of int (x T (0,¢10,¢2 + 0, $10,02) *)
Tensor_2_Scalar_Scalar_cf of int (x TH (= g,,,0,010,¢2) *)
Tensor_2_Vector_Vector_t of int (x TH (V1 , Vo, + VL,,V%_#) — gu V¥ Va ) *)

Dim5 _Tensor_2_Vector_Vector_1 of int (x Taﬂ(Vl“i?ai 0 gVa,u %)
Dimb _Tensor_2_Vector_ Vector_2 of int
(+ TB (VYD (i0,Va0) + V1D 010, V5,0)) )
Dim7_Tensor_2_Vector_Vector_T of int (x T"ﬁ((i@“Vf)i?aiﬁg(i@ngyu)) *)
Dim6 _Scalar - Vector- Vector_D of int
(x ip(— (0 0" W, *) — (or"W W,
+ (070, W)W, (8%) wHw )9‘“’) *)
Dim6 _Scalar_ Vector Vector _DP of nt
(% i((@“H)(@”WM_)Wj' + (OVH)(Q“W;*‘)WM_
— ((0°H) (0, W, )W ,F (0P H ) (OPW )W )gh" ) )
Dim6_HAZ_D of int (x 1((8"5‘ A/L)Z +(0r0,A,)Z,g"") *)
Dim6_HAZ _DP of int (x i((0¥A,)(0MH)Z, — (0°A,)(0,H)Z,g"") *)
Dim6 _AWW _DP of int (x ((8”A YW, W Egh — (0¥ A )W, W ghe) )
Dim6_AWW _DW of int
(*i[(3(8PAM)W;W,j' (8”W )AHWP“‘ + (6”W+)AMW_)9”"
+ (=3(0" A )W, W — ("W, ) AW + (8”W;F)A W, ) gHr
+ (2(0*W,; )A wr 72(3“W+)A#W;) P] %)
Dim6_HHH of mt (*i(— (8“H1)(8 Hy)Hs — (0" H1)H2(0,Hs) — H1 (0" H2)(0,Hs)) *)
Dim6 _Gauge_Gauge_Gauge_i of int
(= TNOV,(0) & 07,00
+ (=0"V, g“p+3“Vpg”p)(3" 1) (05Vy) + (0P Vg — 0"V,g"P) (07 V) (05 V)
T (—0PV, g + 0V, ) (07V,)(0aV,)) *)
Gauge_Gauge_Gauge_i of int
Dim6_GGG of int
Dim6 _WWZ_DPWDW of int
(+ (V) VoV, — (0PV)VaV)gh” — (@ V)V Vgh? + (9V,)VV,)g) %)
Dim6 _WWZ_DW of int
(+ i(((O" V)V V, + V(0" V) V) 9" — ((0"V) VLV, +V, (5” V)Vo)gh?) *)
Dim6_WWZ_D of int (x i(V,)V,(9"V, )g“p+V V (a“V) ) )
TensorVector_ Vector _ Vector of int
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| TensorVector_ Vector_ Vector_cf of int
| TensorVector_Scalar_Scalar of int

| TensorVector_Scalar_Scalar_cf of int
| TensorScalar- Vector_ Vector of int

| TensorScalar_ Vector_ Vector_cf of int
| TensorScalar_Scalar_Scalar of int

| TensorScalar_Scalar_Scalar_cf of int

As long as we stick to renormalizable couplings, there are only three types of quartic couplings: Scalar/,
Scalar2 - Vector2 and Vector4. However, there are three inequivalent contractions for the latter and the general
vertex will be a linear combination with integer coefficients:

Scalarf 1:  ¢1d20304 (9.2a)

Scalar2_ Vector2 1 : ¢1¢2V3”V47# (9.2b)
Vectory [1,C-12-34]: VIV, V'V, , (9.2¢)
Vectory [1,C-13_42]:  VIVyVy V, (9.2d)
Vectory [1,C_14-253]:  VIVyV, V, , (9.2e)

type contracty = C_12_34 | C_15_42 | C_14_23

type a vertex4 =
| Secalar4 of int
| Scalar2_Vector2 of int
| Vector4 of (int x contracty) list
| DScalars of (int x contracts) list
| DScalar2_Vector2 of (int x contracts) list
| Dim8_Scalar2_Vector2_1 of int
| Dim8_Scalar2_Vector2_2 of int
| Dim8_Scalar2_Vector2_m_0 of int
| Dim8_Scalar2_Vector2_m_1 of int
| Dim8_Scalar2_Vector2_m_7 of int
| Dim8_Scalar4 of int
| Dim8_Vector4 _t_0 of (int x contract{) list
| Dim8_Vector/ _t_1 of (int x contract4) list
| Dim8_Vector _t_2 of (int x contract4) list
| Dim8_Vector4 -m_0 of (int x contracts) list
| Dim8_Vectorj _m_1 of (int X contracty) list
| Dim8_Vector4 -m_7 of (int x contracty) list
| GBBG of int x fermionbar X boson2 x fermion

~— —

In some applications, we have to allow for contributions outside of perturbation theory. The most prominent
example is heavy gauge boson scattering at very high energies, where the perturbative expression violates
unitarity.

One solution is the ‘K-matrix’ ansatz. Such unitarizations typically introduce effective propagators and/or
vertices that violate crossing symmetry and vanish in the ¢-channel. This can be taken care of in Fusion by
filtering out vertices that have the wrong momenta.

In this case the ordering of the fields in a vertex of the Feynman rules becomes significant. In particular, we
assume that (V7, Vs, Vs, V) implies

V2 VS V2 V3

N . (9.3)
O((p1 +p2)?)

V1 V4 Vl V4
The list of pairs of parameters denotes the location and strengths of the poles in the K-matrix ansatz:

n

(Cl,al,CQ,ag, .. .,cn,an) - f(S) = Z

i=1

Ci

S —a;
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Vector - K _Matriz_tho of int x (a x «) list

Vector - K _Matriz _jr of int x (int X contractf) list
Vector K _Matriz_cf _t0 of int x (int X contract}) list

Vector4 - K - Matriz_cf _t1 of int x (int X contract)) list

Vectorq - K - Matriz_cf —t2 of int x (int x contracty) list

Vector4 - K _Matriz_cf _t_rsi of int x (int X contract)) list
Vector4 - K _Matriz_cf -m0 of int x (int x contracts) list
Vector - K _Matriz_cf _m1 of int X (int X contract) list

Vector - K - Matriz_cf_m7 of int x (int X contracts) list
DScalar2_Vector2 - K - Matriz_ms of int x (int X contract}) list
DScalar2_Vector2_m_0_K _Matriz_cf of int x (int X contracty) list
DScalar2_Vector2_m_1_K_Matriz_cf of int x (int X contract]) list
DScalar2_Vector2_m_7_K _Matriz_cf of int X (int X contract}) list
DScalary - K _Matriz_ms of int x (int x contract4) list

Dim6_H/ _P2 of int

(* i(—(0"H1)(0,H2)HsHy — (0" H1)H2(0,,H3)Hy — (0" H1)HoH3(OmuHa)
- H1(8“H2)(8#H3)H4 - H1(8/’1’H2)H3(auH4) - H1H2(8“H3)(8ﬂH4)) *)
Dim6_AHWW _DPB of int (x iH((0PA,)W, W,g"" — (0" A )W, W,gHP) %)
Dim6 _AHWW _DPW of int

(x i(((0P AW, W, — (0P H) A, W, W,,) g

(—(0"A )W W, + (0VH)A, W, W,)gHP) *)

Dim6_AHWW _DW of int

(x H((3(0P A )W, W, — A (PW, )W, + AW, (0P W) g1

+ (=3(0" AW, W, — Ay (0" Wy )W, + AW, (9" W,)) g?

+ 2(AL ("W, )W, + A W, (0*W,))) g7 ) *)

Dim6_ Vectorf -DW of int (xi(—Vi ,Va, V3*VEE -V Vo VIRV AV

+ 2V1,#V2’“V3,DV4’V *)

Dim6 _ Vector4 - W of int

(¢ 1(((0°V1,) V3 (07 V3,) Vi + V1,u(07V5) (07 V3 5) Vao

+ (80‘/717u)‘/72uv3,p(8pv470) + ‘/'17M(8‘7VQ“)%,)/,((99V47U))

(07 Vi) Vs (VI Wi = Vi (07 Vi (07 VWi

OV W (0 Va Vi — 07V VoV (07Va )

+ (—(3PV17#)V271,(5”V3,,7)V4“ + (ale,#)VZV‘ém(aVVf)

= V1,u(0°Va, ) V3 (0" V') = (0" V1) V2,0 V3,0 (07 V')

+ (=07 VL) Vo, (0" VY)WV o + V1,u(07Vo, ) (0" V3 )Vi o

— V1w (0"V2, ) (07VE Wae — Viu(07 Vo, )V (0"Vi 5)

+ (=V1u(0°V2, ) (0" Vs o)V — (9°V1 ) Vo, Vs, (0#VY)

V1,07 Va,)Vs,p (0" VY') = V1, (0" V2,0 V5, (97VY))

+ ((QVVL#)VQW(G“Vg,p)Vf + V'LM(@“VQ’V)(B”‘/}MP)‘/Z

+ (8VV1’M)‘/v2,VV3,p(aMV4p) + Vl,u(aMVZ,u)%,p(aywp))

+ 0PV, )Vau V' (0,Vi) = (0°Vau) V3 Vs, (0, V)

+ %,u(ap%,u)(ﬁpvz’;ﬂ)vf - V17H(3P1/2“)(8p%7y)%”

+ (0PV1,u)Vaw (0, V3 )V = (0°V1,u) V3 (9, V3, )V

+ V1u(0V20 )V (0 V') = Vi u(0°V3) Vs, (0,VY)) *)
Dim6 _Scalar2_Vector2_D of int

(L Hy Ho(— (00 Va 1) Vay, + (090, Vi, )V

Va0 Va,) + Va,(00, V1)) )
Dim6 _Scalar2 - Vector2_DP of int

(*i((&‘“Hl)Hg(a”ng#)wyy — (8VH1)H2(8UV3#)V4’” + H1(8“H2)(8”V3,#)V4,V
— Hl(a”Hg)(ang,u)V‘l’“ + (8”H1)H2V3,M(8“V4’1,) — (8”H1)H2V§’,L(8,,V47“)
+ H1y(0" H2)V3,,(0" Vi) — Hi(0V H2) V3, (0, V) %)
Dim6 _Scalar2_ Vector2_PB of int

((H Ha (0 Va ) (00 Va) — Hy Ha (0" Vs ) (0,V11)) )
Dim6_-HHZZ_T of int (xiH;HaV3 , V4 x)
Dim6_HWWZ_DW of int

(>(< i(Hl(ﬁpr,u)W&“Zsz — H1W2’H(8PW3’“)Z4W - 2H1(3VW27M)W37VZ4’“
— H1W27M(8VW37,,)Z4’“ + H1 (8“W27M)W37,,Z4’V + 2H1W27M(8“W37V)Z4’V) *)
Dim6_HWWZ_DPB of int

(* i(*H1W27#W3,V(aVZ4’“) + H1W27#W37V(8”Z4’V)) *)
Dim6 _HWWZ_DDPW of int

(>(< i(Hl(ayWQ’“)Wg’MZLLV — H1W2,M(8VW3’“)Z4,V - H1 (6VW2’#)W3’VZ4’“
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+ H1W27HW37V(({9VZ4’”) + H1W2’#(8HW37V)Z4’V — H1W2’NW3’U(8”Z4’U)) *)
| Dim6_HWWZ_DPW of int

(>(< i(H]_(aDWQ,N)Wg’MZLL)V — H1W2}N<8VW3’“)Z4,V + (aVHl)W27MW3’,,Z4’”

— H1(8VW27M)W37VZ4’“ — (6#H1)W27MW37VZ4’V + H1W2,M(6“W37V)Z4’D) *)
| Dim6_AHHZ_D of int

(% i(Hy Hy (00" A,) Z, — Hy Hy (8D, A,) Z1) %)
| Dim6_AHHZ_DP of int

(>(< 1(<8MH1)H2(6VAM)ZV + H1(6”H2)(8”AM)Z,,

— (0 H1)Hy(9,A,) Z¥ — Hy (0" Hy) (0, A,) Z1) %)
| Dim6_AHHZ _PB of int

(x i(Hy Hy (9" A,) (0, 21) — HyHy (9" A,) (0" Z,)) *)

type o vertexn =
| UFO of Algebra.QC.t x string x lorentzn x fermion_lines x Color.Vertex.t

An obvious candidate for addition to boson is T, of course.

@ This list is sufficient for the minimal standard model, but not comprehensive enough for most of its ex-
tensions, supersymmetric or otherwise. In particular, we need a general parameterization for all trilinear
vertices. One straightforward possibility are polynomials in the momenta for each combination of fields.

@ JR sez’ (regarding the Majorana Feynman rules): Here we use the rules which can be found in [7] and are
more properly described in Targets where the performing of the fusion rules in analytical expressions is
encoded. (JR’s probably right, but I need to check myself ...)

Signify which two of three fields are fused:
type fuse2 = F23 | F32 | F31 | F13 | F12 | F21
Signify which three of four fields are fused:

type fused =
| F123 | F231 | F312 | F132 | F321 | F213
| F12/ | F241 | F412 | F142 | F/21 | F214
| F184 | F341 | F413 | F143 | F431 | F314
| F234 | F342 | F423 | F248 | F4532 | F824

Explicit enumeration types make no sense for higher degrees.
type fusen = int list
The third member of the triplet will contain the coupling constant:

typeat =
| V3 of o vertexd x fuse2 X «
| V4 of a verterf X fuse3 X «
| Vn of a vertezn X fusen X «

9.1.3 Gauge Couplings
Dimension-4 trilinear vector boson couplings

FabeO" A% AL AG — i fapckt A% (k) AL (ko) AL (K3)

i
_ 75]0(11&2%0#1#2#3 (1, ko, k3) AR (k1) AR2 (ko) A2 (k3)  (9.5a)

with the totally antisymmetric tensor (under simultaneous permutations of all quantum numbers u; and k;)
and all momenta outgoing

Ot (K, Ry, i) = (9192 (R — K4) + g0 (K™ — R + gshs (K2 — 1)) (9.5b)

Since fo,aza; CH1H#2H8 (ky, ka, k3) is totally symmetric (under simultaneous permutations of all quantum numbers
a;, ; and k;), it is easy to take the partial derivative

AVH (kg + k3) = 75 FabeCH07 (—ky — ks, iz, k) AL (k2) AS (ks) (9.6a)
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‘ only Dirac fermions ‘ incl. Majorana fermions
FBF (Psibar, S, Psi): L1 = gsi15v¢s
F12 | g < i-gsinS o - gsinS
F21 | thy +1i-ggStn Vo <1955
F13 | S < i-gsihiips S i- gy Ciy
F31 | S+ i-gst2atia S < i-gsT Cyy
F23 | 41 < i-gsSyo Y1 < 1-gsSie
F32 | ¥ +1-gseS P —1-gseS
FBF (Psibar, P, Psi): L1 = gpi1 Pysio
F12 | thy +i- gpt1ysP Vo < 1-gpysY1 P
F21 | thy < i-gpPir17s o <1+ gpPys511
F13 | P < i-gp1ysihs P i gpp] Cysiy
F31 | P i-gp[ystha]athia P« 1i-gpipg Cysehy
F23 | 1 < i-gpPystb2 1 < i-gpPys1a
F32 | 41 < i-gpysaP Y1 <1 gpysYa P
FBF (Psibar, V, Psi): L1 = guvi1Vbo
F12 | g < i-gvinV Vo0 < i (—gv)i15Vas
F21 | thap i gvVaptia Yo i (—gv)Vi
F13 | V, i gvtiy,tbe Vi 1 gv(1)T Cyuibs
F31 | V, < i-gv[vutaathia Vi (=gv)(@2)T Cyputhy
F23 | iy < i-gv Vo Y1 i gy Vi
F32 | by o i gvihasVap V1o & 1-gvi2sVap
FBF (Psibar, A, Psi): L; = gath1ys A
F12 | by < i-gathiys A V2,0 < 1-gatslrsAlas
F21 | Yop i -galvsAlapthra | o < i-gaysAv
F13 | A, < i+ gah1ysvuie A, i gadT Cysyuipe
F31 | Ay i-galysyutalathia | Ay i gahd Cysyutn
F23 | 1 < i-gays Ao VY1 i gays Ao
F32 | Y10 < 1-gatapglsflas | Y10 <1 gadeslrsdlas

Table 9.3:

derivative couplings and all participating fields are different.

‘ only Dirac fermions ‘ incl. Majorana fermions

FBF (Psibar, T, Psi): L5 = grT,01[v", 7] =12

F12 | Yo i grn[v",7"]-Tow Yo+ i-gr---
F21 | 4§y i grTuihi " 77— Yo 4—i-gr--
F13 | Ty < i+ grtn [y, wl-t2 Ty <= i-9gr---
F31 | Ty <1+ gT[['V/m ’YV}—@[}Q]al/;l,a Ty < 1i-gr---
F23 | by i grTin ", 7] -12 Yy <—i-gp---
F32 | 1 < i-gr[y", 7"l Y1 i-gr---

Table 9.4:

Interface of Coupling

Dimension-4 trilinear fermionic couplings. The momenta are unambiguous, because there are no

Dimension-5 trilinear fermionic couplings (NB: the coefficients and signs are not fixed yet). The

momenta are unambiguous, because there are no derivative couplings and all participating fields are different.
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‘ only Dirac fermions

‘ incl. Majorana fermions

FBF (Psibar, SP, Psi): L1 = 1¢(gs + gpys) 2

F12 | 3 +i-¥1(gs + gps)d (PR R
F21 | 4y 1i- ¢t(gs + gps) g =i
F13 | ¢ +i-U1(gs + gp7s)2 G-
F31 | ¢« i-[(95 + gpys)¥2lathia | i+
F23 | 4y < i-d(gs + gpys)v2 hy =i
F32 | 1 i (95 + gpys)¢2d (IR B R
FBF (Psibar, SL, Psi): L1 = gri1d(1 — v5)tha
F12 | g i gy (1 —v5)¢ PR R
F21 | 4y« 1i-grotn (1 —7s) P =i
F13 | ¢ i grin(1— )2 i
F31 | ¢« i-go[(1—7s)olathra | pi----
F23 | 1 i go6(1— 75)t Yr i
F32 | by <1 gr(1 —75)129 (B R
FBF (Psibar, SR, Psi): L1 = grip10(1 + v5)2
F12 | g +i-grip1(1475)¢ Yo i
F21 | 3 i-gron(1+75) PR REEE
F13 | ¢ i-grib1(1475)h2 G-
F31 | ¢ i grl(1475)alathia | ¢ i---
F23 | 1 i gro(l+75)1b2 Py =i
F32 | 1 i gr(1l+75)t20 (IR R

FBF (Psibar, SLR, Psi): L1 = gri1d(1 — v5)ha + grib1d(1 + 45)1o

Table 9.5:
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‘ only Dirac fermions ‘ incl. Majorana fermions
FBF (Psibar, VA, Psi): L1 = V1Z(gv — ga7s)¥2
F12 | by i-91£(9v — ga7s) Py =i
F21 | o i [Z(gv — 9a75)lap¥ia | o si---
F13 | Z, < i-1yu(gv — gas)2 Zy =i
F31 | Zy i [vulgv — gavs)®2latia | Zy i+
F23 | 1 1 Z(gv — gav5)¥2 TP P
F32 | Y10 < 1-Y2p[Z(gv —gavs)lap | 1 1
FBF (Psibar, VL, Psi): L1 = g1 Z(1 — v5)2
F12 | by« 1i- g1 Z(1 —75) Py =i
F21 | o < i-grlZ(1 = 75)]aptia | 2 =i- -+
F13 | Z, < i gri1vu(1 —vs5)2 Zy =i
F81 | Zy < i-golyu(l = v5)0o)athra | Zy<i----
F23 | 1 <1 912 (1 —v5)1b2 (NS R
F32 | Y10 i-grbaglZ(1 —75)]as Yr =i
FBF (Psibar, VR, Psi): L1 = grtp1 Z(1 + v5)1b2
F12 | by i~ grih1 Z(1 +75) Py =i
F21 | g i grlf(L+1s)laptiie | o -
F13 | Z, < i grtryu(l +75)2 Zy =i
F31 | Zy i grlyu(l+75)¢latie | Zusi---
F23 | 1 1 -grZ(1+v5) TR PR
F32 | Y10 <1 grb2s[Z(1+75)]ap TR B
FBF (Psibar, VLR, Psi): L1 = grt1Z(1 —v5)t2 + grin Z(1 + v5)1b2

Table 9.6: Combined dimension-4 trilinear fermionic couplings continued.

FBF (Psibar, S, Chi): Sy

F12: xS F21: xSy
F18: S« ¢TCx F31: S« x"Cy
F23: 1+ Sy F32: xS
FBF (Psibar, P, Chi): P Pysx
F12: < vs¢P F21: X« Pyt
F18: P« ¢yTCysx F31: P« x"Cys¢
F23: o Pysx F32: o ysxP
FBF (Psibar, V, Chi): ¥V x
F12:  Xo & 95V as F21: x =V
F13: Vo ¢TCyux | F31: V, + xTC(—yu0)
F23: ¢« Vyx F32: o xsVap
FBF (Psibar, A, Chi): ¥y’ Ax
F12: xa < s’ Alap | F21: x <A
F18: A, + ¢TCY¥y,x | F31: A, + XTC(y%.0)
F23: 1+ 7P Ay F32: tha < x5[V° Alas

Table 9.7: Dimension-4 trilinear couplings including one Dirac and one Majorana fermion
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FBF (Psibar, SP, Chi): ¥¢(gs + gpvs)X

F12: x <+ (95 +9pvs)Vo F21: x <« ¢(g9s + gpvs)t
F13: ¢« TClgs + gpvs)X F31: ¢« x"Clgs + gpys)x
F23: 1+ ¢(gs + gpvs)x F32: 4« (95 +gpy5)X®

FBF (Psibar, VA, Chi): YvZ(gv — ga7ys)X
F12: Xo < ¥slZ(—g9v — 9a7¥s)|ap | F21: x < Z(—gv — gays)]¥
F13: Z, < TCulgy — gavs)x | F31: Z, < x" Cyu(—gv — gavs)¥
F25: ¢« Z(gv — gays)X F32: tha + xslZ(9v — 9a75)]as

Table 9.8: Combined dimension-4 trilinear fermionic couplings including one Dirac and one Majorana fermion.

FBF (Chibar, S, Psi): xSy
Fi12: ¢+ xS F21: ¢+ Sx
F13: S+ xTCy F31: S« yTCyx
F23: x <« Sy F32: xS
FBF (Chibar, P, Psi): XPysv
F12: ) + ys5xP F21: 4« Pysx
F13: P« \TCys9 F31: P+ ¢TCyx
F23: x < Pys¢ F32: X < yyP
FBF (Chibar, V, Psi): XV
F12: o — —xsVas F21: ¢« —Vx
F13: V, « xTCyu F31: V, + ¢TC(—,X)
F23: x<+ Vv F32: Xa < ¥aVas
FBF (Chibar, A, Psi): xv° A
F12: tho ¢ xs[V°Alap | F21: o+ 7P Ax
F13: A, xXTCOyPyu) | F31: Ay + TCyy,x
F23: x + Ay F32:  Xa + ¥s[v° Alap

Table 9.9: Dimension-4 trilinear couplings including one Dirac and one Majorana fermion

FBF (Chibar, SP, Psi): X¢(gs + gp7ys)¥

F12: 9 < (95 + 9p7s5)X® F21: ¢ < ¢(gs +gpys)x
F13: ¢« xTClgs + gpys)v F31: ¢+ ¢TC(gs + gpys)X
F25: X < &(gs + gpys)¥ F32: X < (95 +gp7s5)0¢

FBF (Chibar, VA, Psi): XZ(gv — gavys)¥
F12: o < xglZ(=gv —gars)lap | F21: 4 < Z(—gv — gars)x
F13: Z, X" Cyulgy —gavs)¥ | F31: Z, < 9" Cyu(—gv — gars)x
F23: x + Z(gv — gays)¥ F32: Xa + ¥slZ(gv — 9a75)]as

Table 9.10: Combined dimension-4 trilinear fermionic couplings including one Dirac and one Majorana fermion.
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FBF (Chibar, S, Chi): XaSXb

F12:  xp < XS F21: xp <+ Sxa

F13: S <+ xTCy, F31: S+ x{Cxa

F23: x4+ Sxp F32: xa < XSp
FBF (Chibar, P, Chi): YoPysts

F12: X < v5XaP F21: xp < PysXa

F13: P« xICysxe F31: P+ x}CysXa

F23: Xa < Pysxe F52: Xa < vsx0P

FBF (Chibar, V, Chi): XaV X0
F12: xpa < —XagVas F21: xp < —Vxa
F13: 'V, + XfC’yqu F31: V, *X{C’YuXa
F23: Xa+Vxp F32:  Xaa ¢ Xb,5Yap

FBF (Chibar, A, Chi): Xav>Axs
F12: Xpo < Xapl’Alas | F21: x0 < 7 Axa
F18: A, < xICyiyuxe F31: A, + xFC(v*vuXa)
F23:  Xq <Y Axs F32:  Xaa < X080 Alag

Table 9.11: Dimension-4 trilinear couplings of two Majorana fermions

FBF (Chibar, SP, Chi): X¢a(9s + 9p7s5)Xb

F12:  xp < (95 + 9P75)Xa® F21: Xy < ¢(9s + 9PV5)Xa
F18: ¢+ xIClgs + gpr5)x0 F31: ¢+ xj Clgs + 9p¥5)Xa
F23:  Xa < ¢(9s + 9pP75)X0 F32:  Xa < (95 + 9p75)X0®

FBF (Chibar, VA, Chi): XoZ(9v — gav¥s)Xs
FI12: Xpa ¢ XaplZ(—9v —9avs)lap | F21: xp < Z(—9v — 9a75)|Xa
F13: Z, + x4 Cyulgv — 9a7s)x0 F31:  Z, + x4 Cyu(—9v — 9a¥s)Xa

F23: Xa < Z(9v — 9475)Xb F32: Xa,a < X0,8[Z(9v — 9a75)ap

Table 9.12: Combined dimension-4 trilinear fermionic couplings of two Majorana fermions.

Gauge_Gauge_Gauge: L1 = gfapcALALOLAc
Al i (—ig/2) - CUPY (—ko — ks, ko, ks) ADAS
Auz_Gauge_Gauge: L = gfapeXa,uw (k1) (A} (k2)AY(ks) — Af (k2) A¥(ks))
F23VF32: XM (kg +k3) < i gfanc(Al (k2)AY(k3) — A} (ko) Ak (k3))
F12VF13:  Ag (k14 kays) <=1 gfabeXoou(k1) AL (ky)3)
F21VF31: Aa’u(kg/g + k)1 gfabcAZ(kg/g)ch,(kl)

Table 9.13:  Dimension-4 Vector Boson couplings with outgoing momenta. See (11.1b) and (9.6b) for the
definition of the antisymmetric tensor CH1#2H3 (kg ko, k3).
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Scalar_ Vector_ Vector: L1 = gpV{*'Va,

F13: <+i-g--- F31: «i-g--

Fi2: +i-g--- F21: «i-g---

F23: ¢ i-gV/'Va, | F32: ¢<i-gVa, V)

Auz_ Vector_Vector: L1 = gX V'V,

Fi13: <+i-g--- F31: +i-g---

Fi12: +i-g--- F21: +i-g---

F23: X «i-gVi'Va, | F32: X «i-gVa, V'

Auz_Scalar_ Vector: L = gXH ¢V,

Fi3: <+i-g--- F81: +i-g---

Fi12: <«i-g--- F21: «i-g---

F23: +i-g--- F32: «i-.g---
Table 9.14:

Scalar_Scalar_Scalar: L1 = gp1d203

F13: ¢o < i-gp1¢3 | F31: ¢ < 1i-ghsdy

Fi12: ¢3<i-gp1¢a | F21: @3 <1i-gpa

F23: @1+ i-gpag3 | F'32: ¢y <+ 1i-gospo

Auz_Scalar_Scalar: L1 = gX @12

Fi3: <+i.g--- F81: +i-g---

F12: «i-g--- F21: «i-g---

F23: X <1i-gp1pa | F32: X < 1i-gpah

Table 9.15:

Vector_Scalar_Scalar: L = QV“¢115;Z¢2

F23: Vi (kg + k3) < i- g(kb — k&)1 (ke

F32: Vi(ky +ks) < i- g(kh — ki)pa(k

)o2(ks3)
3)p1 (k)

F12: ¢2(k1 + k‘g) —1i- g(ku + 2]6“)

(K

@1 (k2

F21: ¢2 ki + ko) i g k“+2k“)¢1(

D)1
ko) V(K

k1

( ) (
F13:  ¢1(ky +k3) <1 g(—ky — 2k5)V,
( ) < i-g(=ki — 2k) s

F31:  ¢1(k1+ k3 i-g

A
(

~— | —

k3

Table 9.16:

b2

)

Auz_DScalar_DScalar: L1 = gx(10,¢1)(10"
(k

F23:  x(ko+ks) «i-g(ks-k3)p1

2

ks)

2
F32: X(k‘g + k3) —1i- g(k3 . k2)¢2(k3

)¢
)¢1

k2)

F12: gf)Q k1+k2 —i- g(( klfkg)'

ko

— ka)

k3

( )
F21: ok + ko) < i-g(ka- (—k
F13:  ¢1(ky +ks) < i-g((—k1 — ks)
F31:  ¢1(ky + ks) < 1i-g(ks- (—k

— k3)

(
(
)x (k1)1
)
)
)

Table 9.17:
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Auz_Vector_DScalar: L1 = gxV,,(10"¢)

)

F32: (k’g + kg) —1- gd)(kg)kgvu(kg)

F12: ¢(ky + k) < i-gx(k1)(—k1 — k2)" V. (ko)

F21: qb(kl -+ k’2) —1- g(,kl — kz)#vu(kg))((kl)

F13: V, (k1 +k3) < i-g(=k1 — k3).x(k1)o(ks3)

F31: V(ky+ks) < i-g(—k1 — k3)uo(ks)x (k1)

Table 9.18:
with
CHP7(—ko — k3, ko, k3) = (9" (ky — k%) + g7 (2k5 + Kk5) — ¢"7(2k3 + k3)) (9.6b)

i.e.

AP (ko + k3) = —%fabc((kg — k) AP (ko) - A%(ks3)
+ (2]{53 + ]{52) . Ab(k’g)AC’“(kg,) — Ab’“(k‘g)Ac(kg) . (2k‘2 + k‘g)) (960)

@ Investigate the rearrangements proposed in [5] for improved numerical stability.

Non-Gauge Vector Couplings

As a basis for the dimension-4 couplings of three vector bosons, we choose “transversal” and “longitudinal”
(with respect to the first vector field) tensors that are odd and even under permutation of the second and third
argument

Lr(Vi,Va, Va) = VI (Vo i0p Vi) = —Lor(Vi, Vs, Va) (9.7a)
L, (V1,Va,V3) = (10, VI)VWVa, Vg = L (V4, V3, Va) (9.7b)

Using partial integration in £, we find the convenient combinations

Lp(Vi, Vo, V3) + L, (V1, Vo, V5) = =2V}"i0, V5, V5’ (9.8a)
Lr(V1, Vo, V3) — L1,(V1,Va,V5) = 2V1MV2’yiaHV3V (9.8b)

As an important example, we can rewrite the dimension-4 “anomalous” triple gauge couplings

iLrac(gr, Ky 9a)/gvww = V(W WHY =W W)
+ kW IW, VI + g WIEW, (9" VY +8"VH)  (9.9)

as

Lrce(gr, K, g1) = g Lr(V,W -, W)

_ WL:T(W—,V, W) + WET(VW,V,W—)
—yﬁL(WiV’WJF)—F%MCL(W*,V,W*) (9.10)

CP Violation
L:(V1,V2,Vs) = Vlvlt(vlﬂi(a—:‘/&a)ewpa =+Lp(V1, V5, V2) (9.11a)
Lp(Vi, V2, Va) = (0V1,)Va, Vs € = —L1(2, V3, V2) (9.111)

Here the notations T and L are clearly abuse de langage, because £ 7 (V1, Vs, V3) is actually the transversal
combination, due to the antisymmetry of e. Using partial integration in £;, we could again find combinations

L7(V1,Va,Va) + Ly (V1, V2, V3) = =2V1 V2,10, V5,5€777 (9.12a)
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DimJ _ Vector_ Vector_ Vector_T: L = ngu‘/gwingg”

F23: Vi(ko + k) ¢ i- g(kY — k) Vo, (ko) Vi (ks)
F32: Vi(ky + ks) i~ g(kY — KV (ks) Vo, (k2)
F12: Vi(ky + ka)  1- g(2k5 + k)i (ke ) V3 (ko)
F21: VI (ks + k) i g(2KY + kY)W (ko) Vi (k1)
F13: Vi(ky + ks) < i- g(—kY — 2KV (k) V2 (ks)
F31: Vi (ky + k) ¢ i- g(—kY — 2KV (k) Vi (k1)

DimJ _ Vector - Vector_ Vector_L: L; = gi@HVf‘VQ,VV?)”

F23: V/'(ko +ks) < i-g(kh + E§)Va,, (ko) VY (ks)

F32: VI(kg +ks) < 1-g(kh + k5)VY (k3)Va,, (k2)

F12: V3M(k1 + ko) «1i-g(—ky)V4, ,,(k‘l)V”(ng)

F21: VI(ki + ko) < 1- g(—kY)VE (ko) Vi (k1)

F13: V3'(k1 + ks) < i- g(=k{)VY (k1)V5' (k3)

F31: Vy'(k1 + ks) < i~ g(=kY)V (k3)VY (k1)
Table 9.19:

Interface of Coupling

Dim/ _Vector_ Vector_Vector_T5: L; = gVLuVQ,piE,)Vg’ge””p"

F23: V{'(ko + k3) < 1i-ge"? (ko — k3,)Va,p(k2)V3 0 (k3)
F32: Vi'(ky+ k3) < i-ge"r? (ko — k3, )Va o (k3)Va,,(k2)
F12: VI(ky + ka) < 1- ge"P? (ko + k1) V1 (k1) Va0 (k2)
F21: Vi'(ki+ ko) < 1-ge"P? 2k, + k1,,)Va o (ko) V1, (K1)
F13: V§'(ki+ k3) < 1-ge"P7 (—k1,, — 2k3,) V1 (k1) V3 o (k3)
F31: Vi (ki +k3) < i- ge"?7 (—ky, — 2k3,)V3 o (k3)Vi , (k1)

DimJ _ Vector_ Vector_Vector_L5: L = gi0, Vi, V2, V3 o€"P7

F23: Vllt(]{ig + ]{13) —1i- geuypg(kg v+ k‘g V)VQ p(k’g)Vg 0(/@3)
F32: VI'(ky+ks) < 1i-ge"P (ko + k3.)Va,p(k2) V3,0 (ks3)
Fi12: V (k’l + k’g) —1- gEHUPU( kl )Vl,p(kl)‘/Q,n(kQ)
F21: Vt(kl —l—kg) —1- 6””’)0( kl’y)‘/g’g(k'g)‘/l,p(k’l)
F13: ‘/QH(k +k3) (_i.geuupa( kl V)Vl p(kl)V3 g(kg)
F31: L(lﬁ + ]4}3) g€“”pg( k17,,)V37U(k3)V1 p(k‘l)
Table 9.20:
Li(Vi, Vo, Va) = L1 (Vi, Va, Vi) = —2V4 i, Va,, Vi P (9.12b)
but we don’t need them, since
ilrac(gs, k)/gvww = 95€Wpa(W+’“i<(¥’>W_’l’)V”
Ry o vpo
— 7Wu W, Fetvp Voo (9.13)
is immediately recognizable as
Lrac(gs, &) /gvww = —igsLy (V,W ™ , W) + LA (V, W™, WT) (9.14)
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Dim6 - Gauge-Gauge-Gauge: L; = gF{" Fy ,,F3
- A,f(k2 + k3) ——i- AMPU(_k2 - kSv k?? k3)A2,pAc,0'

Table 9.21:

Dim6 _Gauge_Gauge_Gauge_5: L1 =g/2 - EMUATFLHVFQ’TPF&IJA
F23: Aﬂ(kg + k’g) — —i- Aﬂpa(fkg - kg, kg, kg)AgmAgﬂ
F32: (kg + kg) —i- AM)U( ko — k3, ko, kg)Ag)UAg,p
F12: S(kl + kg)

F21: Ag(kil —l—kjg) — —
F13: AP(ky+ ks) — —
Table 9.22:

9.1.4 SU(2) Gauge Bosons

An important special case for table 9.13 are the two usual coordinates of SU(2)

1
Wi =— Wy FiW- 9.15
+ NG (Wh FiWs) ( )
i.e.
i
Wo=— (W, —-W_ 9.16b
2= \/5( + ) ( )
and
WIWY — WIWY =i (WAWY — WEW?Y) (9.17)

Thus the symmtry remains after the change of basis:

EabCWé” Wéiz Wcug =i (W_ll_tz W;B _ W§t2 W_I:S)
T AW (WERWH — W) 4 i (WHWES — WE2H) - (9.18)

9.1.5 Quartic Couplings and Auziliary Fields

Quartic couplings can be replaced by cubic couplings to a non-propagating auxiliary field. The quartic term
should get a negative sign so that it the energy is bounded from below for identical fields. In the language of
functional integrals

Ly = —g°P1¢20301 =
Lxge = X*X £ gXp1do + gX p30s = (X" £ 9¢102)(X + gh3da) — ¢* 1020304 (9.19a)

and in the language of Feynman diagrams

—ig? =  +ig » - -« +tig (9.19Db)
+i

The other choice of signs

o2 = — XX £ gX 192 F gX d3a = —(X* £ gh162)(X F gdsda) — g d162¢304 (9.20)
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+igyuTa (9.22a)

gfala2a3CH1M2H3 (klakQ; k3) (9.22b)

_ingalazbfaaa4b(9u1usgu4uz ~ G papaps)
7ig2falasbfa402b(gﬂlﬂ4gﬂ2ﬂ3 - gﬂl#29ﬂ3ﬂ4) (9'22C)

2 2
—1g fa1a4bfa2a3b(gu1uzg;t3u4 - gll«lﬂi’;glhl/l«z)

Figure 9.1: Gauge couplings. See (11.1b) for the definition of the antisymmetric tensor CH#1#2¢3 (ky ko, k3).

| = — ingalagbfa3a4b(gu1#3gu4u2 - 9H1H49M2H3) (9'23)

Figure 9.2: Gauge couplings.

can not be extended easily to identical particles and is therefore not used. For identical particles we have

92 4

l s 92 Iy 1 9 42 942\ _ 9 4
Lxg = 5X* 4 5X6* £ I X0 72(X12¢)(X12¢) ot (021)

Explain the factor 1/3 in the functional setting and its relation to the three diagrams in the graphical
setting?
Quartic Gauge Couplings
The three crossed versions of figure 9.2 reproduces the quartic coupling in figure 9.1, because

- 2
— 19 fa1a2bfu3a4b(gulu3.gu4ﬂ2 - gH1M4gM2H3)
igV1V3gV2V4

= (igfa1a2bT#1#2,V1V2) ( 9

) (igfa3a4bT,u3,u4,y3y4) (924)

with T#1#27H3#4 = Guips9paps — Gpipa9paps-

9.1.6 Gravitinos and supersymmetric currents

In supergravity theories there is a fermionic partner of the graviton, the gravitino. Therefore we have introduced
the Lorentz type Vectorspinor.
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GBG (Fermbar, MOM, Ferm): v (i@ 4+ m)¢pi,

F12: g < —(f Fm)inS F21: g < =Sk Fm)in

F13: S« ] C(f £ m)ihy F31: S < g C(—(F Fm)yn)

F25: < S(F£m)is F32: ahy + (FEm)eS
GBG (Fermbar, MOMS5, Ferm): v (ip) £ m)¢y°iba

F12: g < (F £ m)yyr P F21: g < P(f+m)y5y

F13: P <+ FCF £ m)y5iby F31: P <+ ICF £ m)ysn

F23: 41+ P(F£m)y s F32: 1+ (F£m)y P

GBG (Fermbar, MOML, Ferm): 11 (1§ £ m)é(1 — v°)1y
F12: g —(1 =P )YFFm)1o | F21:  hy + —d(1 — ) (F F m)n
F13: ¢ p{ C(E£m)(1 —7")s | F31: ¢ < 13 C(1 = 2°)(=(F F m)vn)
F23: 1 < o(F£m)(1 — )by F32: 1 < (F£m)(1 —~°)e0
GBG (Fermbar, LMOM, Ferm): 16(1 — 4°)(id & m))o
F12: o —(FFm)Yi(1—=2°)¢ | F21: hy < —¢(F F m)(1 —7°)¢n
F13: ¢ {C(L =)k £m)s | F31: ¢ 3 C(—=(F F m)(1 — "))
F28: = @1 =2°)(F£m)ps | F32: o1 < (1=7°)(k £m)eeg
GBG (Fermbar, VMOM, Ferm): 11idoVs[v®, 7?12

FI'?/ 1/12 — _[%77(1]1/)1‘/0 F'?/l ¢2 — _[kv‘/]wl
Fi13: V, «+ ¢{C[%a7a]w2 F31: Vy <+ %TC(—[%‘KMWI)
F25: y <1f Vg F32: 1 [k, 2Va

Table 9.23: Combined dimension-4 trilinear fermionic couplings including a momentum. Ferm stands for Psi
and Chi. The case of MOM R is identical to MOM L if one substitutes 1+~ for 1 —~°, as well as for LMOM
and RMOM. The mass term forces us to keep the chiral projector always on the left after ”inverting the line”
for MOM L while on the right for LM OM.
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GBBG (Fermbar, S2LR, Ferm): 115152(9Pr + grPRr)o

Fi123 F213 F132 F231 F312 F321:

g S182(9rPrL + 9L Pr)in

F}23 F243 F}32 F23) F3/2 F32/:

1 < S152(91.Pr + grPr)Y2

F134 F1}8 F31:

Sy« YT CSa(grPr + grPr)Y2

F12) F1}2 F21:

FJ13 F/81 F3)1:

F/12 FJ21 F2}1:

)

Sy + 1 CS1(grPrL + grPr)2
Sy« 3 CSa(grPrL + gL Pr)i1
Sy 3 CS1(grPr + gL Pr)Yr

GBBG (Fermbar, S2, Ferm): 1151527°o

F123 F213 F132 F231 F312 F321:

P9 < 5159751

F}23 F243 F}32 F23) F3/2 F32/:

Y1 515275¢2

F13) F1}3 F31/:

Sy T CSayPehs

F124 F1}2 F21:

Sy« f CS175 1,

F}13 F431 F3)1:

Sy« I C Sy

Fj12 FJ21 F2}1:

Sy + I CS195Yn

GBBG (Fermbar, V2, Ferm): ¥1[V1, Va]o

F123 F213 F132 F231 F312 F321: by + —[V1,Va]th
F}23 F243 F}32 F23} F342 F324: 1 « [V1,Va|is
F134 F148 F314: Vi4 <+ 0T Clya, Valtbs
F124 F142 F214: Voo < 1 C(—[Va, V1])tb2
F418 F431 F341: Vi ¥IC(—[va, V2] U1

Fj12 FJ21 F2)1:

V2a<—1/’2 Clas Vilth

Table 9.24: Vertices with two fermions (Ferm stands for Psi and Ché, but not for Grav) and two bosons (two

scalars, scalar/vector, two vectors) for the BRST transformations. Part I
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GBBG (Fermbar, SV, Ferm): 11V S

F123 F213 F132 F231 F312 F321: 1y < —V Sy

F}23 F243 F}32 F234 F342 F32f: 1 + VSt
F18) F143 F314: Vi, + YICryaSibo
F124 F142 F214: S+ T CVbs

FJ13 F}31 F3/1:

Vo ¢ 93 C(—7aS¢1)

Fj12 FJ21 F2}1:

S 3 C(=Vn)

GBBG (Fermbar, PV, Ferm): 1 V~°Pis

F123 F213 F132 F231 F312 F321:

Uy + V7 Py

FJ23 F243 F}32 F23) F3/2 F32/:

U1 < V5 Py

F13) F143 F31}:

Va 1 Cyay® Py

F124 F1}2 F21):

P p] CY 1y

Fj13 F431 F3)1:

Vo < 3 Cryay Pin

F/12 F}21 F2/1:

P — T CV A%

GBBG (Fermbar, S(L/R)V, Ferm): {1V (1 F %) dbs

F123 F213 F132 F231 F312 F321:

Y2 < =V (1£7°)¢¢1

FJ23 F243 F}32 F23) F342 F32/:

U1 VA F9°)d¢s

F13) F1}3 F31/:

Vo + VT Cra(LF 7)o

F12/ F142 F21}:

¢ — VI CV(LF1°)¢2

F}13 F431 F341:

Va 93 Cra(=(1 £9°)¢¢n)

FJ12 Fj21 F2/1:

¢ PICV(=(1£7°)¢1)

Table 9.25:  Vertices with two fermions (Ferm stands for Psi and Ché, but not for Grav) and two bosons (two
scalars, scalar/vector, two vectors) for the BRST transformations. Part IT
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GBG (Gravbar, POT, Psi): 1, Sv"1)

F12: 4 « —y4), S F21: o« —Syip,
F18: S« ¢l Cyty F31: S+ pTC(—v*)1,
F23: 1, Syt F32: 1, ¢ 08

GBG (Gravbar, S, Psi): 1, fsSy"1
F12: op <y fsipuS F21: o) < Sy"fsiy
F13: S« ¢ Cksy'y F31: S+ ¢TCytfsip,
F23: < Sksv, 0 F32: < ks, bS

GBG (Gravbar, P, Psi): ¥, fpPy ys1)

F12: o < y"fkpysyu P F21: )« Py*kpysi,
F13: P« I Ckpytysip F31: P« TCy " pyse,
F23: o, < Plpyuysv F32: 4, < kpyuysvP

GBG (Gravbar, V, Psi): &u[kv,V]V"Vsdj

F12: o« ¥y [fv, 710, Va F21:

P '75'7/“[%‘/7 V]W

F18: VO Cllv, v vy | F31:

Vu — ¢TC’Y5’Y'D [%Vv 'Yuwjp

F23: kv, V] F32:

Y By, Yy’ Va

Table 9.26: Dimension-5 trilinear couplings including one Dirac, one Gravitino fermion and one additional
particle.The option POT is for the coupling of the supersymmetric current to the derivative of the quadratic
terms in the superpotential.

GBG (Psibar, POT, Grav): ¥y*Sv¢,

F12: 4,  —y,8 F21: ), + =Sy
F13: S « T Cytp, F31: 8+ T C(—yH)p
F23: 4 « SyMy, F32: ) yFp,S

GBG (Psibar, S, Grav): Yy*fsSi,

F12: 4, « bsyuS F21: 4, « Sksyut
F13: S« pTCyfs, F31: S« T Chsyiy
F23: 9+ Syksib, F32: 4 k51,8

GBG (Psibar, P, Grav): Ypy*y°Ppi,

F12: 4, < —kpy,Y°yP F21: 4, < —Pkpy,y°
F18: P« ¢TCyi fpi), F31: P — T Clpyiyst
F23: 4+ Py'ySkp, F32: vy kpy, P

GBG (Psibar, V, Grav): vy5y*[fv, V],

F12: 4, + [Fv, v 770 Va F21: apy « [Fv, V]
F13: V9 TCy¥ kv, by | F31: V= L Cllv, 7775
F23: < ¥y kv, V], F32: < Py [fy, v Va

Table 9.27:  Dimension-5 trilinear couplings including one conjugated Dirac, one Gravitino fermion and one

additional particle.
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GBG (Gravbar, POT, Chi): 1, Sy"x
Fi12: x < —*,S F21: x < =Sv"y,
F13: S« ¢l Cytx F31: S+ xTC(—y")y,
F23: 4, < Svux F32: 1, < v.xS
GBG (Gravbar, S, Chi): ¢, fsSv*x
F12: x < ~v"ksy,S F21:  x <+ Sy"ksvu
F13: S+ wgC%s’y“X F31: S« xTCyrsip,
F23: 4, < Sksvux F32: b, < ksvuxS
GBG (Gravbar, P, Chi): 1, fp Py ysx
F12: x < " Epysu P F21: x < Py"Epvsiu
F13: P« ¢ Ckpry'ysx F31: P« XTCy"fpysi,
F23: 9, < PEpyuysX F32: apy « kpyusx P
GBG (Gravbar, V, Chi): ¥u[kv, VIv*v°x
F12: x < v v,y Ve | F21: x4 " kv, VI,
F13: 'V, « ¢ZC[%V7’YM]7’)V5X F31: V, + XTCy¥v* kv, v.)v,
F23: by < [Fv, V17 x F32: Yy [Fv, 717" X Va

Table 9.28: Dimension-5 trilinear couplings including one Majorana, one Gravitino fermion and one additional
particle. The table is essentially the same as the one with the Dirac fermion and only written for the sake of
completeness.

GBG (Chibar, POT, Grav): xy*St,
F12: o, —v.xS F21: o, =Svux
F18: S+ xTCyp, F31: S+ 1[130(—7“))(
F23: x < Svy*y, F32: x < ~"y,S
GBG (Chibar, S, Grav): xy"ksSv,
F12: b, < FsvuxS F21: b, < Sksvux
F13: 8 < XTCr'fsip, F31: S+ ¢TCksy"y
F23:  x <+ Sy"ksv, F32: x < ~v"ksy,S
GBG (Chibar, P, Grav): x7"~°Pkpy,
F12: < —kpyu¥y°xP F21: 1, <+ —Pkpy7°x
F13: P« xTCy"y5kpy, F31: P+ —wECkp’y“%X
F23: X + Py fkpyy, F32: X < y"y°kpip, P
GBG (Chibar, V, Grav): xv°v"[fv, V],
F12: ¢ < [Fv, 7170 xVa F21: < [Fv, Vv x
F18: VX" CY¥y kv, vl | F31: V= I Cllv, vy 7" x
F23:  x ¥ [fv, VIvu F32: X < " [fv, 1.V

Table 9.29: Dimension-5 trilinear couplings including one conjugated Majorana, one Gravitino fermion and
one additional particle. This table is not only the same as the one with the conjugated Dirac fermion but also
the same part of the Lagrangian density as the one with the Majorana particle on the right of the gravitino.
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GBBG (Gravbar, S2, Psi): 'l/_}uSlSQ"yMw

F123 F218 F132 F231 F312 F321: 1 < —y*S1521,

F428 F248 F482 F234 F342 F324: b, < 7,51 550

F184 F143 F314: S1 < ¢} CSyyHy

F124 F142 F214: Sy « ¢ CS17"y

F413 F431 F3/1: S; + —¢pTCSav* e,

F412 F421 F241: Sy —TCS1y"y,

GBBG (Gravbar, SV, Psi): 15,15‘/77”"/51#

F123 F213 F132 F231 F312 F321: 1 + v°y"SV,

F428 F248 F482 F284 F342 F824: 1, « VSv,7°0

F184 F143 F31{: S+ ¢TCYy"y°¢

F124 F142 F214: 'V, + YT CSv,7P7"

F418 F481 F341: S+ ¢TCy"Vip,

F412 F421 F241: 'V, + d’TOS”YS’Yp’YM//p

GBBG (Gravbar, PV, Psi): 1, PV~y"y

F128 F218 F132 F231 F312 F321: 1 « v"PV,

F423 F243 F432 F234 F342 F324: ), < V Py,

F134 F143 F314: P < pICYA*y

F124 F142 F214: 'V, < yTCPy,*Y

F}13 F431 F341: P+ pTCyVy,

F412 F421 F241: V, < YTCPyPy,1,

GBBG (Gravbar, V2, Psi): ¥ fape[V®, VoI 759

F123 F213 F132 F231 F312 F321: b < fapey® v [V V)0,

F423 F243 F432 F23) F342 F324: U, < fabe[V, Vo]0

F134 F148 F314 F124 F142 F214: V@ < UTC fapely, VP70

F413 F431 F341 F412 F421 F241: VS + 9TC farer™ v [ VOIY,

Table 9.30: Dimension-5 trilinear couplings including one Dirac, one Gravitino fermion and two additional
bosons. In each lines we list the fusion possibilities with the same order of the fermions, but the order of the
bosons is arbitrary (of course, one has to take care of this order in the mapping of the wave functions in fusion).
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GBBG (Psibar, S2, Grav): 7,/35152’#‘1&“

F123 F213 F132 F231 F312 F321:

Yy = —YuS1529

FJ23 F243 F}32 F23) F3/2 F32/:

Y 15150,

F13) F1/3 F31}:

Sl < ¢T0527“¢M

F12/ F1/2 F21}:

Sy = YT CS1y* 4,

FJ13 F/31 F3/1:

Si 4= =1 Oy

F12 F}21 F241:

Sa = =1 CSiy"y

GBBG (Psibar, SV, Grav): vSy*y°V i,

F123 F213 F132 F231 F312 F321:

¢;t — V5757u¢

F}23 F2/3 F}32 F23) F342 F32/:

Y SV Y,

F13) F1}3 F31}:

S <« YT Cy Yo

F12/ F1}2 F21:

Vi« 1/JTCW”’Y5 S'Vuwp

FJ13 F/31 F341:

S P CV° "¢

FJ12 FJ21 F2/1:

Vi = YT CSy Sy

GBBG (Psibar, PV, Grav): YPy*V,

F123 F213 F132 F231 F312 F321: 1, < V7, Py
F428 F248 F432 F234 F342 F324: 1 « "V Py,
F134 F143 F314: P« TCy "V,

F12) F1}2 F21}:

Vu < ¢T0P7p7;t¢p

F}13 F431 F341:

P <1, CVy"y

FJ12 FJ21 F241:

Vi < 9, CPyun*y

GBBG (Psibar, V2, Grav): ¥ fape YV, Vo]0,

F123 F213 F132 F231 F312 F321:

Y < JavelV 4 V0

FJ23 F243 F}32 F23) F3,2 F32):

¢ <~ fabﬂ%“ [Va7 Vbhﬁu

F13) F1/3 F31} F12} F1}2 F21}:

V;? «— wTCfabcPYS’Vp[P)’;u Vb]wp

FJ13 F481 F341 F/12 F}21 F2/1:

Vi wgcfabc [V VOl

Dimension-5 trilinear couplings including one conjugated Dirac, one Gravitino fermion and two

additional bosons. The couplings of Majorana fermions to the gravitino and two bosons are essentially the same
as for Dirac fermions and they are omitted here.
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1
= / K 2 K B2
h;w 0000000 = _1§guym +1§CNV,H1M2]€1 k’g (9278,)
A
2
1 K K
- / - i§m20;w7mu2 - i§(k1kQCMV7M1H2
hl“’ 0000000 = +DMV7M1M2 (kl,k’g) (92713)
\\ +£_1EHV7111M2(]€17]€2))
2
p
— it g — i (P + )y + W (p+P)
hl“’ 0000000 = 2 gl“/ 8 /7'” P Pov P P . (927(3)
/
= 29(P+ 7))
p/

Figure 9.3: Three-point graviton couplings.

9.1.7 Perturbative Quantum Gravity and Kaluza-Klein Interactions

The gravitational coupling constant and the relative strength of the dilaton coupling are abbreviated as

Kk =+4/161G N (9.25a)

2 2
v \/3(n 12) \/3(d —2)’ (9.25b)

where n = d — 4 is the number of extra space dimensions.
In (9.27-9.34), we use the notation of [13]:

C;w,pa = Gup9ve + Guo9vp — Guv9po (9263)

Duu,pa(kla k2) = guuk1,0k2,p
— (g#a‘kl,yk2’p + g#pkl,a'k27l/ — gpo'k17#k27l/ + (,U, <~ I/)) (926]3)

E/J,V,po’(kb k2) = guu(kl,pkl,o’ + k2,pk2,a + kl,pk2,o)
— (Guokr,pk1p + gupko koo + (n < v))  (9.26¢)

Fw/,pa)\(kla k27 k3) =
g,upga)\(kQ - k3)u + gpagAp(k:S - kl)u + gp,\gpg(kl — k2)y + (/14 — I/) (926d)

Guu,pa/\é = g/u/(gpog)\é - gp5g/\o)
+ (gupguég)\a + 9uxGvo9p5 — GupGvodrs — JurGuvsGpe + (M And V)) (9266)

Derivation of (9.27a)

L= %(am)(a“o:) - Ty (9.282)

oL
(@@)W = (0u0)(0,9) (9.28b)
T;w = 79;WL + (a“¢)(‘)(gi¢)+ (928C)
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Graviton_Scalar_Scalar: h,, C§" (k1, k) p1d2
F12| F21: ¢y i hyuCl (ky, —k — ky)éby
F18 | F31: ¢y < i~ hu Ol (—k — ko, ko) s
F28 | F32: M « i-CY (k1 ko) 12
Graviton_ Vector_ Vector: hy, C{"""2 (ky, ko, &)V, Vi,
F12 | F21: VI i - ho\CPM (—k — ki, kiE)Vi,
F13 | F31: VI i hopnCP Y (—k — ko, ko, €)Va,,
F28 | F32: W 4 i- CE M2 (ky ki €)Vi, Vi,
Graviton_Spinor_Spinor: h#ﬂ/_zlc’g"(kl, koo
F12: )y <1i- hwqﬁng”(kl, —k — k)

F21: by 1i-...
F13: d)l <—i~hWC’i‘”(—k—k2,k2)w2
2
F31: apy «i-...
F23: hM i CH (ky, ko)tbo
2
F32: hHY «—1-...
Table 9.32:
C(I)W(lﬁ, fin) = CHvbap2 kl,ulklltz (9.29a)
CLVH2 (kg €) = iy kg PPz - DRV (fy g  E7H M IH2 (fy hy) (9.29b)
CL s 1) =10+ P)" + 7850 + )" = 20" (B4 F)as (9.29¢)

9.1.8 Dependent Parameters

This is a simple abstract syntax for parameter dependencies. Later, there will be a parser for a convenient
concrete syntax as a part of a concrete syntax for models. There is no intention to do any symbolic manipulation
with this. The expressions will be translated directly by Targets to the target language.

type o expr =
| T
| Integer of int
Float of float
Atom of «
Sum of « expr list
Diff of o expr X « expr
Neg of a expr
Prod of a expr list
Quot of a expr X « expr
Rec of a expr
Pow of a expr x int
PowX of « expr X « expr
Sqrt of a expr
Sin of a expr
Cos of a expr
Tan of « expr

180



Interface of Coupling

1
{
= —iwk2m? — iwkki ko (9.30a)
1
2
1
/ . 2 . 1
= —iwkgu, u,m” — 1wk (k1 ks + k2 sk, ) (9.30b)
1
2
p
= —iwk2m + ium%(ﬁ +9) (9.30¢)
p/

Figure 9.4: Three-point dilaton couplings.

Dilaton_Scalar_Scalar: ¢ ...kikop1po
F12 | F21: ¢ i-ki(—k —k1)bd
F18 | F81: ¢y < i-(—k — ko)kado
F23 | F32: ¢ <+ 1i-kikagi¢o

Dilaton_ Vector_ Vector: ¢ ...

Fi12: Vo, «1i-...
F21: Vo, «i-...

F18: Vi «i-...
Fs1: Vi, «i-...
F23: ¢+i-...
F32: ¢«+i-...
Dilaton _Spinor_Spinor: ¢. ..
F12: g <1i-...
F21: g ¢i-...
F13: 1 +i-...
F31: oy +i-...
F23: ¢«1i-...
F32: ¢«+i-...
Table 9.33:
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Figure 9.5: Four-point graviton couplings. (9.31a), (9.31c), and (?? are missing in |

777

. K o
=195 Crv,pusp (k1 — ko) T3

2 n2Mn1

777

K a1a2as
- g§f 293 (Crw, iy (k1 — Ko2) g
+ Cu%uzm (k2 - ]‘53)u1
+ O/w,uz/n (kB - kl)#z
+ F#lﬁ#l#z#s (kl’ k27 k3))

777

R

191 (Crviusp = 9w Iusp) Y Tadn,

by standard model Higgs selfcouplings, Higgs-gaugeboson couplings, and Yukawa couplings.
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(9.31a)

(9.31b)

(9.31c)

(9.31d)

(9.31e)

(9.31f)

], but should be generated
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(9.32a)

= —iom(kl + kZ)I—LSTTLLLf,nz (932b)
(9.32¢)
(9.32d)

(9.32¢)

3
—iiwgm’ymT,‘jan (9.32f)

Figure 9.6: Four-point dilaton couplings. (9.32a), (9.32¢) and (9.32¢) are missing in [13], but could be generated
by standard model Higgs selfcouplings, Higgs-gaugeboson couplings, and Yukawa couplings.
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777 (9.33a)

=925 Clarguaps (T + T 1, (9.33b)

-2k p b
e 5(f alan a2a4G#V,#1#2M3#4
b b
“rf a1a2f a3a4GHMH1M3N2M4 (9.33C)

bajay pbasas
+f ! 4f : SGlW,ltluzlmlts)

Figure 9.7:  Five-point graviton couplings. (9.33a) is missing in [13], but should be generated by standard
model Higgs selfcouplings.

o(k) (9.34a)
o(k) (9.34b)
o(k) (9.34c)
Figure 9.8: Five-point dilaton couplings. (9.34a) is missing in [13], but could be generated by standard model

Higgs selfcouplings.
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Dim5 _Scalar_ Vector_ Vector - T: L = g¢(i0, V) (10, V4")
F23: (ko + k3) «1i- gké‘VL#(kz)ké’ngu(kg)
F32: ¢(ko+k3) «1i- gkngM(kg)kng v(k2)

F12: V' (ki + ko) < 1- gk d(k1)(—kY — k5)V1,, (k2)

F21: Vi'(ki + k2) < i- gk (—=k{ — kZ)VI,u(k2)¢(kl)

F13: VI'(k1 + k3) < i- gk§ ¢(k1)(—kY — k5) V2, (ks3)

(k1 + ks) < i- gk (=kY — k§) V2, (ks) (k1)

F31:. VI

Table 9.34:

Dim6 _ Vector_ Vector _Vector_T: L; = ngl‘((ié)l,Vf)ia)(iapVg"))
F23: Vlu(kQ + kg) —i- g(kl; — kg)kg‘/é7y(k2)k§‘@,7p(k3)

F32: Vl'(ko + k) < i-g(kh — E§)kE V3, (ks)kEVa, p(kg)
F12: Vg'u(kl + kg) —i- k'u(k¥ + ng)vl V(lﬁ)( )Vg,p(k'g)
F21: V{(ki+ke) <« 1i-gkh(—k k’p)‘/g’p(kQ)(kV +2E5)V1 (k1)
F13: V}'(ky + k) i gk“(k” + 2k5)Vi (k1) (=KD — E5) V3 ,(ks)
F31: V;(k’l + k’g) —i ( kp)‘@,7p(k3)(k1 + 2](53)‘/17,](]@‘1)
Table 9.35:
| Cot of a expr
| Atan2 of o expr X « expr
| Atan of « expr
| Ezp of « expr
| Conj of « expr
type « variable = Real of a | Complex of «
type « variable_array = Real_Array of a | Complex_Array of «
type « parameters =
{ input : (a x float) list;
derived : (« variable X « expr) list;
derived_arrays : (« variable_array x « expr list) list }
Tensor_2_Vector_Vector: L; = gT" (V1 ,Va,, +V1,.,V2,,,)
F23: T”“j(kg —+ kg) —1- g(Vl #(kQ)VQ ,,(kg) —+ V1 l,(kg)‘/g #( ))
F32: TW (ko + k3) < 1+ g(Va, (k3)Va (k) + Vo u(k3) Vi, (k2))

F12: VJ'(ki + ko) < i-g(TH (k1) + T""(k

F21: V§'(ky + k) < 1+ gViu (ko) (T (k1) 4+ T" (k1))
F13: V}"(ky + ks) < i- g(T" (ky) + T""(k1))Va,, (ks)
F31: VI(ky + k) < i- gVo, (ks) (T (ky) + TV (k1))

+ T (k1))V1,0 (k2)

Table 9.36:
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Dimb _Tensor_2_Vector_Vector_1: L; = gTaﬁ(V”i?ai?/ng w)
F23: TP (ky+ks) < i- g(k§ — k$) (k) — k§)VF (k) Va,,u (ks
F32: TOP(ky+ks) < i-g(ks — k§) (k5 — k§)Va . (ks)VFH (ko
F12: VI (ky + ko) < i- g(kS + 2k3) (kP + 2k) T g (k1 )V (k2)
F21: VI(ky + ko) < i- g(k® + 2k) (K + 2k5)V}* (ko) Tus (k1)
F13: VF(ky + ks) < i- g(kS + 2k$) (K + 2k) T 5 (ky )V (k3)
F81: VI(ky + k3) < i- g(k® + 2k) (K + 2k5)VE* (k3) Tos (k1)

)
)

Table 9.37:

Dim5 _Tensor_2_Vector_Vector_2: L; = gT“ﬁ(V”iW (10, Va,0) + VI i o(10,V2,8))

F23: TP (ko4 ks) < i-g(k§ — kDYE VL (ko) Vi (ks) + (a > B)

k3)
F32: T (ky+ks) < i-g(k§ — kS (ks)kh Vi u(ka) + (a  B)
F12: V§(ky + k) i~ g(kY 4 2K5) (TP (k1) 4+ TP(ky)) (kY + k5 ) Vi (ko

F21: V(ky + ko) i~ g(k" 4+ E5)VA (ko) (kP + 2k5) (TP (ky) + TP (k1)

) )
Al ) )
F13: V&(ky + k3) «+ )
( ) )

(
i g(ky + 2K5) (TP (k) + TP (ky)) (kY + k) Va (ks
Fs1: V*(ki + ks (

i g(kY + kY Va(ks) (K 4 2K2) (TP (k1) + TP (ky)

Table 9.38:

Dim7_Tensor_2_Vector_Vector_T: L; = gT”‘ﬁ(('a”Vf’)i?ai? (10, Va,))
F23: TP(ko+ ks) < i- g(ks — k§) (kS — kS )K4 VA (ka)ks Va,, (k3)
F32: TP(ky+ks) < i-g(ks — k§) (k5 — kD) KV, (ks)kE VA, #(1@)

F12: VI'(ky + ko) < 1i- gk“(ko‘ + 2k§‘)(k6 + 26V Tap (k) (=Y — k5)Vi (ko)
F21: VI'(ky+ ko) < i- gkl (—kY — KX Vi, (ko) (K + 2/&)(1% + 2k§)Ta[3(k1)
F13: Vi(ky + ks) «i- gk“(ka + 2k ) (K2 + 2k5)Top (k1) (— k — k¥)Va, (ks)
F31: VP(ky + ks) < i- gkt (=Y — k)Va., (ks) (K 4 2k$) (KD + 2k5)Top (k1)

Table 9.39:
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9.1.9 More Exotic Couplings
9.2 Interface of Model
9.2.1 General Quantum Field Theories

module type T =
sig

flavor abstractly encodes all quantum numbers.
type flavor
Color.t encodes the (SU(N)) color representation.

val color : flavor — Color.t
val nc : unit — int

The set of conserved charges.

module Ch : Charges.T
val charges : flavor — Ch.t

The PDG particle code for interfacing with Monte Carlos.
val pdg : flavor — int

The Lorentz representation of the particle.
val lorentz : flavor — Coupling.lorentz

The propagator for the particle, which can depend on a gauge parameter.

type gauge
val propagator : flavor — gauge Coupling.propagator

Not the symbol for the numerical value, but the scheme or strategy.
val width : flavor — Coupling.width

Charge conjugation, with and without color.
val conjugate : flavor — flavor

Returns 1 for fermions, —1 for anti-fermions, 2 for Majoranas and 0 otherwise.
val fermion : flavor — int

The Feynman rules. vertices and (fuse2, fuse3, fusen) are redundant, of course. However, vertices is required
for building functors for models and vertices can be recovered from (fuse2, fuse3, fusen) only at great cost.

Nevertheless: wertices is a candidate for removal, b/c we can build a smarter Colorize functor acting on
(fuse2, fuse3, fusen). It can support an arbitrary numer of color lines. But we have to test whether it is
efficient enough. And we have to make sure that this wouldn’t break the UFO interface.

type constant
Later: type orders to count orders of couplings

val mazx_degree : unit — int
val vertices : unit —
((((flavor x flavor x flavor) x constant Coupling.vertex3 X constant) list)

X (((flavor x flavor x flavor X flavor) x constant Coupling.vertexs X constant) list)
x (((flavor list) x constant Coupling.vertexn x constant) list))

val fuse2 : flavor — flavor — (flavor x constant Coupling.t) list

val fused : flavor — flavor — flavor — (flavor x constant Coupling.t) list

val fuse : flavor list — (flavor x constant Coupling.t) list

Later: val orders : constant — orders counting orders of couplings
The list of all known flavors.

val flavors : unit — flavor list

The flavors that can appear in incoming or outgoing states, grouped in a way that is useful for user interfaces.
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val external_flavors : unit — (string x flavor list) list
The Goldstone bosons corresponding to a gauge field, if any.

val goldstone : flavor — (flavor X constant Coupling.expr) option
The dependent parameters.

val parameters : unit — constant Coupling.parameters
Translate from and to convenient textual representations of flavors.

val flavor_of _string : string — flavor
val flavor_to_string : flavor — string

TEX and ETEX
val flavor_to_TeX : flavor — string

The following must return unique symbols that are acceptable as symbols in all programming languages under
consideration as targets. Strings of alphanumeric characters (starting with a letter) should be safe. Underscores
are also usable, but would violate strict Fortran77.

val flavor_symbol : flavor — string
val gauge_symbol : gauge — string
val mass_symbol : flavor — string
val width_symbol : flavor — string
val constant_symbol : constant — string

Model specific options.
val options : Options.t
end

In addition to hardcoded models, we can have models that are initialized at run time.

9.2.2  Mutable Quantum Field Theories

module type Mutable =

sig
include T

val it @ unit — unit
Export only one big initialization function to discourage partial initializations. Labels make this usable.

val setup :
color : (flavor — Color.t) —
ne: (unit — int) —
pdg : (flavor — int) —
lorentz : (flavor — Coupling.lorentz) —
propagator : (flavor — gauge Coupling.propagator) —
width : (flavor — Coupling.width) —
goldstone : (flavor — (flavor x constant Coupling.expr) option) —
conjugate : (flavor — flavor) —
fermion : (flavor — int) —
vertices :
(unit —
((((flavor x flavor x flavor) x constant Coupling.vertex3 X constant) list)
X (((flavor x flavor x flavor x flavor) x constant Coupling.vertez] X constant) list)
X (((flavor list) x constant Coupling.vertexn X constant) list))) —
flavors : ((string x flavor list) list) —
parameters : (unit — constant Coupling.parameters) —
flavor_of _string : (string — flavor) —
flavor_to_string : (flavor — string) —
flavor_to_TeX : (flavor — string) —
flavor _symbol : (flavor — string) —
gauge_symbol : (gauge — string) —
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mass_symbol : (flavor — string) —
width_symbol : (flavor — string) —
constant_symbol : (constant — string) —
unit

end

9.2.3 Gauge Field Theories

The following signatures are used only for model building. The diagrammatics and numerics is supposed to be
completely ignorant about the detail of the models and expected to rely on the interface T exclusively.

@ In the end, we might have functors (M : T) — Gauge, but we will need to add the quantum numbers to
T.

module type Gauge =
sig
include T

Matter field carry conserved quantum numbers and can be replicated in generations without changing the gauge
sector.

type matter_field

Gauge bosons proper.
type gauge_boson

Higgses, Goldstones and all the rest:
type other

We can query the kind of field

type field =
| Matter of matter_field
| Gauge of gauge_boson
| Other of other

val field : flavor — field

and we can build new fields of a given kind:

val matter_field : matter_field — flavor
val gauge_boson : gauge_boson — flavor
val other : other — flavor

end

9.2.4  Gauge Field Theories with Broken Gauge Symmetries
Both are carefully crafted as subtypes of Gauge so that they can be used in place of Gauge and T everywhere:

module type Broken_Gauge =

sig
include Gauge

type massless
type massive
type goldstone

type kind =
| Massless of massless
| Massive of massive
| Goldstone of goldstone
val kind : gauge_boson — kind

val massless : massive — gauge_boson
val massive : massive — gauge_boson
val goldstone : goldstone — gauge_boson
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module type Unitarity_Gauge =

sig
include Gauge

type massless
type massive

type kind =
| Massless of massless
| Massive of massive
val kind : gauge_boson — kind

val massless : massive — gauge_boson
val massive : massive — gauge_boson

end

module type Colorized =
sig

include T

type flavor_sans_color
val flavor_sans_color : flavor — flavor_sans_color
val conjugate_sans_color : flavor_sans_color — flavor_sans_color

val amplitude : flavor_sans_color list — flavor_sans_color list —
(flavor list x flavor list) list
val flow : flavor list — flavor list — Color.Flow.t

end

module type Colorized_Gauge =
sig

include Gauge

type flavor_sans_color
val flavor_sans_color : flavor — flavor_sans_color
val conjugate_sans_color : flavor_sans_color — flavor_sans_color

val amplitude : flavor_sans_color list — flavor_sans_color list —
(flavor list x flavor list) list
val flow : flavor list — flavor list — Color.Flow.t

end

9.3 Interface of Dirac
9.3.1 Dirac v-matrices

module type T =
sig

Matrices with complex rational entries.

type q¢ = Algebra.QC.t
type t = gc array array

Complex rational constants.

val zero : qc

val one : qc

val minus_one : qc
val i : qc

val minus_-i : qc

Basic y-matrices.
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val unit : t
val null : t
val gamma0 :
val gammal
val gamma?2 :
val gamma3 :
val gammad

S S N A

(70571, 725 73)
val gamma : t array
Charge conjugation
val cc : t
Algebraic operations on y-matrices

val neg : t
val add : t
val sub : t
val mul : ¢ t
val times : qc —
val transpose : t
val adjoint : t —
val conj : t — t
val product : t

Unit tests

val test_suite : OUnit.test
end

module Chiral : T
9.4 Implementation of Dirac
9.4.1 Dirac y-matrices

module type T =

sig
type q¢ = Algebra.QC.t
type t = gc array array

val zero : qc

val one : qc

val minus_one : qc
val © : gc

val minus_-i : qc
val unit : t

val null : t

val gamma0 : t

val gammal : t

val gamma2 : t

val gamma3 : t

val gammad : t

val gamma : t array
val cc : ¢
val neg : t t
val add : t t
val sub : t t
val mul : t t
val times : qc —
val transpose : t
val adjoint : t —
val conj : t — t
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val product : t list — t
val test_suite : OUnit.test

end

module Chiral : T =
struct

module Q = Algebra.Q
module QC = Algebra.QC

type q¢ = QC.t
type t = gc array array

let zero = QC.null

let one = QC.one

let minus_one = @QC.neg one
let i = QC.make Q.null Q.unit
let minus_i = QC.conj i

let null =
[| [| zero; zero; zero; zero ||;
[| zero; zero; zero; zero ||;
[| zero; zero; zero; zero |];
[| zero; zero; zero; zero || |]

let unit =
[| [| one; zero; zero; zero |];
[| zero; one; zero; zero |];
[| zero; zero; one; zero |];
[| zero; zero; zero; one |] |]

let gammal =
[| [| zero; zero; one; zero |];
[| zero; zero; zero; ome |];
[| one; zero; zero; zero |l;
[| zero; one; zero; zero |] |]

let gammal =
[| [| zero; zero; zero; ome |];
[| zero; zero; one; zero |];
[| zero; minus_one; zero; zero ||;
[| minus_one; zero; zero; zero || |]

let gamma2 =
[| [| zero; zero; zero; minus_i |[;
[| zero; zero; i; zero |;
[| zero; i; zero; zero |;
[| minus_i; zero; zero; zero || |]

let gammad =
[| [| zero; zero; one; zero |];
[| zero; zero; zero; minus_one ||;
[| minus_one; zero; zero; zero ||;
[| zero; one; zero; zero |] |]

let gammad =
[| [| minus_one; zero; zero; zero |;
[| zero; minus_one; zero; zero |;
[| zero; zero; one; zero |];
[| zero; zero; zero; one |] |]

let gamma =

Dirac y-matrices

[| gamma0; gammal; gamma2; gamma3 ||
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let cc =
[| [| zero; minus_one; zero; zero ||;
[| one; zero; zero; zero |l;
[| zero; zero; zero; one |l;
[| zero; zero; minus_one; zero |] |]

let neg g =
let ¢/ = Array.make_matriz 4 4 zero in
for i = 0to 3 do
forj = 0to3do
9'.(4).(j) < QC.neg g.(4).(j)
done

done;
!

g

let add g1 g2 =
let g12 = Array.make_matriz 4 4 zero in
fori = 0to 3 do
forj = 0to3do
912.(0).() + QC.add g1.(i).(j) 92.(i).(j)
done
done;
g12

let sub g1 g2 =
let g12 = Array.make_matriz 4 4 zero in
for i = 0to3do
forj = 0to 3 do
g12.(0).j)  QC.sub g1.(3).(j) 92.(0).(})
done
done;
gl2

let mul g1 g2 =
let g12 = Array.make_matriz 4 4 zero in
fori = 0to 3 do
fork = 0to3do
forj = 0to3do
g12.(i).(k) « QC.add ¢g12.(3).(k) (QC.mul g1.(i).(3) 92.(4).(k))
done
done
done;
gl12

let times q g =
let ¢/ = Array.make_matriz 4 4 zero in
for i = 0to3do
forj = 0to 3 do

9'.(1).(j) « QC.mul q g.(i).(j)

done
done;
g/
let transpose ¢ =
let ¢/ = Array.make_matriz 4 4 zero in

fori = 0to 3 do
forj = 0to3do

g'.(i).(G) < g.()-(7)

done
done;
g/
let adjoint g =
let ¢’ = Array.make_matriz 4 4 zero in

fori = 0to 3 do
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forj = 0to 3 do
9'(i)-(j) < QC.conj g.(j).(1)
done

done;
/

g

let conj g =
let ¢/ = Array.make_matriz 4 4 zero in
fori = 0to 3 do
forj = 0to3do
¢.(0).() « QC.conj g.(i).(j)
done

done;
/

g

let product glist =
List.fold _right mul glist unit

open OUnit

let two = QC.make (Q.make 2 1) Q.null
let half = QC.make (Q.make 12) Q.null

let two_unit = times two unit

let ac_lhs mu nu =

add (mul gamma.(mu) gamma.(nu)) (mul gamma.(nu) gamma.(muw))

let ac_rhs mu nu =

if mu = nu then
if mu = 0 then
two _unat
else
neg two_unit
else
null

let test_ac mu nu =
(ac_lhs mu nu) = (ac_rhs mu nu)

let ac_lhs_all =
let lhs = Array.make_matriz 4 4 null in
for mu = 0to 3 do
for nu = 0to 3 do
lhs.(mu).(nu) « ac_-lhs mu nu

done
done;
lhs
let ac_rhs_all =
let rhs = Array.make_matriz 4 4 null in
for mu = 0to 3 do

for nu = 0to 3 do
rhs.(mu).(nu) < ac_rhs mu nu
done
done;
Ths

let dump2 lhs rhs =
fori = 0to3do
forj = 0to 3do
Printf .printf
"Lunio=uhd, wju=hd  uksutu%hs* I | Lhsutuks*I\n "
L]
(Q.to_string (QC.real lhs.(1).(4)))
(Q.to_string (QC.imag lhs.(1).(4)))
(Q.to_string (QC.real hs.(i).(5)))
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(Q.to_string (QC.imag rhs.(i).(4)))
done

done

let dump2_all lhs ths =
for mu = 0to 3 do
for nu = 0to 3 do
Printf .printf "mu_ =_%d, nu=%d:_ \n" mu nu;
dump2 lhs.(mu).(nu) rhs.(mu).(nu)
done
done

let anticommute =
"anticommutation relations" >::
(fun () —
assert_bool
(if ac-lhs_all = ac_rhs_all then
true
else
begin
dump?2_all ac_lhs_all ac_rhs_all;
false
end))

let equal_or_dump?2 lhs rhs =
if ths = rhs then
true
else
begin
dump?2 lhs rhs;
false
end

let gammad _def =
"gammab5" >::
(fun () —
assert_bool
"definition"
(equal _or_dump?2
gammad
(times i (product [gamma0; gammal; gamma2; gamma3]))))

let self _adjoint =
"(anti)selfadjointness" >::
[ "gammaO" >:
(fun () —
assert_bool "self" (equal_or_dump2 gamma0 (adjoint gamma0)));
"gammal" >::
(fun () —
assert_bool "anti" (equal_or_dump2 gammal (neg (adjoint gammal))));
"gamma2" >::
(fun () —
assert_bool "anti" (equal_or_dump2 gamma2 (neg (adjoint gamma?2))));
"gamma3" >::
(fun () —
assert_bool "anti" (equal_or_dump2 gamma3 (neg (adjoint gammas3))));
"gammab" >::
(fun () —
assert_bool "self" (equal_or_dump2 gammad (adjoint gammas))) |

let cc_inv = neg cc

let cc_gamma g =
equal_or_dump2 (neg (transpose g)) (product [cc; g; cc_inv])
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let charge_conjugation =
"charge conjugation" >:::
[ "inverse" >

(fun () —
assert_bool "" (equal_or_dump2 (mul cc cc_inv) unit));

"gammaO" >:: (fun () — assert_bool "" (cc-gamma gamma0));
"gammal" >:: (fun () — assert_bool "" (cc_gamma gammal));
"gamma2" >:: (fun () — assert_bool "" (cc_gamma gamma2));
"gamma3" >:: (fun () — assert_bool "" (cc-gamma gamma3));
"gammab" >::

(fun () —

assert_bool "" (equal_or_dump2 (transpose gammad)
(product [cc; gammad; cc_inv)])))

]

let test_suite =
"Dirac Matrices" >:::
[anticommute;
gammad _def;
self _adjoint;
charge - conjugation)

end

9.5 Interface of Vertex

val parse_string : string — Vertex_syntax.File.t
val parse_file : string — Vertex_syntazx.File.t

module type Test =
sig
val example : unit — unit
val suite : OUnit.test
end

module Test (M : Model.T) : Test

module Parser_Test : Test
module Modelfile_Test : Test

9.6 Implementation of Vertex

module type Test =
sig
val example : unit — unit
val suite : OUnit.test
end

9.6.1 New Implementation: Next Version

let error_in_string text start_pos end_pos =
let i = start_pos.Lexing.pos_cnum
and j = end_pos.Lexing.pos_cnum in
String.sub text i (j — 1)

let error_in_file name start_pos end_pos =
Printf .sprintf
"hs:hd. hd=%d. %d"

name
start_pos.Lexing.pos_Inum
(start_pos.Lexing.pos_cnum — start_pos.Lexing.pos_bol)
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end_pos.Lexing.pos_Ilnum
(end_pos.Lexing.pos_cnum — end_pos.Lexing.pos_bol)

let parse_string text =
Vertex _syntax. File.expand _includes
(fun file — invalid_arg ("parse_string: found include,‘" ~ file = "’"))
(try
Vertex _parser.file
Vertex _lexer.token
(Vertex_lexer.init _position "" (Lexing.from_string text))
with
| Vertex_syntax.Syntax_Error (msg, start_pos, end_pos) —
invalid_arg (Printf.sprintf "syntax error, (%s) at:,‘%s’"
msg (error_in_string text start_pos end_pos))
| Parsing.Parse_error —
invalid_arg ("parse error: " " text))

let parse_file name =
let parse_file_tree name =

let ic = open_in name in
let file_tree =
begin try

Vertex_parser.file
Vertex _lexer.token
(Vertex_lexer.init_position name (Lexing.from_channel ic))
with
| Vertex_syntaz.Syntax_Error (msg, start_pos, end_pos) —
begin
close_in ic;
invalid _arg (Printf .sprintf
"%s:usyntax error,(%s)"

(error_in_file name start_pos end_pos) msq)
end

| Parsing.Parse_error —
begin
close_in ic;
invalid_arg ("parse error: " ~ name)
end
end in
close_in ic;
file_tree in
Vertex _syntaz. File.expand _includes parse_file_tree (parse_file_tree name)

let dump_file pfx f =
List.iter
(fun s — print_endline (pfr =~ ":u" " 5))
(Vertex _syntazx.File.to_strings f)

module Parser_Test : Test =
struct

let example () =

0
open OUnit

let compare s_out s_in () =
assert_equal ~printer : (String.concat " ")
[s—out] (Vertex_syntaz.File.to_strings (parse_string s-in))

let parse_error error s () =
assert_raises (Invalid_argument error) (fun () — parse_string s)

let syntax_error (msg, error) s () =
parse_error ("syntax error, ("~ msg "~ ")pat: " " error T ") s ()
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let (=>) s_in s_out =
"U" T os_in > compare s_out s_in

let (7>)s =
s => s

let (=>) s error =
" s > parse_error error s

(]
let (=>!) s error =
"U" s >:iosyntax_error error s

let empty =
"empty" >:
(fun () — assert_equal [] (parse_string ""))

let expr =
"expr" >::

[ "\\vertex[2 * (17 +,®1{}" => "\\vertex[42] {{}}";
"\\vertex [2*,17+,4]1{}" => "\\vertex[381{{}}";
"\\vertex[2" =>! ("missing,‘]1’", "[2");

"\\vertex]{}" =>! ("expected, ‘[’ Lor,{’", "\\vertex]");
"\\vertex2] {}" =>! ("expected,‘ [’Lor,{’", "\\vertex2");
"\\vertex}{}" =>! ("expected, ‘[’ or, {’", "\\vertex}");
"\\vertex2}{}" =>! ("expected,‘ [’ Lor,{’", "\\vertex2");
"\\vertex[(2}{}" =>! ("expected,‘)’, found,‘}’", "(2}");
"\\vertex[(2]{}" =>! ("expected, ), found,‘1’", "(2]1");
"\\vertex{2] {}" =>! ("syntax_ error", "2");

"\\vertex [2}{}" =>! ("expected,‘]’, found, ‘}’", "[2}");
"\\vertex[2{}" =>! ("syntax error", "2");
"\\vertex[2*]{}" =>! ("syntax error", "2") |

let inder =
"index" >::
[ "\\vertex{{a}_{1}{2}}" => "\\vertex{a~2_1}";
"\\vertex{a_{11}"2}" => "\\vertex{a~2_{11}}";
"\\vertex{a_{1-1}"2}" => "\\vertex{a~2_{1_1}}" |

let electronl =
"electronl" >::
[ 7> "\\charged{e"-}{e +}";
"\\charged{{e"-}}{{e"+}}" => "\\charged{e"-}{e"+}" ]

let electron2 =
"electron2" >::

[ "\\charged{e~-}{e"+}\\fortran{ele}" =>
"\\charged{e~-}{e +}\\fortran{{ele}}";
"\\charged{e"-}{e"+}\\fortran{electron}\\fortran{ele}" =>
"\\charged{e"-}{e"+}\\fortran{{ele}}\\fortran{{electron}}";
"\\charged{e~-}{e"+}\\alias{e2}\\alias{el}" =>
"\\charged{e~-}{e"+}\\alias{{el}}\\alias{{e2}}";
"\\charged{e"-}{e"+}\\fortran{ele}\\anti\\fortran{pos}" =>
"\\charged{e"-}{e"+}\\fortran{{ele}}\\anti\\fortran{{pos}}" |

let particles =
"particles" >::

[electront;

electron2)

let parameters =
"parameters" >::
[ 7> "\\parameter{\\alpha}{1/137}";
7> "\\derived{\\alpha_s}{1/\\1In{\\frac{\\mu}{\\Lambda}}}";
"\\parameter{\\alpha}{1/137}\\anti\\fortran{alpha}" =>!
("invalid parameter attribute", "\\anti") ]

let indices =
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"indices" >::
[ 7> "\\index{a}\\color{8}";
"\\index{a}\\color [SU(2)1{3}" => "\\index{a}\\color [{SU(2)}1{3}" ]

let tensors =
"tensors" >::
[ "\\tensor{T}\\color{3}" => "\\tensor{T}\\color{3}"]

let vertices =
"vertex" >:u:
[ "\\vertex{\\bar\\psi\\gamma_\\mu\\psi A_\\mu}" =>
"\\vertex{{{\\bar\\psi\\gamma_\\mu\\psi A_\\mu}}}" ]

module T = Vertex_syntax. Token

let parse_token s =
match parse_string ("\\vertex{" "~ s "~ "}") with
| [Vertex_syntaz.File. Vertex (-, v)] — v
| - — dnvalid_arg "only_vertex"

let print_token pfxr t =
print_endline (pfr = ":" ~ T.to_string t)

let test_stem s_out s_in () =
assert_equal ~printer : T.to_string
(parse_token s_out)
(T.stem (parse_token s_in))

let (=>>) s_in s_out =
"stem," " s_in >:: test_stem s_out s_in

let tokens =
"tokens" >::

[ "\\vertex{a’}" => "\\vertex{a"\\prime}";
"\\vertex{a’’}" => "\\vertex{a"{\\prime\\prime}}";
"\\bar\\psi’’_{i,\\alpha}" =>> "\\psi";
"\\phi~\\dagger_{i’}" =>> "\\phi";
"\\bar{\\phi\\psi}’’_{i,\\alpha}" =>> "\\psi";
"\\vertex{\\phi}" => "\\vertex{\\phi}";
"\\vertex{\\phi_1}" => "\\vertex{\\phi_1}";
"\\vertex{{{\\phi}’}}" => "\\vertex{\\phi~\\prime}";
"\\vertex{\\hat{\\bar\\psi}_1}" => "\\vertex{\\hat\\bar\\psi_1}";
"\\vertex{{a_b}_{cd}}" => "\\vertex{a_{bcd}}";
"\\vertex{{\\phi_1}_2}" => "\\vertex{\\phi_{12}}";
"\\vertex{{\\phi_{12}}-{34}}" => "\\vertex{\\phi_{1234}}";
"\\vertex{{\\phi_{12}}~{34}}" => "\\vertex{\\phi~{34}_{12}}";
"\\vertex{\\bar{\\psi_{\\mathrm{e}}}_-\\alpha\\gamma_{\\alpha\\beta} " \\mu{\\psi_{\\mathrm{e}}}_
"\\vertex{{{\\bar\\psi_{\\mathrm e\\alpha}\\gamma~\\mu_{\\alpha\\beta}\\psi_{\\mathrm_ e\\beta}

let suite =
"Vertex_Parser" >::

[empty;
index;
erpr;
particles;
parameters;
ndices;
tensors;
vertices;
tokens |

end

Symbol Tables

module type Symbol =
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sig
type file = Vertex_syntax.File.t
type t = Vertex_syntax.Token.t

Tensors and their indices are representations of color, flavor or Lorentz groups. In the end it might turn out to
be unnecessary to distinguish Color from Flavor.

type space =

| Color of Vertex_syntax.Lie.t
| Flavor of t list x t list

| Lorentz of t list

A symbol (i.e. a Symbol.t = Vertex_syntazx.Token.t) can refer either to particles, to parameters (derived and
input) or to tensors and indices.

type kind =
| Neutral

| Charged

| Anti

| Parameter
| Derived

| Index of space
| Tensor of space

type table
val load : file — table
val dump : out_channel — table — unit

Look up the kind of a symbol.
val kind_of _symbol : table — t — kind option
Look up the kind of a symbol’s stem.
val kind_of _stem : table — t — kind option
Look up the kind of a symbol and fall back to the kind of the symbol’s stem, if necessary.
val kind_of _symbol_or_stem : table — t — kind option
A table to look up all symbols with the same stem.
val common_stem : table — t — t list

exception Missing_Space of t
exception Conflicting_Space of ¢

end

module Symbol : Symbol =

struct
module T = Vertex_syntax. Token
module F' = Vertex_syntaz.File
module P = Vertex_syntaz.Particle
module I = Vertex_syntax.Index
module L = Vertex_syntax.Lie
module Q = Vertex_syntaz.Parameter
module X = Vertex_syntax.Tensor
type file = F.t
typet = T.t
type space =
| Color of L.t

| Flavor of t list x t list
| Lorentz of t list

let space_to_string = function
| Color (g, r) —
"color:" "~ L.group_to_string g

"o " Lorep_to_string r
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| Flavor (-, -) — "flavor"
| Lorentz - — "Lorentz"

type kind =
| Neutral

| Charged

| Anti

| Parameter
| Derived

| Index of space
| Tensor of space

let kind_to_string = function

| Neutral — "neutral particle"

| Charged — "charged particle"

| Anti — "charged anti particle"

| Parameter — "input parameter"

| Derived — "derived, parameter"

| Index space — space_to_string space
|

Tensor space — space_to_string space ~

module ST = Map.Make (T)
module SS = Set.Make (T)

type table =
{ symbol_kinds : kind ST.t;
stem_kinds : kind ST.t;
common_stems : SS.t ST.t }

let empty =
{ symbol_kinds = ST.empty;

stem_kinds = ST.empty;
common_stems = ST.empty }

let kind_of —symbol table token =

try Some (ST.find token table.symbol_kinds) with Not_found — None

let kind_of _stem table token =
try

" index"
" tensor"

Some (ST.find (T.stem token) table.stem_kinds)

with
| Not_found — None

let kind_of _symbol_or_stem symbol_table token =

match kind_of _symbol symbol_table token
| Some _ as kind — kind

with

| None — kind_of _stem symbol_table token

let common_stem table token =
try

SS.elements (ST.find (T.stem token) table.common_stems)

with
| Not_found — []

let add_symbol_kind table token kind =
try
let old_kind = ST.find token table in
if kind = old_kind then
table
else

invalid_arg ("conflicting symbol kind: " *

T .to_string token

~ "|_l_>|_|" ~

kind_to_string kind ~ " ,vs," "~

kind _to_string old_kind)

with
| Not_found — ST.add token kind table
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let add_stem_kind table token kind =
let stem = T.stem token in
try
let old_kind = ST.find stem table in
if kind = old_kind then

table

else begin
match kind, old_kind with
| Charged, Anti — ST.add stem Charged table

| Anti, Charged — table
o
invalid_arg ("conflicting stem kind: " ~
T.to_string token = " —>_"
T.to_string stem = " =>_"
kind_to_string kind ~ " vsy" ~
kind_to_string old_kind)

end

with
| Not_found — ST.add stem kind table

let add_kind table token kind =

{ table with
symbol_kinds = add_symbol_kind table.symbol_kinds token kind;
stem_kinds = add_stem_kind table.stem_kinds token kind }

let add_stem table token =

let stem = T.stem token in

let set =
try

ST.find stem table.common_stems
with
| Not_found — SS.empty in
{ table with
= ST.add stem (SS.add token set) table.common_stems }

common_stems =
Go through the list of attributes, make sure that the space is declared and unique. Return the space.

exception Missing_Space of t
exception Conflicting_Space of ¢

let group_rep_of _tokens group rep
let group =
match group with

| [ — L.default_group
| group — L.group_of _string (T .list_to_string group) in

Color (group, L.rep_of _string group (T.list_to_string rep))

let index _space index =

let spaces =
List.fold_left

(fun acc — function
| I.Color (group, rep) — group_rep_of _tokens group rep :: acc

| I.Flavor (group, rep) — Flavor (rep, group) :: acc
| I.Lorentz t — Lorentz t :: acc)
[] index.I.attr in

match ThoList.uniq (List.sort compare spaces) with

| [space] — space

| [] = raise (Missing-Space index.I.name)

| - — raise (Conflicting_Space index.I.name)

let tensor_space tensor =

let spaces =
List.fold_left

(fun acc — function
| X.Color (group, rep) — group_rep_of _tokens rep group :: acc
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| X.Flavor (group, rep) — Flavor (rep, group) :: acc
| X.Lorentz t — Lorentz t :: acc)
[] tensor.X .attr in

match ThoList.uniq (List.sort compare spaces) with

| [space] — space

| [] = raise (Missing-Space tensor.X .name)

| - — raise (Conflicting_Space tensor.X .name)

NB: if P.Charged (name, name) below, only the Charged will survive, Anti will be shadowed.

let insert_kind table = function
| F.Particle p —
begin match p.P.name with
| P.Neutral name — add_kind table name Neutral
| P.Charged (name, anti) —
add_kind (add_kind table anti Anti) name Charged
end
| F.Index i — add_kind table i.I.name (Index (index_space 7))
| F.Tensor t — add_kind table t.X.name (Tensor (tensor_space t))
| F.Parameter p —
begin match p with
| Q.Parameter name — add_kind table name.Q.name Parameter
| Q.Derived name — add_kind table name.Q.name Derived
end
| F.Vertex - — table

let insert_stem table = function

| F.Particle p —
begin match p.P.name with
| P.Neutral name — add_stem table name
| P.Charged (name, anti) — add_stem (add_stem table name) anti
end

| F.Index i — add_stem table i.I.name

| F.Tensor t — add_stem table ¢t.X.name

| F.Parameter p —
begin match p with
| Q.Parameter name
| Q.Derived name — add_stem table name.Q.name
end

| F.Vertex - — table

let insert table token =
insert_stem (insert_kind table token) token

let load decls =
List.fold _left insert empty decls

let dump oc table =
Printf .fprintf oc "<<<_ Symbol_ Table: >>>\n";
ST.iter
(funs k —
Printf.fprintf oc "%hsu—>uhs\n" (T.to_string s) (kind_to_string k))
table.symbol _kinds;
Printf.fprintf oc "<<<_Stem_ Table: >>>\n";
ST.iter
(fun s k —
Printf . fprintf oc "%hsu->uhs\n" (T.to_string s) (kind_to_string k))
table.stem_kinds;
Printf.fprintf oc "<<<_Common,,Stems: ,>>>\n";
ST.iter
(fun stem symbols —
Printf . fprintf
oc "%hsu—>uks\n"
(T.to_string stem)

203



Implementation of Vertex

(String.concat

",u" (List.map T.to_string (SS.elements symbols))))
table.common_stems

end

Declarations

module type Declaration =
sig
type ¢

val of _string : string — t list
val to_string : t list — string

For testing and debugging
val of _string_and_back : string — string

val count_indices : t — (int x Symbol.t) list
val indices_ok : t — wunit

end

module Declaration : Declaration =
struct

module § = Symbol

module T = Vertex_syntax. Token
type factor =
{ stem : T.t;

prefix . T.prefix list;
particle : T.t list;
color : T.t list;
flavor = T.t list;
lorentz . T.t list;
other : T.t list }

type t = factor list

let factor_stem token =
{ stem = token.T.stem;
prefix = token.T .prefix;
particle = [];

color = [];
flavor = [];
lorentz = [];
other =[]}

let rev factor =

{ stem = factor.stem;

prefic = List.rev factor.prefiz;
particle = List.rev factor.particle;
color = List.rev factor.color;
flavor = List.rev factor.flavor;
lorentz = List.rev factor.lorentz;

other = List.rev factor.other }

let factor_add_prefix factor token
{ factor with prefic = T.prefiz_of _string token :: factor.prefiz }

let factor_add_particle factor token =
{ factor with particle = token :: factor.particle }

let factor_add_color_index t factor token =
{ factor with color = token :: factor.color }
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let factor_add_lorentz_index t factor token =
(x diagnostics: Printf.eprintf "[L: [%s]1]1\n" (T.to_string token); x)
{ factor with lorentz = token :: factor.lorentz }

let factor_add_flavor_index t factor token =
{ factor with flavor = token :: factor.flavor }

let factor_add_other_index factor token =
{ factor with other = token :: factor.other }

let factor_add_kind factor token = function
| S.Neutral | S.Charged | S.Anti — factor_add_particle factor token
| S.Index (S.Color (rep, group)) —
factor_add_color_index (rep, group) factor token
| S.Index (S.Flavor (rep, group)) —
factor_add_flavor _index (rep, group) factor token
| S.Index (S.Lorentz t) — factor_add-lorentz_index t factor token
| S.Tensor - — invalid_arg "factor_add_index: \\tensor"
| S.Parameter — invalid_arg "factor_add_index: \\parameter"
| S.Derived — invalid_arg "factor_add_index: \\derived"

let factor_add_index symbol_table factor = function
| T.Token "," — factor
| T.Token ("*" | "\\ast" as star) — factor_add_prefix factor star
| token —
begin

match S.kind_of _symbol_or_stem symbol_table token with
| Some kind — factor_add_kind factor token kind
| None — factor_add_other_index factor token

end

let factor_of _token symbol_table token =
let token = T.wrap-scripted token in
rev (List.fold_left
(factor_add_index symbol_table)
(factor_stem token)
(token.T.super Q token.T.sub))

let list_to_string tag = function
‘ H — nn
| I — ";u" " tag

n=" " String.concat "," (List.map T.to_string 1)

let factor_to_string factor =
"[" "~ T.to_string factor.stem ~
(match factor.prefiz with
NI
| I — "; prefix=""

String.concat "," (List.map T .prefix_to_string 1)) ~
list_to_string “"particle" factor.particle ~
list_to_string "color" factor.color ~
list_to_string "flavor" factor.flavor ~
list_to_string "lorentz" factor.lorentz ~
list_to_string "other" factor.other =~ "1"

let count_indices factors =
ThoList.classify
(ThoList.flatmap (fun f — f.color @ f.flavor @ f.lorentz) factors)

let format_mismatch (n, index) =
Printf.sprintf "index ks appears %d times" (T.to_string index) n

let indices_ok factors =
match List.filter (fun (n, =) — n # 2) (count_indices factors) with

=0

| mismatches —
invalid_arg (String.concat ",," (List.map format_mismatch mismatches))
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let of _string s =
let decls = parse_string s in

let symbol_table = Symbol.load decls in

(x diagnostics: Symbol.dump stderr symbol_table; *)

let tokens =
List.fold _left
(fun acc — function
| Vertexr_syntax.File. Vertex (-, v) — T.wrap_list v :: acc
| - = acc)
[] decls in
let vlist = List.map (List.map (factor_of _token symbol_table)) tokens in
List.iter indices_-ok vlist;
vlist

let to_string decls =
String.concat " ;"

(List.map
(fun v — String.concat " *" (List.map factor_to_string v))

decls)

let of _string_and_back s =
to_string (of —string s)

type field =
{ name : T.t list }

end

Complete Models

module Modelfile =
struct

end

module Modelfile_Test =
struct

let example () =
9)
open OUnit

let index _mismatches =
"index mismatches" >::
[ o
(fun () —
assert_raises

(Invalid —argument "index a_1_ appears,l times, \
uuindexua_2|_,appears._|1\_,times")

(fun () — Declaration.of _string_and_back

"\\index{a}\\color{3}\

vouuo\\vertex{\\bar\\psi_{a_1}\\psi_{a_2}}"));
"3" >::
(fun () —

assert_raises
(Invalid —argument "index a appears, 3, times")

(fun () — Declaration.of _string_and_back
"\\index{a}\\color{3}\

UUUUU\\VerteX{\\bar\\PSi_a\\pSi_a\\phi_a}"))]

let kind_conflicts =
"kind ,conflictings" >::
[ "lorentz /color" >::
(fun () —
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assert_raises
(Invalid —argument
"conflicting stem kind: a_2,->pa,~>u\
uuuLorentz index vs,color:SU(3) : 3 index")
(fun () — Declaration.of _string_and_back
"\\index{a_1}\\color{3}\
vouuo\\index{a_2}\\lorentz{X}"));
"color,/ color" >::
(fun () —
assert_raises
(Invalid - argument
"conflicting stem kind: a_2,->a,->0\
uuucolor:SU(3) : 8 index vs,color: SU(3) : 3 ,index")
(fun () — Declaration.of _string_and_back
"\\index{a_-1}\\color{3}\
vouuu\\index{a_2}\\color{8}"));
"neutral,,/ charged" >:
(fun () —
assert_raises
(Invalid - argument
"conflicting stem kind: H - ->_H ->_\
u._”_lchargeduantiuparticle._,vsuneutral._lparticle")
(fun () — Declaration.of _string_and_back

"\\neutral{H}\
Luuuo\\charged {H™+}{H"-}")) ]
let suite =
"Modelfile_Test" >:u:
[ "ok" >

(fun () —
assert_equal ~printer : (fun s — )

"[\\psi;_ prefix=\\bar; \
HHHHHHHHHHHHHHHHHHpartiCle:e;uCOlOI:a;ulorentz=\\alpha—1]u*u\
HHHHHHHHHHHHHHHHH[\\gamma;ulorentz=\\mu,\\alpha—1,\\alpha—2]u*u\
HHHHHHHHHHHHHHHHH[\\pSi;upartiC1e=e;uC01or=a;ulorentz=\\a1pha—2]u*u\
Luuuuuuuoouuoooou [A s ylorentz=\\mu] "

(Declaration.of _string - and _back

"\\charged{e~-}{e " +}\
HHHHHHHHHHHHHHHHHHHH\\index{a}\\C01or{\\bar3}\
HHHHHHHHHHHHHHHHHHHH\\index{b}\\C01or[SU(s)]{8}\
HHHHHHHHHHHHHHHHHHHH\\index{\\mu}\\lorentz{x}\
uuuuuuuuuuuuuuuuuuuu\\index{\\alpha}\\lorentz{x}\
uuuuooououooooouuoon\\vertex{\\bar{\\psi_e}_{a,\\alpha_1}\
HHHHHHHHHHHHHHHHHHHHHHHHHHHHH\\gamma*\\mu—{\\alpha—1\\alpha—2}\
HHHHHHHHHHHHHHHHHHHHHHHHHHHHH{\\pSi—e}—{a’\\alpha—Q}A—\\mu}”)%

index_mismatches;
kind - conflicts;
"QCD.omf" >::
(fun () —
dump_file "QCD" (parse_file "QCD.omf"));
"SM.omf" >::
(fun () —
dump_file "SM" (parse_file "SM.omf"));
"SM-error.omf" >::
(fun () —
assert_raises
(Invalid _argument
"SM-error.omf:32.22-32.27:syntax error  (syntax error) ")
(fun () — parse_file "SM-error.omf"));
"cyclic.omf" >::
(fun () —
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assert_raises
(Invalid -argument "cyclici\\include{cyclic.omf}")
(fun () — parse_file "cyclic.omf")) ]

end

9.6.2 New Implementation: Obsolete Version 1

Start of version 1 of the new implementation. The old syntax will not be used in the real implementation, but
the library for dealing with indices and permutations will remail important.

Note that arity = length lorentz_reps = length color_reps. Do we need to enforce this by an abstract type
constructor?
A cleaner approach would be type context = (Coupling.lorentz, Color.t) array, but it would also require

more tedious deconstruction of the pairs. Well, an abstract type with accessors might be the way to go after
all ...

type context =
{ arity : int;
lorentz_reps : Coupling.lorentz array;
color_reps : Color.t array }

let distinct2 i 7 =

P F
let distinct3 i j k =

P A G NG A RNk A
let distinct ilist =

List.length (ThoList.uniq (List.sort compare ilist)) =
List.length ilist

An abstract type that allows us to distinguish offsets in the field array from color and Lorentz indices in different
representations.

module type Index =
sig
type ¢
val of —int : int — t
val to_int : t — int
end

While the number of allowed indices is unlimited, the allowed offsets into the field arrays are of course restricted
to the fields in the current context.

module type Field =
sig
type ¢
exception Out_of _range of int
val of _int : context — int — t
val to_int : t — int
val get : aarray - t — «

end
module Field : Field =
struct
type t = nt

exception Out_of _range of int
let of _int context i =
if 0 < i A i < context.arity then
i
else
raise (Out_of —range 1)
let to_int ¢+ = 0
let get = Array.get
end
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type field = Field.t
module type Lorentz =
sig

We combine indices I and offsets F' into the field array into a single type so that we can unify vectors with
vector components.

type index = I of int | F of field

type vector = Vector of index
type spinor = Spinor of index
type conjspinor = ConjSpinor of index

These are all the primitive ways to construct Lorentz tensors, a. k. a. objects with Lorentz indices, from momenta,
other Lorentz tensors and Dirac spinors:

type primitive =
| G of vector x wector (* gu,u, *)
| E of vector x wector x wector x wvector (% €., uyuaps *)
| K of vector x field (x k" *)
| S of congspinor x spinor (x Y1t ¥)
|V of wector x conjspinor x spinor (x V17,103 *)
| T of wector x wector x conjspinor X spinor (x Y10,,,,Vs *)
| A of vector x congspinor x spinor (* ¥17,,75vs *)
| P of conjspinor X spinor (x ¢1y51)2 *)
type tensor = int X primaitive list
Below, we will need to permute fields. For this purpose, we introduce the function map_primitive v_idx v_fld s_idz s_fld c_ida
that returns a structurally identical tensor, with v_idz : int — int applied to all vector indices, v_fld : field —
field to all vector fields, s_idz and c_idz to all (conj)spinor indices and s_fld and c_fld to all (conj)spinor
fields.

Note we must treat spinors and vectors differently, even for simple permuations, in order to handle the
statistics properly.

val map_tensor :
(int — int) — (field — field) — (int — int) — (field — field) —
(int — int) — (field — field) — tensor — tensor

Check whether the tensor is well formed in the context.
val tensor_ok : context — tensor — bool

The lattice N + iN C C, which suffices for representing the matrix elements of Dirac matrices. We hope to be
able to avoid the lattice Q +i1Q C C or C itself down the road.

module Complex :

sig
type t = nt x int
type t' =
| Z(:0%)
| O (x1 %)
| M (x —1 %)
| T (x1x)
| J (x —1 %)
|

C of int x int (x x + iy *)
val to_fortran : t' — string
end

Sparse Dirac matrices as maps from Lorentz and Spinor indices to complex numbers. This is supposed to be
independent of the representation.

module type Dirac =
sig
val scalar : int — int — Complex.t’
val vector : int — int — int — Complex.t’
val tensor : int — int — int — int — Complex.t’
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val azial : int — int — int — Complex.t’

val pseudo : int — int — Complex.t’
end

Dirac matrices as tables of nonzero entries. There will be one concrete Module per realization.

module type Dirac_Matrices
sig
type t = (int x int x Complex.t’) list
val scalar : t
val vector : (int x t) list
val tensor : (int x int X t) list
val azial : (int x t) list
val pseudo : t
end

E.g. the chiral representation:

module Chiral : Dirac_Matrices

Here’s the functor to create the maps corresponding to a given realization.

module Dirac : functor (M : Dirac-Matrices) — Dirac

end

module Lorentz : Lorentz =
struct

type index =
| I of int (x po,p1,..., n0t 0,1,2,3 %)
| F of field

let map_index fi ff = function
| Ti — I(fii)
| Fi — F (ff 1)

let indices = function
| Ti — [i]
| F o = ]

Is the following level of type checks useful or redundant?
TODO: should we also support a tensor like F},, ,,?

type vector = Vector of index
type spinor = Spinor of index
type conjspinor = ConjSpinor of index

let map_vector fi ff (Vector i) = Vector (map—index fi ff 1)
let map_spinor fi ff (Spinor i) = Spinor (map_index fi ff i)
let map_congspinor fi ff (CongSpinor i) = ConjSpinor (map_index fi ff i)
let vector_ok context = function
| Vector (I ) —

(* we could perform additional checks! *)
true
| Vector (F'i) —
begin
match Field.get context.lorentz _reps i with
| Coupling. Vector — true
| Coupling. Vectorspinor —
failwith "Lorentz.vector_ok: incomplete"
| - — false
end

let spinor_ok context = function
| Spinor (I ) —

(* we could perfrom additional checks! )
true
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| Spinor (F i) —
begin
match Field.get context.lorentz _reps i with
| Coupling.Spinor — true
| Coupling. Vectorspinor | Coupling. Majorana —
failwith "Lorentz.spinor_ok: incomplete"
| - — false
end

let conjspinor_ok context = function
| CongSpinor (I ) —
(* we could perform additional checks! )
true
| ConjSpinor (F i) —
begin
match Field.get context.lorentz_reps i with
| Coupling.ConjSpinor — true
| Coupling. Vectorspinor | Coupling.Majorana —
failwith "Lorentz.conjspinor_ok: incomplete"
| - — false
end

Note that distinct2 i j is automatically guaranteed for Dirac spinors, because the 1) and v can not appear in
the same slot. This is however not the case for Weyl and Majorana spinors.

let spinor_sandwitch_ok context i j =
congspinor_ok context i N spinor_ok context j

type primitive =
| G of vector x wvector
| E of vector x wector X wector X wvector
| K of vector x field
| S of conjspinor x spinor
| V of vector x conjspinor x spinor
| T of vector x wector X conjspinor X spinor
| A of vector X conjspinor X spinor
| P of conjspinor X spinor

let map_primitive fuvi fof fsi fsf fci fef = function
| G (mu, nu) —
G (map_vector fvi fuf mu, map_vector fui fuf nu)
| E (mu, nu, rho, sigma) —
E (map_vector fvi fof mu,
map _vector fui fuf nu,
map_vector fui fuf rho,
map _vector fui fuf sigma)
| K (mu, i) —
K (map_vector fvi fuf mu, fuf i)
|8 G, ) —
S (map_congspinor fei fef i, map_spinor fsi fsf j)
| V (mu, i, j) —
V' (map_vector fvi fof mu,
map - conjspinor fci fef i,
map_spinor fsi fsf j)
| T (mu, nu, i, j) —
T (map-vector fui fuf mu,
map -vector fvi fuf nu,
map - conjspinor fci fef i,
map_spinor fsi fsf j)
| A (mu, i, j) —
A (map_vector fui fuf mu,
map_congspinor fci fcf 1,
map_spinor fsi fsf j)
| PG, j) -
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P (map_congspinor fci fef i, map_spinor fsi fsf j)

let primitive_ok context =
function
| G (mu, nu) —
distinct2 mu nu A
vector_ok context mu N wvector_ok contexrt nu
| E (mu, nu, rho, sigma) —
let i« = [mu; nu; rho; sigma] in
distinct i A List.for_all (vector_ok context) i
| K (mu, i) —
vector_ok context mu
| S G g) | P (i, g) —
spinor_sandwitch_ok context i j
| V (mu, i, 3) | A (mu, i, j) —
vector_ok context mu A spinor_sandwitch_ok context i j
| T (mu, nu, i, §) —
vector_ok context mu N wvector_ok contert nu A
spinor_sandwitch_ok context i j

let primitive_vector_indices = function
| G (Vector mu, Vector nu) | T (Vector mu, Vector nu, -, -) —
indices mu Q indices nu
| E (Vector mu, Vector nu, Vector tho, Vector sigma) —
indices mu Q indices nu Q indices rho Q indices sigma
| K (Vector mu, _)
| V (Vector mu, _, _)
| A (Vector mu, -, -) — indices mu
|

S )P =1

let vector_indices p =
ThoList.flatmap primitive_vector _indices p

let primitive_spinor_indices = function
G ) EC ) | K () = ]
| S (-, Spinor alpha) | V (=, -, Spinor alpha)
| T (-, -, -, Spinor alpha)
| A (-, -, Spinor alpha) | P (-, Spinor alpha) — indices alpha

let spinor_indices p =
ThoList.flatmap primitive_spinor _indices p

let primitive_congspinor_indices = function
G ) | B o) | Ko = ]
| S (CongSpinor alpha, -) | V (=, ConjSpinor alpha, -)
| T (-, -, CongSpinor alpha, -)

| A (-, ConjSpinor alpha, _) | P (ConjSpinor alpha, ) — indices alpha

let congspinor_indices p =
ThoList.flatmap primitive_ conjspinor_indices p

let vector_contraction_ok p =
let ¢ = ThoList.classify (vector_indices p) in
print_endline
(String.concat ", "
(List.map
(fun (n, i) — string-of —int n
c));
flush stdout;
let res = List.for_all (fun (n, -) — n = 2) cin
res

uku" " ostring-of _int 1)

let two_of _each indices p =
List.for_all (fun (n, =) — n = 2) (ThoList.classify (indices p))

let vector_contraction_ok = two_of _each vector_indices
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let spinor_contraction_ok = two_of _each spinor_indices
let congspinor_contraction_ok = two_of _each conjspinor_indices

let contraction_ok p =
vector _contraction_ok p A
spinor_contraction_ok p A conjspinor_contraction_ok p

type tensor = int X primitive list

let map_tensor fui fuf fsi fsf fei fef (factor, primitives) =
(factor, List.map (map_primitive fui fof fsi fsf fci fef ) primitives)

let tensor_ok context (-, primitives) =
List.for_all (primitive_ok context) primitives A
contraction_ok primitives

module Complex =
struct

type t = wnt X int
typet' = Z | O | M | I | J | Cofint x int

let to_fortran = function
| Z — "(,0"
| 0 = "(1,0)"
| M S 1,000
| I — "(0,1)"
‘ J — "(0,-1)"
| C (r, i) — "(" " string_of —int v~ "," " string_of _int 1 ~ ")"

end

module type Dirac =

sig
val scalar : int — int — Complex.t’
val vector : int — int — int — Complex.t’
val tensor : int — int — int — int — Complex.t’
val azial : int — int — int — Complex.t’
val pseudo : int — int — Complex.t’

end

module type Dirac_Matrices =

sig
type t = (int x int x Complex.t') list
val scalar : t
val vector : (int x t) list
val tensor : (int x int X t) list
val azial : (int x t) list
val pseudo : t

end

module Chiral : Dirac_Matrices =
struct

type t = (int X int x Complex.t’) list

let scalar =

[ (1, 1, Complex.O)
(2, 2, Complez.

(3, 3, Complez.

(4, 4, Complez.

0)7
0);
0)]
let vector =
[ (0, [ (1, 4, Complezx.O);
(4, 1, Complez.O);
(2, 3, Complex.M);
(3, 2, Complex. M) ]);
(1, [ (1, 3, Complex.O);
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2, 4, Complex.I);

4, 2, Complex.I) ]);
(3, [ (1, 4, Complex.M);

4, 1, Complex.M);

2, 3, Complex.M);

3, 2, Complex.M) ) |

let tensor =

[ (+ TODO!I!! %) ]

let axial =
[ (0, [ (1, 4, Complex.M);
(4, 1, Complez.O);
(2, 3, Complez.O);
(3, 2, Complex.M) ]);
(1, [ (1, 3, Complex.M);
(3, 1, Complez.O);
(2, 4, Complez.O);
(4, 2, Complex.M) ]);
(2, [ (1, 3, Complex.J);
(3, 1, Complex.I);
( :
(
(
(
(

)

i

3
2
4

3, 1

2, 4, Complex.J);
4, 2, Complex.I) ]);
(3, [ (1, 4, Complez.O);

4, 1, Complex.M);

2, 3, Complex.O);

3, 2, Complex.M) ) ]

)

let pseudo =
[ (1, 1, Complex.M);
(2, 2, Complex.M);
(3, 3, Complez.O);
(4, 4, Complez.O) ]

end
module Dirac (M : Dirac_Matrices) : Dirac =
struct
module Map2 =
Map.Make
(struct
type t = int x int
let compare = Pervasives.compare
end)

let init2 triples =
List.fold_left

(fun acc (i, j, ) — Map2.add (i, j) e acc)

Map2.empty triples
let bounds_check2 i j =

ifi <1Vi>4Vyj<O0Vj > 4then
tnvalid_arg "Chiral.bounds_check2"

let lookup2 map i j =
bounds_check2 i j;

try Map2.find (i, j) map with Not_found — Complex.Z

module Map3 =
Map.Make
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(struct

type t = int x (int X int)

let compare = Pervasives.compare
end)

let init3 quadruples =
List.fold_left
(fun acc (mu, gamma) —
List.fold_right
(fun (4, 7, ) — Map3.add (mu, (i, j)) e)
gamma acc)
Map3.empty quadruples

let bounds_check3 mu i 5 =
bounds_check2 i j;
if mu < 0V mu > 3then
tnvalid_arg "Chiral.bounds_check3"

let lookup3 map mu i j =
bounds_check3 mu i j;
try Map3.find (mu, (i, j)) map with Not_found — Complex.Z

module Mapj =
Map.Make
(struct
type t = int X int x (int x int)
let compare = Pervasives.compare
end)

let init4 quadruples =
List.fold_left
(fun ace (mu, nu, gamma) —
List.fold_right
(fun (i, 7, ) — Map4.add (mu, nu, (i, j)) €)
gamma acc)
Map4 .empty quadruples

let bounds_checks mu nu ©j =
bounds_check3 nu 1 j;
if mu < 0V mu > 3 then
tnvalid_arg "Chiral.bounds_check4"

let lookup4 map mu nu i j =
bounds_checkf mu nu i j;
try Map/.find (mu, nu, (i, j)) map with Not_found — Complex.Z

let scalar_map = init2 M .scalar
let vector_map = init3 M .vector
let tensor_map = init4y M .tensor
let axial_map = init3 M.axial

let pseudo_map = nit2 M.pseudo

let scalar = lookup2 scalar_map
let vector = lookup3 vector_map
let tensor mu nu i j =

lookup/ tensor_map mu nu i j
let tensor mu nu i j =

failwith "tensor: incomplete"
let azial = lookup3 azial_map
let pseudo = lookup2 pseudo_map

end
end

module type Color =
sig
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module Index :

type inder =
type color_rep

Index
Index.t
= F of field | C of field | A of field

type primitive =
| D of field x field
| E of field x
| T of field x field x field
| F of field x field x field

val map_primitive : (field — field) — primitive — primitive

val primitive_indices : primitive — field list
val indices : primitive list — field list

type tensor = int X primitive list

val map_tensor :

(field — field) — a x primitive list — « X primitive list
val tensor_ok : context — « X primitive list — bool

end

module Color : Color =
struct

module Index : Index =

struct
type t = int
let of _int 1 = i
let to_int 1 = 1
end
ap,a1,...,n0t 0,1,...

type index = Index.t

type color_rep =
| F of field
| C of field
| A of field

type primitive =
| D of field x field
| E of field x field x field
| T of field x field x field
| F of field x field x field

let map_primitive f = function

let primitive_ok ctr =
function
| D (i, j) —
distinct2 i j A

(match Field.get ctz.color_reps i, Field.get ctx.color_reps j with

| Color.SUN (nl1), Color.SUN (n2) —
nl = — n2 ANn2 >0
| -, - — false)
| £ (i, j, k) —
distinct3 i j k N
(match Field.get ctz.color_reps i,

Field.get ctx.color_reps j, Field.get ctx.color_reps k with
| Color.SUN (n1), Color.SUN (n2), Color.SUN (n3) —

nl =3 An2 =3An3 =3V
nl = —3An2 = —3 A n8 =
| -, -, - — false)
| T (a, i, 5) —
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distinct3 a i j A
(match Field.get ctz.color_reps a,

Field.get ctx.color_reps i, Field.get ctx.color_reps j with
| Color.AdjSUN (n1), Color.SUN (n2), Color.SUN (n3) —

nl = n8 ANn2 = — n8 AN n8 >0
| -, -, - — false)
| F(a, b, ¢) —

distinct3 a b ¢ A
(match Field.get ctz.color_reps a,
Field.get ctx.color_reps b, Field.get ctx.color_reps c with
| Color.AdjSUN (n1), Color.AdjSUN (n2), Color.AdjSUN (n3) —
nl = n2 AN n2 =n38 AN nl >0

| -, -, - — false)
let primitive_indices = function
Do) =[]
| E (- - -) = ]

| T (a, -, -) = [a]
| F(a, b, ¢) — [a; b; (]
let indices p =
ThoList.flatmap primitive_indices p

let contraction_ok p =
List.for_all
(fun (n, -) = n = 2)
(ThoList.classify (indices p))

type tensor = int X primitive list
let map_tensor f (factor, primitives) =
(factor, List.map (map_primitive f) primitives)

let tensor_ok context (-, primitives) =
List.for_all (primitive_ok context) primitives

end

type t =
{ fields : string array;
lorentz : Lorentz.tensor list;
color : Color.tensor list }

module Test (M : Model. T) : Test =
struct

module Permutation = Permutation.Default

let context_of -flavors flavors =
{ arity = Array.length flavors;
lorentz_reps = Array.map M .lorentz flavors;
color_reps = Array.map M .color flavors }

let context_of —flavor_names names =
contezt_of _flavors (Array.map M .flavor_of _string names)

let context_of _vertex v =
context_of _flavor_names v.fields

let ok v =
let context = context_of _vertex v in
List.for_all (Lorentz.tensor_ok context) v.lorentz A
List.for_all (Color.tensor_ok context) v.color

module PM =
Partial. Make (struct type t = field let compare = compare end)

letid z = =z

let permute v p =
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let context = context_of _vertex v in
let sorted =
List.map
(Field.of —int context)
(ThoList.range 0 (Array.length v.fields — 1)) in
let permute =

PM .apply (PM .of _lists sorted (List.map (Field.of _int context) p)) in

{ fields = Permutation.array (Permutation.of _list p) v.fields;
lorentz = List.map

(Lorentz.map_tensor id permute id permute id permute) v.lorentz;

color = List.map (Color.map_tensor permute) v.color }

let permutations v =
List.map (permute v)

(Combinatorics.permute (ThoList.range 0 (Array.length v.fields — 1)))

let wf _declaration flavor =
match M .lorentz (M .flavor_of _string flavor) with
| Coupling. Vector — "vector"
| Coupling.Spinor — "spinor"
| Coupling.ConjSpinor — "conjspinor"
| - — failwith "wf_declaration: incomplete"

module Chiral = Lorentz.Dirac(Lorentz.Chiral)

let write_fusion v =
match Array.to_list v.fields with
| lhs = Ths —
let name = Ilhs =~ "_of_" = String.concat "_" rhs in
let momenta = List.map (funn — "k_" " n) rhsin
Printf .printf "pure_function s, (%s)uresult, (%s)\n"
name (String.concat ", "

(List.flatten
(List.map2 (fun wf p — [wf; p]) rhs momenta)))
lhs;
Printf .printf "Lotype (%s)u::u%s\n" (wf —declaration lhs) lhs;
List.iter
(fun wf —

Printf.printf ", type(%s), intent (in): :%s\n"
(wf —declaration wf) wf)
rhs;
List.iter

(Printf .printf ", type (momentum) ,_ intent(in),:: %s\n")

momenta;
let rhs1 = List.hd rhs
and rhs2 = List.hd (List.tl rhs) in
begin match M .lorentz (M.flavor_of _string lhs) with
| Coupling. Vector —
begin
for mu = 0to 3 do
Printf .printf ", %s Chd) =" lhs mu;
fori = 1to4do
forj = 1to4do
match Chiral.vector mu i j with
| Lorentz.Complex.Z — ()
| ¢ —
Printf .printf " +uhs*hs (hd) *%s (%d) "

(Lorentz.Complex.to_fortran ¢) rhsl i rhs2 j

done
done;
Printf.printf "\n"
done
end;
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| Coupling.Spinor | Coupling.ConjSpinor —
begin
fori = 1to4do
Printf.printf "L hs (hd) =" lhs i;
for mu = 0to 3 do
forj = 1to4do

match Chiral.vector mu i j with
| Lorentz.Complex.Z — ()
| ¢ —

Printf.printf "L+ %hs*%s (%d) *%s (hd) "
(Lorentz.Complex.to_fortran ¢) rhsl mu rhs2 j

done
done;
Printf.printf "\n"
done
end;

| - — failwith "write_fusion: incomplete"
end;
Printf.printf "end function_ %s\n" name;

=0

let write_fusions v =
List.iter write_fusion (permutations v)

Testing:

let vector_field context i =
Lorentz. Vector (Lorentz.F' (Field.of —int context 7))

let spinor_field context 1 =
Lorentz.Spinor (Lorentz. F (Field.of _int context 7))

let conjspinor_field context i =
Lorentz. ConjSpinor (Lorentz.F (Field.of —int context 1))

let mu = Lorentz. Vector (Lorentz.I 0)
and nu = Lorentz. Vector (Lorentz.I 1)

let thar_gl_t = || "tbar"; "gl"; "t" |]
let context = context_of _flavor_names tbar_gl_t

let vector_current_ok =
{ fields = tbar_gl_t;
lorentz = [ (1, [Lorentz.V (vector_field context 1,
congspinor_field context 0,
spinor_field context 2)]) ;
color = [ (1, [Color.T (Field.of —int context 1,
Field.of _int context 0,
Field.of _int context 2)])] }

let vector_current_vector _misplaced =
{ fields = tbar_gl_t;
lorentz = [ (1, [Lorentz.V (vector_field context 2,
congspinor_field context 0,
spinor_field context 2)]) ;
color = [ (1, [Color.T (Field.of —int context 1,
Field.of _int context 0,
Field.of _int context 2)])] }

let vector_current_spinor_misplaced =
{ fields = tbar_gl_t;
lorentz = [ (1, [Lorentz.V (vector_field context 1,
congspinor_field context 0,
spinor_field context 1)]) ;
color = [ (1, [Color.T (Field.of _int context 1,
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Field.of _int context 0,
Field.of _int context 2)])] }
let vector_current_conjspinor_misplaced =
{ fields = tbar_gl_t;
lorentz = [ (1, [Lorentz.V (vector_field context 1,
congspinor_field context 1,

spinor_field context 2)]) ;
color = [ (1, [Color.T (Field.of _int context 1,

Field.of _int context 0,
Field.of —int context 2)])] }
let vector_current_out_of _bounds () =
{ fields = tbar_gl_t;
lorentz = [ (1, [Lorentz.V (mu,
congspinor_field context 3,

spinor_field context 2)]) ;
color = [ (1, [Color.T (Field.of —int context 1,

Field.of _int context 0,
Field.of _int context 2)])] }

let vector_current_color_mismatch =

Iet names = [| lltll; "gl"; ngn |] in

let context = context_of _flavor_names names in
{ fields = names;
lorentz [ (1, [Lorentz.V (mu,

congspinor_field context 0,

spinor_field context 2)]) ;
color = [ (1, [Color.T (Field.of _int context 1,

Field.of _int context 0,
Field.of —int context 2)])] }
Iet wWwzz = [| ||W+||; nw_n; nzu; ||Z|| |]
let context = context_of _flavor_names wwzz

let anomalous_couplings =
{ fields = wwzz;
lorentz = [ (1, [ Lorentz.K (mu, Field.of _int context 0);
Lorentz. K (mu, Field.of —int context 1) ]) |;
color =[]}

let anomalous_couplings_index_mismatch =
{ fields = wwzz;
lorentz = [ (1, [ Lorentz.K (mu, Field.of _int context 0);
Lorentz. K (nu, Field.of _int context 1) ]) ];
color =[]}

exception Inconsistent_vertex

let example ()

if = (ok vector_current_ok) then begin
raise Inconsistent_vertex
end;

write_fusions vector_current_ok

open OUnit

let vertex_indices_ok =
"indices/ok" >::
(fun () —
List.iter
(fun v —
assert_bool "vector_current" (ok v))
(permutations vector - current _ok))

let vertex_indices_broken =
"indices/broken" >::
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(fun () —
assert_bool "vector misplaced"
(= (ok wvector_current_vector —misplaced));
assert_bool "conjugate spinor misplaced"
(= (ok wvector_current_spinor_misplaced));
assert_bool "conjugate spinor misplaced"
(= (ok vector_current_congjspinor_misplaced));
assert_raises (Field.Out_of _range 3)
vector—current_out_of _bounds;
assert_bool "color mismatch"
(= (ok wvector_current_color_mismatch)))

let anomalous_couplings_ok =
"anomalous_couplings/ok" >::
(fun () —
assert_bool "anomalous couplings"
(ok anomalous_couplings))

let anomalous_couplings_broken =
"anomalous_couplings/broken" >::
(fun () —
assert_bool "anomalous couplings"
(= (ok anomalous_couplings_index _mismatch)))

let suite =
"Vertex" >::
[vertex -indices - ok;
vertex —indices_broken;
anomalous - couplings _ ok;
anomalous _couplings _broken]

end

9.7 Interface of Target

module type T =

sig
type amplitudes

val options : Options.t
type diagnostic = All | Arguments | Momenta | Gauge

Format the amplitudes as a sequence of strings.

val amplitudes_to_channel : string — out_channel —
(diagnostic x bool) list — amplitudes — wunit

val parameters_to_channel : out_channel — wunit
end

module type Maker =
functor (F : Fusion.Maker) —
functor (P : Momentum.T) — functor (M : Model.T) —
T with type amplitudes = Fusion.Multi(F)(P)(M).amplitudes
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CONSERVED QUANTUM NUMBERS

10.1 Interface of Charges
10.1.1 Abstract Type

module type T =
sig

The abstract type of the set of conserved charges or additive quantum numbers.
type ¢
Add the quantum numbers of a pair or a list of particles.

valadd : t — t — t
val sum : t list — t

Test the charge conservation.
val is_null : t — bool

end

10.1.2 Trivial Realisation

module Null : T with type ¢t = wunit

10.1.8 Nontrivial Realisations

module Z : T with type t = int

ZXxX7Zx---xX17

module ZZ : T with type t = int list

Q

module @ : T with type t = Algebra.Small_Rational.t

QxQxxQ

module QQ : T with type t = Algebra.Small_Rational.t list
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10.2  Implementation of Charges

module type T =

sig
type ¢
valadd : t — t — t
val sum : t list — t
val is_null : t — bool
end
module Null : T with type ¢ unit =
struct
type t = wunit
let add () () = ()
let sum - = ()
let is_null - = true
end
module Z : T with type t = int =
struct
type t = nt

let add = ( + )
let sum = List.fold_left add O

let is_null n (n = 0)
end
module ZZ : T with type ¢ int list =
struct

type t = int list
let add = List.map2 ( + )
let sum = function

| =]

| [charges] — charges

| charges ::

rest — List.fold_left add charges rest
let is_null = List.for_all (funn — n = 0)
end

module Rat

Algebra.Small_ Rational

module @ : T with type ¢
struct

type ¢

let add

Rat.t
Rat.add
let sum = List.fold_left Rat.add Rat.null

let is_null = Rat.is_null
end

module QQ : T with type t = Rat.t list =
struct

type ¢

Rat.t list

let add = List.map2 Rat.add
let sum = function

| {1 =]

| [charges] — charges
| charges :: rest — List.fold_left add charges rest

let is_null = List.for_all Rat.is_null
end
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module It (M : Model.T) :
Model.Colorized with type flavor_sans_color =
M .constant

and type constant =

COLORIZATION

11.1 Interface of Colorize
11.1.1

M .flavor

module Gauge (M : Model.Gauge) :

Model.Colorized - Gauge with type flavor_sans_color =
M .constant

and type constant =

let incomplete s =

failwith ("Colorize." ~

let inwvalid s =

invalid_arg ("Colorize.

let impossible s =

invalid_arg ("Colorize.

let mismatch s =

invalid_arg ("Colorize.

let suf s =

invalid_arg ("Colorize.

let colored_vertexr s =

invalid_arg ("Colorize.

let baryonic_verter s =

M .flavor

11.2  Implementation of Colorize

11.2.1 Awuaziliary functions

FExceptions

" mnot_done yet!")

s * "_must_not be_ evaluated!")

s " "Lcan’t happen!  (but just didy...)")
s * "_mismatch of representations!")
:,found, ,SUCO) ")

:ucolored vertex!")

invalid_arg ("Colorize." " s~

": baryonic,(i.e. eps-ijk) vertices not, supported yet! ")

let color_flow_ambiguous s =

invalid_arg ("Colorize." " s ~ ": ambiguous,color flow!")

let color_flow_of _string s =
let ¢ = int_of _string s in
if ¢ < 1 then
invalid_arg ("Colorize." " s
else
c

":ycolory flow #,<,1!")
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Multiplying Vertices by a Constant Factor

module Q = Algebra.Q
module QC = Algebra.QC

let of _int n =
QC.make (Q.make n 1) Q.null

let integer z =

if Q.is_null (QC.imag z) then
let z = QC.real z in
try

Some (Q.to_integer )

with
| - — None

else
None

let mult_vertex3 x v =

let open Coupling in

match v with

| FBF (c, fb, coup, ) —
FBF ((z x ¢), fb, coup, f)

| PBP (c, fb, coup, f) —
PBP ((z x «¢), fb, coup, f)

| BBB (¢, fb, coup, ) —
BBB ((z x «¢), fb, coup, f)

| GBG (c, fb, coup, f) —
GBG ((x x c¢), fb, coup, f)

| Gauge_Gauge_Gauge ¢ —
Gauge_Gauge_Gauge (z X c¢)

| 1-Gauge_Gauge_Gauge ¢ —
I_Gauge_Gauge_Gauge (x X ¢)

| Auz_Gauge_Gauge ¢ —
Auz_Gauge_Gauge (z X c¢)

| Scalar_ Vector_ Vector ¢ —
Scalar_ Vector_Vector (z X c¢)

| Auz_Vector_Vector ¢ —
Auz_Vector_Vector (z X c¢)

| Auz_Scalar_Vector ¢ —
Auz _Scalar_ Vector (x X ¢)

| Secalar_Scalar_Scalar ¢ —
Scalar_Scalar_Scalar (x x c¢)

| Auz_Scalar_Scalar ¢ —
Auz_Scalar_Scalar (x X ¢)

| Vector_Scalar_Scalar ¢ —
Vector_Scalar_Scalar (z x ¢)

| Graviton_Scalar_Scalar ¢ —
Graviton_Scalar_Scalar (x X ¢)

| Graviton_Vector_ Vector ¢ —
Graviton_ Vector - Vector (x X c¢)

| Graviton_Spinor_Spinor ¢ —
Graviton_Spinor_Spinor (z X c)

| Dim4 _Vector_Vector_Vector_T ¢ —
Dimj - Vector - Vector_Vector-T (z x ¢)

| Dimy4 - Vector_Vector_Vector_L ¢ —
DimJ _ Vector_ Vector_Vector_L (z X c¢)

| Dim4 - Vector_ Vector_Vector_T5 ¢ —
DimJ _ Vector _ Vector_Vector_T5 (z x c)

| Dim4 - Vector_ Vector_Vector_L5 ¢ —
Dim4 _ Vector_ Vector - Vector_L5 (x X ¢)

| Dim6 _Gauge_Gauge_Gauge ¢ —
Dim6 _Gauge_ Gauge_Gauge (z X c)
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Dimb6 - Gauge_Gauge_Gauge_5 ¢ —
Dim6 _Gauge_Gauge_Gauge_5 (z X c)
Auz_DScalar_DScalar ¢ —
Auz_DScalar _DScalar (z X ¢)
Auz_ Vector_DScalar ¢ —
Auz_Vector_DScalar (z x c)
Dimb _Scalar_Gauge2 ¢ —
Dimb _Scalar_Gauge2 (z x c)
Dimb _Scalar - Gauge2_Skew ¢ —
Dim5 _Scalar-Gauge2 _Skew (x X ¢)
Dimb _Scalar_ Vector_ Vector_.T ¢ —
Dim5 _Scalar_ Vector_Vector_. T (z X c¢)
Dim5 _Scalar_ Vector_ Vector_U ¢ —
Dimb _Scalar _ Vector_ Vector .U (z X ¢)
Dim5 _Scalar- Vector - Vector-TU ¢ —
Dim5 _Scalar_ Vector_Vector.TU (x X c¢)
Dim& _Scalar_Scalar? ¢ —
Dimb5 _Scalar_Scalar2 (z x c¢)
Scalar_ Vector_Vector_t ¢ —
Scalar_ Vector_Vector_t (z x ¢)
Dim6 _ Vector_ Vector_Vector-T ¢ —
Dim6 _ Vector_ Vector_Vector_.T (z x c¢)
Tensor_2_Vector_Vector ¢ —
Tensor_2_Vector_Vector (z X c¢)
Tensor_2_Vector_ Vector_cf ¢ —
Tensor_2_Vector_Vector_cf (x X ¢)
Tensor_2_Scalar_Scalar ¢ —
Tensor_2_Scalar_Scalar (z x c¢)
Tensor_2_Scalar_Scalar_cf ¢ —
Tensor_2_Scalar_Scalar_cf (z x ¢)
Tensor_2_Vector_Vector_1 ¢ —
Tensor_2_Vector_Vector_1 (x X c¢)
Tensor_2_Vector_Vector_t ¢ —
Tensor_2_Vector_Vector_t (z x «c)
Dimb_Tensor_2_Vector_Vector_1 ¢ —
Dimb5 _ Tensor_2_Vector_Vector_1 (x X c¢)
Dimb _Tensor_2_Vector_Vector_2 ¢ —
Dim5 _ Tensor_2_Vector_Vector_2 (x X c¢)
TensorVector_ Vector_ Vector ¢ —
TensorVector_ Vector_ Vector (z X c¢)
TensorVector_ Vector_ Vector _cf ¢ —
TensorVector_ Vector_ Vector_cf (z X ¢)
TensorVector_Scalar_Scalar ¢ —
TensorVector_Scalar_Scalar (x X ¢)
TensorVector_Scalar_Scalar_cf ¢ —
TensorVector _Scalar _Scalar_cf (x X ¢)
TensorScalar - Vector_ Vector ¢ —
TensorScalar - Vector_ Vector (z x c)
TensorScalar - Vector_ Vector_cf ¢ —
TensorScalar - Vector_ Vector_cf (z X c¢)
TensorScalar _Scalar _Scalar ¢ —
TensorScalar_Scalar_Scalar (z X ¢)
TensorScalar_Scalar_Scalar_cf ¢ —
TensorScalar-Scalar_Scalar-cf (z x ¢)
Dim7_Tensor_2_Vector_Vector_T ¢ —
Dim7_Tensor_2_Vector_Vector_T (z X c¢)
Dim6 _Scalar_ Vector_ Vector_D ¢ —
Dim6 _Scalar_ Vector_Vector_D (z X c¢)
Dim6 _Scalar_ Vector_ Vector_.DP ¢ —
Dim6 _Scalar_ Vector_Vector_.DP (x X c¢)
Dim6_HAZ_D ¢ —
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Dim6_HAZ_D (x X c)

| Dim6_HAZ_DP ¢ —
Dim6_HAZ_DP (z x c)

| Gauge-Gauge_Gauge-i ¢ —
Gauge_Gauge_Gauge_i (x X ¢)

| Dim6_GGG ¢ —
Dim6_GGG (z x c¢)

| Dim6_AWW _DP ¢ —
Dim6 _AWW _DP (z X c)

| Dim6_AWW _DW ¢ —
Dim6_AWW _DW (z X c¢)

| Dim6 _Gauge_Gauge_Gauge_i ¢ —
Dim6 _ Gauge_Gauge_Gauge_i (z X c)

| Dim6_HHH ¢ —
Dim6_HHH (z x c¢)

| Dim6_WWZ_DPWDW ¢ —
Dim6_WWZ_DPWDW (z x c)

| Dim6_WWZ_DW ¢ —
Dim6_WWZ_DW (z X c)

| Dim6-WWZ_D ¢ —
Dim6_WWZ_D (x X c¢)

let cmult_vertexd z v =
match integer z with
| None — invalid_arg "cmult_vertex3"
| Some x — mult_vertex3 z v

let mult _vertexd v =

let open Coupling in

match v with

| Scalarf ¢ —
Scalar4 (x X ¢)

| Scalar2_Vector2 ¢ —
Scalar2 _Vector2 (z x c)

| Vectors icj _list —
Vector4 (List.map (fun (¢, icl) — (x x ¢, icl)) ic4 _list)

| DScalary icj -list —
DScalar4 (List.map (fun (¢, icl) — (z x ¢, icl)) ic4 _list)

| DScalar2_Vector2 ic4 _list —
DScalar2_ Vector2 (List.map (fun (¢, icl) — (z x ¢, icl)) icq _list)

| GBBG (c, fb, b2, f) —
GBBG ((z x c¢), fb, b2, f)

| Vector4 - K _Matrix_tho (c, ic4_list) —
Vector - K _Matriz_tho ((z x c), ic4_list)

| Vector4 -K _Matriz_jr (¢, ch2_list) —
Vector4 _ K _Matriz_jr ((x x c¢), ch2_list)

| Vector4 -K _Matriz_cf _t0 (¢, ch2_list) —
Vector4 - K _Matriz_cf —t0 ((z x c¢), ch2_list)

| Vector4 -K _Matriz_cf -t1 (¢, ch2_list) —
Vector4 - K _Matriz_cf _t1 ((z x c¢), ch2_list)

| Vectorq K _Matriz_cf -t2 (¢, ch2_list) —
Vector/ - K _Matriz_cf _t2 ((x x c¢), ch2_list)

| Vector4 -K _Matriz_cf -t_rsi (¢, ch2_list) —
Vector - K _Matriz_cf _t_rsi ((x x c¢), ch2_list)

| Vector4 -K _Matriz_cf_-m0 (¢, ch2_list) —
Vector K _Matriz_cf-m0 ((z x c¢), ch2_list)

| Vectors K _Matriz_cf_ml1 (¢, ch2_list) —
Vector4 - K _Matriz_cf -m1 ((z x c¢), ch2_list)

| Vector4 - K _Matrixz_cf -m7 (¢, ch2_list) —
Vector K _Matriz_cf_-m7 ((z x c¢), ch2_list)

| DScalar2_Vector2_K _Matriz_ms (¢, ch2_list) —
DScalar2_Vector2_K _Matrix_ms ((z X c¢), ch2_list)
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DScalar2_Vector2_m_0_K _Matriz_cf (¢, ch2_list) —
DScalar2_Vector2_m_0_K _Matriz_cf ((x x ¢), ch2_list)
DScalar2_Vector2_m_1_K _Matriz_cf (¢, ch2_list) —
DScalar2_Vector2_m_1_K _Matriz_cf ((x x c¢), ch2_list)
DScalar2_Vector2_m_7_-K _Matriz_cf (¢, ch2_list) —
DScalar2_Vector2_m_7-K _Matriz_cf ((x x c¢), ch2_list)
DScalarg - K _Matriz_ms (¢, ch2_list) —
DScalary - K _Matriz_ms ((x x c¢), ch2_list)
Dim8 _Scalar?2_Vector2_1 ¢ —
Dim8 _Scalar2_Vector2_1 (x X ¢)
Dim8 _Scalar?2_Vector2_2 ¢ —
Dim8 _Scalar2_Vector2_1 (z X c¢)
Dim8 _Scalar2_Vector2_-m_0 ¢ —
Dim8 _Scalar2_Vector2_m_0 (z X c¢)
Dim8 _Scalar?2_Vector2_-m_1 ¢ —
Dim8 _Scalar2_Vector2_-m_1 (z X c¢)
Dim8_Scalar?_Vector2_m_7 ¢ —
Dim8 _Scalar2_Vector2_m_7 (z X c¢)
Dim8_Scalarf ¢ —
Dim8_Scalar4 (z X c¢)
Dim8_Vector _t_0 ic4 _list —
Dim8_Vector4 _t_0 (List.map (fun (¢, icl) — (z X ¢, icl)) icf _list)
Dim8_Vector4 _t_1 ic4 _list —
Dim8 _Vector4 _t_1 (List.map (fun (¢, icl) — (x X ¢, icl)) ic4 _list)
Dim8_Vector4 _t_2 icj _list —
Dim8_Vector4 _t_2 (List.map (fun (¢, icl) — (z X ¢, icl)) icf _list)
Dim8_Vectorf —m_0 ic4 _list —
Dim8_Vector4 -m_0 (List.map (fun (¢, icl) — (z x ¢, icl)) icq _list)
Dim8_Vector4 -m_1 ic4 _list —
Dim8 _Vector4 _m_1 (List.map (fun (¢, icl) — (x X ¢, icl)) ic _list)
Dim8_Vector4 -m_7 ic4 _list —
Dim8 _Vector4 -m_7 (List.map (fun (¢, icl) — (x X ¢, icl)) icf-list)
Dim6_Hjf_P2 ¢ —
Dim6_H{_P2 (x x c¢)
Dim6_AHWW _DPB ¢ —
Dim6_AHWW _DPB (z x c)
Dim6_AHWW _DPW ¢ —
Dim6_AHWW _DPW (z x c)
Dim6_AHWW _DW ¢ —
Dim6_AHWW _DW (z X c¢)
Dim6 _Vector _DW ¢ —
Dim6 _Vector4 _-DW (z x ¢)
Dim6_Vectorf W ¢ —
Dim6 _ Vector4 - W (z X c¢)
Dim6 _Scalar2_Vector2_PB ¢ —
Dim6 _Scalar2_Vector2_PB (z X c¢)
Dim6 _Scalar2_Vector2_D ¢ —
Dim6 _Scalar2_Vector2_-D (x X c¢)
Dim6 _Scalar?_ Vector2_DP ¢ —
Dim6 _Scalar2_Vector2_DP (z x c)
Dim6_HHZZ_T ¢ —
Dim6_HHZZ_T (x X c¢)
Dim6_HWWZ_DW ¢ —
Dim6_HWWZ_DW (z X ¢)
Dim6_HWWZ_DPB ¢ —
Dim6_HWWZ_DPB (z X c¢)
Dim6_HWWZ _DDPW ¢ —
Dim6_HWWZ_DDPW (z x c)
Dim6 _HWWZ_DPW ¢ —
Dim6 _HWWZ_DPW (z X c¢)
Dim6_AHHZ_D ¢ —
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Dim6_AHHZ _D (z X c¢)
| Dim6_AHHZ _DP ¢ —

Dim6_AHHZ _DP (z X c)
| Dim6_AHHZ_PB ¢ —

Dim6_AHHZ_PB (z x c)

let cmult_vertex4 z v =
match integer z with
| None — invalid_arg "cmult_vertex4"
| Some x — mult_vertexf z v

let mult_vertexn x = function
| - — incomplete "mult_vertexn"

let cmult_vertexn z v =
let open Coupling in
match v with
| UFO (¢, v, s, fl, col) —
UFO (QC.mul z ¢, v, s, fl, col)

let mult_vertex z v =
let open Coupling in
match v with
| V3 (v, fuse, ¢) — V3 (mult_vertexd x v, fuse, c)
| V4 (v, fuse, ¢) — V4 (mult_vertex) x v, fuse, c)
| Vn (v, fuse, ¢) — Vn (mult_vertezn x v, fuse, c)

let cmult_vertex z v =
let open Coupling in
match v with
| V8 (v, fuse, ¢) — V3 (cmult_vertex3 z v, fuse, c)
| V4 (v, fuse, ¢) — V4 (cmult_vertezs z v, fuse, c)
| Vn (v, fuse, ¢) — Vn (cmult_vertexn z v, fuse, c)

11.2.2  Flavors Adorned with Colorflows

module Flavor (M : Model. T) =
struct

type c¢f_in = int
type cf —out = int

type t =
| White of M.flavor
| CF_in of M.flavor X cf_in
| CF_out of M.flavor x cf_out
| CF_io of M.flavor x cf_in x cf-out
| CF_auz of M.flavor

let flavor_sans_color = function
| White f — f
| CP_in (f, ) = f
| CF_out (f, -) — f
| CFoio (f, - -) = |
| CF_auz f — f

let pullback f argl =
f (flavor_sans_color argl)

end

11.2.3 The Legacy Implementation

module Legacy_Implementation (M : Model. T) =
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struct
module C = Color

module Colored_Flavor = Flavor(M)
open Colored - Flavor

open Coupling

let nc = M.nc

Auziliary functions

Below, we will need to permute Lorentz structures. The following permutes the three possible contractions of
four vectors. We permute the first three indices, as they correspond to the particles entering the fusion.

type permutation =
| P123 | P231 | P312
| P218 | P321 | P132

let permute_contractj = function
| P1258 —
begin function
| C_12_34 — C_12_34

| C_13_42 — C_13_42
| C_14_23 — C_14_23
end
| P2531 —

begin function
| C_12_.34 — C_14_23
| C_13_42 C_12_34
| C_14_23 — C_13_42

end

| P312 —

begin function

| C_12_34 — C_13_42

{

| C_13_42 — C_14_23
| C_14-23 — C_12_3j
end
| P218 —
begin function
| C_12_84 — C_12_3j
| C_13_42 — C_14_23
| C_14_23 — C_13_42
end
| P321 —

begin function
| C_12_.34 — C_14_23
| C_13_42 C_13_42
| C_14_23 — C_12_3/

end

| P132 —

begin function
| C_12_.3, — C_13_42
| C_15_42 C_12_34
| C_14_23 C_14_23

end

4

11

let permute_contracts _list perm ic4 _list =
List.map (fun (i, ¢4) — (i, permute_contracti perm c4)) ic4 _list

let permute_vertexd’ perm = function
| Scalarf ¢ —
Scalars c
| Vectors icj _list —
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Vector4 (permute_contract) _list perm ic4 _list)
Vector4 _K _Matriz_jr (c, ic4 _list) —

Vector/ - K _Matriz_jr (¢, permute_contract] _list perm ic4 _list)
Vector4 - K - Matriz_cf _t0 (¢, icf_list) —

Vector4 - K _Matriz_cf _t0 (¢, permute_contracts _list perm ic4 _list)
Vector4 - K _Matriz_cf _t1 (c, icj_list) —

Vector4 - K _Matriz_cf _t1 (c, permute_contracts _list perm ic4 _list)
Vector K _Matriz_cf _t2 (c, ic4 _list) —

Vector - K -Matriz_cf_t2 (c, permute_contract _list perm ic4 _list)
Vector4 - K _Matrixz_cf _t_rsi (c, ic4_list) —

Vector4 - K _Matriz_cf _t_rsi (¢, permute_contracts _list perm ic4 _list)
Vector4 - K _Matriz_cf —m0 (c, icj _list) —

Vector/ - K _Matriz_cf —m0 (¢, permute_contract] _list perm ic _list)
Vector K _Matriz_cf —m1 (c, icf _list) —

Vector4 - K - Matriz_cf-m1 (¢, permute_contracts _list perm ic _list)
Vector4 - K _Matriz_cf —m7 (c, ic4_list) —

Vector4 - K _Matriz_cf -m7 (¢, permute_contracts _list perm ic4 _list)
DScalar2 - Vector2_K _Matriz_ms (c, icf _list) —

DScalar2 _ Vector2 K _Matriz_ms (¢, permute_contract] _list perm ic4 _list)
DScalar2_Vector2_-m_0_K _Matriz_cf (c, icf_list) —

DScalar2_Vector2_-m_0_K _Matriz_cf (¢, permute_contracts _list perm ic4 _list)

DScalar2_Vector2_m_1_K _Matriz_cf (c, icj_list) —

DScalar2_Vector2_m_1_K _Matriz_cf (c, permute_contract) _list perm ic4 _list)

DScalar2 - Vector2_m_7_K _Matriz_cf (c, ic4_list) —

DScalar2_Vector2 _m_7_K _Matriz_cf (¢, permute_contracts _list perm ic4 _list)

DScalary - K _Matriz_ms (c, ic4_list) —

DScalar - K - Matriz_ms (¢, permute_contracts _list perm ic4 _list)
Scalar2 _ Vector2 ¢ —

incomplete "permute_vertex4’ Scalar2_Vector2"
DScalar ic4 _list —

incomplete "permute_vertex4’ DScalar4d"
DScalar2_Vector2 ic4 _list —

incomplete "permute_vertex4’ DScalar2_Vector2"
GBBG (c, fb, b2, f) —

incomplete "permute_vertex4’ GBBG"
Vector4 - K - Matriz_tho (¢, ch2_list) —

incomplete "permute_vertex4’ Vector4_K_Matrix_tho"
Dim8_Scalar2 - Vector2_1 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_1"
Dim8_Scalar2 _ Vector2_2 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_2"
Dim8_Scalar2_Vector2_m_0 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_m_0"
Dim8_Scalar2_Vector2_m_1 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_m_1"
Dim8 _Scalar2_Vector2_m_7 ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar2_Vector2_m_7"
Dim8_Scalars ic4 _list —

incomplete "permute_vertex4’ Dim8_Scalar4"
Dim8_Vector4 _t_0 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_t_0"
Dim8_Vector4 -t_1 icj _list —

incomplete "permute_vertex4’ Dim8_Vector4_t_1"
Dim8_Vector _t_2 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_t_2"
Dim8_Vector4 -m_0 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_m_0"
Dim8_Vector4 -m_1 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_m_1"
Dim8_Vector4 -m_7 ic4 _list —

incomplete "permute_vertex4’ Dim8_Vector4_m_7"
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| Dim6_Hj_P2 ic4 _list —
incomplete "permute_vertex4’ Dim6_H4_P2"
| Dim6_AHWW _DPB icj _list —
incomplete "permute_vertex4’ Dim6_AHWW_DPB"
| Dim6_AHWW _DPW icj _list —
incomplete "permute_vertex4’ Dim6_AHWW_DPW"
| Dim6_AHWW _DW icj _list —
incomplete "permute_vertex4’ Dim6_AHWW_DW"
| Dim6_Vectorf -DW ic4 _list —
incomplete "permute_vertex4’ Dim6_Vector4_DW"
| Dim6_Vector) - W icj _list —
incomplete "permute_vertex4’ Dim6_Vector4_W"
| Dim6_Scalar2_Vector2_D icj _list —
incomplete "permute_vertex4’ Dim6_Scalar2_Vector2_D"
| Dim6_Scalar2_Vector2_DP ic4 _list —
incomplete "permute_vertex4’ Dim6_Scalar2_Vector2_DP"
| Dim6_Scalar2_Vector2_PB ic4 _list —
incomplete "permute_vertex4’ Dim6_Scalar2_Vector2_PB"
| Dim6_HHZZ_T icj_list —
incomplete "permute_vertex4’ Dim6_HHZZ_T"
| Dim6_HWWZ_DW icj _list —
incomplete "permute_vertex4’ Dim6_HWWZ_DW"
| Dim6_HWWZ_DPB icj _list —
incomplete "permute_vertex4’ Dim6_HWWZ_DPB"
| Dim6_HWWLZ_DDPW icj _list —
incomplete "permute_vertex4’ Dim6_HWWZ_DDPW"
| Dim6_HWWZ_DPW icj _list —
incomplete "permute_vertex4’ Dim6_HWWZ_DPW"
| Dim6_AHHZ_D icj _list —
incomplete "permute_vertex4’ Dim6_AHHZ_D"
| Dim6_AHHZ_DP icj _list —
incomplete "permute_vertex4’ Dim6_AHHZ_DP"
| Dim6_AHHZ _PB ic4 _list —
incomplete "permute_vertex4’ Dim6_AHHZ_PB"

let permute_vertex4 perm = function
| V3 (v, fuse, ¢) — V3 (v, fuse, ¢)
| V4 (v, fuse, ¢) — V4 (permute_vertex4’ perm v, fuse, c)
| Vn (v, fuse, ¢) — Vn (v, fuse, c)

Cubic Vertices

The following pattern matches could eventually become quite long. The O’Caml compiler will (hopefully)
optimize them aggressively (http://pauillac.inria.fr/~maranget/papers/opat/).

let colorize_fusion2 f1 f2 (f, v) =
match M.color f with

| C.Singlet —
begin match f1, f2 with

| White -, White - —
[White f, v]
| CF_in (-, c1), CF_out (-, ¢2’)
| CF_out (-, c1), CF_in (-, c2') —
if cI = c2' then
[White f, v]
else

[]

| CF_io (f1, c1, c1’), CF_io (f2, c2, c2') —
if c1 = ¢2° A ¢2 = cl’' then
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[White f, v]
else

[]

| CF_auz f1, CF_aux f2 —
[White f, mult_vertex (— (nc ())) v]

| CF_auz -, CF_io - | CF_io -, CF_aux - —
[]

| (CF_in - | CF_out - | CF_io - | CF_aux -), White _
| White -, (CF_in - | CF_out - | CF_io - | CF_auz )
| (CF_io - | CF_auz ), (CF_in _ | CF_out _)
| (CF_in - | CF_out -), (CF_io - | CF_aux -)
| CF_in -, CF_in _ | CF_out -, CF_out - —

colored _vertex "colorize_fusion2"

end

| C.SUN ncl —
begin match f1, f2 with

| CF_in (-, c1), (White - | CF_auz _)
| (White - | CF_auz -), CF_in (-, ¢1) —
if nc1 > 0 then
(CP_in (f, c1), 0]
else
colored_verter "colorize_fusion2"

| CF_out (-, c1’), (White - | CF_auzx _)
| (White - | CF_auz ), CF_out (-, c1’) —
if ncl < 0 then
[CF_out (f, c1’), v]
else
colored_verter "colorize_fusion2"

| CF_in (-, c1), CF_io (-, c2, c2)
| CF_io (-, ¢2, ¢2'), CF_in (-, cl) —
if nc1 > 0 then begin
if c1I = c2’ then
[CF_in (f, c2), v]
else
[]
end else
colored_vertexr "colorize_fusion2"

| CF_out (-, c1'), CF_io (-, 2, ¢2’)
| CF_io (-, ¢2, ¢2'), CF_out (-, c1') —
if nc1 < 0 then begin
if c1’ = c2 then
[CF_out (f, c2'), v]
else
[]
end else
colored _vertex "colorize_fusion2"

| CF_in -, CF_in - —
if nc1 > 0 then
baryonic_vertex "colorize_fusion2"
else
colored_vertexr "colorize_fusion2"

| CF_out -, CF_out - —
if ncl1 < 0 then
baryonic_verter "colorize_fusion2"
else
colored_vertexr "colorize_fusion2"
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| CF_in -, CF_out - | CF_out -, CF_in _
| (White = | CF_io - | CF_auz _),
(White - | CF_io - | CF_aux _) —

colored_vertex "colorize_fusion2"
end

| C.Adj)SUN _ —
begin match fI1, f2 with

| White -, CF_io (-, cl, ¢2') | CF_io (-, c1, c2'), White - —
[CF_io (f, cl1, c2'), v]

| White -, CF_auz _ | CF_aux -, White - —
[CF_auz f, mult_vertex (— (nc ())) v]

| CF_in (-, ¢1), CF_out (-, c2')
| CF_out (-, ¢2'), CF_in (-, c¢l) —
if c1 # c2' then
[CF_io (f, c1, c2'), v]

else
[CF_auz f, v]
In the adjoint representation
1
—- {
2 :gfala2a30#1#2ﬂ3(k1,k2,kg) (llla‘)
\
3
with
Cm#zus (kh k2, kg) —
(92 (K> — K§2) + g0 (k" — k") 4+ g (K2 — K4))  (11.1D)
while in the color flow basis find from
farasas = 7 (Tay [Tags Tag)) = tr (Lo, Ta, Tas) — tv (Lo, Tay Tas) (11.2)
the decomposition o o o
ifa1a2a3T£]1T¢;§]2T;2]3 = §l1J2§%2I3 §%3J1 _ §U1I3 §3J2 §i2J1 (113)
The resulting Feynman rule is
1
9 =ig <5i1j35i2j1 §isiz _ 5i1j25i2j35i3j1) CHkzps (kh ko, kd) (11.4)
3

We have to generalize this for cases of three particles in the adjoint that are not all gluons (gluinos, scalar
octets):

e scalar-scalar-scalar

e scalar-scalar-vector

e scalar-vector-vector

e scalar-fermion-fermion

e vector-fermion-fermion

@ We could use a better understanding of the signs for the gaugino-gaugino-gaugeboson couplings!!!
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| CF_io (f1, c1, c1'), CF_io (f2, c2, ¢2') —

let phase =
begin match v with
| V8 (Gauge-Gauge_Gauge —, —, _)
| V3 (I-Gauge-Gauge_Gauge —, —, _)
| V& (Auz_Gauge_Gauge —, _, _) — of _int 1
| V3 (FBF (-, -, -, -), fuse2, -) —

begin match fuse2 with

| F12 — of_int 1 (x works, needs underpinning *)
| F21 — of_int (—1) (x dto. *)

| F81 — of_-int 1 (x dto. *)

| F32 — of_int (—1) (* transposition of F12 x)

| F23 — of_int 1 (x transposition of F21 %)

| F13 — of—int (—1) (* transposition of F12 x)
end

| V& _ — incomplete "colorize_fusion2,(V3,_)"
| V4 - — impossible "colorize_fusion2,,(V4,_)"
| Vn - — impossible "colorize_fusion2,,(Vn,_)"

if c1’” = ¢2 then

[CF_io (f, c1, ¢2'), ecmult_vertex (QC.neg phase) v]
else if ¢c2" = cI then

[CF_io (f, ¢2, c1'), emult_vertex ( phase) v]
else

[]

| CF_auz -, CF_io _
| CF_io -, CF_aux -
| CF_auzx -, CF_aux - —

[]

| White -, White _

| (White - | CF_io - | CF_auzx ), (CF_in - | CF_out )

| (CF_in - | CF_out -), (White - | CF_io - | CF_aux )

| CF_in _, CF_in _ | CF_out _, CF_out - —
colored_vertex "colorize_fusion2"

end

Quartic Vertices

let colorize_fusiond f1 f2 f3 (f, v) =
match M .color f with

| C.Singlet —
begin match f1, f2, f3 with

| White _, White _, White = —
[White f, v]

| (White - | CF_auz _), CF_in (-, c1), CF_out (-, ¢2')
| (White - | CF_auz _), CF_out (-, c1), CF_in (-, c2')
| CF_in (-, c1), (White - | CF_auzx -), CF_out (-, c2')
| CF_out (-, c1), (White - | CF_auz -), CF_in (-, c2’)
| CF_in (-, c1), CF_out (-, ¢2'), (White - | CF_auz -)
| CF_out (-, c1), CF_in (-, ¢2'), (White - | CF_auzx -)

if c1 = c2' then

[White f, v]
else

[]
| White -, CF_io (-, c1, c1'), CF_io (-, ¢2, c2')
| CF_io (-, c1, c1’), White -, CF_io (-, ¢2, c2')
| CF_io (-, c1, c¢1’), CF_io (-, ¢2, c2'), White - —

_>
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if cI = ¢2 A ¢c2 = cl’ then
[White f, v]
else

[]

White _, CF_auz -, CF_auz _

CF_auz _, White -, CF_aux -

CF_aux _, CF_aux _, White _ —
[White f, mult_vertex (— (nc ())) v]

White _, CF_io -, CF_aux _
White _, CF_auz —, CF_io _
CF_io _, White _, CF_aux -
CF_aux _, White _, CF _io _
CF_io _, CF_aux _, White _
CF_aux -, CF_io -, White - —

[]

CF_io (-, cl, c¢l'), CF_in (-, ¢2), CF_out (-, c8’
CF_io (-, c¢l, c1’), CF_out (-, ¢3"), CF_in (-, ¢2
CF_in (-, ¢2), CF_io (-, c1, c1’), CF_out (-, ¢3'
CF_out (-, ¢3"), CF_io (-, cl, ¢1’), CF_in (-, c2
CF_in (-, ¢2), CF_out (-, ¢38"), CF_io (-, c1, c1’
CF_out (-, ¢8"), CF_in (-, ¢2), CF_io (-, c1, c1’

if c1 = ¢3 A cl’ = c2 then

[White f, v]
else

[]

CF_io (-, cl, ¢1'), CF_io (-, ¢2, ¢2"), CF_io (-, ¢3, ¢8') —
if c1’” = ¢2 N c2 = ¢8 N ¢3 = cl then
[White f, mult_vertex (—1) v]
elseif c1’ = ¢8 N ¢2 = ¢l AN ¢8 = c2 then
[White f, mult_vertex (1) v]
else

[]

CF_io _, CF_io _, CF_aux _
CF_io -, CF_aux -, CF_io _
CF_aux -, CF_io -, CF_io _
CF_io _, CF_aux _, CF_aux _
CF_aux _, CF_io _, CF_aux _
CF_aux _, CF_aux _, CF_io _
CF_aux -, CF_auzx -, CF_auzx - —

[]

CF_in _, CF_in _, CF_in _
CF_out _, CF_out _, CF_out _ —
baryonic_vertexr "colorize_fusion3"

CF_in -, CF_in _, CF_out _
CF_in _, CF_out -, CF_in _
CF_out _, CF_in _, CF_in _
CF_in _, CF_out _, CF_out _
CF_out _, CF_in _, CF_out _
CF_out -, CF_out -, CF_in _

White -, White _, (CF_io - | CF_auz -)
White -, (CF_io - | CF_auz ), White _
(CF_io - | CF_aux _), White _, White _

(White - | CF_io - | CF_aux -), CF_in _, CF_in _
CF_in _, (White - | CF_io - | CF_auz -), CF_in _
CF_in -, CF_in _, (White - | CF_io - | CF_auzx -)

(White - | CF_io - | CF_aux _), CF_out _, CF_out _

)
)
)
)
)
)

_>
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CF_out -, (White - | CF_io - | CF_auz ), CF_out _
CF_out -, CF_out _, (White _ | CF_io - | CF_auz _)

(CF_in - | CF_out ),

(White - | CF_io - | CF_aux ),
(White - | CF_io - | CF_aux -)

| (White - | CF_io - | CF_auz -),
(CF_in - | CF_out ),
(White - | CF_io - | CF_aux _)

| (White = | CF_io - | CF_auz _),
(White - | CF-io - | CF_aux -),
(CF_in - | CF_out =) —

colored_vertex "colorize_fusion3"

end

| C.SUN ncl —
begin match f1, f2, f3 with

| CF_in (-, c1), CF_io (_, c2, ¢2'), CF_io (-, ¢3, c3’)
| CF_io (-, ¢2, ¢2'), CF_in (-, c1), CF_io (-, ¢3, ¢3')
| CF_io (-, ¢2, ¢2'), CF_io (-, ¢3, ¢3"), CF_in (-, ¢1) —
if ncl > 0 then
if c1 = c2 A c2 = c& then
[CF_in (f, ¢8), v]
elseif c1 = ¢8 N c8 = c2 then
[CF_in (f, c2), v]

else

else
colored _vertex "colorize_fusion3"

| CF_out (-, c1’), CF_io (-, ¢2, ¢2'), CF_io (-, ¢3, ¢3')
| CF_io (-, ¢2, ¢2'), CF_out (-, c1’), CF_io (-, ¢3, ¢3’)
| CF_io (-, ¢2, ¢2'), CF_io (-, ¢3, ¢8"), CF_out (-, ¢1') —
if ncl < 0 then
if c1’ = ¢2 N ¢2 = ¢8 then
[CF_out (f, ¢3'), v]
else if c1’ = ¢38 A ¢3 = c2 then
[CF_out (f, ¢2), v]
else

else
colored _vertex "colorize_fusion3"

| CF_auz -, CF_in (-, c1), CF_io (-, c2, c2')
| CF_auz -, CF_io (-, ¢2, ¢2"), CF_in (-, cl)
| CF_in (-, ¢1), CF_auz -, CF_io (-, c2, c2')
| CF_io (-, ¢2, ¢2'), CF_auz -, CF_in (-, cl)
| CF_in (-, c1), CF_io (-, ¢2, ¢2'), CF_aux -
| CF_io (-, ¢2, ¢2'), CF_in (-, c1), CF_aux - —
if ncl > 0 then
if c1 = ¢2' then
[CF_in (f, ¢2), mult_vertex ( 2) v]
else

else
colored _vertex "colorize_fusion3"

| CF_auz -, CF_out (-, c¢l’), CF_io (-, c2, c2')
| CF_auz _, CF_io (-, ¢2, ¢2'), CF_out (-, cl’)
| CF_out (-, c1’), CF_aux -, CF_io (-, ¢2, c2’)
| CF_io (-, ¢2, ¢2'), CF_auzx -, CF_out (-, cl1’)
| CF_out (-, c¢1”), CF_io (-, c2, ¢2'), CF_auz -
| CF_io (-, ¢2, ¢2'), CF_out (-, c1'), CF_auz - —
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if nc! < 0 then
if c1’” = ¢2 then
[CF_out (f, ¢2'), mult_vertex ( 2) v]
else

else
colored _vertex "colorize_fusion3"

White _, CF_in (-, c1), CF_io (-, ¢2, c2')
White -, CF_io (-, c2, c¢2'), CF_in (-, cl)
CF_in (-, c1), White _, CF_io (-, ¢2, c2')
CF_io (-, ¢2, ¢2'), White -, CF_in (-, cl)
CF_in (-, ¢1), CF_io (-, c2, ¢2'), White _

CF_io (-, ¢2, ¢2'), CF_in (-, cl), White - —

if nc1 > 0 then
if c1 = c2’ then
(CF_in (f, c2), v]
else

else
colored _vertex "colorize_fusion3"

White _, CF_out (-, c1'), CF_io (-, c2, c2'
White _, CF_io (-, ¢2, ¢2'), CF_out (-, cl’
CF_out (-, c1’), White _, CF_io (-, c2, c2’
CF_io (-, ¢2, c2’), White _, CF_out (-, cl’
CF_out (-, c¢1’), CF_io (-, ¢2, ¢2'), White _

~— — — —

CF_io (-, ¢2, ¢2'), CF_out (-, c1’), White - —

if ncl1 < 0 then
if c2 = cl1’ then
[CF_out (f, ¢2'), v]
else

else
colored _vertex "colorize_fusion3"

CF_in (-, ¢1), CF_auzx -, CF_aux _
CF_auz -, CF_in (-, c1), CF_aux -
CF_auz -, CF_auz -, CF_in (-, c1) —
if nc1 > 0 then
[CF_in (f, c1), mult_vertez ( 2) v]
else
colored _verter "colorize_fusion3"

CF_in (-, c1), CF_auzx -, White _
CF_in (-, c1), White _, CF_auz -
CF_in (-, c1), White _, White _
CF_aux _, CF_in (-, c1), White _
White _, CF_in (-, c1), CF_aux _
White _, CF_in (-, c1), White _
CF_aux -, White _, CF_in (-, cl)
White -, CF_auz -, CF_in (-, c1)
White _, White _, CF_in (-, c1) —
if ncl > 0 then
[CF_in (f, c1), v]
else
colored _vertex "colorize_fusion3"

CF_out (-, c¢1’), CF_auz -, CF_aux _
CF_auz -, CF_out (-, c¢1'), CF_aux _
CF_auz -, CF_auz -, CF_out (-, c1’) —
if ncl < 0 then
[CF_out (f, c1'), mult_vertex ( 2) v]
else
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colored _vertex "colorize_fusion3"

CF_out (-, c¢1'), CF_aux -, White _
CF_out (-, c1'), White -, CF_auz _
CF_out (-, cl1’), White _, White _
CF_aux -, CF_out (-, c1’), White _
White -, CF_out (-, c¢1’), CF_aux _
White _, CF_out (-, c1"), White _
CF_aux -, White _, CF_out (-, c1’)
White _, CF_auz _, CF_out (-, c1’)
White _, White _, CF_out (-, ¢1’) —
if ncl < 0 then
[CF_out (f, c1'), v]
else
colored _vertex "colorize_fusion3"

CF_in _, CF_in _, CF_out _
CF_in _, CF_out _, CF_in _
CF_out _, CF_in _, CF_in _ —
if nc1 > 0 then
color_flow_-ambiguous "colorize_fusion3"
else
colored_vertexr "colorize_fusion3"

CF_in -, CF_out _, CF_out _
CF_out _, CF_in _, CF_out _
CF_out _, CF_out _, CF_in _ —
if ncl < 0 then
color_flow_ambiguous "colorize_fusion3"
else
colored _vertex "colorize_fusion3"

CF_in -, CF_in _, CF_in _
CF_out _, CF_out -, CF_out _

(White - | CF_io - | CF_aux -),
(White - | CF_io - | CF_aux ),
(White - | CF_io - | CF_aux -)
(

CF_in - | CF_out -),
(CF_in - | CF_out ),
(White - | CF_io - | CF_aux _)
(CF_in _ | CF_out ),
(White - | CF_io - | CF_aux -),
(CF_in - | CF_out -)

| (White - | CF_io - | CF_auz -),

(CF_in - | CF_out ),
(CF_in _ | CF_out _) —
colored_verter "colorize_fusion3"

end

| C.AdjSUN nc —
begin match f1, f2, f3 with

CF_in (-, c¢1), CF_out (-, c1'), White _
CF_out (-, c1’), CF_in (-, cl), White _
CF_in (-, c1), White -, CF_out (-, c1’)
CF_out (-, c1’), White -, CF_in (-, cl)
White -, CF_in (-, c1), CF_out (-, c1’)
White _, CF_out (-, c¢1’), CF_in (-, cl)
if c1 # c1’ then
[CF_io (f, c1, c1’), v]
else
[CF_auz f, v]
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| CF_in (-, c¢1), CF_out (-, ¢1'), CF_aux -
| CF_out (-, c¢1’), CF_in (-, c¢1), CF_aux _
| CF_in (-, c¢1), CF_auz -, CF_out (-, cl’)
| CF_out (-, c¢1’), CF_auzx -, CF_in (-, cl)
| CF_auz -, CF_in (-, c1), CF_out (-, cl’)
| CF_auz -, CF_out (-, c¢1’), CF_in (-, cl)
if c1 # c1’ then
[CF_io (f, c1, c1’), mult_vertex ( 2) v]
else
[CF_aux f, mult_vertex ( 2) v]

CF_in (-, ¢l), CF_out (-, ¢1'), CF_io (-, ¢2, ¢2')
CF_out (-, ¢1"), CF_in (-, cl1), CF_io (-, c2, c2')

|

| CF_in (-, c1), CF_io (-, ¢2, ¢2'), CF_out (-, cl’)

| CF_out (-, c1’), CF_io (-, c2, ¢2'), CF_in (-, cl)

| CF_io (-, ¢2, ¢2'), CF_in (-, c1), CF_out (-, c1’)

| CF_io (-, ¢2, ¢2'), CF_out (-, c1’), CF_in (-, c1) —

if c1 = c2 AN ¢2 = cl1’ then
[CF _auz f, mult_vertex ( 2) v]
else if c1 = c2' then
[CF_io (f, c2, cl’), v]
else if ¢2 = c1’ then
[CF_io (f, cl, ¢2), v]
else

. 9

—1g fa1a2bfa3a4b(guluag,u4ﬂz - gp«llh;g,uzﬂs)
2 2

—1g falasbfa4a2b(g#1,u4g#2#3 - 9#1#29#3#4)

: 2
—19 fa1a4bfa2a3b(guluzguzu4 - gN1M39N4N2)

Using

Py ={{1,2,3,4},{1,3,4,2},{1,4,2,3},{1,2,4,3},{1,4,3,2},{1,3,2,4}} (11.6)

as the set of permutations of {1,2, 3,4} with the cyclic permutations factored out, we have:

2 1
\/ 192 Z (Sio‘ljo‘Z §ia2ja3 5ia3ja45ia4ja1
= {ar}r=1,2,34€Ps (11.7)
/\ (29Ma1#a39ua4ua2 T Gpaytray Ipagtag gﬂalua29ﬂa3/—ta4)
3 4

The different color connections correspond to permutations of the particles entering the fusion and have to be
matched by a corresponding permutation of the Lorentz structure:

@ We have to generalize this for cases of four particles in the adjoint that are not all gluons:

e scalar-scalar-scalar-scalar

e scalar-scalar-vector-vector

and even ones including fermions (gluinos) if higher dimensional operators are involved.

| CF_io (-, cl, c1’), CF_io (-, ¢2, ¢2’), CF_io (-, ¢3, ¢3') —
if c1’” = ¢2 AN ¢2 = c3 then
[CF_io (f, c1, ¢8"), permute_vertexs P123 v]
else if c1’ = ¢3 A ¢8 = 2 then
[CF_io (f, cl1, ¢2'), permute_vertex P132 v]
else if ¢c2/ = ¢3 AN ¢8 = cl then
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[CF_io (f, c2, cl’), permute_vertexs P231 v]
else if c2/ = c1 A ¢l’ = ¢3 then

[CF_io (f, c2, ¢3'), permute_vertexs P213 v]
else if c3’ = c1 N cl’ = c2 then

[CF_io (f, ¢3, c2'), permute_vertexs P312 v]
else if ¢c3’ = ¢c2 A ¢2 = cl then

[CF_io (f, ¢3, cl’), permute_vertexs P321 v]
else

CF_io -, CF_io -, CF_aux _
CF_io -, CF_aux -, CF_io _
CF_auz _, CF_io _, CF_io _
CF_io _, CF_aux _, CF_aux _
CF_aux _, CF_auzx _, CF_io _
CF_aux -, CF_io -, CF_aux _
CF_aux -, CF_aux -, CF_aux - —

[]

CF_io (-, cl, c1’), CF_io (-, ¢2, c2’), White _
CF_io (-, cl, c1’), White _, CF_io (-, ¢2, c2’)
White -, CF_io (-, c1, ¢1’), CF_io (-, ¢2, ¢2') —
if c1’” = c2 then
[CF_io (f, cl, ¢2), mult_vertex (—1) v]
else if c2’ = cl then
[CF_io (f, c2, c1’), mult_vertex (1) v]
else

[]

CF_io (-, cl, ¢1’), CF_auz _, White _

CF_auz -, CF_io (-, c1, c1’), White _

CF_io (-, cl, c1’), White _, CF_aux _

CF_auz -, White -, CF_io (-, c1, c1’)

White _, CF_io (-, c1, c1’), CF_aux -

White _, CF_auz -, CF_io (-, cl, c1') —
[]

CF_aux _, CF_aux _, White _
CF_aux -, White -, CF_auz -
White _, CF_auzx -, CF_aux - —

[]

White _, White _, CF_io (-, cl1, c1’)

White _, CF_io (-, c1, c1’), White _

CF_io (-, cl, c1'), White -, White - —
[CF_io (f, c1, c1’), v]

White _, White -, CF_aux _
White _, CF_aux _, White _
CF_aux -, White -, White - —

[]
White -, White _, White _

(White - | CF_io - | CF_aux ),
(White - | CF_io - | CF_aux ),
(CF_-in - | CF_out -)

(White - | CF_io - | CF_aux -),
(CF_in - | CF_out ),

(White - | CF_io - | CF_auz )

(CF_in _ | CF_out ),

(White - | CF-io - | CF_aux -),
(White - | CF_io - | CF_aux -)

CF_in _, CF_in _, (White - | CF_io - | CF_auzx -)
CF_in _, (White - | CF_io - | CF_auz _), CF_in _
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(White - | CF_io - | CF_aux -), CF_in _, CF_in _

|

| CF_out -, CF_out -, (White - | CF_io - | CF_auz -)
| CF_out -, (White - | CF_io - | CF_auz -), CF_out -
| (White - | CF_io - | CF_auzx _), CF_out -, CF_out _
| (

CF_in - | CF_out -),
(CF_in - | CF_out ),
(CF_in - | CF_out -) —
colored_vertexr “"colorize_fusion3"

end
Quintic and Higher Vertices
let is_white = function
| White - — true
| - — false

let colorize_fusionn flist (f, v) =
let incomplete_match () =
incomplete
("colorize_fusionn, { " ~
String.concat " ,," (List.map (pullback M .flavor_to_string) flist)
"Whom>u" T M. flavor_to_string f) in
match M .color f with
| C.Singlet —
if List.for_all is_white flist then
[White f, v]
else
incomplete_match ()
| C.SUN _ —
if List.for_all is_white flist then
colored _vertexr "colorize_fusionn"

else
incomplete_match ()
| C.AdjSUN _ —

if List.for_all is_white flist then
colored _vertexr "colorize_fusionn"
else
incomplete_match ()

end

11.2.4 Colorizing a Monochrome Model

module It (M : Model.T) =
struct

open Coupling
module C' = Color
module Colored_Flavor = Flavor(M)

type flavor = Colored_Flavor.t
type flavor_sans_color = M .flavor
let flavor_sans_color = Colored_Flavor.flavor_sans_color

type gauge = M .gauge
type constant = M .constant
let options = M .options

open Colored_Flavor

let color = pullback M .color
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let nc = M.nc
let pdg = pullback M .pdg
let lorentz = pullback M .lorentz

module Ch = M.Ch
let charges = pullback M .charges

For the propagator we cannot use pullback because we have to add the case of the color singlet propagator by
hand.

let ¢f —aux_propagator = function
| Prop_Scalar — Prop_Col_Scalar (x Spin 0 octets. *)
| Prop_Majorana — Prop_Col_Majorana (x Spin 1/2 octets. x)
| Prop_Feynman — Prop_Col_Feynman (x Spin 1 states, massless. *)
| Prop_Unitarity — Prop_Col_Unitarity (* Spin 1 states, massive. )
| Auz_Scalar — Aux_Col_Scalar (x constant colored scalar propagator x)
| Auz_Vector — Aux_Col_Vector (x constant colored vector propagator *)
| Auz_Tensor_1 — Aux_Col_Tensor_1 (x constant colored tensor propagator *)
| Prop_Col_Scalar | Prop-Col_Feynman
| Prop_Col_Majorana | Prop-Col_Unitarity
| Auz_Col_Scalar | Auz_Col_Vector | Aux_Col_Tensor_1
—  failwith ("Colorize.It().colorize_propagator: already colored particle!")
| - — failwith ("Colorize.It().colorize_propagator: impossible!")

let propagator = function
| CF_auz f — cf —auz_propagator (M .propagator f)
| White f — M .propagator f
| CF_in (f, -) — M.propagator f
| CF_out (f, -) — M.propagator f
| CF_io (f, -, -) — M.propagator f

let width = pullback M .width

let goldstone = function

| White f —
begin match M .goldstone f with
| None — None
| Some (f', g) — Some (White f', g)
end

| CF_in (f, ¢) —
begin match M .goldstone f with
| None — None
| Some (f', g) — Some (CF_in (f', ¢), g)
end

| CF_out (f, ¢) —
begin match M.goldstone f with
| None — None
| Some (f', g) — Some (CF_out (f', ¢), g)
end

| CF_io (f, c1, ¢2) —
begin match M .goldstone f with
| None — None
| Some (f', g) — Some (CF_io (f', c1, ¢2), g)
end

| CF_auz f —
begin match M .goldstone f with
| None — None
| Some (f’, g) — Some (CF_auz ', g)
end

let conjugate = function
| White f — White (M .conjugate f)
| CF_in (f, ¢) — CF_out (M.conjugate f, c)
| CF_out (f, ¢) — CF_in (M.conjugate f, c)
| CF_io (f, c1, c2) — CF_io (M.conjugate f, c2, cl)
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| CF_auz f — CF_auz (M.conjugate f)

let conjugate_sans_color = M .conjugate

let fermion = pullback M .fermion

let max_degree = M .mazx_degree

let flavors () =
invalid "flavo

rs"

let external_flavors () =

invalid "exter

nal_flavors"

let parameters = M .parameters

let split_color_string s =

try

let i1 = String.index s ’/’ in
let i2 = String.index_from s (succ il) >/’ in
let sf = String.sub s 0 il

and scl =
and sc2 =

String.sub s (succ i1) (12 — il — 1)

String.sub s (succ i2) (String.length s — i2 — 1) in
(sf, scl, sc2)

with
| Not_found — (s, "","")
let flavor_of _string s =
try
let sf, scl, sc2 = split_color_string s in

let f = M.flavor_of _string sf in
match M.color f with

| C.Singlet

— White f

| C.SUN nc —
if nc > 0 then
CF_in (f, color_flow_of _string scl)

else

CF _out (f, color_flow_of _string sc2)
| C.AdjSUN _ —
begin match scl, sc2 with
| "v,om — CF_auzx f
| -, - = CF_io (f, color_flow_of _string scl, color_flow_of _string sc2)

end
with

| Failure "int_of _string" —
invalid_arg "Colorize() .flavor_of_string: expecting integer"

let flavor_to_string = function

| White f —

M .flavor_to_string f
| CF.in (f, o) —
M .flavor_to_string f = "/" ~ string_of _int ¢ ~ "/"

| CF_out (f,

c) —

M .flavor_to_string f = "//" " string_of _int c
| CF_io (f, c1, ¢2) —
M .flavor_to_string f = "/" " string_of _int c1

CF_aux f —

M .flavor _to_string f ~ "//"

let flavor_to_Te
| White f —

X = function

M .flavor_to_TeX f
| CF_in (f, ¢) —
{" " M.flavor_to-TeX f = "}_{\\mathstrut," " string_of _int ¢ ~ "}"

| CF_out (f,

c) —

S/ " string-of _int c2

w{v " M.flavor_to-TeX f ~ "}_{\\mathstrut\\overline{" "
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string_of —int ¢ ~ "}}"
| CF_io (f, cl, ¢2) —

v M.flavor_to_TeX f = "}_{\\mathstrut," "

string-of —int ¢ ~ "\\overline{" " string_of _int c2 ~ "}}"
| CF_auz f —

"{" " M.flavor_to_TeX f = "}_{\\mathstrut,0}"

let flavor_symbol = function
| White f —
M . flavor _symbol f
| CF_in (f, ¢) —

M .flavor_symbol f = "_" ~ string_of _int ¢ = "_"
| CF_out (f, ¢c) —

M .flavor_symbol f = "__" " string_of _int ¢
| CF_io (f, c1, ¢2) —

M .flavor_symbol f = "_" " string_of —int cI ~ "_" " string_of _int c2
| CF_auz f —

M .flavor _symbol f = "__"
let gauge_symbol = M .gauge_symbol
Masses and widths must not depend on the colors anyway!

let mass_symbol = pullback M .mass_symbol
let width_symbol = pullback M .width_symbol

let constant_symbol = M .constant_symbol

Vertices

vertices are only used by functor applications and for indexing a cache of precomputed fusion rules, which is
not used for colorized models.

let vertices () =
invalid "vertices"

module Legacy = Legacy-Implementation (M)

let colorize_fusion2 f1 f2 (f, v) =
match v with
| V8 - — Legacy.colorize_fusion2 f1 f2 (f, v)
I

let colorize_fusiond f1 f2 3 (f, v) =
match v with
| V4 - — Legacy.colorize_fusion3 f1 f2 f3 (f, v)
"

In order to match the correct positions of the fields in the vertices, we have to undo the permutation effected
by the fusion according to Coupling.fusen.

module PosMap =
Partial.Make (struct type ¢ = int let compare = compare end)

Note that due to the inverse, the list I’ can be interpreted here as a map reshuffling the indices. E.g.,
inverse (Permutation.Default.list [2;0;1]) applied to [1;2;3] gives [3;1;2].

let partial_map_redoing_permutation | I' =
let module P = Permutation.Default in
let p = P.inverse (P.of _list (List.map pred ') in
PosMap.of _lists | (P.list p 1)

Note that, the list I/ can not be interpreted as a map reshuffling the indices, but gives the new order of the
argument. E.g., Permutation.Default.list [2;0;1] applied to [1;2;3] gives [2;3;1].

let partial-map_undoing_permutation | ' =
let module P = Permutation.Default in
let p = P.of_list (List.map pred I') in
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PosMap.of _lists | (P.list p 1)

module CA = Color.Arrow
module CV = Color. Vertex
module CP = C(Color.Propagator

let color_sans_flavor = function
| White - — CP.W
| CF_in (-, ¢fi) — CP.I cfi
| CF_out (-, c¢fo) — CP.O cfo
| CF_io (-, cfi, ¢fo) — CP.IO (cfi, cfo)
| CF_auz - — CP.G

let color_with_flavor f = function
| CP.W — White f
| CP.I c¢fi — CF_in (f, cfi)
| CP.O c¢fo — CF_out (f, cfo)
| CP.IO (cfi, cfo) — CF_io (f, cfi, cfo)
| CP.G — CF_auzx f

let colorize vertex_list flavors f v =
List.map
(fun (coef, cf) — (color_with_flavor f cf, cmult_vertex coef v))
(CV.fuse (nc () vertex_list (List.map color_sans_flavor flavors))

let partial_map_undoing_fusen fusen =
partial —map _undoing_permutation
(ThoList.range 1 (List.length fusen))
fusen

let undo_permutation_of _fusen fusen =
PosMap.apply _with_fallback
(fun = — 4nvalid_arg "permutation_of _fusen")
(partial —map_undoing _fusen fusen)

let colorize_fusionn_ufo flist f ¢ v spins flines color fuse xtra =
let v = Vn (UFO (¢, v, spins, flines, Color.Vertex.unit), fuse, xtra) in
let p = undo_permutation_of _fusen fuse in
colorize (CV.map p color) flist f v

let colorize_fusionn flist (f, v) =
match v with
| Vn (UFO (¢, v, spins, flines, color), fuse, xtra) —
colorize_fusionn_ufo flist f ¢ v spins flines color fuse ztra
e

let fuse_list flist =
ThoList.flatmap
(colorize_fusionn flist)
(M .fuse (List.map flavor_sans_color flist))

let fuse2 f1 f2 =
List.rev_append
(fuse_list [f1; f2])
(ThoList.flatmap
(colorize_fusion2 f1 f2)
(M .fuse2
(flavor _sans_color f1)
(flavor _sans_color f2)))

let fuse3 f1 2 f3 =
List.rev_append
(fuse_tist [f1; 12; 13))
(ThoList.flatmap
(colorize_fusiond f1 f2 [3)
(M .fuse3
(flavor _sans_color f1)
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(flavor _sans_color f2)
(flavor_sans_color f3)))

let fuse = function
| 1] [-] — invalid_arg "Colorize.It().fuse"
It f2) — fuse2 f1 f2
| [f15 f2; f3] — fuse3 f1 f2 f3
| flist — fuse_list flist

let max_degree = M .max_degree

Adding Color to External Particles

let count_color_strings f_list =
let rec count_color_strings’ n_in n_out n_glue = function
| f = rest —
begin match M .color f with
| C.Singlet — count_color_strings’ n_in n_out n_glue rest
| C.SUN nc —
if nc > 0 then
count _color_strings’ (succ n_in) n_out n_glue rest
else if nc < 0 then
count_color_strings’ n_in (succ n_out) n_glue rest
else
sul "count_color_strings"
| C.AdjSUN _ —
count _color _strings’ (succ n—in) (succ n_out) (succ n_glue) rest
end
| [] = (n-in, n_out, n_glue)
in
count _color_strings’ 0 0 0 f_list
let external_color_flows f_list =
let n_in, n_out, n_glue = count_color_strings f_list in
if n_in # mn_out then
[]
else
let color_strings = ThoList.range 1 n_in in
List.rev_map
(fun permutation — (color_strings, permutation))
(Combinatorics.permute color_strings)

If there are only adjoints and there are no couplings of adjoints to singlets, we can ignore the U(1)-ghosts.

let pure_adjoints f_list =
List.for_all (fun f — match M.color f with C.AdjSUN _ — true | - — false) f_list

let two_adjoints_couple_to_singlets () =
let vertices3, vertices), verticesn = M .vertices () in
List.exists (fun ((f1, f2, f3), -, =) —
match M.color fI, M.color f2, M.color f3 with
| C.AdjSUN _, C.AdjSUN _, C.Singlet
| C.AdjSUN _, C.Singlet, C.AdjSUN _
| C.Singlet, C.AdjSUN _, C.AdjSUN _ — true
| - — false) vertices3 V
List.exists (fun ((f1, f2, f3, f4), -, =) —
match M.color fI, M.color f2, M.color f3, M.color f} with
| C.AdjSUN _, C.AdjSUN _, C.Singlet, C.Singlet
| C.AdJSUN _, C.Singlet, C.AdjSUN _, C.Singlet
| C.Singlet, C.AdjSUN _, C.AdjSUN _, C.Singlet
| C.AdjSUN _, C.Singlet, C.Singlet, C.AdjSUN -
| C.Singlet, C.AdjSUN _, C.Singlet, C.AdjSUN _
| C.Singlet, C.Singlet, C.AdjSUN _, C.AdjSUN _ — true
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| - — false) vertices4 V
List.exists (fun (flist, _, g) — true) verticesn

let external_ghosts f_list =
if pure_adjoints f_list then
two_adjoints - couple_to_singlets ()
else
true

We use List.hd and List.tl instead of pattern matching, because we consume ecf _in and ecf _out at a different
pace.

let tail_opt = function

=1

| - o tail — tail

let head_req = function
] -
tnvalid_arg "Colorize.It().colorize_crossed_amplitudel: insufficient flows"
| 2 = - — =

let rec colorize_crossed_amplitudel ghosts acc f_list (ecf_in, ecf_out) =
match f_list, ecf_in, ecf_out with
| 1, ], [] = [List.rev acc]
- - =
tnvalid_arg "Colorize.It() .colorize_crossed_amplitudel: leftover flows"
| f o orest, o, - —
begin match M .color f with
| C.Singlet —
colorize_crossed _amplitudel ghosts
(White f :: acc)
rest (ecf _in, ecf _out)
| C.SUN nc —
if nc > 0 then
colorize_crossed —amplitudel ghosts
(CF_in (f, head_req ecf_in) :: acc)
rest (tail_opt ecf_in, ecf_out)
else if nc < 0 then
colorize_crossed —amplitudel ghosts
(CF_out (f, head_req ecf_out) :: acc)
rest (ecf _in, tail_opt ecf _out)
else
sul) "colorize_flavor"
| C.AdjSUN _ —
let ecf _in’ = head_req ecf_in
and ecf _out’ = head_req ecf_out in
if ecf_in’ = ecf_out’ then begin
if ghosts then
colorize_crossed _amplitudel ghosts
(CF_auzx f :: acc)
rest (tail_opt ecf _in, tail_opt ecf_out)
else
[]
end else
colorize_crossed —amplitudel ghosts
(CF_io (f, ecf_in’, ecf_out’) :: acc)
rest (tail_opt ecf _in, tail_opt ecf_out)
end

let colorize_crossed _amplitudel ghosts f_list (ecf _in, ecf_out)
colorize-crossed _amplitudel ghosts [] f-list (ecf-in, ecf_out)

let colorize_crossed —amplitude f_list =
ThoList.rev_flatmap
(colorize_crossed_amplitudel (external_ghosts f_list) f_list)
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(external - color_flows f_list)

let cross_uncolored p_in p_out =
(List.map M .conjugate p_in) @ p_out

let uncross_colored n_in p_lists_colorized =
let p_in_out_colorized = List.map (ThoList.splitn n_in) p_lists_colorized in
List.map
(fun (p-in_colored, p_out_colored) —
(List.map conjugate p_in_colored, p_out_colored))
p-in_out_colorized

let amplitude p_in p_out =
uncross_colored
(List.length p_in)
(colorize_crossed_amplitude (cross_uncolored p_in p_out))

The —-sign in the second component is redundant, but a Whizard convention.

let ndices = function
| White - — Color.Flow.of _list [0; 0]
| CF_in (-, ¢) — Color.Flow.of _list [c¢; 0]
| CF_out (-, ¢) — Color.Flow.of _list [0; — ]
| CF_io (-, c1, ¢2) — Color.Flow.of _list [c1; — c2]
| CF_auz f — Color.Flow.ghost ()

let flow p_in p_out =
(List.map indices p_in, List.map indices p_out)

end

11.2.5 Colorizing a Monochrome Gauge Model

module Gauge (M : Model.Gauge) =
struct

module CM = It(M)

type flavor = CM.flavor

type flavor_sans_color = CM .flavor_sans_color
type gauge = CM .gauge

type constant = CM .constant

module Ch = CM.Ch

let charges = CM.charges

let flavor_sans_color = CM .flavor_sans_color
let color = CM .color

let pdg = CM.pdg

let lorentz = CM .lorentz

let propagator = CM .propagator
let width = CM .width

let conjugate = CM .conjugate

let conjugate_sans_color = CM .conjugate_sans_color
let fermion = CM.fermion

let maz_degree = CM .maz_degree
let vertices = CM .vertices

let fuse2 = CM.fuse2

let fuse3 = CM.fuse3

let fuse = CM.fuse

let flavors = CM .flavors

let nc = CM.nc

let external_flavors = CM .external_flavors
let goldstone = CM .goldstone
let parameters = CM .parameters

let flavor_of _string = CM .flavor_of _string
let flavor_to_string = CM.flavor_to_string

249



Implementation of Colorize

let flavor_to_-TeX = CM.flavor_to_TeX
let flavor_symbol = CM.flavor_symbol
let gauge_symbol = CM .gauge_symbol

let mass_symbol = CM .mass_symbol
let width_symbol = CM .width_symbol
let constant_symbol = CM.constant_symbol

let options = CM .options

let incomplete s =
failwith ("Colorize.Gauge()." "~ s ~ "_not_done, yet!")

type matter_field = M .matter_field
type gauge_boson = M .gauge_boson
type other = M .other

type field =
| Matter of matter_field
| Gauge of gauge_boson
| Other of other

let field f =
incomplete "field"

let matter_field f =
incomplete "matter_field"

let gauge_boson f =
incomplete "gauge_boson"

let other f =
incomplete "other"

let amplitude = CM .amplitude
let flow = CM.flow

end
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12.1 Interface of Process

module type T =
sig

type flavor
@ Eventually this should become an abstract type:

type t = flavor list x flavor list

val incoming : t — flavor list
val outgoing : t — flavor list

parse_decay s decodes a decay description "a_-> by c,...", where each word is split into a bag of flavors
separated by ’:’s.

type decay
val parse_decay : string — decay
val expand_decays : decay list — t list

parse_scattering s decodes a scattering description "a_ b ->_cdy...", where each word is split into a bag of
flavors separated by ’:’s.

type scattering
val parse_scattering : string — scattering
val expand_scatterings : scattering list — t list

parse_process s decodes process descriptions

"a b cd"= Any [a; b; ¢; d] (12.1a)
"a -> b ¢ d" = Decay (a, [b; ¢; d]) (12.1b)
"a b -> ¢ 4" = Scattering (a, b, [c; d]) (12.1¢)

where each word is split into a bag of flavors separated by ‘:’s.

type any
type process = Any of any | Decay of decay | Scattering of scattering

val parse_process : string — process

remove_duplicate_final _states partition processes removes duplicates from processes, which differ only by a
permutation of final state particles. The permutation must respect the partitioning given by the offset 1
integers in partition.

val remove_duplicate_final_states : int list list — t list — t list

diff setl set2 returns the processes in set! with the processes in set2 removed. set2 does not need to be a
subset of setl.

val diff : t list — ¢ list — t list

Not functional yet. Interface subject to change. Should be moved to Fusion.Multi, because we will want to
cross colored matrix elements.
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Factor amplitudes that are related by crossing symmetry.
val crossing : t list — (flavor list x int list x t) list
end

module Make (M : Model.T) : T with type flavor = M.flavor

12.2  Implementation of Process

module type T =

sig
type flavor
type t = flavor list X flavor list
val incoming : t — flavor list
val outgoing : t — flavor list
type decay
val parse_decay : string — decay
val expand_decays : decay list — t list
type scattering
val parse_scattering : string — scattering
val expand_scatterings : scattering list — t list
type any
type process = Any of any | Decay of decay | Scattering of scattering
val parse_process : string — process
val remove_duplicate_final_states : int list list — t list — t list
val diff : t list — ¢t list — t list
val crossing : t list — (flavor list X int list x t) list

end

module Make (M : Model.T) =
struct

type flavor = M .flavor
type t = flavor list x flavor list

let incoming (fin, - ) = fin
let outgoing (-, fout) = fout

12.2.1 Select Charge Conserving Processes

let allowed (fin, fout) =
M .Ch.is_null (M.Ch.sum (List.map M .charges (List.map M .conjugate fin @ fout)))

12.2.2  Parsing Process Descriptions

type a bag = « list

type any = flavor bag list
type decay = flavor bag x flavor bag list
type scattering = flavor bag X flavor bag X flavor bag list

type process =
| Any of any
| Decay of decay
| Scattering of scattering

let unique_flavors f_bags =
List.for_all (function [f] — true | - — false) f_bags

let unique_final_state = function
| Any fs — unique_flavors fs
| Decay (-, fs) — wunique_flavors fs
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| Scattering (-, -, fs) — wunique_flavors fs

let parse_process process =
let last = String.length process — 1
and flavor off len = M.flavor_of _string (String.sub process off len) in

let add_flavors flavors = function
| Any l — Any (List.rev flavors :: )
| Decay (i, f) — Decay (i, List.rev flavors :: f)
| Scattering (i1, 12, f) — Scattering (i1, i2, List.rev flavors :: f)in

let rec scan_list so_far n =
if n > last then

so_far
else
let n’ = succ nin
match process.[n] with
| > > | ’\n’> — scan_list so_far n’

| ’=> — scan_gtr so_far n’
| ¢ = scan_flavors so_far [ n n'

and scan_flavors so_far flavors w n =
if n > last then
add_flavors (flavor w (last — w + 1) == flavors) so_far

else
let n' = succ nin
match process.[n] with
| > | "\n’ —
scan_list (add_flavors (flavor w (n — w) :: flavors) so_far) n’
| ?:? — scan_flavors so_far (flavor w (n — w) :: flavors) n' n’

| - — scan_flavors so_far flavors w n'

and scan_gtr so_far n =
if n > last then
invalid_arg "expecting ‘>""

else
let ' = succ nin
match process.[n] with

| 7> —
begin match so_far with
| Any [i] — scan_list (Decay (i, [])) n
| Any [i2; i1] — scan_list (Scattering (i1, i2, [])) n/
| Any - — invalid_arg "only,l or 2 particles,in,|in>"
| - — dnvalid_arg "too many,,‘->’s"
end

| - — invalid_arg "expecting,,>’" in

!

match scan_list (Any []) O with

| Any I — Any (List.rev 1)

| Decay (i, f) — Decay (i, List.rev f)

| Scattering (i1, i2, f) — Scattering (i1, i2, List.rev f)

let parse_decay process =
match parse_process process with
| Any (1 = f) —
prerr_endline "missing,‘->’_in process description, assuming decay.";
(i, )
| Decay (i, f) > (i, f)

| - — 4nvalid_arg "expecting decay description: got,scattering"

let parse_scattering process =
match parse_process process with
| Any (i1 = i2 = f) —
prerr_endline "missing,‘->’_in process description, assuming ,scattering.";

(i1, 2, f)
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| Scattering (i1, i2, f) — (i1, i2, f)
| - — 4nvalid_arg "expecting scattering description: got, decay"

let expand_scatterings scatterings =
ThoList.flatmap
(function (finl, fin2, fout) —
Product.fold
(fun flist acc —
match flist with
| finl’ :: fin2' : fout’ —
let fin_fout’ = ([finl’; fin2'], fout’) in
if allowed fin_fout' then
fin_fout’ :: acc
else
acc
| [-] | [] — failwith "Omega.expand_scatterings: can’t happen")
(fin1 = fin2 = fout) []) scatterings

let expand_decays decays =
ThoList.flatmap
(function (fin, fout) —
Product.fold
(fun flist acc —
match flist with
| fin' = fout’ —
let fin_fout’ = ([fin], fout’) in
if allowed fin_fout’ then
fin_fout’ :: acc
else
acc
| [] = failwith "Omega.expand_decays: can’t happen")
(fin = fout) []) decays

12.2.8  Remove Duplicate Final States

Test if all final states are the same. Identical to ThoList.homogeneous o (List.map snd).

let rec homogeneous_final_state = function
| (][ [-] = true
| (o, fs1) == ((-, fs2) = - as rest) —
if fs1 # fs2 then
false
else
homogeneous_final _state rest

let by_color f1 f2 =
let ¢ = Color.compare (M .color f1) (M.color f2) in
if ¢ # 0 then
¢
else
compare f1 f2

module Pre_Bundle =
struct

type elt = t
type base = elt

let compare_elt (finl, foutl) (fin2, fout2) =
let ¢ = ThoList.compare ~cmp : by_color finl fin2 in
if ¢ # 0 then
c
else
ThoList.compare ~cmp : by_color foutl fout2
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let compare_base bl b2 = compare_elt b2 bl

end

module Process_Bundle = Bundle.Dyn (Pre_Bundle)

let to_string (fin, fout) =
String.concat "," (List.map M .flavor_to_string fin)
"=>0" T String.concat """ (List.map M .flavor_to_string fout)

let fiber _to_string (base, fiber) =
(to_string base) ~ " ,->,[" *
(String.concat ", " (List.map to_string fiber)) = "1"

let bundle_to_strings list =
List.map fiber_to_string list

Subtract n + 1 from each element in index_set and drop all negative numbers from the result.

let shift_left_pred’ n index_set =
List.fold _right
(funi acc — leti’ = 4 — n — Linif i < 0 then accelse i’ :: acc)
index _set []
Convert 1-based indices for initial and final state to 0-based indices for the final state only. (NB: ThoList.partitioned _sort

expects 0-based indices.)

let shift_left_pred fin index_sets =
let n = match finwith[.] — 1 | [.;2] = 2| - = 0Oin
List.fold _right
(fun iset acc —
match shift_left _pred’ n iset with
| [] = acc
| iset’ — iset’ :: acc)
index_sets []
module FSet = Set.Make (struct type ¢ = flavor let compare = compare end)

Take a list of final states and return a list of sets of flavors appearing in each slot.

let flavors = function
| [] = 1]
| fs = fs_list —
List.fold _right (List.map2 FSet.add) fs_list (List.map FSet.singleton fs)

let flavor_sums flavor_sets =
let _, result =
List.fold_left
(fun (n, acc) flavors —
if F'Set.cardinal flavors = 1 then
(succ n, acc)
else
(succ n, (n, flavors) :: acc))
(0, []) flavor_sets in
List.rev result

let overlapping s1 s2 =
— (FSet.is_empty (FSet.inter s1 s2))

let rec merge_overlapping (n, flavors) = function
1] = [([n], flavors)]
| (n_list, flavor_set) :: rest —
if overlapping flavors flavor_set then

(n:: n_list, FSet.union flavors flavor_set) :: rest
else
(n_list, flavor_set) :: merge_overlapping (n, flavors) rest

let overlapping-flavor_sums flavor_sums =
List.rev_map
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(fun (n_list, flavor_set) — (n_list, FSet.elements flavor_set))
(List.fold _right merge_overlapping flavor_sums [])
let integer_range nl1 n2 =
let rec integer _range’ acc n’ =
if n’ < nl then
acc
else

integer _range’ (Sets.Int.add n' acc) (pred n') in
integer _range’ Sets.Int.empty n2

let coarsest_partition = function

| [] — invalid_arg "coarsest_partition: empty process list"
| (=, fs) == -) as proc_list —

let fs_list = List.map snd proc_list in
let overlaps =

List.map fst (overlapping_flavor_sums (flavor_sums (flavors fs_list))) in
let singletons =

Sets.Int.elements
(List.fold _right Sets.Int.remove

(List.concat overlaps) (integer_range 0 (pred (List.length fs)))) in
List.map (fun n — [n]) singletons @ overlaps

module IPowSet =
PowSet. Make (struct type ¢

it let compare = compare let to_string

string_of _int end)
let merge_partitions p_list =

TPowSet.to_lists (IPowSet.basis (IPowSet.union (List.map IPowSet.of _lists p_list)))

let remove_duplicate_final_states cascade_partition = function
{1 =[]
| [process] — [process]
| list —
if homogeneous_final_state list then
list
else

let partition coarsest_partition list in
let pi (fin, fout) =
let partition’ =

merge_partitions [partition; shift_left_pred fin cascade_partition] in
(fin, ThoList.partitioned_sort by_color partition’ fout) in

Process_Bundle.base (Process_Bundle.of _list pi list)
type t' = ¢
module PSet = Set.Make (struct type ¢
let set list =

List.fold_right PSet.add list PSet.empty
let diff listl list2 =

PSet.elements (PSet.diff (set listl) (set list2))

@ Not functional yet.

t' let compare =

compare end)

module Crossing-Projection =
struct
type elt = t

type base = flavor list x int list X t

let compare_elt (finl, foutl) (fin2, fout2) =

let ¢ = ThoList.compare ~cmp : by_color finl fin2 in
if ¢ # 0 then

c
else

ThoList.compare ~cmp : by_color foutl fout2
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let compare_base (f1, -, -) (f2, -, =) =
ThoList.compare ~cmp : by_color f1 f2

let pi (fin, fout as process) =
let flist, indices =
ThoList.ariadne_sort ~cmp : by_color (List.map M .conjugate fin Q fout) in
(flist, indices, process)

end
module Crossing-Bundle = Bundle.Make (Crossing_- Projection)

let crossing processes =
List.map
(fun (fin, fout as process) —
(List.map M .conjugate fin Q fout, [], process))
processes

end
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18.1 Interface of Vertex_syntax

The concrete syntax described below is modelled on IXTEX and correct model descriptions should be correct
KTEX-input (provided a few simple macros have been loaded.

18.1.1 Abstract Syntaz

exception Syntax_Error of string x Lexing.position X Lexing.position

Tokens
Tokenization follows TEX’s rules.

module Token :
sig

Single-character tokens other than digits are stored as one character strings. Multi-character tokens like \psi
are stored as a string including the leading \. Since a_12 is interpreted by TEX as {a_1}2, we can not use the
lexer to construct integers, but interpret them as lists of digits. Below, in Fapr, the parser can interpret then
as integers.

type t = private

| Digit of int

| Token of string

| Scripted of scripted
| List of t list

TODO: investigate if it is possible to introduce stem as a separate type to allow more fine-grained compile-time
checks.
In addition to super- and subscripts, there are prefixes such as \bar, \hat, etc.

and scripted = private
{ stem : t;
prefix : prefix list;
super : t list;
sub : t list }

and prefix =

| Bar | Hat | Tilde
| Dagger | Star

| Prime

val prefiz_of _string : string — prefix
val prefiz_to_string : prefic — string

Smart constructors that avoid redundant nestings of lists and scripted tokens with empty scripts.

val digit : int — t

val token : string — t

val scripted : string list — t — t option X t option — t
val list : ¢ list — 1

If it’s Scripted, return unchanged, else as a scripted token with empty prefix, super- and subscripts.
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val wrap_scripted : t — scripted
If it’s a List, return the list itself, otherwise a singleton list.
val wrap_list : t — t list

Recursively strip all prefixes, super- and subscripts and return only the LAST token in a list. I.e. stem "\\bar\\psi_i"
and stem "\\bar{\\phi\\psi}’" both yield "\\psi".

val stem : t — t

Unparse the abstract syntax. Since the smart constructors perform some normalization and minimize nested
braces, the result is not guaranteed to be identical to the string that has been parsed, just equivalent.

val to_string : t — string
val scripted_to_string : scripted — string
val list_to_string : t list — string

val compare : t — t — int

end

FExpressions

A straightforward type for recursive expressions. Note that values (a. k. a. variables) are represented as functions
with an empty argument list.

module Ezpr :
sig
type t =
| Integer of int
| Sum of ¢ list | Diff of t x t
| Product of t list | Ratio of t X t
| Function of Token.t x t list

val integer : int — t
val add :
val sub :
val mult : ¢ t
val div : t — t — ¢

val apply : Token.t — t list — t

t t
t t

13

t =t —
t— t —
-t —

val to_string : t — string

end

Particle Declarations

module Particle :
sig

Neutral particles are known by a single name, charged particles also by the name of the anti-particle, ...

type name =
| Neutral of Token.t
| Charged of Token.t x Token.t

and a list of attributes: aliases, external representations for KXTEX and Fortran, quantum numbers and
symbols for mass and width.

type attr =

| TeX of Token.t list | TeX_Anti of Token.t list

| Alias of Token.t list | Alias_Anti of Token.t list

| Fortran of Token.t list | Fortran_Anti of Token.t list
| Spin of Expr.t | Charge of Expr.t

| Color of Token.t list x Token.t list

| Mass of Token.t list | Width of Token.t list
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type t =
{ name : name;
attr : attr list }
Unparsing:
val to_string : t — string

end

module Parameter :
sig
type attr =
| TeX of Token.t list
| Alias of Token.t list
| Fortran of Token.t list

type t' =
{ name : Token.t;
value : Expr.t;
attr : attr list}

type t =
| Parameter of t'
| Derived of t'

val to_string : t — string

end

module Lie :
sig

Parameter Declarations

Lie Groups and Algebras

Interface of Vertex_syntax

The full list SU of int | U of int | SO of int | O of int | Spof int | E6 | E7 | E8 | F4 | G2 is not
realistic. In practice, we will concentrate on SU(3) for now.

type group

val default_group : group (x SU(3), of course x)
val group_of _string : string — group
val group_to_string : group — string

For now, we only support the 3, 3 and 8 of SU(3).

type rep

val rep_of _string : group — string — rep

val rep_to_string : rep — string

type t = group X rep

end

module Lorentz :
sig

type rep =
| Scalar | Vector

| Dirac | CongDirac | Majorana

| Weyl | ConjWeyl

end

Lorentz Representations
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Indices

module Indez :
sig

type attr =

| Color of Token.t list x Token.t list

| Flavor of Token.t list x Token.t list
| Lorentz of Token.t list

type t =
{ name : Token.t;
attr : attr list }

val to_string : t — string

end

Tensors

module Tensor :
sig

type attr
| Color of Token.t list x Token.t list
| Flavor of Token.t list x Token.t list
| Lorentz of Token.t list

type t =
{ name : Token.t;
attr : attr list }

val to_string : t — string

end

Files

The abstract representation of a file, immediately after lexical and syntactical analysis and before any type
checking or semantic analysis, is a list of declarations.

There is one version with unexpanded \include statements.

module File_Tree :
sig

type declaration =

| Particle of Particle.t

| Parameter of Parameter.t

| Index of Index.t

| Tensor of Tensor.t

| Vertex of Exzpr.t x Token.t
| Include of string

type t = declaration list
val empty : t
end

A linear file, just like File_ Tree, but with all the \include statements expanded.
module File :
sig
type declaration =
| Particle of Particle.t

| Parameter of Parameter.t
| Index of Index.t
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| Tensor of Tensor.t
| Vertex of Exzpr.t x Token.t

type t = declaration list
val empty : t

expand _includes parser file_tree recursively expands all include statemens in file_tree, using parser to map a
filename to a File_Tree.t.

val ezpand_includes : (string — File_Tree.t) — File_Tree.t — t
val to_strings : t — string list

end

13.2  Implementation of Vertexr_syntax

18.2.1 Abstract Syntaz

exception Syntax_Error of string x Lexing.position X Lexing.position

module Token =
struct

type t =

| Digit of int

| Token of string

| Scripted of scripted
| List of t list

and scripted =
{ stem : t;
prefix . prefix list;
super : t list;
sub : t list }

and prefix =
| Bar | Hat | Tilde
| Dagger | Star

| Prime
let prefix_of _string = function
"\\bar" | "\\overline" — Bar

|

| "\\hat" | "\\widehat" — Hat

| "\\tilde" | "\\widetilde" — Tilde

| "\\dagger" — Dagger

‘ u*nl "\\ast" — Star

| "\\prime" — Prime

| - — invalid_arg "Vertex_Syntax.Token.string to_prefix"

let prefix_to_string = function
| Bar — "\\bar"
| Hat — "\\hat"
| Tilde — "\\tilde"
| Dagger — "\\dagger"
| Star — "x"
| Prime — "\\prime"

let wrap_scripted = function
| Scripted st — st
| t — {stem = & prefix = []; super = []; sub = [] }

let wrap_list = function
| List tI — tl
| —ast — [t]

let digit i =
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if ¢ > 0 A ¢ < 9then
Digit 4
else
invalid_arg ("Vertex_Syntax.Token.digit: " ~ string_of —int i)

let token s =
Token s

let list = function
| [] — List][]
| [Scmpted {stem = t; prefix = []; super = []; sub = []}] — ¢
| [t =
| tI — Lzst tl

let optional = function
| None — []
| Some t — wrap_list t

let scripted prefiz token (super, sub)
match token, prefix, super, sub with
| -, [], None, None — token
| (Digit - | Token _ | List _)ast, _, -, - —
Scripted { stem = t;
prefic = List.map prefix_of _string prefic;

super = optional super;
sub = optional sub }
| Scripted st, _, _, - —
Scripted { stem = st.stem;
prefix = List.map prefix_of _string prefix Q st.prefiz;
super = st.super Q optional super;

sub = st.sub @ optional sub }

let rec stem = function
| Digit - | Token _ast — t
| Scripted { stem t} — stemt
| List tI —
begin match List.rev tl with
| [] = List[]
| ¢ = - — stemt
end

Strip superfluous List and Scripted constructors.
NB: This might be unnecessary, if we used smart constructors.

let rec strip = function
| Digit - | Token _ast — t
| Scripted { stem = t; prefic = []; super = []; sub = []} — strip t
| Scripted { stem = t; prefic = prefix; super = super; sub = sub} —
Scripted { stem = strip t;
prefix = prefiz;

super = List.map strip super;
sub = List.map strip sub }
| List tI —

begin match List.map strip tl with

| [ = List []

| [t] — ¢t

| t{ — List tl

end

Recursively merge nested List and Scripted constructors.
NB: This might be unnecessary, if we used smart constructors.

let rec flatten = function
| Digit - | Token _ast — t
| List tI — flatten_list tl
| Scripted st — flatten_scripted st
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and flatten_list tI =
match List.map flatten tl with

| [] — List[]

| [t] — ¢t

| I — List tl

and flatten_scripted = function

| { stem = t; prefic = []; super = []; sub =[]} — ¢

| { stem = t; prefix = prefiz; super = super; sub = sub } —
let super = List.map flatten super
and sub = List.map flatten sub in

begin match flatten t with
| Digit - | Token _ | List _ast —
Scripted { stem = t;
prefix = prefix;

super = super;
sub = sub }
| Scripted st —
Scripted { stem = st.stem;
prefix = prefic Q st.prefiz;
super = st.super Q super;

sub = st.sub @Q sub }
end

let ascii_A = Char.code ’A’
let ascii_Z = Char.code ’Z’
let ascii_a = Char.code ’a’
let ascii_z = Char.code ’z’

let is_char ¢ =
let @ = Char.code c in
(ascii-A < a AN a < ascii—Z) V (asciica < a N a < ascii_z)

let is_backslash ¢ =

c = ’\\’
let first_char s =
5.[0]

let last_char s =
s.[String.length s — 1]

let rec to_string = function
| Digit i — string_of —int i
| Token s — s
| Scripted t — scripted_to_string t
| List tI — "{" " list_to_string tI ~ "}"

and list_to_string = function
‘ H — nn
Scripted { stem = t; super = []; sub = []}] — to_string t

|
| [Scripted _ as t] — "{" " to_string t ~ "}"
| [t] — to-string t

| t1 — "{" " concat_tokens tl ~ "}"

and scripted_to_string t =

let super =

match t.super with

| H N nn

| tL — """ list_to_string tl
and sub =

match t.sub with

| H —

| ¢ — "_" " list_to_string tl in

String.concat "" (List.map prefix_to_string t.prefix)
to_string t.stem ~ super = sub
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and required_space t1 t2 =
let required_space’ sl s2 =
if is_backslash (first_char s2) then

else if is_backslash (first_char s1) A is_char (last-char s1) then
[Token "."]
else
[Jin
match t1, t2 with
| Token s1, Token s2 — required_space’ s1 s2
| Scripted s1, Token s2 — required_space’ (scripted_to_string s1) s2
| Token si1, Scripted s2 — required_space’ sl (scripted_to_string s2)
| Scripted s1, Scripted s2 —
required _space’ (scripted_to_string s1) (scripted_to_string s2)
| List -, - | -, List - | -, Digit - | Digit -, - — []

and interleave_spaces tl =
ThoList.interleave _nearest required_space tl

and concat_tokens tl =
String.concat "" (List.map to_string (interleave_spaces tl))

let compare t1 t2 =
Pervasives.compare t1 t2

end

module Ezpr =
struct

type t =

| Integer of int

| Sum of t list | Diff of t x ¢

| Product of t list | Ratio of t X ¢t
| Function of Token.t x t list

let integer © = Integer i

let rec add a b =
match a, b with
| Integer a, Integer b — Integer (a + b)
| Sum a, Sum b — Sum (a Q b)
| Sum a, b — Sum (a @ [b])
| a, Sum b — Sum (a :: b)
| a, b — Sum ([a; b])

(al - a2) - (bl - b2) = (al 4+ b2) - (a2 + bl)
(al-a2)-b=al- (a2 4+ b)
a- (bl -b2)=(a+ b2)-bl

and sub a b =
match a, b with
| Integer a, Integer b — Integer (a — b)
| Diff (a1, a2), Diff (b1, b2) — Diff (add al b2, add a2 b1)
| Diff (al, a2), b — Diff (al, add a2 b)
| a, Diff (b1, b2) — Diff (add a b2, b1)
| a, b — Diff (a, d)

and mult a b =
match a, b with
| Integer a, Integer b — Integer (a X b)
| Product a, Product b — Product (a @ b)
| Product a, b — Product (a @ [b])
| a, Product b — Product (a :: b)
| a, b — Product ([a; b])

and div a b =
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| Ratio (al, a2), Ratio (b1, b2) — Ratio (mult al b2, mult a2 bl)

| Ratio (al, a2), b — Ratio (al, mult a2 b)
| a, Ratio (b1, b2) — Ratio (mult a b2, bl)
| a, b — Ratio (a, b)

let apply f args =
Function (f, args)

let rec to_string = function
| Integer i — string_of _int i
| Sum ts — String.concat "+" (List.map to_string ts)
| Diff (t1, t2) — to_string t1 ~ "=" " to_string t2
| Product ts — String.concat "*" (List.map to_string ts)
| Ratio (t1, t2) — to_string t1 ~ "/" " to_string t2
| Function (f, args) —

Token.to_string f ~
String.concat ""

(List.map (fun arg — "{"

to_string arg = "}") args)

end

module Particle =
struct

type name =
| Neutral of Token.t
| Charged of Token.t x Token.t

type attr =

TeX of Token.t list | TeX _Anti of Token.t list

Alias of Token.t list | Alias_Anti of Token.t list
Fortran of Token.t list | Fortran_Anti of Token.t list
Spin of Expr.t | Charge of Expr.t

Color of Token.t list x Token.t list

|
|
|
|
|
| Mass of Token.t list | Width of Token.t list

type t =
{ name : name;
attr : attr list }

let name_to_string = function

| Neutral p —

"\\neutral{" " Token.to_string p ~ "}"
| Charged (p, ap) —
"\\charged{" "~ Token.to_string p = "}{" ~ Token.to_string ap ~ "}"
let attr_to_string = function

| TeX t — "\\tex{" " Token.list_to_string tl ~ "}"
| TeX_Anti t1 — "\\anti\\tex{" " Token.list_to_string tl = "}"
| Alias tI — "\\alias{" "~ Token.list_to_string tl =~ "}"
| Alias_Anti t1 — "\\anti\\alias{" ~ Token.list_to_string tl
| Fortran tI — "\\fortran{" ~ Token.list_to_string tl = "}"
| Fortran_Anti t{ — "\\anti\\fortran{"
| Spin e — "\\spin{" " Eapr.to_string e ~ "}"
| Color ([], rep) — "\\color{" " Token.list_to_string rep ~ "}"
| Color (group, rep) —

"\\color[" * Token.list_to_string group ~ "I1{" ~

g

Token.list_to_string rep ~ "}"
| Charge e — "\\charge{" " Ezpr.to_string e
| Mass t1 — "\\mass{" "~ Token.list_to_string t| ~ "}"
| Width tI — "\\width{" "~ Token.list_to_string tI ~ "}"

let to_string p =
name_to_string p.name ~

||}||

" Token.list_to_string tl ~ "}"

String.concat "" (List.map attr_to_string (List.sort compare p.attr))
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end

module Parameter =
struct

type attr =
| TeX of Token.t list

| Alias of Token.t list
| Fortran of Token.t list

type t' =
{ name : Token.t;
value : Expr.t;
attr : attr list}

type t =
| Parameter of t’
| Derived of t'

let attr_to_string = function
| TeX ¢t — "\\tex{" "

let to_string’ p =

w{v * Token.to_string p.name *
String.concat "" (List.map attr_to_string p.attr)

let to_string = function
| Parameter p — "\\parameter" "
| Derived p — "\\derived"

end

module Lie =
struct

Token.list_to_string tl =~ "
| Alias tI — "\\alias{" "~ Token.list_to_string tl ~ "}"

| Fortran tI — "\\fortran{" "~ Token.list_to_string tI ~ "}"

" * Expr.to_string p.value

to_string’ p
to_string’ p

type group =

| SU of int | U of int
| SO of int | O of int
| Sp of int

| E6 | E7 | ES8 | F} | G2

module T' = Token

let default_group = SU 3

let invalid_group s =

invalid_arg ("Vertex.Lie.group_of_string: " ~

let series s name n =
match name, n with

| "su", nwhenn > 1 — SUn
| "U", nwhenn > 1 — Un
| "s0", nwhenn > 1 — SO n
| "0",nwhenn > 1 — On
| "Sp", nwhenn > 2 — Spn
|

_ — nvalid_group s

let exceptional s name n
match name, n with

- — invalid_group s

| "E", 6 — E6
| "E", 7 — E7
| "E", 8 — ES8
| "FY 4 FY
| "G", 2 - G2
|

let group_of _string s =
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try

Scanf .sscanf s "%-[{1%SUOP] (%) %-[}1%!" (series s)
with
| - —

try

Scanf .sscanf s "%- [{1%[EFG] _%d%-[}1%!" (exceptional s)
with
| - — dnvalid_group s
let group_to_string = function

| SUn — "SU(" " string_of —int n = ")"
| Un — "U(" " string_of —int n = ")"

| SO n — "s0(" " string_of —int n = ")"
| On — "0(" " string_of —int n =~ ")"

| Spn — "Sp(" " string-of —int n ~ ")"
|

|

|

|

|

E6 — "E6"
E7 — "ET"
E§ — "E8"
Fj — "Fa"
G2 — "G2"

type rep = int

let rep_of _string group rep =
match group with

| SU 3 —
begin
match rep with
| "3" — 3
| "\\bar 3" —» -3
| "8" — 8
| - —

invalid_arg ("Vertex.Lie.rep_of_string:" ~
"_unsupported representation " "~ rep
"Lof," T group_to_string group)

end
| - — dnvalid_arg ("Vertex.Lie.rep_of_string:" ~
" unsupported,group," "~ group_to_string group)

let rep_to_string r =
string_of _int r

type t = group X rep
end

module Lorentz =
struct

type rep =
| Scalar | Vector
| Dirac | CongDirac | Majorana

| Weyl | ConjWeyl
end

module Index =
struct

type attr =

| Color of Token.t list x Token.t list
| Flavor of Token.t list x Token.t list
| Lorentz of Token.t list

type ¢
{ name : Token.t;
attr : attr list }
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let attr_to_string = function
| Color ([], rep) — "\\color{" "
| Color (group, rep) —
"\\color[" * Token.list_to_string group ~ "1{" ~
Token.list_to_string rep ~ "}"
| Flavor ([], rep) — "\\flavor{" ~ Token.list_to_string rep
| Flavor (group, rep) —
"\\flavor[" " Token.list_to_string group ~ "1{" "
Token.list_to_string rep ~ "}"
| Lorentz t1 — "\\lorentz{" "~ Token.list_to_string tl =~ "}"

Token.list_to_string rep ~

let to_string 1
"\\index{" ~ Token.to_string i.name =~ "}" °
String.concat "" (List.map attr_to_string i.attr)

end

module Tensor =
struct

type attr
| Color of Token.t list x Token.t list
| Flavor of Token.t list x Token.t list
| Lorentz of Token.t list

type t =
{ name : Token.t;
attr : attr list }
let attr_to_string = function

| Color ([], rep) — "\\color{" "~ Token.list_to_string rep "
| Color (group, rep) —
"\\color[" * Token.list_to_string group ~ "1{" ~
Token.list_to_string rep ~ "}"
| Flavor ([], rep) — "\\flavor{" ~ Token.list_to_string rep
| Flavor (group, rep) —
"\\flavor[" "~ Token.list_to_string group ~ "1{" *
Token.list_to_string rep ~ "}"
| Lorentz t! — "\\lorentz{" "~ Token.list_to_string tl =~ "}"
let to_string t =

"\\tensor{" * Token.to_string t.name =~ "}" °
String.concat "" (List.map attr_to_string t.attr)

end

module File_Tree
struct

type declaration =

Particle of Particle.t
Parameter of Parameter.t
Index of Index.t

Tensor of Tensor.t

Vertex of Expr.t x Token.t
Include of string

type t declaration list

[]

let empty

end

module File
struct

type declaration
| Particle of Particle.t

| Parameter of Parameter.t
| Index of Index.t
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| Tensor of Tensor.t
| Vertex of Exzpr.t x Token.t

type t = declaration list
let empty = []

We allow to include a file more than once, but we don’t optimize by memoization, because we assume that this
will be rare. However to avoid infinite loops when including a child, we make sure that it has not yet been
included as a parent.

let expand_includes parser unexpanded =
let rec expand_includes’ parents unexpanded expanded =
List.fold _right (fun decl decls —
match decl with
| File_Tree.Particle p — Particle p :: decls
| File_Tree.Parameter p — Parameter p :: decls
| File_Tree.Index i — Index i :: decls
| File_Tree.Tensor t — Tensor t :: decls
| File_Tree.Vertexr (e, v) — Vertex (e, v) :: decls
| File_Tree.Include f —
if List.mem f parents then
invalid_arg ("cyclic,\\include{" " f "~ "}")
else
expand_includes’ (f :: parents) (parser f) decls)
unexpanded expanded in
expand _includes’ || unexpanded []

let to_strings decls =
List.map

(function

| Particle p — Particle.to_string p

| Parameter p — Parameter.to_string p

| Index i — Index.to_string i

| Tensor t — Tensor.to_string t

| Vertex (Expr.Integer 1, t) —
"\\vertex{" * Token.to_string t ~ "}"

| Vertezx (e, t) —
"\\vertex[" "~ Ezpr.to_string e ~ "J{" ~

Token.to_string t ~ "}")
decls

end

13.3 Lexer
{

open Lexing
open Vertex_parser

let string_of _char ¢ =
String.make 1 ¢

let int_of _char ¢ =
int_of _string (string_of _char c)

let init_position fname lexbuf =

let curr_p = lexbuf.lex_curr_p in
lexbuf .lex_curr_p <+
{ curr_p with
pos_fname = fname;
pos_lnum = 1;
pos_bol = curr_p.pos_cnum };
lexbuf
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}
let digit = [70°—?9’]
let upper = [PA’—’2Z’]

let lower = [*a’—’z’]
let char = upper | lower
let white = [> 2 *\t’]
let pfr = *\\’
let env_arg0 = "align" | "center" | "omftable"
let env_argl = "tabular"
rule token = parse
white { token lexbuf } (x skip blanks %)
| °% ["’\n’]* { token lexbuf } (* skip comments *)
| ’\n’ { new_line lexbuf; token lexbuf }
‘ :\\; ( [;’:a;;] ‘ :q;? "quad" )

{ token lexbuf } (x skip LaTeX white space *)
| "\\endinput" { token lexbuf } (* continue reading x)
| ’\\’ ( "chapter" | "sub"* "section" ) ’*’? ’{’ [’}’]* ’}’
{ token lexbuf } (x skip sectioning FIXME!! x)
‘ :\\; ( "begin" | "end" ) :{; 67“)_&’["90 7*)? ;};
‘ "\\begin" 7{7 env_argl 7*)? 7}: 7{: [A:}7]* :}7
| "\\end" ’{’> env_argl **’?7 °}’
{ token lexbuf } (x skip environment delimiters )
| "\\\\" { token lezbuf } (x skip table line breaks x)
| & { token lexbuf } (* skip tabulators x)
‘ 7\\: ( "left" | "I‘ight" | [’B’ ’b’} "ig" ng? [71: :r7] )
{ token lexbuf } (x skip parenthesis hints *)
| = { BQUAL}
| »~» { SUPER }
| »-> { SUB}
| *\*» { PRIME }
| >\\” ( "bar" | "overline" | "wide"? "hat" | "wide"? "tilde") as pfr
{ PREFIX pfx }
| %> { TIMES }
| /> { DIV }
| >+ { PLUS }
| »= { MINUS }
| »,> { COMMA }
| > { LPAREN }
| »)> { RPAREN }
| »{> { LBRACE }
| *}» { RBRACE }
| »[" { LBRACKET }
| ’1° { RBRACKET }
| pfx "include{" (["’}’]* as name) "}"

{ INCLUDE name }
| pfr "charged" { CHARGED }
| pfr "neutral" { NEUTRAL }
| pfr "anti" { ANTI }
| pfr "tex" { TEX }
| pfx "fortran" { FORTRAN }
| pfr "alias" { ALIAS }
| pfr "spin" { SPIN }
| pfr "color" { COLOR }
| pfr "charge" { CHARGE }
| pfr "mass" { MASS }
| pfr "width" { WIDTH }
| pfr "vertex" { VERTEX }
| pfr "index" { INDEX }
| pfr "tensor" { TENSOR }
| pfr "lorentz" { LORENTZ }
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| pfr "flavor" { FLAVOR }
| pfx "parameter" { PARAMETER }
| pfx "derived" { DERIVED }
| digit as i { DIGIT (int-of -char i)
| char as ¢ { CHAR (string-of -char
| \\? (= | char™)) as s

{ TOKEN s}
| — as ¢ { failwith ("invalid, charac

| eof { END }

}

c) }

terat, ‘"

string—of —char ¢ = "’") }
13.4 Parser

Parser

Right recursion is more convenient for constructing the value. Since the lists will always be short, there is no
performace or stack size reason for prefering left recursion.

module T = Vertex_syntaz. Token

module £ = Vertex_syntazx.Expr
module P = Vertex_syntaz.Particle
module V' = Vertex_syntax.Parameter
module I = Vertex_syntax.Index
module X = Vertex_syntazx.Tensor
module F' = Vertex_syntaz.File_Tree

let parse_error msg =
raise (Vertex_syntax.Syntaz_Error

(msg, symbol_start_pos (), symbol_end_pos ()))

let invalid_parameter_attr () =

Header

parse_error "invalid parameter attribute"

%token < int > DIGIT
%token < string > CHAR
%token < string > PREFIX TOKEN

%token SUPER SUB PRIME LBRACE RBRACE LBRACKET RBRACKET

%token LPAREN RPAREN
%token COMMA

Token declarations

%token PLUS MINUS TIMES DIV EQUAL

%token < string > INCLUDE
%token END

%token NEUTRAL CHARGED

%token ANTI ALIAS TEX FORTRAN SPIN COLOR CHARGE MASS WIDTH

%token PARAMETER DERIVED

%token TENSOR INDEX FLAVOR LORENTZ

%token VERTEX

%left PLUS MINUS
%nonassoc NEG UPLUS
%left TIMES DIV

%start file

%type < Verter_syntax.File_Tree.t > file
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Grammar rules

file =
| declarations END { $1 }

declarations ::=

{0

| declaration declarations { $1 :: $2 }

declaration ::=

| particle { F.Particle $1 }

| parameter { F.Parameter $1 }

| index { F.Index $1 }

| tensor { F.Tensor $1 }

| vertex { let e, t = $1in

F.Vertex (e, t) }

| INCLUDE { F.Include $1 }

particle ::=
| NEUTRAL token_arg particle_attributes
{ { P.name = P.Neutral $2; P.attr = $3 } }
| CHARGED token_arg_pair particle_attributes
{letp, ap = $2in
{ P.name = P.Charged (p, ap); P.attr = $3 } }

exrpr_arg =
| LBRACKET expr RBRACKET { $2 }

| LBRACKET expr RBRACE { parse_error "expected, ‘]’ , found ‘}’" }

| LBRACKET expr END { parse_error "missing,‘]’" }

token_arg ::=
| LBRACE scripted_token RBRACE { $2 }

| LBRACE scripted_token END { parse_error "missing ‘}’" }

token_arg_pair ::=
| token_arg token_arg { ($1, $2) }

token_list_arg =

| LBRACE token_list RBRACE { $2 }

| LBRACE token_list END { parse_error "missing,,‘}’" }
/* This results in a reduce/reduce conflict:

| LBRACE token_list RBRACKET { parse_error "expected ‘}’, found ‘1°" } %/

token_list_opt_arg ::=
| LBRACKET token_list RBRACKET { $2 }
| LBRACKET token_list END { parse_error "missing,,‘}’" }

particle_attributes ::=

{1}

| particle_attribute particle_attributes { $1 :: $2 }

particle_attribute ::=
| ALIAS token_list_arg { P.Alias $2 }
| ANTI ALIAS token_list_arg { P.Alias $3 }
| TEX token_list_arg { P.TeX $2 }
| ANTI TEX token_list_arg { P.TeX_Anti $3 }
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| FORTRAN token_list_arg { P.Fortran $2 }

| ANTI FORTRAN token_list_arg { P.Fortran_Anti $3 }

| SPIN arg { P.Spin $2 }

| COLOR token_list_arg { P.Color ([], $2) }

| COLOR token_list_opt_arg token_list_arg { P.Color ($2, $3) }
| CHARGE arg { P.Charge $2 }

| MASS token_list_arg { P.Mass $2 }

| WIDTH token_list_arg { P.Width $2 }

parameter 1=
| PARAMETER token_arg arg parameter_attributes
{ V.Parameter { V.name = $2; V.value = $3; V.attr = $4 } }
| DERIVED token_arg arg parameter_attributes
{ V.Derived { V.name = $2; V.value = $3; V.attr = $4 } }

parameter _attributes ::=

REEN;

| parameter_attribute parameter_attributes { $1 :: $2 }

parameter _attribute ::=
| ALIAS token_list_arg { V.Alias $2 }
| TEX token_list_arg { V.TeX $2 }
| FORTRAN token_list_arg { V.Fortran $2 }
| ANTI { invalid_parameter_attr () }
| SPIN { invalid_parameter_attr () }
| COLOR { invalid_-parameter_attr () }
| CHARGE { invalid_parameter_attr () }
| MASS { invalid_parameter_attr () }
| WIDTH { invalid_parameter_attr () }

ndex 1=

| INDEX token_arg index _attributes { { I.name = $2; L.attr = $3} }

index _attributes ::=

{11}

| index _attribute index _attributes { $1 :: $2 }

index _attribute ::=
| COLOR token_list_arg { I.Color ([], $2) }
| COLOR token_list_opt_arg token_list_arg { I.Color ($2, $3) }
| FLAVOR token_list_arg { I.Flavor ([], $2) }
| FLAVOR token_list_opt_arg token_list_arg { I.Flavor (32, $3) }
| LORENTZ token_list_arg { I.Lorentz $2 }

tensor ::=
| TENSOR token_arg tensor_attributes { { X.name = $2; X.attr = $3 } }

tensor_attributes ::=

RUNN;

| tensor _attribute tensor_attributes { $1 :: $2 }

tensor_attribute =
| COLOR token_list_arg { X.Color ([], $2) }
| COLOR token_list_opt_arg token_list_arg { X.Color ($2, $3) }
| FLAVOR token_list_arg { X.Flavor ([], $2) }
| FLAVOR token_list_opt_arg token_list_arg { X.Flavor ($2, $3) }
| LORENTZ token_list_arg { X.Lorentz $2 }
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vertex ;1=
| VERTEX token_list_arg { (E.integer 1, T.list $2) }
| VERTEX expr_arg token_list_arg { (82, T.list $3) }
| VERTEX expr_arg LBRACE RBRACE { ($2, T.list []) }
| VERTEX expr_arg LBRACE END { parse_error "missing ‘}’" }
| VERTEX not_arg_or_token_list { parse_error "expected,‘ [’Lor,‘{’" }
/* This results in a shift/reduce conflict:
| VERTEX expr_arg LBRACE RBRACKET { parse_error "expected ‘}’, found ‘1°" } %/

expr =
| integer { E.integer $1 }
| LPAREN expr RPAREN { $2 }
| LPAREN expr RBRACKET { parse_error "expected, ‘)’ , found ‘]1’" }
| LPAREN expr RBRACE { parse_error "expected, ‘)’ , found ‘}’" }
| LPAREN expr END { parse_error "missing‘)’" }
| expr PLUS expr { E.add $1 $3 }
| expr MINUS expr { E.sub $1 $3 }
| expr TIMES expr { E.mult $1 $3 }
| expr DIV expr { E.div $1 $3 }
| bare_scripted_token arg_list { E.apply $1 $2 }
/* Making ‘*’ optional introduces many shift/reduce and reduce/reduce conflicts:
| expr expr { E.mult $1 $2 } %/

arg_list ::=

{1}
| arg arg_list { $1 :: $2 }

arg =

| LBRACE expr RBRACE { $2 }

| LBRACE expr RBRACKET { parse_error "expected,‘}’, found ‘1’" }
| LBRACE expr END { parse_error "missing ‘}’" }

mteger =
| DIGIT { $1}
| integer DIGIT { 10 x $1 + $2 }

token ::=
| bare_token { $1 }
| LBRACE scripted-token RBRACE { $2 }
| LBRACE scripted_token END { parse_error "missing ‘}’" }
| LBRACE scripted_token token_list RBRACE { T.list ($2 :: $3) }
| LBRACE scripted _token token_list END { parse_error "missing,‘}’" }
/* This results in a shift/reduce conflict because RBRACKET is a bare token:
| LBRACE scripted_token RBRACKET { parse_error "expected ‘}’, found ‘]°" } x/

token_list ::=
| scripted_token { [$1] }
| scripted_token token_list { $1 :: $2 }

scripted _token ::=
| prefizes token optional_scripts { T.scripted $1 $2 $3 }

bare_scripted _token ::=
| prefizes name optional_scripts { T.scripted $1 $2 $3 }
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optional _scripts ::=

| { (None, None) }

| super { (31, None) }

| sub { (None, $1) }

| super sub { ($1, $2) }

| sub super { ($2, $1) }

| primes { (31, None) }
| primes sub { ($1, $2) }
| sub primes { ($2, $1) }

super =
| SUPER token { Some $2 }
| SUPER RBRACE { parse_error "superscriptycan’t start with,‘}’" }
/* This results in many reduce/reduce conflicts:
| SUPER RBRACKET { parse_error "superscript can’t start with ‘]1°" } x/

sub =
| SUB token { Some $2 }
| SUB RBRACE { parse_error "subscript,can’tystart with,‘}’" }
/* This results in many reduce/reduce conflicts:
| SUB RBRACKET { parse_error "subscript can’t start with ‘1°" } %/

prefizes ::=

{7}
| PREFIX prefives { $1:: 82}

primes =
| prime_list { Some (T.list $1) }

prime_list ::=
| PRIME { [T.token "\\prime"] }
| PRIME prime_list { T.token "\\prime" :: $2 }

name =
| CHAR { T.token $1 }
| TOKEN { T.token $1}

bare_token ::=

| DIGIT { T.digit $1 }

| CHAR { T.token $1 }

| TOKEN { T.token $1 }

| PLUS { T.token "+" }

| MINUS { T.token "-"}

| TIMES { T.token "x" }

| DIV { T.token "/" }

| COMMA { T.token "," }
| LPAREN { T.token "(" }
| RPAREN { T.token ")" }

not_arg-or_token_list ::=
| DIGIT { () }

| CHAR { () }

| TOKEN { ()}

| PLUS { () }

| MINUS { () }
| TIMES { () }
| DIV { () }
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| COMMA { () }

| RPAREN { () }

| RBRACKET { () }
| RBRACE { () }

18.5 Interface of Vertex

val parse_string : string — Vertex_syntax.File.t
val parse_file : string — Vertex_syntazx.File.t

module type Test =
sig
val example : unit — unit
val suite : OUnit.test
end

module Test (M : Model. T) : Test

module Parser_Test : Test
module Modelfile_Test : Test

13.6 Implementation of Vertex

module type Test =
sig
val ezample : unit — unit
val suite : OUnit.test
end

13.6.1 New Implementation: Next Version

let error_in_string text start_pos end_pos =
let i = start_pos.Lexing.pos_cnum
and j = end_pos.Lexing.pos_cnum in
String.sub text i (j — 1)

let error_in_file name start_pos end_pos =
Printf .sprintf
"Yhs:%d. hd-%d. %d"

name

start_pos.Lexing.pos _Inum

(start_pos.Lexing.pos_cnum — start_pos.Lexing.pos_bol)
end_pos. Lexing.pos_Inum

(end_pos.Lexing.pos_cnum — end_pos.Lexing.pos_bol)

let parse_string text =
Vertex _syntax. File.expand _includes
(fun file — invalid_arg ("parse_string: found include,‘" " file = "’"))
(try
Vertex _parser.file
Vertex _lexer.token
(Vertex _lexer.init _position "" (Lexing.from_string text))
with
| Vertex_syntax.Syntax_Error (msg, start_pos, end_pos) —
invalid_arg (Printf.sprintf "syntax error,(%s) at:,‘%s’"
msg (error_in_string text start_pos end_pos))
| Parsing.Parse_error —
invalid _arg ("parse error: " " text))

let parse_file name =
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let parse_file_tree name =

let ic = open_in name in
let file_tree =
begin try

Vertex_parser.file
Vertex _lexer.token
(Vertex _lexer.init_position name (Lexing.from_channel ic))
with
| Vertex_syntax.Syntax_Error (msg, start_pos, end_pos) —
begin
close_in ic;
invalid_arg (Printf.sprintf
"%s:,syntax_ error, (%s)"
(error_in_file name start_pos end_pos) msg)
end
| Parsing.Parse_error —
begin
close_in ic;
invalid_arg ("parse error:" ~ name)
end
end in
close_in ic;
file_tree in
Vertex _syntaz. File.expand _includes parse_file_tree (parse_file_tree name)

let dump_file pfr f =
List.iter
(fun s — print_endline (pfx = ":u" " s))
(Vertex _syntax.File.to_strings f)

module Parser_Test : Test =
struct

let example () =

0
open OUnit

let compare s_out s_in () =
assert_equal ~printer : (String.concat ",")
[s—out] (Vertex_syntazx.File.to_strings (parse_string s-in))

let parse_error error s () =
assert_raises (Invalid_argument error) (fun () — parse_string s)

let syntax_error (msg, error) s () =
parse_error ("syntax error, ("~ msg "~ ")pat: " " error T ") s ()

let (=>) s_in s_out =
"u" " s_in > compare s_out s_in

let (7>)s =
s => s

let (=>!11) s error =
"W" T s > parse_error error s

]
let (=>!) s error =
"U" T s >iosyntax_error error s

let empty =
l|empty" >::
(fun () — assert_equal [] (parse_string ""))
let expr =
"expr" >::
[ "\\vertex [2,*,(17,+,4)1{}" => "\\vertex[42]{{}}";
"\\vertex [2 *,17.+41{}" => "\\vertex[38]1{{}}";
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"\\vertex[2" =>! ("missing,,‘]1’", "[2");

"\\vertex]{}" =>! ("expected,‘ [’ Lor,‘{’", "\\vertex]");
"\\vertex2] {}" =>! ("expected,‘ [’Lor,‘{’", "\\vertex2");
"\\vertex}{}" =>! ("expected, ‘[’ or, {’", "\\vertex}");
"\\vertex2}{}" =>! ("expected, ‘[’ Lor,{’", "\\vertex2");
"\\vertex[(2}{}" =>! ("expected,‘)’, found,‘}’", "(2}");
"\\vertex[(2]1{}" =>! ("expected, ) ’, found,‘1’", "(2]1");
"\\vertex{2]{}" =>! ("syntax_error", "2");
"\\vertex[2}{}" =>! ("expected,‘]’, found, ‘}’", "[2}");
"\\vertex[2{}" =>! ("syntax_ error", "2");
"\\vertex[2*]{}" =>! ("syntax error", "2") |

let index =
"index" >::
[ "\\vertex{{a}_-{1}"{2}}" => "\\vertex{a~2_1}";
"\\vertex{a_{11}"2}" => "\\vertex{a~2_{11}}";
"\\vertex{a_{1-1}"2}" => "\\vertex{a~2_{1_1}}" ]

let electronl =
"electronl" >:u:
[ 7> "\\charged{e"-}{e +}";
"\\charged{{e"-}}{{e"+}}" => "\\charged{e"-}{e"+}" ]

let electron2 =
"electron2" >::

[ "\\charged{e"-}{e"+}\\fortran{ele}" =>
"\\charged{e"-}{e"+}\\fortran{{ele}}";
"\\charged{e~-}{e"+}\\fortran{electron}\\fortran{ele}" =>
"\\charged{e~-}{e"+}\\fortran{{ele}}\\fortran{{electron}}";
"\\charged{e~-}{e"+}\\alias{e2}\\alias{el}" =>
"\\charged{e"-}{e"+}\\alias{{el}}\\alias{{e2}}";
"\\charged{e"-}{e"+}\\fortran{ele}\\anti\\fortran{pos}" =>
"\\charged{e~-}{e"+}\\fortran{{ele}}\\anti\\fortran{{pos}}" |

let particles =
"particles" >:u:

[electront;

electron2)

let parameters =
"parameters" >:u:
[ 7> "\\parameter{\\alpha}{1/137}";
7> "\\derived{\\alpha_s}{1/\\1n{\\frac{\\mu}{\\Lambda}}}";
"\\parameter{\\alpha}{1/137}\\anti\\fortran{alpha}" =>!
("invalid parameter attribute", "\\anti") |

let indices =
"indices" >::
[ 7> "\\index{a}\\color{8s}";

Implementation of Vertex

"\\index{a}\\color [SU(2)1{3}" => "\\index{a}\\color [{SU(2)}1{3}" ]

let tensors =
"tensors" >::
[ "\\tensor{T}\\color{3}" => "\\tensor{T}\\color{3}"]

let vertices =
"vertex" >::
[ "\\vertex{\\bar\\psi\\gamma_\\mu\\psi jA_\\mu}" =>
"\\vertex{{{\\bar\\psi\\gamma_\\mu\\psi A-\\mu}}}" |

module T = Vertex_syntax.Token

let parse_token s =
match parse_string ("\\vertex{" "~ s " "}") with
| [Vertex_syntax.File. Vertex (-, v)] — v
| - — dnvalid_arg "only_vertex"

279



Implementation of Vertex

let print_token pfxr t =
print_endline (pfx = ":u" "~ T.to_string t)

let test_stem s_out s_in () =
assert_equal ~printer : T.to_string
(parse_token s_out)
(T.stem (parse_token s_in))

let (=>>) s_in s_out =
"stem " " s_in >: test_stem s_out s_in

let tokens =
"tokens" >::

[ "\\vertex{a’}" => "\\vertex{a"\\prime}";
"\\vertex{a’’}" => "\\vertex{a"{\\prime\\prime}}";
"\\bar\\psi’’_{i,\\alpha}" =>> "\\psi";
"\\phi~\\dagger_{i’}" =>> "\\phi";
"\\bar{\\phi\\psi}’’_{i,\\alpha}" =>> "\\psi";
"\\vertex{\\phi}" => "\\vertex{\\phi}";
"\\vertex{\\phi_1}" => "\\vertex{\\phi_1}";
"\\vertex{{{\\phi}’}}" => "\\vertex{\\phi~\\prime}";
"\\vertex{\\hat{\\bar\\psi}_1}" => "\\vertex{\\hat\\bar\\psi_1}";
"\\vertex{{a_b}_{cd}}" => "\\vertex{a_{bcd}}";
"\\vertex{{\\phi_1}_2}" => "\\vertex{\\phi_{12}}";
"\\vertex{{\\phi_{12}}_{34}}" => "\\vertex{\\phi_{1234}}";
"\\vertex{{\\phi_{12}}~{34}}" => "\\vertex{\\phi~{34}_{12}}";
"\\vertex{\\bar{\\psi_{\\mathrm{e}}}-\\alpha\\gamma_{\\alpha\\beta} " \\mu{\\psi-{\\mathrm{e}}}_
"\\vertex{{{\\bar\\psi_{\\mathrm_e\\alpha}\\gamma~\\mu_{\\alpha\\beta}\\psi_{\\mathrm_ e\\beta}

let suite =
"Vertex_Parser" >::

[empty;
index;
erpr;
particles;
parameters;
indices;
tensors;
vertices;
tokens |

end

Symbol Tables

module type Symbol =
sig

type file = Vertex_syntax.File.t
type t = Vertex_syntax.Token.t

Tensors and their indices are representations of color, flavor or Lorentz groups. In the end it might turn out to
be unnecessary to distinguish Color from Flavor.

type space =

| Color of Vertex_syntax.Lie.t
| Flavor of t list x t list

| Lorentz of t list

A symbol (i.e. a Symbol.t = Vertex_syntaz.Token.t) can refer either to particles, to parameters (derived and
input) or to tensors and indices.

type kind =
| Neutral
| Charged
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| Anti

| Parameter

| Derived

| Index of space

| Tensor of space

type table
val load : file — table
val dump : out_channel — table — unit

Look up the kind of a symbol.
val kind_of _symbol : table — t — kind option
Look up the kind of a symbol’s stem.
val kind_of _stem : table — t — kind option
Look up the kind of a symbol and fall back to the kind of the symbol’s stem, if necessary.
val kind_of _symbol_or_stem : table — t — kind option
A table to look up all symbols with the same stem.
val common_stem : table — t — t list

exception Missing_Space of t
exception Conflicting_Space of ¢

end

module Symbol : Symbol =

struct
module T = Vertex_syntaz. Token
module F' = Vertex_syntaz.File
module P = Vertex_syntaz.Particle
module I = Vertex_syntax.Index
module L = Vertex_syntax.Lie
module Q = Vertex_syntaz.Parameter
module X = Vertex_syntax.Tensor
type file = F.t
typet = T.t
type space =
| Color of L.t

| Flavor of t list x t list
| Lorentz of t list

let space_to_string = function
| Color (g, r) —
"color:" " L.group_to_string g = ":" = L.rep_to_string r

| Flavor (-, ) — "flavor"
| Lorentz - — "Lorentz"

type kind =
| Neutral

| Charged

| Anti

| Parameter
| Derived

| Index of space
| Tensor of space

let kind_to_string = function
| Neutral — "neutral particle"
| Charged — "charged particle"
| Anti — "charged anti particle"
| Parameter — "input, parameter"
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| Derived — "derived, parameter"
| Index space — space_to_string space "

| Tensor space — space_to_string space

module ST = Map.Make (T)
module SS = Set.Make (T)

type table =
{ symbol_kinds : kind ST.t;
stem_kinds : kind ST.t;
common_stems : SS.t ST.t }

let empty =
{ symbol_kinds = ST.empty;
stem_kinds = ST.empty;
common_stems = ST.empty }

let kind_of _symbol table token =

try Some (ST.find token table.symbol_kinds) with Not_found — None

let kind_of _stem table token =
try

" index"
" tensor"

Some (ST.find (T.stem token) table.stem_kinds)

with
| Not_found — None

let kind_of _symbol_or_stem symbol_table token =
match kind_of _symbol symbol_table token with

| Some _ as kind — kind

| None — kind_of _stem symbol_table token

let common_stem table token =
try

SS.elements (ST.find (T.stem token) table.common_stems)

with
| Not_found — |[]

let add_symbol_kind table token kind =
try
let old_kind = ST.find token table in
if kind = old_kind then
table
else

invalid_arg ("conflicting symbol kind: " ~

T.to_string token

~ "I_,_>|_|"

kind_to_string kind ~ " vsy," ~

kind _to_string old _kind)

with
| Not_found — ST.add token kind table

let add_stem_kind table token kind =
let stem = T.stem token in
try
let old_kind = ST.find stem table in
if kind = old_kind then
table
else begin
match kind, old_kind with

| Charged, Anti — ST.add stem Charged table

| Anti, Charged — table
|- =

invalid_arg ("conflicting stem kind: " "

T .to_string token ~

T .to_string stem ~

kind_to_string kind =~ " vs," ~
kind_to_string old_kind)
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end
with
| Not_found — ST.add stem kind table

let add_kind table token kind =
{ table with

symbol_kinds = add_symbol_kind table.symbol_kinds token kind;
stem_kinds = add_stem_kind table.stem_kinds token kind }

let add_stem table token

let stem = T.stem token in
let set =
try
ST.find stem table.common_stems
with
| Not_found — SS.empty in
{ table with
common_stems = ST.add stem (SS.add token set) table.common_stems }

Go through the list of attributes, make sure that the space is declared and unique. Return the space.

exception Missing_Space of t
exception Conflicting_Space of t

let group_rep_of _tokens group rep =
let group =
match group with
| [ — L.default_group
| group — L.group_of _string (T .list_to_string group) in
Color (group, L.rep_of _string group (T.list_to_string rep))

let index _space index =
let spaces =
List.fold _left

(fun acc — function
| I.Color (group, rep) — group_rep_of _tokens group rep :: acc
| I.Flavor (group, rep) — Flavor (rep, group) :: acc
| I.Lorentz t — Lorentz t :: acc)
[] index.I.attr in

match ThoList.uniq (List.sort compare spaces) with

| [space] — space

| [] = raise (Missing_Space index.I.name)

| - — raise (Conflicting_Space index.I.name)

let tensor_space tensor =
let spaces =
List.fold _left
(fun acc — function
| X.Color (group, rep) — group_rep_of _tokens rep group :: acc
| X.Flavor (group, rep) — Flavor (rep, group) :: acc
| X.Lorentz t — Lorentz t :: acc)
[] tensor.X .attr in
match ThoList.unig (List.sort compare spaces) with
| [space] — space
| [] = raise (Missing-Space tensor.X .name)
| - — raise (Conflicting_Space tensor.X .name)

NB: if P.Charged (name, name) below, only the Charged will survive, Anti will be shadowed.
let insert_kind table = function
| F.Particle p —
begin match p.P.name with
| P.Neutral name — add_kind table name Neutral
| P.Charged (name, anti) —

add_kind (add_kind table anti Anti) name Charged
end
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| F.Index i — add_kind table i.I.name (Index (index_space 1))
| F.Tensor t — add_kind table t.X.name (Tensor (tensor_space t))
| F.Parameter p —
begin match p with
| Q.Parameter name — add_kind table name.Q.name Parameter
| Q.Derived name — add_kind table name.Q.name Derived
end
| F.Vertex - — table

let insert_stem table = function

| F.Particle p —
begin match p.P.name with
| P.Neutral name — add_stem table name
| P.Charged (name, anti) — add_stem (add_stem table name) anti
end

| F.Index i — add_stem table i.I.name

| F.Tensor t — add_stem table t.X.name

| F.Parameter p —
begin match p with
| Q.Parameter name

| Q.Derived name — add_stem table name.Q).name
end

| F.Vertex - — table

let insert table token =
insert_stem (insert_kind table token) token

let load decls =
List.fold _left insert empty decls

let dump oc table =
Printf .fprintf oc "<<<_ Symbol_ Table: >>>\n";
ST.iter
(funs k —
Printf.fprintf oc "%hsu—>uhs\n" (T.to_string s) (kind_to_string k))
table.symbol _kinds;
Printf.fprintf oc "<<<_Stem_ Table: >>>\n";
ST.iter
(fun s k —
Printf . fprintf oc "%hsu->uhs\n" (T.to_string s) (kind_to_string k))
table.stem_kinds;
Printf.fprintf oc "<<<_Common,,Stems: ,>>>\n";
ST.iter
(fun stem symbols —
Printf . fprintf
oc "%hsu—>uks\n"
(T.to_string stem)
(String.concat
",u" (List.map T.to_string (SS.elements symbols))))
table.common._stems

end

Declarations
module type Declaration =
sig
type ¢

val of _string : string — t list
val to_string : t list — string

For testing and debugging
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val of _string_and_back : string — string

val count_indices : t — (int x Symbol.t) list
val indices_ok : t — wunit

end

module Declaration : Declaration =
struct

module § = Symbol
module T = Vertex_syntaz. Token

type factor =
{ stem : T.t;

prefix : T.prefix list;
particle : T.t list;
color : T.t list;
flavor : T.t list;
lorentz . T.t list;
other : T.t list }

type t = factor list

let factor_stem token =

{ stem = token.T.stem;
prefix = token.T.prefix;
particle = [];
color = [];
flavor = [];
lorentz = [];
other =[]}

let rev factor =

{ stem = factor.stem;
prefix = List.rev factor.prefiz;
particle = List.rev factor.particle;
color = List.rev factor.color;
flavor = List.rev factor.flavor;
lorentz = List.rev factor.lorentz;
other = List.rev factor.other }

let factor_add_prefix factor token
{ factor with prefit = T.prefiz_of _string token :: factor.prefiz }

let factor_add_particle factor token =
{ factor with particle token :: factor.particle }

let factor_add_color_index t factor token =
{ factor with color = token :: factor.color }

let factor_add_lorentz_index t factor token =
(x diagnostics: Printf.eprintf "[L: [%s]11\n" (T.to_string token); x)
{ factor with lorentz = token :: factor.lorentz }

let factor_add_flavor_index t factor token =
{ factor with flavor = token :: factor.flavor }

let factor_add_other_index factor token =
{ factor with other = token :: factor.other }

let factor_add_kind factor token = function
| S.Neutral | S.Charged | S.Anti — factor_add_particle factor token
| S.Index (S.Color (rep, group)) —
factor_add _color_index (rep, group) factor token
| S.Index (S.Flavor (rep, group)) —
factor_add_flavor _index (rep, group) factor token
| S.Index (S.Lorentz t) — factor_add_-lorentz_index t factor token
| S.Tensor - — invalid_arg "factor_add_index: \\tensor"
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| S.Parameter — invalid_arg "factor_add_index: \\parameter"
| S.Derived — invalid_arg "factor_add_index: \\derived"

let factor_add_index symbol_table factor = function
| T.Token "," — factor
| T.Token ("+" | "\\ast" as star) — factor_add_prefix factor star
| token —
begin

match S.kind_of _symbol_or_stem symbol_table token with
| Some kind — factor_add_kind factor token kind
| None — factor_add_other_index factor token

end

let factor_of _token symbol_table token =
let token = T.wrap-scripted token in
rev (List.fold_left
(factor_add_index symbol_table)
(factor_stem token)
(token.T.super @Q token.T.sub))

let list_to_string tag = function
‘ [] —y nn
| I — ";u" " tag ~ "=" " String.concat "," (List.map T.to_string I)

let factor_to_string factor =
"[" " T.to_string factor.stem ~
(match factor.preficz with
| H —y nn
| I — "; prefix=""

String.concat "," (List.map T.prefix_to_string 1)) ~
list_to_string "particle" factor.particle *
list _to_string "color" factor.color ~
list_to_string "flavor" factor.flavor ~
list_to_string "lorentz" factor.lorentz ~
list_to_string "other" factor.other ~ "1"

let count_indices factors =
ThoList.classify
(ThoList.flatmap (fun f — f.color @Q f.flavor @ f.lorentz) factors)

let format_mismatch (n, index) =
Printf .sprintf "index%s_appears %d times" (T.to_string index) n

let indices-ok factors =
match List.filter (fun (n, =) — n # 2) (count_indices factors) with
=0
| mismatches —
invalid_arg (String.concat ",," (List.map format_mismatch mismatches))

let of _string s =
let decls = parse_string s in
let symbol_table = Symbol.load decls in
(x diagnostics: Symbol.dump stderr symbol_table; *)
let tokens =
List.fold _left
(fun acc — function
| Vertex_syntax.File. Vertex (-, v) — T.wrap_list v :: acc
| - — acc)
[] decls in
let vlist = List.map (List.map (factor_of _token symbol_table)) tokens in
List.iter indices_-ok vlist;
vlist

let to_string decls =
String.concat " ;"
(List.map
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(fun v — String.concat " *" (List.map factor_to_string v))
decls)

let of _string_and_back s =
to_string (of —string s)

type field =
{ name : T.t list }

end

Complete Models

module Modelfile =
struct

end

module Modelfile_Test =
struct

let example () =
0

open OUnit

let index_mismatches =
"index, mismatches" >::
["1" >
(fun () —
assert_raises
(Invalid —argument "index a_1_ appears,l times, \
uuindex\_,a_Quappears\_,lutimes")
(fun () — Declaration.of _string_and_back
"\\index{a}\\color{3}\
vouuu\\vertex{\\bar\\psi_{a_1}\\psi_{a_2}}"));
||3|’ >::
(fun () —
assert_raises
(Invalid —argument "index a appears, 3, times")
(fun () — Declaration.of _string_and_back
"\\index{a}\\color{3}\
vouuu\\vertex{\\bar\\psi_a\\psi_a\\phi_a}")) ]

let kind_conflicts =
"kind ,conflictings" >::
[ "lorentz /color" >::
(fun () —
assert_raises
(Invalid _argument
"conflicting stem kind:,a_2,->,a,->\
uuuLorentz index vscolor:SU(3) : 3 index")
(fun () — Declaration.of _string_and_back
"\\index{a_1}\\color{3}\
vouuo\\index{a_2}\\lorentz{X}"));
"color,/ color" >::
(fun () —
assert_raises
(Invalid - argument
"conflicting ,stem_ kind: a_2,->a,->0\
Luuucolor:8U(3) : 8 index, vs ,color:SU(3) : 3, ,index")
(fun () — Declaration.of —string_and_back
"\\index{a_1}\\color{3}\
vouuo\\index{a_2}\\color{8}"));
"neutral,,/ charged" >:
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(fun () —
assert_raises
(Invalid —argument
"conflicting stem kind: H - ->_H ->_\
uu\_,chargeduantiL,particleuvs\_,neutraluparticle")
(fun () — Declaration.of _string_and_back

"\\neutral{H}\
uuuuu\\charged{H +}{H"-}")) ]
let suite =
"Modelfile_Test" >:::
[ "ok" >::

(fun () —
assert_equal ~printer : (fun s — )
"[\\psi;uprefix=\\bar;,\
LLLLULLLLLLLLLULLULULLParticle=e; ,color=a; lorentz=\\alpha_1] *,\
HHHHHHHHHHHHHHHHH[\\gamma;ulorentz=\\mu,\\alpha—1,\\alpha—2]u*u\
HHHHHHHHHHHHHHHHH[\\pSi}upartiC1€=e;uCOlOf:a;ulorentz=\\alpha—2]u*u\
uuuuuLLLULLULLULULLL LA 5 Llorentz=\\mu] "
(Declaration.of _string -and _back
"\\charged{e"-}{e"+}\
uuuuuuuuuuuuuuuuuuuu\\index{a}\\COIOI{\\baIS}\
HHHHHHHHHHHHHHHHHHHH\\index{b}\\C01or[SU(S)]{8}\
HHHHHHHHHHHHHHHHHHHH\\index{\\mu}\\1orentz{x}\
HHHHHHHHHHHHHHHHHHHH\\index{\\alpha}\\lorentz{x}\
uuuuuuuuuuuuuuuuuuuu\\VerteX{\\bar{\\PSi-e}-{a, \\alpha_l}\
LuLLLLLLLLUUUULLLLLLLLLUUUUDD N \gamma ~ \\mu_{\\alpha_1\\alpha_2}\
HHHHHHHHHHHHHHHHHHHHHHHHHHHHH{\\pSi—e}—{a,\\alpha—Q}A—\\mu}")%
index_mismatches;
kind _ conflicts;
"QCD.omf" >::
(fun () —
dump_file "QCD" (parse_file "QCD.omf"));
"SM.omf" >::
(fun () —
dump_file "SM" (parse_file "SM.omf"));
"SM-error.omf" >::
(fun () —
assert_raises
(Invalid —argument
"SM-error.omf :32.22-32.27: syntax_ error,(syntax error) ")
(fun () — parse_file "SM-error.omf"));
"cyclic.omf" >::
(fun () —
assert_raises
(Invalid _argument "cyclic \\include{cyclic.omf}")
(fun () — parse_file "cyclic.omf")) ]

end

13.6.2 New Implementation: Obsolete Version 1

Start of version 1 of the new implementation. The old syntax will not be used in the real implementation, but
the library for dealing with indices and permutations will remail important.

Note that arity = length lorentz_reps = length color_reps. Do we need to enforce this by an abstract type
constructor?
A cleaner approach would be type context = (Coupling.lorentz, Color.t) array, but it would also require

more tedious deconstruction of the pairs. Well, an abstract type with accessors might be the way to go after
all ...

type contexrt =
{ arity : int;
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lorentz_reps : Coupling.lorentz array;
color_reps : Color.t array }

let distinct2 i j =

i F ]
let distinct3 + j k =

T #F JNGFEFENE F£ 0
let distinct ilist =

List.length (ThoList.uniq (List.sort compare ilist)) =
List.length ilist

An abstract type that allows us to distinguish offsets in the field array from color and Lorentz indices in different
representations.

module type Index =
sig
type ¢
val of _int : int — t
val to_int : t — int
end

While the number of allowed indices is unlimited, the allowed offsets into the field arrays are of course restricted
to the fields in the current context.

module type Field =
sig
type ¢
exception Out_of _range of int
val of _int : context — int — t
val to_int : t — nt
val get : a array - t — «

end
module Field : Field =
struct
type t = nt

exception Out_of _range of int
let of _int context i =
if 0 < i A i < context.arity then
i
else
raise (Out_of —range 1)
let to_int ¢ = 0
let get = Array.get
end

type field = Field.t
module type Lorentz =
sig

We combine indices I and offsets F' into the field array into a single type so that we can unify vectors with
vector components.

type index = I of int | F of field

type vector = Vector of index
type spinor = Spinor of index
type conjspinor = ConjSpinor of index

These are all the primitive ways to construct Lorentz tensors, a. k. a. objects with Lorentz indices, from momenta,
other Lorentz tensors and Dirac spinors:

type primitive =
| G of vector x wvector (* gu,u, *)
| E of vector x wector x vector x wvector (% €u,uspusuq *)
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| K of vector x field (x kb* )

| S of conjspinor x spinor (x g *)

|V of vector x conjspinor x spinor (x {17,103 *)
| T of vector x wector x conjspinor X spinor (* Y10,u,1%1 *)
| A of vector x conjspinor X spinor (¥ ¥1Yu,Vs¥s3 *)

| P of conjspinor x spinor (* 11vysiba *)

type tensor = int X primitive list
Below, we will need to permute fields. For this purpose, we introduce the function map_primitive v_idx v_fld s_idz s_fld c_ida

that returns a structurally identical tensor, with v_idz : int — int applied to all vector indices, v_fld : field —

field to all vector fields, s_idz and c_idz to all (conj)spinor indices and s_fld and c_fld to all (conj)spinor
fields.

Note we must treat spinors and vectors differently, even for simple permuations, in order to handle the
statistics properly.

val map_tensor :
(int — int) — (field — field) — (int — int) — (field 