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INTRODUCTION

1.1 Complexity

There are on _ g
P(n) = 5 —n=2""1_n-1 (1.1)
independent internal momenta in a n-particle scattering amplitude [1]. This
grows much slower than the number
Fn)=2n-5!!=2n—-5)-2n—-7)-...-3-1 (1.2)

of tree Feynman diagrams in vanilla ¢3 (see table 1.1). There are no known
corresponding expressions for theories with more than one particle type. How-
ever, empirical evidence from numerical studies [1, 2] as well as explicit counting
results from O’Mega suggest

P*(n) oc 10™/2 (1.3)

while he factorial growth of the number of Feynman diagrams remains unchecked,
of course.

4 3 3
5 10 15
6 25 105
7 56 945
8 119 10395
9 246 135135
10 501 2027025
11 1012 34459425
12 | 2035 654729075
13 | 4082 13749310575
14 8177 316234143225
15 | 16368 7905853580625
16 | 32751 | 213458046676875

Table 1.1: The number of ¢* Feynman diagrams F(n) and independent
poles P(n).
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The number of independent momenta in an amplitude is a better measure for
the complexity of the amplitude than the number of Feynman diagrams, since
there can be substantial cancellations among the latter. Therefore it should be
possible to express the scattering amplitude more compactly than by a sum over
Feynman diagrams.

1.2 Ancestors

Some of the ideas that O’Mega is based on can be traced back to HELAS [5].
HELAS builts Feynman amplitudes by recursively forming off-shell ‘wave func-
tions’ from joining external lines with other external lines or off-shell ‘wave
functions’.

The program Madgraph [6] automatically generates Feynman diagrams and
writes a Fortran program corresponding to their sum. The amplitudes are calcu-
lated by calls to HELAS [5]. Madgraph uses one straightforward optimization:
no statement is written more than once. Since each statement corresponds to a
collection of trees, this optimization is very effective for up to four particles in
the final state. However, since the amplitudes are given as a sum of Feynman
diagrams, this optimization can, by design, mot remove the factorial growth
and is substantially weaker than the algorithms of [1, 2] and the algorithm of
O’Mega for more particles in the final state.

Then ALPHA [1] (see also the slightly modified variant [2]) provided a nu-
merical algorithm for calculating scattering amplitudes and it could be shown
empirically, that the calculational costs are rising with a power instead of fac-
torially.

1.3 Architecture

1.3.1 General purpose libraries

Functions that are not specific to O’Mega and could be part of the O’Caml
standard library

ThoList : (mostly) simple convenience functions for lists that are missing
from the standard library module List (section G, p. 721)

Product : effcient tensor products for lists and sets (section L, p. 757)
Combinatorics : combinatorical formulae, sets of subsets, etc. (section O,

p. 768)

1.3.2 O’Mega
The non-trivial algorithms that constitute O’Mega:

DAG : Directed Acyclical Graphs (section 4, p. 35)

Topology : unusual enumerations of unflavored tree diagrams (section 3,
p. 18)

Momentum : finite sums of external momenta (section 5, p. 50)



Architecture

Figure 1.1: Module dependencies in O’Mega.

Fusion : off shell wave functions (section 8, p. 88)

Omega : functor constructing an application from a model and a target
(section 18, p. 688)

1.3.3 Abstract interfaces

The domains and co-domains of functors (section 9, p. 135)
Coupling : all possible couplings (not comprensive yet)
Model : physical models

Target : target programming languages

1.3.4 Models
(section 13, p. 217)

Modellibs M .QED : Quantum Electrodynamics
Modellibs M.QCD : Quantum Chromodynamics (not complete yet)
Modellibs M .SM : Minimal Standard Model (not complete yet)

etc.
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1.3.5 Targets

Any programming language that supports arithmetic and a textual representa-
tion of programs can be targeted by O’Caml. The implementations translate the
abstract expressions derived by Fusion to expressions in the target (section 15,
p. 564).

Targets. Fortran : Fortran95 language implementation, calling subrou-
tines

Other targets could come in the future: C, C++, O’Caml itself, symbolic manip-

ulation languages, etc.

1.8.6  Applications
(section 18, p. 688)

1.4 The Big To Do Lists
1.4.1 Required

All features required for leading order physics applications are in place.

1.4.2  Useful

1. select allowed helicity combinations for massless fermions
2. Weyl-Van der Waerden spinors

speed up helicity sums by using discrete symmetries
general triple and quartic vector couplings

5. diagnostics: count corresponding Feynman diagrams more efficiently for
more than ten external lines

6. recognize potential cascade decays (7, b, etc.)

e warn the user to add additional

e kill fusions (at runtime), that contribute to a cascade
7. complete standard model in R¢-gauge

8. groves (the simple method of cloned generations works)

1.4.8 Future Features

1. investigate if unpolarized squared matrix elements can be calculated faster
as traces of densitiy matrices. Unfortunately, the answer apears to be no
for fermions and up to a constant factor for massive vectors. Since the
number of fusions in the amplitude grows like 10"/2, the number of fusions
in the squared matrix element grows like 10”. On the other hand, there
are 27fermions+#fmassless vectors . gffmassive vectors torne in the helicity sum,
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which grows slower than 10™/2. The constant factor is probably also not
favorable. However, there will certainly be asymptotic gains for sums over
gauge (and other) multiplets, like color sums.

. compile Feynman rules from Lagrangians

. evaluate amplitues in O’Caml by compiling it to three address code for a
virtual machine

type mem = scalar array X spinor array X spinor array X vector array
type instr =

— VSS of int x int x int

— SVS of int x int x int

— AVA of int x int x int

this could be as fast as [1] or [2].

. a virtual machine will be useful for for other target as well, because native
code appears to become to large for most compilers for more than ten
external particles. Bytecode might even be faster due to improved cache
locality.

. use the virtual machine in O’Giga

1.4.4 Science Fiction

. numerical and symbolical loop calculations with O’TERA: O’MEGA TooOL
FOR EVALUATING RENORMALIZED AMPLITUDES



S

TUPLES AND POLYTUPLES

2.1 Interface of Tuple

The Tuple. Poly interface abstracts the notion of tuples with variable arity. Sim-
ple cases are binary polytuples, which are simply pairs and indefinite polytuples,
which are nothing but lists. Another example is the union of pairs and triples.
The interface is very similar to List from the O’Caml standard library, but the
Tuple.Poly signature allows a more fine grained control of arities. The latter
provides typesafe linking of models, targets and topologies.

module type Mono =

sig
type a ¢

val arity : ot — int
val max_arity : int

val compare : (& = a — int) - at = at — int
val for_all : (« — bool) — at — bool

valmap : (¢ —» fB) - at — Bt

val iter : (o« — wunit) — at — unit

val fold_left : (a« - 8 = a) > a = ft = «
val fold_right : (&« — 8 — B) = at - 8 —

We have applications, where no sensible intial value can be defined:

val fold_left_internal : (o — a — «a) > at = «
val fold_right_internal : (¢ - a = a) = at = «

val map2 @ (o - B8 — v) = at - Bt = vt
val split : (o X B)t - at x Bt
The distributive tensor product expands a tuple of lists into list of tuples, e. g. for
binary tuples:
product ([x1; @2, [y1:92]) = [(21,91); (21, 92); (w2, 91); (w2, y2)] (2.1)

NB: product-fold is usually much more memory efficient than the combination
of product and List.fold _right for large sets.

val product : o listt — « t list
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val product_fold : (ot — 8 — B) — alistt - f —

For homogeneous tuples the power function could trivially be built from product,
e.g.:

power [r1; T3] = product ([z1; 2], [T1; 72]) = [(21, 21); (21, ¥2); (22, ¥1); (22, 2)]
(2.2)
but it is also well defined for polytuples, e.g. for pairs and triples

power [x1; T2] = product ([x1; x2], [x1; x2]) U product ([x1; x2], [T1; 2], [x1; 22])
(2.3)
For tuples and polytuples with bounded arity, the power and power_fold func-
tions terminate. In polytuples with unbounded arity, the the power function al-
ways raises No_termination. power_fold also raises No_termination, but could
be changed to run until the argument function raises an exception. However, if
we need this behaviour, we should implemente power_iter instead.

val power : « list - ot list
val power_fold : (at - 8 — B) = alist > f —

We can also identify all (poly)tuples with permuted elements and return only
one representative, e. g.:

sym_power [x1; 2] = [(z1,21); (21, 72); (v2, 72)] (2.4)

NB: this function has not yet been implemented, because O’Mega only needs
the more efficient special case graded-sym_power.

If a set X is graded (i.e. there is a map ¢ : X — N, called rank below), the
results of power or sym_power can canonically be filtered by requiring that the
sum of the ranks in each (poly)tuple has one chosen value. Implementing such
a function directly is much more efficient than constructing and subsequently
disregarding many (poly)tuples. The elements of rank n are at offset (n — 1)
in the array. The array is assumed to be immutable, even if O’Caml doesn’t
support immutable arrays. NB: graded_power has not yet been implemented,
because O’Mega only needs graded _sym_power.

type a graded = « list array
val graded_sym_power : int — « graded — ot list
val graded_sym_power_fold : int - ('t — f — B) — « graded —

B =B

We hope to be able to avoid the next one in the long run, because it mildly
breaks typesafety for arities. Unfortunately, we’re still working on it ...

val to_list : ot — « list

The next one is only used for Fermi statistics below, but can not be imple-
mented if there are no binary tuples. It must be retired as soon as possible.

val of2_kludge : a« - a — «a't

val res : RCS.t
end
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module type Poly =
sig
include Mono
exception Mismatched _arity
exception No_termination
end

module type Binary =
sig
include Poly (* should become Mono! *)
val of2 : @ - a = a't
end
module Binary : Binary

module type Ternary =
sig
include Mono
val of3 : o - a - a = a't
end
module Ternary : Ternary

type « pair_or_triple = T2 of @ x a | T3 of @ X a X«

module type Mized23 =
sig
include Poly
valof2 : a@ - a — «at
valof3 : a - a - a - at

end
module Mized23 : Mixed23

module type Nary =

sig
include Poly
val of2 : @ - a = a't
val of3 : a@ - a - a = a't
val of _list : « list > «t
end
module Unbounded_Nary : Nary

module type Bound = sig val max_arity : int end
module Nary (B : Bound) : Nary

@ For compleneteness sake, we could add most of the List signature

e val length : ot — int

evalhd : at = «

evalnth : at — int > «

evalrev : at — at

e val rev_map : (@ — B) - at — Bt

o valiter2 : (¢ — f — unit) - at — [t — unit
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e val rev_map2 : (¢ - B = v) = at = St = vt

e val fold_left2 : (¢ - 8 = v > a) > a = ft > vt = «

e val fold_right2 : (¢ = f = v = 7) = at = ft = v = v

e val exists : (¢ — bool) — at — bool

e val for_all2 : (&« — B — bool) - at — Bt — bool

o val ezxists2 : (¢ — B — bool) - at — Bt — bool
e val mem : a - at — bool
e val memq : @« - at — bool

e val find : (@ = bool) = at = «

e val find_all : (&« — bool) — at — «list
e val assoc : o = (o x B)t — B
evalassg : a = (a x B)t —»

e val mem_assoc : a« — (a x B)t — bool
e val mem_assq : o — (a x )t — bool
e val combine : at - Bt — (a x f)t
eval sort : (¢ - a — int) > at = at

e val stable_sort : (¢ —» a — int) - at - at

but only if we ever have too much time on our hand ...

2.2 Implementation of Tuple

let res_file = RCS.parse "Tuple" ["Tuples_ of_ fixed and indefinite arity"|

{ RCS.revision = "$Revision: 4926, $";
RCS.date = "$Date: ,2013-12-04,,13:35:06,_,+0100,,(Wed, ,04_Dec.,2013)$";
RCS.author = "$Author: jr_reuter $";
RCS.source

= "$URL:_svn+ssh://jr_reuter@login.hepforge.org/hepforge/svn/whizard/trunk/omega/s:

module type Mono =
sig

type o ¢
val arity : at — int
val max_arity : int
val compare : (& = a — int) - at - at — int
val for_all : (¢ — bool) — at — bool
valmap : (¢ —» 8) - at — Bt
val iter : (@« — wunit) — at — unit
val fold_left : (¢ - B8 — a) - a —» Bt = «
val fold_right : (o — B at - f = B
val fold_left_internal : (« @ a) > at - «
val fold_right_internal : (¢ - a — a) = at = «
val map2 @ (¢ - 8 — v) = at - Bt = vt
val split : (o x B)t - at x Bt

— —
- a —
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val product : o listt — « t list
val product_fold : (ot — B — B) = alistt - f — f
val power : « list = « t list
val power_fold : (et — 8 — B) = alist > 8 —
type a graded = « list array
val graded_sym_power : int — « graded — o« t list
val graded_sym_power_fold : int - ('t — B — B) — « graded —
g — B
val to_list : at — « list
val of2_kludge : @ — o — a't
val res : RCS.t
end

module type Poly =
sig
include Mono
exception Mismatched -arity
exception No_termination
end

2.2.1 Typesafe Combinatorics

Wrap the combinatorical functions with varying arities into typesafe functions
with fixed arities. We could provide specialized implementations, but since
we know that Impossible is never raised, the present approach is just as good
(except for a tiny inefficiency).

exception Impossible of string
let impossible name = raise (Impossible name)

let choose2 set =
List.map (function [z; y] — (z, y) | - — impossible "choose2")
(Combinatorics.choose 2 set)

let choose3 set =
List.map (function [z; y; 2] — (z, y, z) | - — impossible "choose3")
(Combinatorics.choose 3 set)

2.2.2 Pairs

module type Binary =
sig
include Poly (* should become Mono! *)
val of2 : @ - a = a't
end

module Binary =

struct
let rcs = RCS.rename rcs-file "Tuple.Binary" ["Pairs"]
typeat = a X «

10
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let arity - = 2
let max_arity = 2

let of2 x y = (z, y)

let compare cmp (x1, y1) (22, y2) =
let cx = cmp x1 x2 in
if cx # 0 then
cx
else
cmp yl y2
let for_all p (z, y) = pz A py
let map f (z, y) = (f =z, fy)
let iter f (z, y) = fax; fy
let fold_left f init (z, y) = f (f init z) y
let fold_right f (z, y) init = f x (f y init)
let fold_left_internal f (z, y) = fzy
let fold_right_internal f (z, y) = fzy

exception Mismatched —arity
let map2 f (x1, y1) (22, y2) = (f =1 22, f y1 y2)

let split (1, x2), (y1, y2)) = ((z1, y1), (22, y2))

let product (lz, ly) =
Product.list2 (funzy — (z, y)) lz ly
let product_fold f (lx, ly) init =
Product.fold2 (funz y — f (z, y)) lz ly init

let power | = product (I, 1)
let power_fold f | = product_fold f (I, 1)

In the special case of binary fusions, the implementation is very concise.
type a graded = « list array

let fuse2 f set (i, j) acc =

if ¢ = 7 then
List.fold_right (fun (z, y) — f z y) (choose2 set.(pred i)) acc
else

Product.fold2 f set.(pred i) set.(pred j) acc

let graded_sym_power_fold rank f set acc =
let max_rank = Array.length set in
List.fold_right (fuse2 (funz y — f (of2 x y)) set)
(Partition.pairs rank 1 maz_rank) acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = [z; Y]
let of2_kludge = of2

exception No_termination
end

11
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2.2.8 Triples

module type Ternary =
sig
include Mono
val of3 : o - a - a = a't
end

module Ternary =

struct
let rcs = RCS.rename rcs_file "Tuple.Ternary" ["Triples"|
typeat = a X a X «
let arity - = 3
let max_arity = 3

let of3 z y z = (z, y, 2)

let compare cmp (x1, y1, 21) (22, y2, 22) =
let cx = cmp x1 22 in
if cx # 0 then
cx
else
let cy = cmp yl y2 in
if cy # 0 then
cy
else
cmp z1 22

let for_all p (z, y, 2) = px A py A pz

let map f (z, y, 2) = (fz fy, [2)

let iter f (z, y, 2) = fa; fy; [z

let fold_left f init (z, y, z) = f (f (f init z) y) 2
let fold_right f (z, y, z) init = fx (f y (f 2z init))
let fold_left_internal f (z, y, z) = f (f z y) 2

let fold_right_internal f (z, y, z) = [z (f y 2)

exception Mismatched _arity
let map2 f (a1, y1, 21) (22, y2, 22) = (f =1 22, f yl y2, f 21 22)
let split ((z1, a2), (y1, y2), (21, 22)) = ((¢1, yl, 21), (22, y2, 22))
let product (lx,ly,lz) =

Product.list8 (funz y z — (z, y, 2)) lx ly Iz
let product_fold f (lz, ly, lz) init =

Product.fold3 (funz y z — f (z, y, 2)) lz ly Iz init

let power | = product (I, 1, 1)
let power_fold f I = product_fold f (1, I, 1)

type a graded = « list array

let fuseld f set (i, j, k) acc =
if # = j then begin
if 7 = k then

12
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List.fold_right (fun (z, y, 2) — f x y z) (choose3 set.(pred 1)) acc
else
Product.fold2 (fun (z, y) 2z — fzy z)
(choose2 set.(pred 1)) set.(pred k) acc
end else begin
if j = k then
Product.fold2 (fun z (y, z) — fz y 2)
set.(pred i) (choose2 set.(pred j)) acc
else
Product.fold3 (funzyz — fxy 2)
set.(pred i) set.(pred j) set.(pred k) acc
end

let graded_sym_power_fold rank f set acc =
let max_rank = Array.length set in
List.fold_right (fuse3 (funz y z — f (of3 z y z)) set)
(Partition.triples rank 1 max_rank) acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let of2_kludge - = failwith "Tuple.Ternary.of2_kludge"
let to_list (z, y, z) = [z; y; 2]

end

2.2.4  Pairs and Triples

type « pair_or_triple = T2 of a x a | T3 of & X a X«

module type Mized23 =
sig
include Poly
val of2 : o - a — at
val of8 : @ - a - a = at
end

module Mized23 =
struct
let rcs = RCS.rename rcs_file "Tuple.Mixed23"
["Mixed, pairs,and triples"]

type a t = « pair_or_triple
let arity = function

| T2 - — 2

| T3 - = 3
let maz_arity = 3

let of2 2y = T2 (z, y)
let of3 .y z = T3 (z, y, 2)

let compare cmp m1 m2 =
match m1, m2 with

13
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| T2 ., T9 . — —1
| T9 ., T2 - > 1
| T2 («1, y1), T2 (22, y2) —

let cx = cmp x1 x2 in
if cx # 0 then
cx
else
cmp yl y2
| T3 (x1, yl1, z1), T3 (22, y2, 22) —
let cx = cmp z1 x2 in
if cx # 0 then
cx
else
let cy = cmp yl y2 in
if cy # 0 then
cy
else
cmp z1 22

let for_all p = function
| T2 (z, y) = pxz Apy
| T3 (z, y,2) = px ANpy Apz

let map f = function
| T2 (z, y) = T2 (f =, fy)
| T8 (z, y, 2) = T3 (fa, [y, [2)

let iter f = function

| T2 (z, y) = fa; fy

| T3 (2, y, z2) = [z fy [
let fold_left f init = function

| T2 (z, y) — f (finitz)y
| T3 (z, y, 2) = f(f (finit ) y) 2

let fold_right f m init =
match m with
| T2 (z, y) — [z (fyinit)
| T3 (z, y, 2) = fa(fyl(fzini))

let fold_left_internal f m =
match m with
| T2 (z, y) = fzy
| T3 (z, y, 2) = f(fzy)z

let fold _right_internal f m =
match m with
| T2 (z, y) = fzy
| T3 (z, y, z2) = fz(fy2)
exception Mismatched_arity
let map2 f m1 m2 =

match m1, m2 with
| T2 («1, y1), T2 (22, y2) — T2 (f =1 22, f yl y2)

14
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| T8 (z1, y1, 21), T3 (22, y2, 22) — T3 (f =1 22, f yl y2, [ z1 22)
| T2 _, T8 _ | T8 -, T2 _ — raise Mismatched _arity

let split = function
| T2 ((«1, 22), (y1, y2)) — (T2 (21, y1), T2 (2, y2))
| T3 ((z1, 22), (y1, y2), (21, 22)) — (T8 (x1, y1, 21), T3 (22, y2, 22))

let product = function

| T2 (lz, ly) — Product.list?2 (funzy — T2 (z, y)) lx ly

| T3 (lz, ly, lz) — Product.list? (funxyz — T3 (z, y, 2)) lx ly Iz
let product_fold f m init =

match m with

| T2 (lz, ly) — Product.fold2 (funzy — f (T2 (z, y))) lz ly init

| T3 (lz, ly, Iz) —

Product.fold3 (funz y z — f (T8 (z, y, 2))) lz ly Iz init

exception No_termination

let power_fold f | init =

product_fold f (T2 (1, 1)) (product_fold f (T3 (I, I, 1)) init)
let power | =

power_fold (fun m acc — m = acc) 1 []

type a graded = « list array

let graded_sym_power_fold rank f set acc =
let maz_rank = Array.length set in
List.fold_right (Binary.fuse2 (fun z y — f (of2 z y)) set)
(Partition.pairs rank 1 mazx_rank)
(List.fold _right (Ternary.fuse3 (funz y z — f (of8 z y 2)) set)
(Partition.triples rank 1 maz_rank) acc)

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list = function
| T2 (z, y) — [z; y]
| T8 (z, y, 2) — [z; y; 2]

let of2_kludge = of2

end

2.2.5 ... and All The Rest

module type Nary =
sig
include Poly
val of2 : @ - a = a't
val of3 : o - a - a = a't
val of _list : « list > «t
end

module Nary (A : sig val maz_arity : int end) =
struct

15
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let recs = RCS.rename rcs_file "Tuple.Nary"
["Tupels of indefinite arity"]

typeat = a X « list

let arity (-, y) = succ (List.length y)
let maz_arity = A.max_arity

let of2 2y = (z, [y])
let of3 zy 2 = (z, [y; 2])
let of _list = function

Lz =y = (2, 9)
| [] = invalid_arg "Tuple.Nary.of_list:_ empty"

let compare cmp (x1, y1) (22, y2) =

let ¢ = cmp z1 22 in
if ¢ # 0 then

c
else

ThoList.compare ~cmp yl y2
let for_all p (z, y) = pa A List.for_all py

let map f (z, y) = (f =, List.map f y)
let iter f (z, y) = f x; List.iter f y
let fold_left f init (z, y) = List.fold_left f (f init z) y
let fold_right f (z, y) init = f x (List.fold_right f y init)
let fold_left_internal f (z, y) = List.fold_left f x y
let fold_right_internal f (z, y) =

match List.rev y with

| [] = =

| y0 :: y_sans_y0 —

f x (List.fold_right f (List.rev y_sans_y0) y0)

exception Mismatched _arity
let map2 f (x1, y1) (22, y2) =
try (f 1 x2, List.map2 f y1 y2) with
| Invalid_argument - — raise Mismatched_arity

let split ((z1, 22), y12) =
let y1, y2 = List.split y12 in
((z1, y1), (22, y2))

let product (zl, yl) =
Product.list (function
o5y = (@ 1)
| [] — failwith "Tuple.Nary.product") (al :: yl)
let product_fold f (zl, yl) init =
Product.fold (function
z oy o ()
| [] — failwith "Tuple.Nary.product_fold") (zl :: yl) init
let bounded -power_fold f | init =
List.fold_right (fun n — product_fold f (I, ThoList.clone (pred n) 1))
(ThoList.range 2 A.maz_arity) init

16
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let bounded -power | =
bounded _power _fold (fun t acc — t :: acc) l[]

exception No_termination
let unbounded _power_fold f | init = raise No_termination
let unbounded_power | = raise No_termination

let power_fold, power =
if A.maz_arity > 0 then
(bounded -power _fold, bounded_power)
else
(unbounded _power_fold, unbounded_power)

type a graded = « list array

let fuse_n f set partition acc =
let choose (n, ) =
Printf.printf "chose: n=%d_r=Y%d_len=%d\n"
n 1 (List.length set.(pred r));
Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

let fuse_n f set partition acc =
let choose (n, 1) = Combinatorics.choose n set.(pred r) in
Product.fold (fun wfs — f (List.concat wfs))
(List.map choose (ThoList.classify partition)) acc

graded _sym_power _fold is well defined for unbounded arities as well: derive
a reasonable replacement from set. The length of the flattened set is an
upper limit, of course, but too pessimistic in most cases.

let graded_sym_power_fold rank f set acc =
let max_rank = Array.length set in
let degrees = ThoList.range 2 maz_arity in
let partitions =
ThoList.flatmap
(fun deg — Partition.tuples deg rank 1 maz_rank) degrees in
List.fold_right (fuse_n (fun wfs — f (of _list wfs)) set) partitions acc

let graded_sym_power rank set =
graded _sym_power_fold rank (fun pair acc — pair :: acc) set []

let to_list (z, y) = = =y
let of2_kludge = of2

end
module type Bound = sig val maz_arity : int end
module Unbounded_Nary = Nary (struct let maz_arity = —1 end)

17
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TOPOLOGIES

3.1 Interface of Topology

module type T =
sig
partition is a collection of integers, with arity one larger than the arity of

a children below. These arities can one fixed number corresponding to ho-
mogeneous tuples or a collection of tupes or lists.

type partition

partitions n returns the union of all [ny;ne;...;ng) with 1 <n; <ng < ... <
ng < [n/2] and

d

i=1

for d from 3 to dpax, Where dpyax is a fixed number for each module implemen-
tating T. In particular, if type partition = int X int X int, then partitions n
returns all (nq,ne,n3) with ny < ny < ng and ny + ng + ng = n.

val partitions : int — partition list
A (poly)tuple as implemented by the modules in Tuple:
type a children

keystones externals returns all keystones for the amplitude with external states
externals in the vanilla scalar theory with a

> ot (3.2)

3<k<dmax
interaction. One factor of the products is factorized. In particular, if
type « children = « Tuple.Binary.t = a X «,

then keystones externals returns all keystones for the amplitude with external
states externals in the vanilla scalar A@3-theory.

val keystones : « list = (« list x « list children list) list

The maximal depth of subtrees for a given number of external lines.
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val maz_subtree : int — int
Only for diagnostics:

val inspect_partition : partition — int list
val res : RCS.t
end

module Binary : T with type a children = « Tuple.Binary.t
module Ternary : T with type a children = o Tuple.Ternary.t
module Mized23 : T with type « children = o Tuple. Mixed23.t
module Nary : functor (B : Tuple.Bound) —

(T with type « children = « Tuple.Nary(B).t)

3.1.1 Diagnostics: Counting Diagrams and Factorizations for
> n A"

The number of diagrams for many particles can easily exceed the range of native
integers. Even if we can not calculate the corresponding amplitudes, we want to
check combinatorical factors. Therefore we code a functor that can use arbitray
implementations of integers.

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) :t =t = ¢
val (=) 1t = ¢t = ¢
val (x )+t =t = ¢
val (/) :t =t = ¢
val pred : t — t

val succ : t — t

val (=) : t = t — bool
val (# ) : t = t — bool
val ( < ) : t = ¢t — bool
val ( <) : t > t — bool
val ( > ) : t = ¢t — bool
val (> ) : t = t — bool
val of _int : int — t

val to_int : t — int

val to_string : t — string
val compare : t — t — int
val factorial : t — t

end
Of course, native integers will provide the fastest implementation:
module Int : Integer

module type Count =

sig
type integer
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diagrams f d n returns the number of tree diagrams contributing to the n-point
amplitude in vanilla scalar theory with

> ot (3.3)
3<k<dAf(k)
interaction. The default value of f returns true for all arguments.

val diagrams : 7f : (integer — bool) — integer — integer — integer
val diagrams_via_keystones : integer — integer — integer

1 1 ny+ng+...+ng
(3.4)
S(nk,n —nk) S(ni,na, ..., nk) ni,N2,...,Ng

val keystones : integer list — integer

diagrams_via_keystones d m must produce the same results as diagrams d n.
This is shown explicitely in tables 3.2, 3.3 and 3.4 for small values of d and n.
The test program in appendix S can be used to verify this relation for larger
values.

val diagrams_per_keystone : integer — integer list — integer
end

module Count : functor (I : Integer) — Count with type integer = 1.1

3.1.2  Emulating HELAC

We can also proceed 4 la [2].

module Helac : functor (B : Tuple.Bound) —
(T with type « children = « Tuple.Nary(B).t)

The following has never been tested, but it is no rocket science and should
work anyway ...

module Helac_Binary : T with type a children = o Tuple.Binary.t

3.2 Implementation of Topology

let res_file = RCS.parse "Topology" ["Topologies"|

{ RCS.revision = "$Revision: 4926, $";
RCS.date = "$Date: ,2013-12-04,,13:35:06,,+0100,,(Wed, 04, Dec 2013) $";
RCS.author = "$Author: jr_reuter, $";
RCS .source

= "$URL: svn+ssh://jr_reuter@login.hepforge.org/hepforge/svn/whizard/trunk/omega/s:

module type T =
sig
type partition
val partitions : int — partition list
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n | partitions n

4| (1,1,2)

51 (1,2,2)

6 | (1,2,3), (2,2,2)

71 (1,3,3), (2,2,3)

8 | (134), (2.24), (2,3.3)

9| (1,4,4), (2,3,4), (3,3,3)

10 | (1,4,5), (2,3,5), (2,4,4), (3,3,4)

11 | (1,5,5), (2,4,5), (3,3,5), (3,4,4)
12 | (1,5,6), (2,4,6), (2,5,5), (3,3,6), (3,4,5), (4,4,4)
13 | (1,6,6), (2,5,6), (3,4,6), (3,5,5), (4,4,5)

14 1 (1,6,7), (2,5,7), (2,6,6), (3,4,7), (3,5,6), (4,4,6), (4,5,5)
15 | (1,7,7), (2,6,7), (3,5,7), (3,6,6), (4,4,7), (4,5,6), (5,5,5)
16 | (1,7,8), (2,6,8), (2,7,7), (3,5,8), (3,6,7), (4,4,8), (4,5,7), (4,6,6), (5,5,6)

Table 3.1:  partitions n for moderate values of n.

type « children
val keystones : « list — (« list x « list children list) list
val maz_subtree : int — int
val inspect_partition : partition — int list
val res : RCS.t
end

3.2.1 Factorizing Diagrams for ¢3

module Binary =

struct
let rcs = RCS.rename rcs_file "Topology.Binary"
["phi**3 topology"]
type partition = int X int X int
let inspect_partition (n1, n2, n3) = [nl; n2; n3]

One way [1] to lift the degeneracy is to select the vertex that is closest to the
center (see table 3.1):

partitions : n — {(nl,ng,ng) [ni4+na+ns =nAn; <ng <ng< Ln/2j} (3.5)

Other, less symmetric, approaches are possible. The simplest of these is: choose
the vertex adjacent to a fixed external line [2]. They will be made available for
comparison in the future.

An obvious consequence of ny + ns +ng =n and n; < ng <ngisny < [n/3]:

let rec partitions’ n nl =
if n1 > n /3 then

[]

else
List.map (fun (n2, n8) — (ni, n2, n3))

21



Implementation of Topology

B/

Figure 3.1: Topologies with a blatant three-fold permutation symmetry, if the
number of external lines is a multiple of three

Figure 3.2: Topologies with a blatant two-fold symmetry.

(Partition.pairs (n — n1) nl (n / 2)) Q partitions’ n (succ nl)

let partitions n = partitions’ n 1

type a children = « Tuple.Binary.t

There remains one peculiar case, when the number of external lines is even
and ng = ny +ng (cf. figure 3.3). Unfortunately, this reflection symmetry is not
respected by the equivalence classes. E. g.

{1}{2.3}{4.5,6} — {{4}{5,6}{1,2,3};{5}{4,6}{1,2,3};{6}{4,5}{1,2,3(}} |

3.6

However, these reflections will always exchange the two halves and a represen-

tative can be chosen by requiring that one fixed momentum remains in one half.

We choose to filter out the half of the partitions where the element p appears
in the second half, i.e. the list of length n3.

FAN K AN

Figure 3.3: If ng = ny + no, the apparently asymmetric topologies on the left
hand side have a non obvious two-fold symmetry, that exchanges the two halves.
Therefore, the topologies on the right hand side have a four fold symmetry.
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n (271—5)” ZN(m,ng,ng)
4 313-(1,1,2)
5 15 | 15-(1,2,2)
6 105 | 90-(1,2,3) +15-(2,2,2)
7 945 | 630 - (1,3,3) + 315 - (2,2,3)
8 10395 | 6300 - (1,3,4) + 1575 - (2,2,4) + 2520 - (2,3,3)
9 135135 | 70875 - (1,4,4) + 56700 - (2,3,4) + 7560 - (3,3, 3)
10 2027025 | 992250 - (1,4, 5) + 396900 - (2,3,5)
+ 354375 - (2,4,4) + 283500 - (3,3,4)
11 | 34459425 | 15280650 - (1,5,5) + 10914750 - (2,4, 5)
+ 4365900 - (3,3,5) + 3898125 - (3,4,4)
12 | 654729075 | 275051700 - (1,5, 6) + 98232750 - (2,4, 6)
+ 91683900 - (2, 5 5) + 39293100 - (3,3, 6)
+ 130977000 - (3,4,5) + 19490625 - (4,4, 4)

Table 3.2: Equation (3.9) for small values of n.

Finally, a closed expression for the number of Feynman diagrams in the
equivalence class (ni,na,n3) is

3
(n1 4+ no + ng)! 2n1—3
N 3.7
(n1,n2,n3) = S(n1,n2,n3) };[1 (3.7)
where the symmetry factor from the above arguments is
3! for n1 = no = ng
2.2 forng=2n; =2
S(n1,n2,n3) = ot s = S = S (3.8)
2 for n1 = n9 Vng = ns
2 for ny + ng = ng
Indeed, the sum of all Feynman diagrams
Z N(ni,nz2,n3) = (2n — 5)!! (3.9)
ni+nst+nz=n
1<n1<na<nz<|[n/2]

can be checked numerically for large values of n = ny + ny + ng, verifying the
symmetry factor (see table 3.2).

P. M. claims to have seen similar formulae in the context of Young tableaux.
That’s a good occasion to read the new edition of Howard’s book ...

Return a list of all inequivalent partitions of the list [ in three lists of length
nl, n2 and nd, respectively. Common first lists are factored. This is nothing
more than a typedafe wrapper around Combinatorics.factorized_keystones.

exception Impossible of string
let tuple_of _list2 = function
| [z1; 2] — Tuple.Binary.of2 x1 x2
| - — raise (Impossible "Topology.tuple_of_list")
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Figure 3.4: Degenerate (1,1,1,3) and (1,2, 3).

let keystone (n1, n2, n3) 1 =
List.map (fun (p1, p23) — (pl1, List.rev_map tuple_of _list2 p23))
(Combinatorics.factorized _keystones [n1; n2; n3] 1)

let keystones | =
ThoList.flatmap (fun n123 — keystone n123 1) (partitions (List.length 1))

let maz_subtree n = n /2

end

3.2.2  Factorizing Diagrams for »_, A, ¢"

Mixed ¢™ adds new degeneracies, as in figure 3.4. They appear if and only if
one part takes exactly half of the external lines and can relate central vertices
of different arity.

module Nary (B : Tuple.Bound) =
struct
let res = RCS.rename res_file "Topology.Nary"
["phi**n topology"]

type partition = int list
let inspect_partition p = p

let partition d sum =
Partition.tuples d sum 1 (sum / 2)

let rec partitions’ d sum =
if d < 3 then

[]

else
partition d sum Q partitions’ (pred d) sum

let partitions sum = partitions’ (succ B.maz_arity) sum

module Tuple = Tuple.Nary(B)
type a children = o Tuple.t

let keystones’ | =
let n = List.length [ in
ThoList.flatmap (fun p — Combinatorics.factorized _keystones p 1)
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n > >
1 41-(,,,)+3(112)
5 25 | 10+ (1,1,1,2) + 15+ (1,2,2)
6 220 | 40 (1,1,1,3) +45- (1,1,2,2) + 120 - (1,2,3) + 15 - (2,2,2)
7 2485 | 840 - (1, ,3)+105 (1,2,2,2) + 1120 - ( ,3,3)+420-(2,2,3)
8 34300 | 5250 - (1,1,2,4) + 4480 - (1, 1,3,3) + 3360 - (1,2,2,3)
+105-(2,2,2,2) + 14000 - (1,3, 4)
+ 2625 - (2,2,4) 4+ 4480 - (2, 3,3)
9 559405 | 126000 - (1,1,3,4) 4+ 47250 - (1,2,2,4) + 40320 - (1,2,3,3)
+ 5040 - (,2,2, 3) 4+ 196875 - (1,4,4)
+ 126000 - (2,37 4) +17920 - (3,3,3)
10 | 10525900 | 1108800 - (1,1,3 5) + 984375 - (1, 1,4, 4) + 415800 - (1,2,2,5)
+ 1260000 - (, )+1792OO (1,3,3,3) + 78750 - (2,2,2,4)
+ 100800 - (2,2,3,3)+3465000 (1,4,5) + 1108800 - (2, 3,5)
+ 984375 - (2,4,4) 4+ 840000 - (3,3,4)
Table 3.3: £ = A\3¢> + \y*
n >
4 4 1-(,L,1,1)+3-(1,1,2)
5 26 | 1-(1,1,1,1,1)+10- (1,1,1,2) + 15 (1,2,2)
6| 236 1.(1,1,1,1,1 1)+15-(1,1,1,1,2) +40 - (1,1,1,3)
+45-(1,1,2,2) +120 - (1,2,3) + 15 - (2,2,2)
7| 2751 | 21-(1,1,1,1,1,2) + 140 (1,1,1,1,3) + 105 - (1,1,1,2,2)
+840-(1,1,2,3) +105-(1,2,2,2) + 1120 - (1,3,3) + 420 - (2,2, 3)
8 | 39179 | 224+ (1,1,1,1,1,3) +210- (1, 1,1,1,2,2) + 910 - (11,1, 1, 4)
+2240- (1,1,1,2,3) 4+ 420 - (1,1,2,2,2) + 5460 - (1, 1,2, 4)
+ 4480 - (1,1,3,3) + 3360 - (1,2 2,3)+105 (2,2,2,2)
+ 14560 - (1,3,4) 4+ 2730 - (2,2,4) + 4480 - (2,3, 3)

Table 3.4: L = )\3(153 + )\4¢4 + )\5(1)5 + )\6¢6
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(partitions n)

let keystones | =
List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)

let maz_subtree n = n /2
end

module Nary/ = Nary (struct let maz_arity = 3 end)

3.2.8 Factorizing Diagrams for ¢*

module Ternary =

struct
let rcs = RCS.rename rcs_file "Topology.Ternary"
["phi**4 topology"]
let res = res_file
type partition = int X int X int X int

let inspect_partition (nl, n2, n3, n4) = [nl; n2; ng; n4]
type a children = o Tuple.Ternary.t

let collect/ acc = function
| [z; y; 23 u] = (2, vy, 2, u) = acc
| - — acc

let partitions n =
List.fold_left collectf [] (Nary/.partitions n)

let collect3 acc = function
| [z; y; 2] — Tuple.Ternary.of8 x y z == acc
| - = acc

let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collects [] kets))
(Nary4 .keystones’ 1)
let max_subtree = Nary4.maz_subtree
end

3.2.4 Factorizing Diagrams for ¢* + ¢*

module Mized23 =
struct
let rcs = RCS.rename rcs_file "Topology.Mixed23"
["phi**3 +_ phix**4 topology"]
type partition =
| P3 of int x int x int
| P4 of int x int x int X int
let inspect_partition = function
| P3 (nl, n2, n8) — [nl; n2; n3]
| P4 (n1, n2, n3, n4) — [nl; n2; n3; n4|
type «a children = « Tuple.Mized23.t
let collect3} acc = function
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| [z; y; 2] = P3 (z, y, 2) = acc
| [2; y; 25 u| = P4 (z, 9y, z, u) = acc
| - — acc
let partitions n =
List.fold_left collect34 []| (Nary4.partitions n)
let collect23 acc = function
| [2; y] — Tuple.Mized23.0f2 z y :: acc
| [2; y; 2] = Tuple.Mized23.0f3 © y z :: acc
| - — acc
let keystones | =
List.map (fun (bra, kets) — (bra, List.fold_left collect23 [] kets))
(Nary4 .keystones’ 1)
let max_subtree = Nary4.max_subtree
end

3.2.5 Diagnostics: Counting Diagrams and Factorizations for

D0 A"

module type Integer =
sig
type ¢
val zero : t
val one : t

val (+ ) 1t >t > ¢
val (=) 1t =t =t
val ( x )t t =t >t
val (/) «t =t = ¢

val pred : t — t

val succ @ t —

val (=) : t > t — bool
val ( # ) : t = ¢t — bool
val ( < ) : t = ¢t — bool
val ( <) : t - t — bool
val (> ) : t = ¢t — bool
val (> ) : t > t — bool
val of _int : int — t

val to_int : t — int

val to_string : t — string
val compare : t — t — int
val factorial : t — t

end

O’Caml’s native integers suffice for all applications, but in appendix S, we want
to use big integers for numeric checks in high orders:

module Int : Integer =

struct
type t = int
let zero = 0
let one = 1
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et (+) =(+)
let (=) =(-)
et (x ) = ( x)

\_/X

let (/) = (/

let pred = pred
let succ = succ

— N

I I
o~ ——~——
S 3IVVIAAIKI

— —

IV VIA A

let of _int n

let to_int n =

let to_string = string_of _int

let compare = compare

let factorial = Combinatorics.factorial
end

module type Count =

sig
type integer
val diagrams : ?f : (integer — bool) — inleger — integer — integer
val diagrams_via_keystones : integer — integer — integer
val keystones : integer list — integer
val diagrams_per_keystone : integer — integer list — integer

end

module Count (I : Integer) =

struct
let res = res_file
let description = ["(still_inoperational) phi n topology"]

type integer = I.t

open [

let two = of _int 2

let three = of —int 3

If 1.t is an abstract datatype, the polymorphic Pervasives.min can fail. Provide
our own version using the specific comparison “(<)”.

let min z y =
if z < y then
x
else
Yy

Counting Diagrams for Y Ap¢™

Classes of diagrams are defined by the number of vertices and their degrees. We
could use fixed size arrays, but we will use a map instead. For efficiency, we also
maintain the number of external lines and the total number of propagators.
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module IMap = Map.Make (struct type t = integer let compare = compare end)
type diagram_class = { ext : integer; prop : integer; v : integer IMap.t }

The numbers of external lines, propagators and vertices are determined by the
degrees and multiplicities of vertices:

E({ng,na,...}) =2+ _(d—2)ng (3.10a)
d=3
P({ng,na,..}) = na—1=V({ng,ng,...}) -1 (3.10D)
d=3
V({ns,ng,...}) = an (3.10¢)
d=3

let num_ext v =
List.fold_left (fun sum (d, n) — sum + (d — two) X n) two v

let num_prop v =
List.fold_left (fun sum (-, n) — sum + n) (zero — one) v

The sum of all vertex degrees must be equal to the number of propagator end
points. This can be verified easily:

2P({ns,na,...}) + E({ng,na,...}) = > _dng (3.11)
d=3

let add_degree map (d, n) =
if d < three then
invalid_arg "add_degree: d,<,3"
else if n < zero then
invalid_arg "add_degree: n <=,0"
else if n = zero then
map
else
IMap.add d n map

let create_class v =
{ ext = num_ext v;
Prop = num-_prop v;
v = List.fold_left add_degree IMap.empty v }

let multiplicity cl d =
if d > three then

try
IMap.find d cl.v
with
| Not_found — zero
else

invalid_arg "multiplicity: d,<.,3"

Remove one vertex of degree d, maintaining the invariants. Raises Zero if all
vertices of degree d are exhausted.
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exception Zero

let remove ¢l d =
let n = pred (multiplicity cl d) in
if n < zero then
raise Zero
else
{ext = clext — (d — two);
prop = pred cl.prop;
v = if n = zero then
IMap.remove d cl.v
else
IMap.add d n cl.v }

Add one vertex of degree d, maintaining the invariants.

let add cl d =
{ext = clext + (d — two);
prop = succ cl.prop;

v = IMap.add d (succ (multiplicity cl d)) cl.v }

Count the number of diagrams. Any diagram can be obtained recursively either
from a diagram with one ternary vertex less by insertion if a ternary vertex in
an internal or external propagator or from a diagram with a higher order vertex
that has its degree reduced by one:

D({ng,n4, .. }) =
(P({ns — 1,n4,...}) + E({ns — 1,n4,...})) D{ns — 1,ngq,...})

+) (na1 + 1)D({nz,na, . g1+ Lna—1,...3)  (3.12)
d=4

let rec class-size cl =
if cl.ext = two V cl.prop = zero then
one
else

IMap.fold (fun d _ s — class_size_n cl d + s) cl.v (class_size_3 cl)
Purely ternary vertices recurse among themselves:

and class_size_3 ¢l =

try

let d = remove cl three in

(d'.ext + d'.prop) x class_size d’
with

| Zero — zero

Vertices of higher degree recurse one step towards lower degrees:

and class_size_n cl d =
if d > three then begin
try
let d’ = pred d in
let eI’ = add (remove cl d) d' in
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multiplicity cl’ d’ x class_size cl’
with
| Zero — zero
end else
zero

Find all {ng,n4,...,nq} with

c

E({n37n4,...,nd})—2=Zl(i—2)ni = sum (3.13)
i=3

The implementation is a variant of tuples above.

let rec distribute_degrees’ d sum =
if d < three then
invalid_arg "distribute_degrees"
else if d = three then
[[(d, sum)]]
else
distribute_degrees” d sum (sum / (d — two))

and distribute_degrees” d sum n =
if n < zero then

[]

else
List.fold_left (fun lll — ((d, n) == 1) = )
(distribute_degrees” d sum (pred n))
(distribute_degrees’ (pred d) (sum — (d — two) x n))

Actually, we need to find all {ns,ng,...,nq} with

E({ns,n4,...,nq}) = sum (3.14)

let distribute_degrees d sum = distribute_degrees’ d (sum — two)

Finally we can count all diagrams by adding all possible ways of splitting the
degrees of vertices. We can also count diagrams where all degrees satisfy a
predicate f:

let diagrams ?(f = fun - — true) deg n =
List.fold_left (fun s d —
if List.for_all (fun (d', n') — f d" v n’ = zero) d then
s + class_size (create_class d)
else
s)

zero (distribute_degrees deg n)

The next two are duplicated from ThoList and Combinatorics, in order to use
the specific comparison functions.

let classify | =
let rec add_to_class a = function
| 1] = [ofint 1, a]
| (n, o) = rest —
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if a = a then
(succ n, a) :: rest
else
(n, @) = add_to_class a rest
in
let rec classify’ ¢l = function
[ [} =
| a = rest — classify’ (add_to_class a cl) rest
in

classify’ [] 1

let permutation_symmetry | =
List.fold_left (fun s (n, ) — factorial n x s) one (classify 1)

let symmetry | =
let sum = List.fold_left (+) zero [ in

if List.exists (fun z — two x z = sum) [ then
two X permutation_symmetry |
else

permutation_symmetry |

The number of Feynman diagrams built of vertices with maximum degree dax
in a partition Ny, = {ni,ne,...,nq} with n =ny + na +--- +ng and

F max> g 1
F(dmaxaNd,n) = i )

E&

3.15
|S(Ndn ‘O’ ng,n i:l ( )
with |S(NV)]| the size of the symmetric group of N, o(n,2n) = 2 and o(n,m) =1
otherwise.

let keystones p =
let sum = List.fold_left (+) zero p in
List.fold_left (fun acc n — acc / (factorial n)) (factorial sum) p
/ symmetry p

let diagrams_per_keystone deg p =
List.fold_left (fun acc n — acc X diagrams deg (succ n)) one p

We must find

Fldmasn) = Y > Fldmes M) (316)
d=3 N={n1i,nz,...,na}
nit+ne+--+ng=n
1<n1<ne < <ng<[n/2]

let diagrams_via_keystones deg n =
let module N = Nary (struct let maz_arity = to_int (pred deg) end) in
List.fold_left
(fun acc p — acc + diagrams_per_keystone deg p X keystones p)
zero (List.map (List.map of _int) (N.partitions (to_int n)))

end
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3.2.6 Emulating HELAC

In [2], one leg is singled out:

module Helac (B : Tuple.Bound) =
struct
let rcs = RCS.rename rcs_file "Topology.Helac"
["phi**n topology, Helac style"]
module Tuple = Tuple.Nary(B)

type partition = int list
let inspect_partition p = p

let partition d sum =
Partition.tuples d sum 1 (sum — d + 1)

let rec partitions’ d sum =
let d = pred d in
if d < 2then

[]

else
List.map (funp — 1 :: p) (partition d’ (pred sum)) @Q partitions’ d’ sum

let partitions sum = partitions’ (succ B.maz_arity) sum
type a children = « Tuple.t

let keystones’ | =
match [ with

| 1] =]

| head :: tail —
[({head),
ThoList.flatmap (fun p — Combinatorics.partitions (List.tl p) tail)
(partitions (List.length 1)))]

let keystones | =

List.map (fun (bra, kets) — (bra, List.map Tuple.of _list kets))
(keystones’ 1)

let max_subtree n = pred n
end

@ The following is not tested, but it is no rocket science either ...

module Helac_Binary =
struct
let rcs = RCS.rename rcs_file "Topology.Helac_Binary"
["phix**3 topology, Helac style"]

type partition = int X int X int
let inspect_partition (n1, n2, n8) = [nl; n2; n3]

let partitions sum =
List.map (fun (n2, n3) — (1, n2, n3))
(Partition.pairs (sum — 1) 1 (sum — 2))
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type a children = o Tuple.Binary.t

let keystones’ | =
match [ with
| {1 = [
| head :: tail —
[([head],
ThoList.flatmap (fun (=, p2, _) — Combinatorics.split p2 tail)
(partitions (List.length 1)))]

let keystones | =
List.map (fun (bra, kets) —
(bra, List.map (fun (z, y) — Tuple.Binary.of2 z y) kets))
(keystones’ 1)

let max_subtree n = pred n

end
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— 4

DIRECTED ACYCLICAL (GRAPHS

4.1 Interface of DAG

This datastructure describes large collections of trees with many shared nodes.
The sharing of nodes is semantically irrelevant, but can turn a factorial com-
plexity to exponential complexity. Note that DAG implements only a very
specialized subset of Directed Acyclical Graphs (DAGs).

If T'(n, D) denotes the set of all binary trees with root n encoded in D, while

O(n,D) = {(e1,n1,n}),..., (ex, g, n%)} (4.1)

denotes the set of all offspring of n in D, and tree(e,t,t’) denotes the binary
tree formed by joining the binary trees ¢ and ¢’ with the label e, then

T(n,D) = {tree(e;, t;, t;) | (ei,ti,t;) € {ex1} x T(n1,D) x T(n},D)U...
...U{ex} x T(ng, D) x T(ny,, D)} (4.2)

is the recursive definition of the binary trees encoded in D. It is obvious how
this definitions translates to n-ary trees (including trees with mixed arity).

4.1.1 Forests

We require edges and nodes to be members of ordered sets. The sematics of
compare are compatible with Pervasives.compare:

-1 forz<y
compare(z,y) =10 forz=y (4.3)
1 forz >y

Note that this requirement does not exclude any trees. Even if we consider only
topological equivalence classes with anonymous nodes, we can always construct
a canonical labeling and order from the children of the nodes. However, if
practical applications, we will often have more efficient labelings and orders at
our disposal.

module type Ord =
sig

type ¢
val compare : t — t — int
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end

A forest F' over a set of nodes and a set of edges is a map from the set of
nodes N, to the direct product of the set of edges E and the power set 2V of N
augmented by a special element L (“bottom”).

F:N = (Ex2Myu{Ll}

- {(e, ... (4.4)
1

The nodes are ordered so that cycles can be detected
VneN:F(n)=(ex)=Vn'€xz:n>n (4.5)

A suitable function that exists for all forests is the depth of the tree beneath a
node.

Nodes that are mapped to L are called leaf nodes and nodes that do not
appear in any F'(n) are called root nodes. There are as many trees in the forest
as there are root nodes.
module type Forest =

sig
module Nodes : Ord
type node = Nodes.t
type edge

A subset X C 2V of the powerset of the set of nodes. The members of X can
be be characterized by a fixed number of members (e. g. two for binary trees, as
in QED). We can also have mixed arities (e.g. two and three for QCD) or even
arbitrary arities. However, in most cases, the members of X will have at least
two members.

type children
This type abbreviation and order allow to apply the Set. Make functor to E x X.

type t = edge X children
val compare : t — t — int

Test a predicate for all children.
val for_all : (node — bool) — t — bool
fold f (-, children) acc will calculate

f(@y, f(wa, - f2n, acc))) (4.6)

where the children are {x1,x9,...,2,}. There are slightly more efficient alter-
natives for fixed arity (in particular binary), but we want to be general.

val fold : (node - a - a) > t -5 a = «
end

module Forest : functor (PT : Tuple.Poly) —
functor (N : Ord) — functor (E : Ord) —
Forest with module Nodes = N and type edge = E.t
and type node = N.t and type children = N.t PT.t

36



Interface of DAG

4.1.2 DAGs
module type T =
sig

type node

type edge
In the description of the function we assume for definiteness DAGs of binary
trees with type children = mnode x mnode. However, we will also have imple-
mentations with type children = node list below.

Other possibilities include type children = V3 of node x node | V4 of node x
node X node. There’s probable never a need to use sets with logarithmic access,
but it is easy to add.

type children
type ¢

The empty DAG.
val empty : t

add_node n dag returns the DAG dag with the node n. If the node n already
exists in dag, it is returned unchanged. Otherwise n is added without offspring.

val add_node : node — t — t

add _offspring n (e, (n1, n2)) dag returns the DAG dag with the node n and
its offspring n! and n2 with edge label e. Each node can have an arbitrary
number of offspring, but identical offspring are added only once. In order to
prevent cycles, add_offspring requires both n > nf and n > n2 in the given
ordering. The nodes n! and n2 are added as by add_node. NB: Adding all nodes
nl and n2, even if they are sterile, is not strictly necessary for our applications.
It even slows down the code by a few percent. But it is desirable for consistency
and allows much more efficient iter_nodes and fold_nodes below.

val add_offspring : node — edge x children — t — t
exception Cycle

Just like add_offspring, but does not check for potential cycles.
val add_offspring_unsafe : node — edge x children — t — t
is_node n dag returns true iff n is a node in dag.
val is_node : node — t — bool
is_sterile n dag returns true iff n is a node in dag and boasts no offspring.
val is_sterile : node — t — bool

is_offspring n (e, (n1, n2)) dag returns true iff n1 and n2 are offspring of n
with label e in dag.

val is_offspring : node — edge X children — t — bool

Note that the following functions can run into infinite recursion if the DAG
given as argument contains cycles.
The usual functionals for processing all nodes (including sterile) ...
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val iter_nodes : (node — wunit) — t — wunit
val map_nodes : (node — node) — t — t
val fold_nodes : (node - a — a) - t - a = «

and all parent/offspring relations. Note that map requires two functions:
one for the nodes and one for the edges and children. This is so because a
change in the definition of node is not propagated automatically to where it is
used as a child.

val iter : (node — edge X children — unit) — t — unit
val map : (node — node) —
(node — edge x children — edge x children) — t — t
val fold : (node — edge x children - a — a) - t - a — «

Note that in it’s current incarnation, fold add_offspring dag empty copies
only the fertile nodes, while fold add_offspring dag (fold_-nodes add_node dag empty)
includes sterile ones, as does map (fun n — n) (fun n ec — ec) dag.

Return the DAG as a list of lists.
val lists : t — (node x (edge x children) list) list

dependencies dag node returns a canonically sorted Tree2.t of all nodes reach-
able from node.

val dependencies : t — node — (node, edge) Tree2.t

harvest dag n roots returns the DAG roots enlarged by all nodes in dag reachable
from n.

val harvest : t — mnode — t — t

harvest_list dag nlist returns the part of the DAG dag that is reachable from
the nodes in nlist.

val harvest_list : t — node list — t
size dag returns the number of nodes in the DAG dag.
val size : t — int

eval f mul_edge mul_nodes add null unit root dag interprets the part of dag
beneath root as an algebraic expression:

e each node is evaluated by f : node — «

e each set of children is evaluated by iterating the binary mul_nodes : o —
v — <y on the values of the nodes, starting from unit: -y

e cach offspring relation (node, (edge, children)) is evaluated by applying
mul_edge : node — edge — v — 0§ to node, edge and the evaluation
of children.

e all offspring relations of a node are combined by iterating the binary
add: § - a — o« starting from null : «
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In our applications, we will always have @ = v = §, but the more gen-
eral type is useful for documenting the relationships. The memoizing variant
eval_memoized f mul_edge mul_nodes add null unit root dag requires some
overhead, but can be more efficient for complex operations.

val eval : (node — «) — (node — edge — ~v — §) —

(a v =179 =0 —>a—>0a) = a— 57— nde >t > «
val eval_memoized : (node — «) — (node — edge — v — 0) —
(a =27y =79 >0 =a—>a >a—=7v—> nde >t — «

forest root dag expands the dag beneath root into the equivalent list of trees
Tree.t. children are represented as list of nodes.

A sterile node n is represented as Tree.Leaf ((n, None), n), cf. page 787.
There might be a better way, but we need to change the interface and
semantics of Tree for this.

val forest : node — t — (node X edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list

count_trees n dag returns the number of trees with root n encoded in the DAG
dag, i.e. |T(n,D)|. NB: the current implementation is very naive and can take
a very long time for moderately sized DAGs that encode a large set of trees.

val count_trees : nmode — t — int

val res : RCS.t
end

module Make (F : Forest) :
T with type node = F.node and type edge = F'.edge
and type children = F.children

4.1.8  Graded Sets, Forests € DAGs

A graded ordered’ set is an ordered set with a map into another ordered set
(often the non-negative integers). The grading does not necessarily respect the
ordering.

module type Graded_-Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

For all ordered sets, there are two canonical gradings: a Chaotic grading that
assigns the same rank (e.g. unit) to all elements and the Discrete grading that
uses the identity map as grading.

module type Grader = functor (O : Ord) — Graded_Ord with type t = O.t
module Chaotic : Grader
module Discrete : Grader

A graded forest is just a forest in which the nodes form a graded ordered set.

1We don’t appear to have use for graded unordered sets.
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There doesn’t appear to be a nice syntax for avoiding the repetition here.
Fortunately, the signature is short ...

module type Graded_Forest =
sig
module Nodes : Graded_Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a — a) > t > a = «
end

module type Forest_Grader = functor (G : Grader) — functor (F : Forest) —

Graded - Forest with type Nodes.t = F.node
and type node = F.node

and type edge = F.edge

and type children = F.children

and type t = F.t

module Grade_Forest : Forest_Grader

Finally, a graded DAG is a DAG in which the nodes form a graded ordered set
and the subsets with a given rank can be accessed cheaply.

module type Graded =
sig
include T
type rank
val rank : node — rank
val ranks : t — rank list
val min_maz_rank : t — rank X rank
val ranked : rank — t — node list
end

module Graded (F : Graded_Forest) :
Graded with type node = F.node and type edge = F.edge
and type children = F.children and type rank = F.Nodes.G.t

4.2 Implementation of DAG

let res_file = RCS.parse "DAG" ["Directed Acyclical Graph"]

{ RCS.revision = "$Revision: 4983 3";
RCS.date = "$Date: ,2013-12-11,,17:46:32 +0100,,(Wed, 11 Dec.,2013)$";
RCS.author = "$Author: ohl $";
RCS .source

= "$URL:_svn+ssh://jr_reuter@login.hepforge.org/hepforge/svn/whizard/trunk/omega/s:

module type Ord =
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sig

type ¢

val compare : t — t — int
end

module type Forest =
sig
module Nodes : Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a — a) > t > a = «
end

module type T =
sig

type node
type edge
type children
type ¢
val empty : t
val add_node : node — t — 1
val add_offspring : node — edge x children — t — t
exception Cycle
val add_-offspring_unsafe : node — edge x children — t — t
val is_node : node — t — bool
val is_sterile : node — t — bool
val is_offspring : node — edge X children — t — bool
val iter_nodes : (node — wunit) — t — wunit
val map_nodes : (node — node) — t — t
val fold_nodes : (node — a — «a) - t > a = «
val iter : (node — edge X children — unit) — t — unit
val map : (node — node) —

(node — edge x children — edge X children) —
val fold : (node — edge X children - o — «a) —
val lists : t — (node x (edge X children) list) list
val dependencies : t — node — (node, edge) Tree2.t
val harvest : t — node — t — t
val harvest_list : t — node list —
val size : t — int
val eval : (node — «) — (node — edge — v — §) —

(¢ v =179 = 0 —>a—>0a = a— v — node -t —
val eval_memoized : (node — a) — (node — edge — v — ) —

(a =y =279 >0 > a—a > a—=v— nde >t —
val forest : node — t — (node X edge option, node) Tree.t list
val forest_memoized : node — t — (node X edge option, node) Tree.t list
val count_trees : node — t — int
val rcs : RCS.t

t — t
t > a — «

o

(67
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end

module type Graded_Ord =
sig
include Ord
module G : Ord
val rank : t — G.t
end

module type Grader = functor (O : Ord) — Graded_Ord with type t = O.t

module type Graded_Forest =
sig
module Nodes : Graded_Ord
type node = Nodes.t
type edge
type children
type t = edge X children
val compare : t — t — int
val for_all : (node — bool) — t — bool
val fold : (node - a —- a) - t - a - «
end

module type Forest-Grader = functor (G : Grader) — functor (F' : Forest) —

Graded _Forest with type Nodes.t = F.node
and type node = F.node

and type edge = F.edge

and type children = F'.children

and type t = F.t

4.2.1 The Forest Functor

module Forest (PT : Tuple.Poly) (N : Ord) (E : Ord) :
Forest with module Nodes = N and type edge = E.t
and type node = N.t and type children = N.t PT.t =
struct
module Nodes = N
type edge = E.t
type node = N.t
type children = node PT.t
type t = edge X children

let compare (el, nl) (e2, n2) =

let ¢ = PT.compare N.compare nl n2 in
if ¢ # 0 then

c
else

E.compare el e2

let for_all f (-, nodes) = PT.for_all f nodes
let fold f (-, nodes) acc = PT.fold_right f nodes acc
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end

4.2.2  Gradings

module Chaotic (O : Ord) =

struct
include O
module G =
struct
type t = unit
let compare - - = 0
end
let rank - = ()
end
module Discrete (O : Ord) =
struct
include O
module G = O
let rank z = =z
end
module Fake_Grading (O : Ord) =
struct
include O
exception Impossible of string
module G =
struct
type t = unit
let compare - - = raise (Impossible "G.compare")
end
let rank - = raise (Impossible "G.compare")
end
module Grade_Forest (G : Grader) (F : Forest) =
struct

module Nodes = G(F.Nodes)
type node = Nodes.t
type edge = F.edge
type children = F.children
typet = F.t
let compare = F.compare
let for_all = F.for_all
let fold = F.fold

end

The following can easily be extended to Map.S in its full glory, if we ever
need it.

module type Graded_Map =
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sig
type key
type rank
type a ¢
val empty : ot
val add : key — a - at — at
val find : key — at = «
val mem : key — at — bool
val iter : (key — o — wunit) — at — unit
val fold : (key - a« —» 8 = ) = at - 8 = §
val ranks : at — rank list
val min_maz_rank : ot — rank X rank
val ranked : rank — ot — key list
end

module type Graded_Map_Maker = functor (O : Graded_Ord) —
Graded _Map with type key = O.t and type rank = O.G.t

module Graded_-Map (O : Graded_Ord) :
Graded_Map with type key = O.t and type rank = O.G.t =
struct
module M1 = Map.Make(O.G)
module M2 = Map.Make(O)

type key = O.t
type rank = O.G.t

type (+a) t = o M2.t M1.¢

let empty = MI1.empty
let add key data mapl =
let rank = O.rank key in
let map2 = try M1.find rank mapl with Not_found — M2.empty in
M1.add rank (M2.add key data map2) mapl
let find key map = M2.find key (MI.find (O.rank key) map)
let mem key map =
M2.mem key (try M1.find (O.rank key) map with Not_found — M2.empty)
let iter f mapl = MI.iter (fun rank — M2.iter f) mapl
let fold f mapl accl = M1 .fold (fun rank — M2.fold f) mapl accl

The set of ranks and its minimum and maximum should be maintained
explicitely!

module S1 = Set.Make(O.G)
let ranks map = M1 .fold (fun key data acc — key :: acc) map []
let rank_set map = M1 .fold (fun key data — S1.add key) map S1.empty
let min_max_rank map =
let s = rank_set map in
(S1.min_elt s, S1.max_elt s)

module S2 = Set.Make(O)
let keys map = M2.fold (fun key data acc — key :: acc) map []
let sorted_keys map =

44



Implementation of DAG

S2.elements (M2.fold (fun key data — S2.add key) map S2.empty)
let ranked rank map =
keys (try M1.find rank map with Not_found — M2.empty)
end

4.2.3 The DAG Functor

module Maybe_Graded (GMM : Graded_Map_Maker) (F : Graded_Forest) =
struct
let recs = RCS.rename rcs_file "DAG.Graded ()"
["GradedudirecteduAcyclicaluGraphu";
"representing._lbinary\_,orun—aryutrees"]

module G = F.Nodes.G

type node = F.node

type rank = G.t

type edge = F.edge

type children = F.children

If we get tired of graded DAGs, we just have to replace Graded_-Map by Map here
and remove ranked below and gain a tiny amount of simplicity and efficiency.

module Parents = GMM (F.Nodes)
module Offspring = Set.Make(F)

type t = Offspring.t Parents.t

let rank = F.Nodes.rank

let ranks = Parents.ranks
let min_maz_rank = Parents.min_max_rank
let ranked = Parents.ranked

let empty = Parents.empty

let add_node node dag =
if Parents.mem node dag then
dag
else
Parents.add node Offspring.empty dag

let add_offspring_unsafe node offspring dag =
let offsprings =
try Parents.find node dag with Not_found — Offspring.empty in
Parents.add node (Offspring.add offspring offsprings)
(F.fold add_node offspring dag)

exception Cycle

let add_offspring node offspring dag =
if F.for_all (funn — F.Nodes.compare n node < 0) offspring then
add_offspring_unsafe no